
Using HierarchicalEM to ExtractPlanes
from 3D RangeScans

RudolphTriebel andWolfram Burgard
Departmentof ComputerScience

University of Freiburg
George-Koehler-Allee 79, 79108Freiburg, Germany

ftriebel,burgardg@informatik.uni-freiburg.de

FrankDellaert
College of Computing

Georgia Instituteof Technology
801 Atlantic Drive, Atlanta, USA

dellaert@cc.gatech.edu

Abstract— Recently, the acquisition of thr ee-dimensional
maps has becomemore and more popular. This is motivated
by the fact that robotsact in the thr ee-dimensionalworld and
several tasks such as path planning or localizing objects can
be carried out more reliable using thr ee-dimensionalrepre-
sentations.In this paper weconsiderthe problemof extracting
planes fr om thr ee-dimensional range data. In contrast to
previousapproachesour algorithm usesa hierarchical variant
of the popular Expectation Maximization (EM) algorithm [1]
to simultaneously learn the main dir ections of the planar
structur es.Thesemain dir ectionsare then usedto correct the
position and orientation of planes. In practical experiments
carried out with real data and in simulations we demonstrate
that our algorithm can accurately extract planes and their
orientation fr om range data.

I. Intr oduction

Whereasmobile robots act in the three-dimensional
world, most of the researchregarding spatial representa-
tions of the environmentof mobile robotshasfocusedon
two-dimensionalmaps.The restrictionto two-dimensional
representations,however, is error-prone and has serious
limitations. For example, the planning of paths can be
incompleteif the three-dimensionalworld is mappedinto
two dimensionsor even incorrect if not all obstaclesare
containedin thetwo-dimensionaldescription.Additionally,
two-dimensional representationsdo not support typical
tasks like searchingfor objects. For example, without
knowledgeaboutthethree-dimensionalstructureof a shelf,
a robotcannotplanappropriateviewpointsto �nd anobject
in theshelf.Thus,two-dimensionalmapsarenot su� cient
in situationsin which robots are deployed in real-world
scenarios.On the other hand, three-dimensionalmodels
of buildings (exterior and interior) and man-madeobjects
areenvisionedto be useful in a wide areaof applications,
which goes far beyond robotics, like architecture,emer-
gency planning,visualizationetc.In all of theseapplication
domains,thereis a needfor methodsthatcanautomatically
constructthree-dimensionalmodels.

Themajordisadvantageof three-dimensionalrepresenta-
tions lies in theamountof computationalresourcesneeded
to storeandto updatethem.In thispaperwethereforestudy
theproblemof approximatingthree-dimensionalrangedata
by planes.Especiallyindoorenvironmentstypically contain
many planarstructuressuchaswalls, �oors, ceilings,tables
etc. Whereasin the past several techniqueshave been

Fig. 1. Birds-eye view of adatasetandits planarapproximationobtained
with the standardEM-basedclusteringapproach.The anglebetweenthe
normalsof the two planesbelongingto the parallelwalls is 17:2 degrees.

appliedto extractplanesfrom rangedata,theseapproaches
ignore that many planarstructuresin man-madeenviron-
mentsareparallel.This can lead to errorsin the resulting
models,for example,when walls end in cornersor when
objectsare placedon tables.As an example,considerthe
situationdepictedin Figure 1. This �gure shows a birds-
eye view on a simulateddata set with three orthogonal
walls. It alsoshows the planesextractedwith the standard
approachfor clusteringlinear structureswith EM [2]. As
canbe seen,the resultingplanesfor the two parallelwalls
are not parallel. In this paper we presentan approach
to correct such errors in the approximationby using the
hierarchicalEM to simultaneouslylearn planesand their
main directions from range data. In the maximization
step of this algorithm we simultaneouslymaximize the
parametersof the planeswith respectto the data points
and the main directions.As a result, the �nally obtained
planesare more accurateas thoseobtainedwith previous
approaches,which do not considermain directions.

The problem of constructing3d-modelsof buildings
(exterior and interior) andman-madeobjectshasreceived
considerableattentionover thepastfew years.For example,
Bajcsyet al. [3], HakimandBoulanger[4], aswell asRous
andcolleagues[5] reconstructthree-dimensionalstructures
from cameraimages.Furthermore,Sabeet al. usea variant
of the Hough transform to extract planes from stereo
images.Recently, several authorsused3d rangescanners
for theacquisitionof volumetricmodels.For example,Sta-
mosandLeordeanu[6] construct3d-modelsby combining
multiple views obtainedwith a 3d rangescanner. Früh and



Zakhor [7] presenta techniqueto learn accuratemodels
of large-scaleoutdoor environmentsby combining laser,
vision, and aerial images.Thrun et al. [8] use two 2d
rangescanners.The �rst is orientedhorizontally whereas
the secondpoints toward the ceiling. By registering the
horizontal scans the system generatesaccurate three-
dimensionalmodels. In a more recent work [9] several
rangescannerswereusedto learnmodelsof underground
mines.Nüchterandcolleagues[10] developeda robot that
is able to autonomouslyexplore non-planarenvironments
andto simultaneouslyacquirethethree-dimensionalmodel.
Also several authorsfocusedon the problemof extracting
planarstructuresfrom rangescans.For example,Hähnelet
al. [11] usea region growing techniqueto identify planes.
Recently, Liu et al. [2] as well as Martin and Thrun [12]
appliedtheEM algorithmto clusterrangescansinto planes.

The approachdescribedin this paperextendsthe EM-
basedtechniquesmentionedabove by simultaneouslyesti-
mating the planesand the clustersof their main direction
and by incorporating the information about the major
directionsinto the learningprocess.Theapproachborrows
someideasof thework of CoughlanandYuille [13] aswell
as Schindlerand Dellaert [14]. Both approachesestimate
vanishingpoints in imagesand use this information for
edge clustering.The paperpresentedhere extends these
techniquesin two respects.We apply the hierarchical
EM to three-dimensionalrangedata and furthermoreour
algorithm is able to automaticallyestimatethe numberof
main directionsandplanesfrom the data.

II. A Likelihood Model for Points, Planes, andMain
Directions

Supposewe are given a set of N scanpoints Z = fzng
with zn 2 ’ 3; n = 1; : : : ; N. Furthermoresupposethereis
a set � of M planes� m; m = 1; : : : ; M as well as a set �
of K main directions� k; k = 1; : : : ; K of theseplanes.To
correctlyclusterthe datapoints into planesandthe planes
into main directions, it is useful to introduce so-called
correspondencevariables� nm, which take on a valueof 1
if a datapoint zn belongsto planem and0 otherwise,and
similarly variables� mk to indicatethata planem belongsto
maindirectionk. We collectthesecorrespondencevariables
in the sets A = f� nmg and B = f� nkg. Our goal is to
maximize the joint posterior p(Z; � ; � ; A; B). Exploiting
the independencebetweenthesevariablesthis term canbe
rewritten as(see[15])

p(A; B; � ; � ; Z) / p(Z j A; � )p(� j B; � ) (1)

/ p(Z; A j � )p(� ; B j � ): (2)

It remains to describe how the individual terms
p(Z; A j � ) and p(� ; B j � ) are computed.The �rst term
speci�es the likelihoodof the dataandthecorrespondence
variablesgiven the planes.Let us assumea planeis given
asa tuple � m = (nm; dm) wherenm is a unit normalvector
and dm is the Euclideandistanceof the plane from the
origin. For now, we assumethe number M of planesis

given.We de�ne the distanced1(zn; � m) of a scanpoint zn

from a plane� m as the Euclideandistance:

d1(zn; � m) = zn � nm � dm (3)

If we assumeGaussiannoise with variance � in the
measurementprocesseswe canwrite

p(zn j � m) =
1

p
2�� 2

exp
�
�

1
2

 
d1(zn; � m)

�

!2�
: (4)

If we additionallyincorporatethecorrespondencevariables
� nm and under the assumptionthat their distribution is
uniform (for detailssee[12]) we obtain
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Thesecondtermon theright sideof Equation1 speci�es
the likelihood of the planesand the correspondencevari-
ablesgiventhemain directions.To determinethis quantity
we proceedin the sameway as above. A main direction
for a setof planesis de�ned asa 3D unit vector. We de�ne
the distanceof a plane� m to a main direction ' k as

d2(� m; ' k) =
q

1 � (nm � ' k)2: (6)

This correspondsto the sine of the angle betweenthe
normal vector nn and the main direction ' k. Again we
assumethat the planesbelongingto a main direction are
normallydistributedwith variance� . Undertheassumption
that we know that plane� m belongsto main direction ' k

we cancalculateits likelihoodas

p(� m j ' k) =
1
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In analogyto the derivation above we obtain
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This leadsto this expressionfor the joint posterior:
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Our goalis to determinethemodel(� � ; � � ) thatmaximizes
the likelihoodof the dataZ. Since,however, the valuesof
the correspondencevariablesare unknown, we apply the
EM algorithm which iteratively maximizesthe expected
log likelihoodof the dataandthe model:

(� [i+1]; � [i+1]) =

argmax
(� ;� )

EAB

h
log p(A; B; � ; � ; Z) j � [i] ; � [i]

i
(10)



Insertingtheexpressionfor theposteriorinto this equation
andexploiting linearity of the expectationwe obtain

(� [i+1]; � [i+1]) = argmax
(� ;� )

�
1
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�
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� 2

MX

m=1

KX

k=1

E[� mk j � [i] ](1 � (nm � ' k)2) (11)

The expectationsE[� nm j � ] arecomputedas follows:

E[� nm j � ] = p(� nm j zn; � ) (12)

=
p(zn j � nm; � )p(� nm j � )

p(zn j � )
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Similarly, the E[� mk j � ] areobtainedas
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In theM-step,we want to �nd new modelparameters�
and� so that the log likelihoodfunction in Equation(11)
is maximized.In our currentimplementationwe apply the
Fletcher-Reevesconjugategradientalgorithmto �nd a local
maximumof the log likelihoodfunction.

III. Estimating the Model Complexity

So far, we assumedthat the numberof planesM and
the numberof main directionsK were given in advance.
In practice,however, this is generallynot thecase.Instead,
we needto estimateM andK – we will call this themodel
complexity – during the estimationprocess.In our imple-
mentationwe apply the BayesianInformation Criterion
[16], which is calculatedas follows:

BIC = � 2L + (3M + 2K) ln(N) (16)

In this equation,L is the log likelihood of the datagiven
thecurrentmodelwherethe factor� 2 stemsfrom the BIC
formula. The term 3M + 2K correspondsto the number
of free parameters(3 for eachplaneand 2 for eachmain
direction).Thegoal is to �nd a modelwhich hasa minimal
BIC value. As can be seenfrom Equation (16), a high
model complexity resultsin a large BIC value and hence
lesscomplex modelsarepreferred.

To minimize the BIC we constantlymonitor its value.
High BIC-values,for example,result from redundancy in
themodel.For example,it is possiblethatafterconvergence
of theEM-algorithmtwo planesareequal.This canhappen
if the two planesare initialized too closeto eachotheror
if thedataonly supportsa smallernumberof planes.Such
a caseof redundancy can be detectedapplying the leave-
one-out rule: after convergenceof the EM we calculate
the BIC for all possiblemodels, in which one plane is

Fig. 2. Planesobtainedby the initialization processfor the data set
shown in Figure 1. In this caseour algorithm was initialized with � ve
planesand � ve main-directionsfrom which several wereco-planar.

left out. If there is a model that hasa smaller BIC than
the current one, then the plane,which has beenleft out
to obtainthis particularmodel,mustbe redundantandcan
safelyberemoved.Thesamestrategy is appliedto themain
directions.

IV. Implementation Details

A. Initialization

Since the EM-algorithm can get stuck in local optima
of the log-likelihood function, it needsto be initialized
appropriatelyto converge to the global optimum,just like
otheroptimizationtechniques,e.g.,gradient-descent.In our
case,the initialization is performedby samplingrandomly
from all scanpoints. During this samplingprocesseach
point is drawn with a probability proportional to the
minimum distanceto any of the alreadyexisting planes.
Thus,whenno planesaregiveneachpoint is equallylikely
to bedrawn. However in laterinitializationsteps,thepoints
that are badly explained by the current model, are more
likely to be drawn. To initialize a planefor a point drawn
we �t a plane to the points in its local neighborhood.A
typical resultof theplaneinitialization for thedatadepicted
in Figure1 is shown in Figure2. Here,the algorithmwas
initialized with � ve planesand � ve main directions.Since
the planesfour and � ve and the main-directionsthree to
� ve are co-planarto existing planesand main-directions,
only threeplanesandtwo main-directionsarevisible.

B. WeightingFactors for Planes

When clustering the planesinto main directions,each
plane has a contribution to the resulting main direction
accordingto its normal vector. This contribution is inde-
pendenton thenumberof pointsthatwereusedto calculate
theplanein theplaneclusteringprocess.Theproblemthat
ariseshere,is thatplaneswhich areobtainedfrom lessdata
points (or with lower support) have the samein�uence as
planeswith a high support.This may resultin wrong main
directionsif, for example,a planeresultingfrom spurious
measurements,is clusteredtogetherwith a wall.

Additionally, thenumberof planestypically is verysmall
comparedto thenumberof datapoints.Thus,the in�uence
of the main directionsdecreasesthe more datapoints are
given. In practical experimentsit turned out to be very



useful to introduce weighting factors wm for the planes
which aredependenton the supportof a given plane� m.

wm =
NX

n=1

E[� nm j � ] (17)

In the EM we thenusea modi�ed distancefunction

d0
2(� m; ' k) =

p
wmd2(� m; ' k) (18)

C. Sketch of the Algorithm

Our algorithmproceedsas follows:
1) Startwith a �x ed numberof M0 planes.
2) Initialize a main direction for eachplaneby taking

thenormalvectorof thatplane.Thismeanstheinitial
numberof main directionsK0 equalsM0.

3) Apply EM until convergence
4) Drop one main direction as long as the BIC of

the reducedmodel increases.This resultsin a new
numberof main directionsKi+1 � Ki

5) Drop one planeas long as the BIC of the reduced
model increases.This results in a new number of
planesMi+1 � Mi

6) Select a new plane from the initialization queue
and take its normal vectoras a new main direction.
Adding theseto themodelincreasesthecomplexity:

Ki+1 := Ki+1 + 1 and Mi+1 := Mi+1 + 1

7) If no such plane can be found, stop. Otherwisego
back to 3).

Note that it is not possiblethat Ki exceedsMi in any
time stepi.

D. Post-Processing

So far, the goal of our algorithm was to �nd planes
and main directions. In practice, however, we want to
representthe environment as a set of polygons, because
they indicate the facesof the objectsin the environment.
In general,a plane that is found in the dataset contains
more than one polygon.A typical situation is a wall that
is “interrupted” by a doorway. In our implementation,we
choosethe following approachto extract polygons from
planes:

� Determineall scanpoints that are closeto the given
plane(in our case:lessthan0:1m).

� Projectall thesepointsonto the plane.
� Perform a region growing on the points, where for

eachpoint all neighborsin a certain distance� are
addedto the region. This is donee� ciently using a
2D kd-tree(that is, a 2d-tree).

� Createan� -shape[17] from eachregion,where� = � .

V. Experimental Results

The approachdescribedabove has been implemented
and evaluatedon real and simulated3D data. Figure 3
contains the resulting planes obtained for the data set
shown in Figure1. The hierarchicalEM is able to exploit
the constraintsintroducedby the main directionsof the

Fig. 3. Model obtainedby our hierarchicalEM. Comparedto the model
shown in Figure 1 the anglebetweenthe normalscorrespondingto the
two parallelwalls is 1:9 degrees.

TABLE I

Anglesin degreesof the normalsfor the four planesin the newspaper

rack in x, y andz direction.

Plane plain EM hierarchicalEM
x y z x y z

1 92.05 138.33 48.40 91.91 146.02 56.09
2 92.95 146.09 56.26 92.65 146.39 56.52
3 92.27 140.71 50.80 92.01 146.06 56.13
4 90.88 146.56 56.58 91.18 147.32 57.35

planesand correctsthe planesfor the two parallel walls.
In thisexampletheangularerrorbetweentheplanenormals
decreasesfrom 17:2 degreesto 1:9 degrees.

A. ExperimentalEvaluationon RealData

The real data experiment was carried out with our
mobile robot Zora shown in the left image of Figure 4.
Zora is a B21R platform equippedwith a 4DOF AMTEC
manipulatorwhich carriesa SICK PLSrangescanner. This
setup allows our robot to �e xibly scan complex scenes.
The secondimageof Figure4 shows a pictureof a scene
scannedwith our robot. The third image of this picture
depictsa typical datasetobtainedfor this scene.The scan
shown thereconsistsof 21:479points.To enhancevisibility
the datawas smoothedand neighboringscanpoints were
connectedby triangles.The rightmost image of Figure 4
shows the result obtainedwith our hierarchicalEM. The
colors/grey-levels of the individual planescorrespondto
thatof their maindirections,which arealsodisplayed.The
�nal model consistsof 7 planesand 3 main directions.
The planesfor the �oor and the ceiling are only slightly
correctedby the hierarchicalEM. Whereasthe plain EM
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Fig. 5. Evolution of the log-likelihood during the estimationprocess.



Fig. 4. Mobile robot Zora (left image),scenescannedby the robot (secondimage),resultingdata(third image),and �nal model (right image).
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Fig. 6. Simulated3d sceneusedto evaluatethe quality of the resulting
maps.On top of thehorizontalplaneis a smallcubethat introduceserrors
in the planeextraction.

TABLE II

Results for the simulated data set. Thevaluesare angular deviations

fr omthe groundtr uth in degrees.

Plane
plain EM hierarchicalEM

1 2 3 1 2 3

� 1 0:220 0:234 0:227 0:155 0:208 0:224

� 2 0:382 0:415 0:408 0:381 0:415 0:423

� 3 0:479 0:512 0:492 0:289 0:067 0:190

� 4 5:879 4:297 2:128 3:023 2:033 1:101

� 5 0:105 0:070 0:083 1:524 0:318 0:121

� 6 2:070 0:453 0:321 1:720 0:365 0:181

� 7 0:672 0:940 0:889 0:244 0:608 0:624

� 8 1:606 1:915 1:780 0:650 0:883 0:895

approachyieldsa deviation of 2 degreesfor theceiling and
the �oor , our algorithm generatedplaneswith an angular
distanceof 1:7 degreesbetweenthe two planes.The most
interesting part are the green/light grey planes for the
newspaperrack. Note that their main direction is neither
orthogonalto the main direction for the ceiling and the
�oor nor to that of the wall. Table I lists the individual
anglesof the normals for the four planesfound for the
rack in x, y, and z direction obtainedwith the plain EM
approachand with our hierarchicalEM. As can be seen
from the numbers,our approachreducesthe maximum
deviation betweenthe individual anglesof theplanesfrom
8 degreesto 2 degrees.Figure 5 plots the evolution of
the log-likelihood during the hierarchicalEM. Note that
the log-likelihooddoesnot alwaysincreasebecauseof the
introductionandremoval of modelcomponents.

Fig. 7. Typical result obtainedfor the situation,in which the box was
placedat theright rearcornerof thesmallhorizontalplane(seeFigure6).

B. QuantitativeEvaluation

Additionally, we performed several simulation exper-
iments to evaluate the quality of the resulting models
comparedto the groundtruth. Figure6 shows a simulated
sceneused for theseexperiments.This scenerepresents
a room with � ve cornerwalls, the �oor , and the ceiling.
Additionally, it containsa horizontalplanewith a box on
top. The walls are parallel to the coordinateaxes,so that
theirnormalvectorsarethestandardbasisvectors(1; 0; 0)T,
(0; 1; 0)T, and (0; 0; 1)T. In total, there were eight visible
planes.Theseplanesare enumeratedfrom � 1 to � 8. To
evaluate the capabilitiesof our algorithm we performed
threedi� erentexperimentsin which we variedtheposition
of the small box on the small horizontalplane.In the �rst
casethe box was placed in the right rear corner of the
horizontal plane. In the secondexperiment the box was
placedhalfway betweenthe centerof the horizontalplane
andits right rearcorner. In the third situationthe box was
located in the center of the horizontal plane. A typical
model obtainedwith our hierarchicalEM applied to the
third situationis depictedin Figure7.

The performanceof the plain EM algorithm and our
algorithmon thesesimulateddatais givenin TableII. Each
column contains for all three experimentsthe deviation
in degreesfor eachof the eight normal vectorsfrom its
respective ground truth. Especially the table plane � 4 is
correctedby the hierarchicalEM. However, other planes
like � 8 are correctedusing the knowledge of the main
directions.Notethattheerrorin someplanes,e.g.,thewalls
� 1 and � 2 increasesslightly. This is becausethe plane� 8,
which hasthe samemain direction,hasa higherdeviation
andthereforeslightly increasestheerrorof theplaneswith



Fig. 8. Simulatedscenewith morethan3 main directions(left), simulated3D-scan(center),andresultingplanesandmain directions(right)

the samemain direction. In the �nal model obtainedwith
our algorithm all three planesare almost parallel which
indicates that the error is introducedby the constraints
imposedby the correspondingmain direction. The same
holds for the planes� 5 and � 6.

C. Modelswith More ThanThreeMain Directions

In indoorsceneswith mostlyorthogonalor perpendicular
planarstructuressuchas o� ces,we only encounterthree
main directions.To illustrate that our algorithm can deal
with more than just three main directionswe performed
an experimentwith the simulatedbox world shown in the
left imageof Figure 8. The 3d datausedas input to our
algorithm is depictedin the middle image of Figure 8.
Applied to this datasetour algorithmfoundsix planesand
� ve main directions(seerightmostimageof Figure8). In
this particularexample,the hierarchicalEM only slightly
correctsthe two top planesof the two boxes. All other
planeswere identical to the planesobtainedby the non-
hierarchicalEM, sincetherewasexactlyoneplanefor each
main direction.

VI. Conclusion

In this paperwe presenteda hierarchicalapproachto
cluster3d datapoints acquiredwith laser rangescanners
into planes. In contrast to previous approachesour al-
gorithm uses a hierarchical model in which planes are
also clustered into main directions. To �nd the model
that maximizesthe likelihood of the data we apply the
EM algorithm.During the clusteringprocessour approach
simultaneouslyestimatesthe number of planes and the
numberof main directions.

The approachhas beenimplementedand validatedon
real dataand in simulationruns. The resultsdemonstrate
that the additionalconstraintsimposedby the main direc-
tions in the hierarchicalmodel allow to more reliably de-
terminethe planarapproximations.The advantagesof this
are two-fold. First, the orientationsof the planesaremore
accurateand second,we expect that points corresponding
to objectsclose to planarstructurescan more reliable be
separatedin later segmentationsteps.
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