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Abstract

We investigate Intrinsic Localization and Mapping
(ILM) for teamsof mobile robots,a multi-robot variant of
SLAM wherethe robotsthemselves are usedas landmarks.
We develop what is essentiallya straightforward application
of Bayesianestimationto theproblem,andpresenttwo com-
plimentaryviews on theassociatedoptimizationproblemthat
provide insight into theproblemandallows oneto deviseini-
tialization strategies,indispensablein practice. We alsopro-
vide a discussionof the degreesof freedomandambiguities
in thesolution.Finally, we introducetwo applicationsof ILM
thatbringoutits potential:DiffusionMappingandMarcoPolo
localization.

1 Intr oduction

In many mobile robot applicationsit is essentialto obtain
anaccuratemetricmapof apreviouslyunknownenvironment,
andto beableto accuratelylocalizetherobot(s)within it. The
processof reconstructingsucha mapfrom odometryandsen-
sor measurementscollectedby oneor morerobotsis known
asSimultaneousLocalizationandMapping(SLAM) [1]. Sen-
sorsthat arecommonlybroughtto bearon this task include
cameras,sonarandlaserrange�nders, radar, andGPS.

In this paperwe investigateIntrinsic Localization and
Mapping (ILM) for teamsof mobile robots, a multi-robot
variant of SLAM where the robots themselves are usedas
landmarks.This ideahasbeenexploredbefore,�rst by Ku-
razume[2, 3], andlaterby Rekleitiset. al. [4]. However, in
both casessomerobotsarekept stationarywhile only a sub-
set is allowed to move. We do not imposesucha restriction
here,althoughwe do show thatstationary“sentries”improve
theglobalaccuracy of thesolution.Collaborative localization
approacheswith extrinsic landmarkswere investigated,both
Kalman-�lter based[5], assamplebased[6], usinga multi-
robotversionof MonteCarloLocalization[7].

Our approachis more generalthan recentwork at USC
[8], as it handlesboth bearings-onlyand range-onlyscenar-
ios, anddoesnot requirethat the orientationof other robots
can be measured. Both our approachand [8] are essen-
tially straightforward applicationsof Bayesianestimationto
the problem,andhence,thoughthey wereindependentlyde-
veloped,aresimilar in many respects.However, in addition
to this Bayesianframework, we presenttwo complimentary
viewson theassociatedoptimizationproblemthatprovide in-
sight into theproblemandallows oneto devise initialization
strategies,indispensablein practice.Wealsoprovideadiscus-

sionof thedegreesof freedomandambiguitiesin thesolution.
Finally, weintroducetwo applicationsof ILM thatbringout

its potential: �rst, Diffusion Mapping is an approachwhere
a highly redundantteamof simplerobotsis usedto mapout a
previouslyunknown environment,simplyby virtue of record-
ing the localizationandline-of-sight traces,which provide a
detailedpictureof thenavigablespace.Second,Mar co Polo
Localization is anovel localizationtechniquebasedonsound
only, whererobotsmeasurerangeto eachotherby listeningto
asoundemittedby eachrobotin turn. Thenameis takenafter
achildren'sgamethatoperatesona similarprinciple.

2 ProblemStatement

The problemof intrinsic localizationand mapping(ILM)
is to estimatethe posesX of all robots at all times given
odometrydataO andadditionalintrinsic measurementsZ, i.e.,
whichmeasuresomethingabouttherelativeposebetweentwo
robots.Below wediscussthescenarioswhereeitheronlybear-
ing or only rangemeasurementsto otherrobotsareavailable,
anda third scenariowith any arbitrarycombinationof bear-
ing andrangemeasurements.It is not necessaryto beableto
measuretheorientationof otherrobots,althoughthis typeof
measurementis easilyintegratedin theframework if available.
We will alsoassumethatthereis nocorrespondenceproblem,
eitherbecauserobotscanbetrackedin a recursivescheme,or
becauseidentity is availableaspartof themeasurement.

Without lossof generalitywe considera synchronousmea-
surementscheme,whereall therobotstake a measurementat
thesametime. Thisassumptioncanberelaxedin astraightfor-
wardmanner. In termsof notation,we will refer to theentire
setof soughtposesasX, whereastheposesof onerobotonly
aredenotedasXi , with i � 1 ��� m, andtheposesof all robotsat
a speci�c time t asXt , with t � 1 ��� T. The poseof robot i at
time t is denotedasxt

i . Similar conventionsareusedfor the
odometryO andthe intrinsic measurementsZ. Thesetof in-
trinsic measurementsbetweenrobotsi and j is written aszi j ,
andcanbeeitherempty, abearingmeasurement,arangemea-

surement,or both.We de�ne � e�
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Below we provide measurementmodelsfor odometryand
theintrinsicmeasurements,respectively for asinglerobotand
at a single time. The next sectionthen considersthe entire
batchoptimizationproblemoverall robotsandall times.

2.1 Odometry Measurements
Given no other information, the maximum a posteriori

(MAP) trajectoryX̂i of a singlerobot i given odometryOi is



obtainedsimply by integratingtheodometryover time. If no
prior on the initial posex1

i is available,the trajectorycanbe
determinedup to a 2D displacementonly, i.e., an arbitrary
translationand rotation in the plane. If a prior is available,
thereis noremainingambiguity. In detail,theMAP trajectory
is foundby maximizingtheposteriorprobability
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wherewe make the usualconditionalindependenceassump-
tions,andtheonly prior knowledgeavailableis a guessx̄1

i for
the initial posex1

i . In the caseof normally distributedmea-
surementnoise,theassociatederror to beminimizedis equal
(up to a constant)to thenegative log-posterior, givenby
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is theodometrymeasurementfunctionbetween
two posesx andy, andQ andR are the covariancesfor the
prior onx1

i andodometrymeasurementsot
i , respectively.

2.2 Intrinsic Measurements
Similarly, assumingnoprior for now, ateachtime-stept we

canobtaina maximumlikelihoodestimateX̂t for thecon�gu-
ration of posesXt givenonly theintrinsicmeasurementsZt at
timet, by maximizing

P � Zt
� Xt
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or, alternatively, minimizing theassociatederror:
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whereh � x
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is theintrinsicmeasurementfunctionassociated
with the orderedpair of posesx andy, S is the noisecovari-
ancefor eachsetof measurements,andthesummationis over
all pairs � i

	

j
�

wherea bearingand/orrangemeasurementis
available. To determinewhetherthe con�guration Xt canbe
determinedat all, we needto count the degreesof freedom
(DOF).Thenumberof unknownparametersis3m, i.e., � x

	

y
	

q
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for eachrobot,andasolutioncanbeobtainedonly if thenum-
berof measurementsactuallyavailableis morethantheDOF.
We distinguishthreedifferentcases:


 Bearingmeasurementsonly: thecon�gurationcanbede-
terminedup to a 2D similarity transformation.Sincea
similarity has4 DOF, the systemhas3m

�

4 DOF, and
themaximumnumberof measurementsis m� m

�

1
�

. Re-
coveringthecon�guration(up to thestatedambiguity)is
possiblewhenat least3 robotsareavailable,asdiscussed
in [9]. Thelatterpaperalsoprovidesa linearmethodfor
obtainingan initial estimate.Whenm � 3, it is possible
thatasecond�ipped solutionexistsaswell [9].


 Range measurementsonly: the orientationof the robots
is not observable,and robot positions(2 unknowns per
robot) canonly be determinedup to a 2D displacement
and an orientation �ip. Hence, the DOF are 2m

�

3
whereasKmax

���

m
2 �

, possiblyyielding a solution(up to
thestatedambiguity)whenat least4 robotsareavailable.


 Mixed measurements: in general,the con�guration can
bedeterminedup to a 2D displacementwith a minimum
of 2 robots.

3 Intrinsic Localization and Mapping

TheILM problemasstatedabovecannow beseenascom-
biningthesetwo estimationproblems,i.e.. obtainingtheMAP
estimatefor the posesX for all robots1 ��� m and times 1 ��� T,
giventheodometryO andtheintrinsicmeasurementsZ:

X̂ � argmax
X
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or, alternatively, minimizing thefollowing errorfunction:
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We use a non-linear optimization method, Levenberg-
Marquardtwith a sparseQR solver, to obtain the MAP esti-
matein a batchoptimizationprocedure.For on-line applica-
tions, it is straightforward to usethis methodasa subroutine
in a �x ed-lagsmoothingscheme,whereoneonly optimizes
for the last n time sliceswhile keepingthe otherposescon-
stant. To computethe (sparse)Jacobian¶E

¶X we have imple-
mentedan automaticdifferentiation(AD) framework. AD is
neithersymbolicnor numericaldifferentiation,andcalculates
theJacobianatany givenvalueexactly, ef�ciently , andfreeof
numericalinstabilities.See[10] for moredetails.

4 Of Tracks, Slices,and Sentries

In practicenon-linearoptimizationis plaguedby localmin-
ima, andinsight in the structureof the problemis neededto
provideagoodinitial estimateto thesolver. This is especially
soif noprior P � X1

�

for theinitial posesis available,in which
casethe problemof local minima is moresevere. Below we
presenttwo complimentaryviews of the problemthatenable
usto tackletheinitializationproblemin a two-stepapproach.

4.1 Tracks View
The �rst view is to decomposethe probleminto m robot

localizationproblems,wherethe individual tracks Xi of the
robotsarerelatedonly throughtheintrinsicmeasurementsZ:

P � X � O
	

Z
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If a prior P � X1
�

� Õi P � x1
i �

is available, then the individual
MAP tracksaredeterminedexactly (Section2.1), andcanbe
seenascorrectedby additionalmeasurementsZ betweenthe
tracks,throughP � Z � X

�

. Conversely, if P � X1
�

is not available,
thenthe tracksareonly determinedup to a 2D displacement,
andtheintrinsicmeasurementsZ have theadditionaleffect of
registeringthetracksto eachotherin theplane.A strategy to
avoid localminimain thelattercaseis thenthefollowing:

1. Createthem tracksXi by integratingtheodometryOi .
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Figure1: DiffusionMapping: a simulatedexamplewhere15
robotsarereleasedontheleft andexecuteapurerandomwalk
control strategy in a large environment,except that they re-
�ect off walls. Shown are the tracedtrajectoriesat regular
time intervals between0 and1000 steps,which collectively
constitutea mapof theemptyspace,andhenceof thenaviga-
ble environment. Gray lines indicaterecordedlines of sight,
whichcomplementthetrajectoryinformation.

2. Solvethe3mdimensionaloptimizationproblemof regis-
teringthetracksby maximizingP � Z � X1

�

, while keeping
thetracksrigid.

3. Usethatasthestartingpoint for theglobaloptimization.

Thereis still no guaranteethat step2 will not get stuck in a
localminimum.However, sincetherelatedoptimizationprob-
lemis relativelysmall,it canberestartedseveraltimesatalow
computationaloverhead.

4.2 SliceView
Thesecondview is to decomposetheprobleminto T indi-

vidual time slicesXt , with eachslice Xt coupledthroughthe
aggregateodometryOt at timet to thenext sliceXt 
 1:
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In caseenoughmeasurementsZt areavailableattimet, amax-
imumlikelihood(ML) estimatefor theslicecon�gurationcan
beobtained,upto a2D displacementandpossiblyupto ascale
andorientation�ip (Section2.2). The correspondingstaged
optimizationstrategy is:

1. Find theML estimatefor eachsliceXt , if possible.

2. Solve the 3T-dimensional(or 4T, if range-only)prob-
lem of thesliceposesby maximizingÕt P � Ot

� Xt
	

Xt 
 1
�

,
while keepingtheslicesrigid.

3. Usethatasthestartingpoint for theglobaloptimization.

The advantageof the optimizationproblemin step2 is that
theHessianis bandwidthlimited, andhencecanbesolvedin
lineartime. However, in therangecasethereis theadditional
problemthat the orientationof eachslice needsto be deter-
mined.Thedisadvantageof this approachis thatstep1 might
not be possible,if not enoughmeasurementsareavailablein
someslices.

4.3 Drift and Sentries
Notethatneitherof thestrategiesoutlinedabove is a recipe

for success:it might still bethecasethattheglobaloptimiza-
tion processin step3 getsstuckin a localminimum.Theslice
view also provides anotherinsight, which is that the global
optimizationproblemis very similar to the single robot lo-
calizationprocess,whenoneviews the slicesasan evolving
articulatedrobot system.That makesit clearthat,muchlike
thesinglerobotcase,errorwill accumulateover time andthe
entiresystemwill drift away from thegroundtruthsituation.

A possiblesolution to the drift problem is to use sentry
robotsthat remainstationaryover time, andprovide a series
of landmarksthatcanhelp“close the loop”, whenpartof the
teamwandersbackinto apreviouslyvisitedarea.Thenumber
of waysin which this canbedoneis endlessandwill depend
on theapplication.Oneway is to leave a “coordinateframe”
teamof two or threerobotsat thestartingpoint of the robot-
team.Anotherapproach,possiblewith highly redundantrobot
swarms,is to occasionally“drop” sentriesalongthetrajectory,
accordingto somedistanceor line of sightcriterion.
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Figure2: Simulationwith 10 robots(and3 sentries)over 200 timesteps.The �rst panelshows theactualsimulatedtracks. The
simulatedenvironmentoutline(modeledafteranexisting museumbuilding) is shown in gray in all otherpanels,which show the
MAP estimateX̂ at differenttimesteps,respectively 20,40,60,100,and200.

Figure3: Simulationthat illustratesthe global correctionby sentryrobots. The groundtruth tracksof 5 robotsrunningfor 100
timestepsareshown in gray. The3 starsin themiddlearesentriesthatestablishacoordinateframe.Left: theestimatedtracksusing
themeasurementsfrom thesentries.Bottom: theestimatedtrackswithoutusingthesentries.
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5 Application I: Diffusion Mapping

Mappingnavigablespaceis importantfor mobilerobotsand
canalsobe a productin its own right, e.g.,in the caseof re-
connaissance.In this paperwe introduceoneway of tackling
this problem, diffusionmapping, which is basedon the ILM
framework discussedaboveandis illustratedin Figure1. The
ideais to useteamsof many smallrobotsasadynamicallyde-
ploying, richly connectednetof sensors,in orderto mapout
navigablespace.We call this diffusionmapping,asvery sim-
plerandomwalk or diffusioncontrolstrategiesareusedfor the
individual teammembers.

Diffusion mappingis a straightforward implementationof
the ILM framework for the caseof bearing-onlymeasure-
ments. We maintainthe global positionandcon�guration of
the evolving sensornet, using robot odometryand relative
bearingmeasurementsbetweenthe robots themselves. The
tracesof therobotsthroughspaceaswell aslinesof sightbe-
tweentherobotsat successive timesareusedto carve out the
freespace.

We arecurrentlybuilding a largenumberof smallrobotsin
the BORG lab at Georgia Tech(http://borg.cc.gatech.edu) in
order to, amongother goals,validatediffusion mappingex-
perimentally. However, thesystemalreadyrunsin simulation
andwill beusedto testthealgorithmsandhelpdeterminethe
accuracy speci�cationsof thebearingsensorsthatwewill put
on therobots.UnderconsiderationarebothIR andRF-based
bearingandrangesensors.

Figure2 showstheresultsof asimulationwith 13robots,of
whichthreewereusedassentryrobotsasdiscussedin Section
4.3. The simulationwasrun for 200 time-steps,andthe �g-
ureshows thegroundtruth tracksof therobots,aswell asthe
MAP estimateX̂ at different times in the simulation,super-
imposedon thegroundtruth. In this casewe usedsimulated
odometrywith a positionalaccuracy of 10cm,orientationac-
curacy of 5 degrees,andbearingsensorswith anaccuracy of
5 degrees. All the accuracy �gures correspondto the stan-
darddeviationof normallydistributednoisethatwasgenerated
during the simulationof the measurementvalues. In the last
timestep,theoptimizationis over7800unknowns,usinginfor-
mationfrom 5683bearingmeasurementsand7761odometry
measurements.Using thesparseQR solver, eachLevenberg-
Marquardtiterationfor thatsizetakesa coupleof seconds.

Figure3 moreclearlyillustratesthebene�cialeffectof ded-
icatingsomeof therobotsassentryrobots,in orderto establish
a globalframeof reference.

6 Application II: Mar coPolo Localization

In Marco Polo Localization,we apply soundasa tool for
gatheringthe rangemeasurementsbetweenrobots,andsolve
thoseasarange-onlySimultaneousLocalizationandMapping
(SLAM) [1] problem.By applyingsoundasasensorfor gath-
ering rangeestimates,we hopeto demonstratethe feasibility
of usingsoundfor localizationandto increasethegeneralityof
theSLAM problem.MarcoPoloLocalizationis describedin
moredetail in [11], but below we presentsomeexperimental
resultsto illustratetheapproach.

Figure4: Robotsusedto testMarcoPoloLocalization.

The scenariois asfollows: a groupof robotsarescattered
aboutthe environmentin unknown startingpositions. They
eachgeneratea sound,andtime differencesaregatheredbe-
tweeneachof the robots,allowing us to obtain rangeesti-
mates.This is calleda slice, as it revealsthe positionof the
robotsat one point in time. After soundingoff, the robots
moveabouttheroom,recordingtheir changein odometry. At
sometime later, the robotsarestopped,andanotherslice is
gathered.This procedureof moving, stopping,andsounding
off is repeatedregularly throughouttheexperiment.

Experimentswererun on four Nomad150robots,seeFig-
ure4, equippedwith laptopsanda wirelessconnection.Each
Nomadhadaspeakermountedononesideof thelaptop,anda
microphonemountedontheother. In orderto synchronizethe
recordingsbetweenchannels,microphoneswerepluggedinto
asingledesktopcomputerwith a16bitsoundcard.Thedigital
samplingqualityof all recordingwasperformedat16bitqual-
ity, and22050Hz. While themicrophonesusedwerewired,
thesystemcanin principlebeimplementedwirelesslywithout
dif�culty .

Distanceestimatesweregatheredfrom the robotsin pairs.
Onerobotplayedasoundwhile recordingdata,while asecond
robotwasalsorecordingdata.Thesetwo �les werethensaved.
Thentherobotstartedrecordingagainandrepeatedthesound
while anotherrobotwaslistening.This processrepeateduntil
everypair of robotshadrecordeda time-delaybetweenthem.
We werelimited to two robotsat a time,becausethestandard
soundweusedwaslimited to recordingtwo channelsatatime.
In principle,onesoundcouldbeusedto generaten

�

1 read-
ingsusingtheappropriatehardwaretosynchronizenchannels.

Onceall thedatawasrecorded,eachpairof sound�les was
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Figure5: (left) RealRobotresultsfor 4 robots,and3 slices.
(right) Truepositions.In thisexperimentalrun,14rangemea-
surementswereusedto align thetracks.

comparedusingacross-correlationalgorithmto �nd thetime-
delaybetweenthetwo channels.Thesoundusedwasa click-
ing noisethat wasexperimentallydeterminedto provide the
best time-delayestimatesusing cross-correlation.The soft-
wareusedfor theactualcross-correlationwasIshmael1.0,de-
velopedby the Of�ce of Naval Research[12]. If the cross-
correlationalgorithmreturnedanestimatedtime-delaygreater
than15ms,thenthatmeasurementwasdiscarded.This thresh-
old value was experimentallydeterminedto be the physical
limit of themicrophones/ampli�erused.

In practice,a large numberof the actualtime-delaymea-
surementswill not be availableto help align the tracks. Es-
peciallyasrobotsstartto move aroundin theenvironment,it
occursmoreoften that they are locatedin positionswherea
goodtime-delayestimateis dif�cult to obtain. On theexper-
imentswith 4 robotsand3 stops,threetestsrecorded14, 10,
and10 usefultime-delayestimatesout of a possible18. The
restwereremovedby thresholding.Actualbadmeasurements
which werenot removed by thresholdingwererare,anddid
not in�uence thedatamuch. The error hereis mostly dueto
the off centeredposition of the microphoneson eachrobot.
Microphonescould not be placedexactly centerbecauseof
existingequipmenton therobots.

Figure5 displaysthereconstructedresultsfrom test1,using
thetrackview method.Two changesto procedurewould help
correctfor thiserror. First, themicrophonesshouldbelocated
ascloseto thecenteraspossible,or theirpositionontherobot
needsto be incorporatedinto the model. Second,the more
rangeestimatesobtained,thebetter.

7 Conclusion

TheIntrinsicMappingandLocalizationframework wepro-
posecan be ef�cient, as demonstratedusing the large scale
DiffusionMappingsimulations.It hasbeenvalidatedin prac-
tice in the context of Marco Polo Localization. And it can
beimplementedeasily, usingautomaticdifferentiationto take
care of the most tediousaspectof optimization. We have
shown resultsfor bothbearingonly andrange-onlyscenarios,

and the methodhandlesany combinationthereof. In future
work wewill attemptto validatetheconceptof diffusionmap-
pingin practiceusingahighly redundantteamof smallmobile
robots,usingbetween15and100robots.Wearealsoplanning
to furtherexploretheuseof soundlocalization,usingbothan
intrinsic measurementschemeas discussedhere,as well as
extrinsicsoundmeasurementsfrom theenvironment.
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