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Abstract. Learningspatialmodelsfrom sensordataraisesthe challengingdataassociation
problemof relating model parametergo individual measurementslhis paperproposesan
EM-basedalgorithm, which solves the modellearningandthe dataassociatiorproblemin
parallel. The algorithmis developedin the context of the the structurefrom motion problem,
which is the problemof estimatinga 3D scenemodelfrom a collection of image data.To
accommodatéhespatialconstraintsn this domain,we computevirtual measuementsassuf-
ficient statisticsto be usedin the M-step.We develop an efficient Markov chainMonte Carlo
samplingmethodcalledchainflipping, to calculatethesestatisticsin the E-step Experimental
resultsshav thatwe cansolve harddataassociatiorproblemswhenlearningmodelsof 3D
scenesandthatwe cando soefficiently. We conjecturehatthis approactcanbe appliedto a
broadrangeof modellearningproblemsrom sensodata,suchastherobotmappingproblem.
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1. Intr oduction

This paperaddressethe problemof dataassociatiorwhenlearningmodels
from data.The dataassociatiorproblem alsoknown asthe correspondence
problem is the problemof relatingsensomeasurement® parameteri the
modelthatis beinglearned.This problemarisesin a rangeof disciplines.In
clusteringt is theproblemof determiningwhich datapointbelongsto which
cluster(McLachlan& Basford,1988).In mobile robotics,learninga map
of the ervironmentcreateshe problemof determiningthe correspondence
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2 Dellaert,Seitz, Thorpe& Thrun

betweerindividual measuremeni®.g.,therobotseesadoor),andthecorre-
spondingfeaturesn theworld (e.g.,doornumberl?) (Leonardetal., 1992;
Shatkay1998;Thrunetal., 1998a).A similar problemcanbefoundin com-
putervision, whereit is known asstructue from motion(SFM). SFM seeks
to learna 3D modelfrom a collectionof imageswhich raiseshe problemof
determiningthe correspondencketweerfeaturesn the sceneandmeasure-
mentsin imagespaceln all of theseproblemslearninga modelrequiresa
robust solutionto the dataassociatiorproblemwhich, in the generalcase js
hardto obtain.Becauseéhe problemis hard,mary existing algorithmsmake
highly restrictive assumptionssuchastheavailability of uniquelandmarksn
robotics(Borensteiretal., 1996),or theexistenceof reliablefeaturetracking
mechanism@ computewvision (Tomasi& Kanade1992;Hartley, 1994).
From a statisticalpoint of view, the dataassociatiorcan be phrasedas
an incompletedataproblem(Tanner 1996), for which a rangeof methods
exists. One popularapproachis expectationmaximization(EM) (Dempster
etal.,1977),which hasbeenappliedwith greatsuccesso clusteringproblems
anda rangeof otherestimationproblemswith incompletedata(McLachlan
& Krishnan,1997).The EM algorithmiteratestwo estimationsteps,called
expectation(E-step)andmaximization(M-step). The E-stepestimatesa dis-
tribution over the incompletedata using a fixed model. The M-step then
calculateshe modelthat maximizesthe expectedlog-likelihood computed
in the E-step.It hasbeenshavn that iterating thesebasic stepsleadsto a
modelthatlocally maximizesthelikelihood(Dempsteretal., 1977).
Applying EM to learningspatialmodelss notstraightforvard, aseachdo-
maincomeswith a setof constraintghatareoftendifficult to incorporate An
exampleis thework on learninga mapof the environmentfor mobile robots
in (Shatkay& Kaelbling,1997;Shatkay1998),andin (Burgardetal., 1999;
Thrunetal., 1998b,1998a) Both teamshave proposedxtensionof EM that
take into accountthe geometricconstraintsof robot ervironments,andthe
resultingmappingalgorithmshave shavn to scaleup to large ervironments.
This paperproposesan algorithmthat appliesEM to a nev domain:the
structurefrom motion problemin computervision. In SFM the modelthat
is being learnedis the location of all 3D features,along with the camera
poseswith 6 DOF. In this paper we make the commonlymadeassumption
thatall 3D featuresareseenin all images(Tomasi& Kanade,1992;Hartley,
1994).However, we will discussat the endof this paperhow to extendour
methodto imaging situationswith occlusionsand spuriousmeasurements.
More importantly we do not assumeary prior knovledge on the camera
positionsor on the correspondencéetweenimage measurementand 3D
featureghefeatureidentities,giving riseto a harddataassociatiorproblem.
The majority of literatureon SFM considersspecialsituationswherethe
dataassociatiorproblemcanbe solved easily Someapproachesimply as-
sumethat datacorrespondencis known a priori (Ullman, 1979; Longuet-
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Higgins,1981;Tsai& Huang,1984;Hartley, 1994;Morris & Kanade 1998).
Other approachesonsidersituationswhere imagesare recordedin a se-
guencesothatfeaturescanbetracked from frameto frame(Broida& Chel-
lappa,1991; Tomasi& Kanade,1992;Szeliski& Kang, 1993; Poelman&
Kanade,1997). Several authorsconsideredhe specialcaseof correctbut
incompletecorrespondencedyy interpolatingoccludedfeatures(Tomasi &
Kanade1992;Jacobs]1997;Basrietal., 1998),or expandinga minimal cor
respondencito acompletecorrespondencEseitz& Dyer, 1995).However,
theseapproacherquirethatanon-dgeneratesetof correctcorrespondences
beprovidedapriori. Finally, methoddasedntherobustrecovery of epipolar
geometrye.g.usingRANSAC (Beardslg etal., 1996;Torr etal., 1998)can
copewith largerinterframedisplacementandcanbevery effective in prac-
tice.However, RANSAC dependsrucially ontheability to identify areliable
setof initial correspondenceandthis becomesnoreandmoredifficult with
increasingnter-framemotion.

In themostgenerakasehowever, imagesaretakenfrom widely separated
viewpoints. This problemhaslargely beenignoredin the SFM literature,
dueto the difficulty the dataassociatiorproblem,which hasbeenreferred
to asthemostdifficult partof structurerecovery (Torr etal., 1998).Notethat
this is particularlychallengingin 3D: traditionalapproache$or establishing
correspondendeetweersetsof 2D featuregScott& Longuet-Higgins1991;
Shapiro& Brady 1992;Gold et al., 1998)areof limited usein this domain,
astheprojected3D structurecanlook very differentin eachimage.

From a statisticalestimationpoint of view, the SFM problemcomeswith
auniquesetof propertieswhich makestheapplicationof EM non-trivial:

1. GeometricconsistencyThe laws of optical projection constrainthe
spaceof valid estimategmodels,dataassociationsin a non-trivial way.

2. Mutual exclusivenessEachfeaturein the real world occursat most
oncein eachindividual cameramage—thisis animportantassumptiorthat
severely constrainghedataassociation.

3. Large parameterspaces.The numberof featuresin computervision
domainss usuallylarge, giving raiseto alarge numberof local minima.

This paperdevelopsanalgorithmbasedon EM thataddressethesechal-
lenges.The correspondencédataassociation)s encodedby an assignment
vectorthatassignsndividual measurement® specificfeaturesn themodel.
Thebasicstepsof EM aremodifiedto suit the specificsof SFM:

The E-step calculatesa posteriorover the spaceof all possibleassign-
mentsUnfortunatelytheconstraintdistedabore malkeit impossibleo calcu-
latethe posteriorin closedform. The standardapproacHor posteriorestima-
tion in suchsituationss Markov chainMonte Carlo(MCMC) (Doucetetal.,
2001; Gilks et al., 1996; Neal, 1993). In particular our approachusesthe
popularMetropolis-Hastingsalgorithm (Hastings,1970; Smith & Gelfand,
1992),for approximatinghe desiredposteriorsummariesHowever, the de-
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signof efficient Metropolis-Hastingslgorithmscanbevery difficult in high-
dimensionalspaceqGilks et al., 1996). In this paper we proposea novel,
efficient proposalstratey calledchain flipping, which canquickly jump be-
tween globally different assignmentsExperimentalresultsshav that this
approachis much more efficient than approacheshat consideronly local
changesn theMCMC samplingprocess.

The M-step calculateghelocationof thefeaturesn thescenealongwith
thecameraositions As pointedout,the SFM iteraturehasdevelopedanum-
berof excellentalgorithmsfor solvingthis problemundertheassumptiothat
the dataassociatiorproblemis solved. However, the E-stepgeneratesnly
probabilisticdataassociationsTo bridge this gap, we introducethe notion
of virtual measuementsVirtual measurementare generatedn the E-step,
and have two pleasingpropertiesfirst, they malke it possibleto apply off-
the-shelfSFM algorithmsfor learningthe modeland the camerapositions,
andsecondthey are suficient statisticsof the posteriorwith respecto the
problemof learningthe model; hencethe M-stepis mathematicallysound.
Independentlyrom us,theconcepf virtual measurementsadalreadybeen
usedin thetrackingliterature(Avitzour, 1992;Streit& Luginbuhl, 1994).

From a machinelearningpoint of view, our approachextendsEM to an
importantdomainwith a setof characteristicéor whichwe previouslylacked
a soundstatisticalestimator From a SFM point of view, our approachadds
a methodfor dataassociatiorthatis statisticallysound.Our approachis or-
thogonalto the vast majority of work on SFM in thatit can be combined
with virtually ary algorithmthatassume&nown dataassociationThus,our
approachaddsthe benefitof solvingthe dataassociatiorproblemfor alarge
body of literaturethat previously operatedundermorenarrav assumptions.

2. EM for Structur e from Motion without Correspondence

Below we introducethe structurefrom motion problem and the assump-
tions we make, and discussmethodsto find a maximum-likelihood model
for knowncorrespondencéVe thenshav how the EM algorithmcanbeused
to learnthemodelparametersor the caseof unknowncorrespondence.

2.1. PROBLEM STATEMENT, NOTATION, AND ASSUMPTIONS

The SFM problemis this: given a setof imagesof a sceneJearna modelof

the 3D sceneandrecover the cameraposes Several flavors of this problem
exist, dependingon (a) whetherthe algorithmworks with raw pixel values,
or whethera setof discretemeasurements first extracted,(b) whetherthe
imagesweretakenin a continuoussequencer from arbitraryseparatéoca-
tions, or (c) whetherthe cameras intrinsic parametergarevaryingor not. In

this papernwe malke thefollowing assumptions:
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Figure 1. An examplewith 3 featureseenin 2imagesThe6 measurements;; areassigned
to theindividual featuresx; by meansof theassignmentariablesy;y,.

1. We adopta feature-basedpproach,.e., we assumethat the input to
the algorithmis a setof discreteimage measuementsU = {u|i €
l.m, k € 1..K;}, wherei is theimageindex. It is assumedhat the
u;; correspondo the projectionof a setof realworld, 3D featuesX =
{x,]j € 1..n}, corruptecby additive noise.

2. It is not requiredthat the correspondencbetweenrmeasurements the
differentimagesis known. This is exactly the dataassociatiorproblem.
To modelthe correspondencbetweenmeasurements;; and 3D fea-
turesx; weintroduceanassignmenvectorJ: for eachmeasurement,,
the vectorJ containsan indicator variable j;;, indicatingthat u;; is a
measuremerdssignedo the j;,-th featurex;,, . Notethatthis additional
datais unknawvn or hidden

3. We allow imagesto be taken from a setof arbitrarycamern posesM =
{m;|i € 1..m}. This makesthe dataassociatiorproblemharder:most
existing approachesely on the temporalcontinuity of animagestream
totrack featuresovertime (Deriche& Faugeras]990;Tomasi& Kanade,
1992;Zhang& Faugeras1992;Cox, 1993),or otherwiseconstrainthe
dataassociatiorproblem(Beardslg etal., 1996).

4. In this papey we adoptthe commonlyusedassumptiorthatall features
x; areseenin all images(Tomasi& Kanade,1992;Hartley, 1994),i.e.
thereareno spuriousmeasurementandthereis no occlusion.This is a
strongassumptionwe discussat the endof this paperhow to extendour
methodto more generalimaging situations.Note that this implies that
thereareexactly n measuremenis eachimage,i.e. K; = n for all 4.

Thevariousvariablesintroducedabove areillustratedin Figurel.
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6 Dellaert,Seitz, Thorpe& Thrun
2.2. SFM wiTH KNOWN CORRESPONDENCE

In the casethat the assignmentectorJ is known, i.e., the dataassociation
is known, mostexisting approacheto SFM canbeviewed asmaximumiike-

lihood (ML) methods.The model parameter®d consistof the 3D feature
locationsX andthe cameragposesM], i.e., ® = (X, M), the structue and

the motion The dataconsistsof the 2D image measurement®J, and the

assignmentectorJ thatassignsmeasurements;;, to 3D featuresx;,, . The

maximumiikelihoodestimate®* giventhedataU andJ is thengivenby

®* = agmax log L(©; U, J) (D)
e

wherethe likelihood L(®; U, J) is proportionalto P(U, J|®), the condi-
tional density of the datagiven the model. To evaluatethe likelihood, we
assuméhateachmeasurementi; is generatedby applyingthemeasuement
functionh to the model,thencorruptedby additive noisen:

Wi = h(mi,ink) +n

A measurementy;;, dependsonly on the parameteran; for the imagein
whichit wasobsered,andonthe 3D featurex;,, to whichit is assigned.
Withoutlossof generalitylet usconsidethecasen which thefeaturesk;
are 3D pointsandthe measurementa;;, arepointsin the 2D image.In this
caseh canbewrittenasa 3D rigid displacementollowed by a projection:

h(m;, x;) = IL[R;(x; — t)] 2

whereR,; andt; arethe rotation matrix andtranslationof the i-th camera,
respectrely, andIl; : R?® — R? is a projectionoperatorwhich projectsa
3D point to the 2D imageplane.Variouscameramodelscanbe definedby
specifyingthe action of this projectionoperatoron a pointx = (z,y, )’
(Morris etal., 1999).For example,the projectionoperatordor orthography
andcalibratedperspectie aredefinedas:

i (5). - )

Finally, we needto assumea distribution for the noisen. In the casethat
n is i.i.d. zero-mearGaussiamoisewith standarddeviation o, the negative
log-likelihoodis simply a sumof squaredeprojectiorerrors:

1 m n
log L(©;U,J) = =5 5> > [luix — h(my,x;, )| 3)
i=1 k=1

The morerealistic modelfor automaticfeaturedetectorswhereeachmeas-
surementanhave its own individual covariancematrix R;;,, canbe accom-
modatedwvith obvious modifications.
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2.3. EXISTING METHODS FOR STRUCTURE FROM MOTION

Thestructurefrom motion problemhasbeenstudiedextensiely in the com-
putervision literature over the pastthreedecadesA good suney of tech-
niquescanbefoundin (Hartley & Zisserman2000).

The earliestwork focusedon reconstructiorfrom two imagesonly (Ull-
man,1979; Longuet-Higgins,1981). Later new methodswere developedto
handlemultiple images,andthey canall viewed asminimizing anobjective
functionsuchas(3), underavariety of differentassumptions:

In the caseof orthographicprojectionthe maximum likelihood model
©®* canbefound efficiently usingusinga factorizationapproach(Tomasi&
Kanade,1992).Heresingularvaluedecompositior(SVD) is first appliedto
thedataU in orderto obtainaffine structureX* andmotion M. Euclidean
structureand motion is then obtainedafter an additionalstepthat imposes
metric constrainton M*“. The factorizationmethodis fastanddoesnot re-
quireagoodinitial estimateo corverge. It hasbeenappliedto morecomple
cameranodelsj.e.,weak-andpara-perspecte models(Poelmar& Kanade,
1997),and evento fully perspectie cameraqTriggs, 1996). The readeris
referredto (Tomasi& Kanade,1992; Poelman& Kanade, 1997;Morris &
Kanade 1998)for detailsandadditionalreferences.

In thecaseof full perspectie camerashemeasuremeritinctionh(m;, x;)
is non-lineay and one needsto resortto non-linearoptimizationto mini-
mizethere-projectionerror(3). This proceduras known in photogrammetry
and computervision as bundle adjustment(Spetsakis% Aloimonos,1991;
Szeliski& Kang, 1993; Hartley, 1994; Triggs et al., 1999). The advantage
with respecto factorizationis thatit givesthe exact ML estimatejf it con-
vemges.However, it can easily get stuckin local minima, andthus a good
initial estimateof the solutionneedso be available.To obtainthis, recursve
estimatiortechnigueganbeusedo processheimagesasthey arrive (Broida
& Chellappa1991).

2.4. SFM wiTHOUT CORRESPONDENCES

In the casethatthe correspondencegre unknavn we cannotdirectly apply
themethoddiscussedh Section2.3. Althoughwe canstill framethis caseas
aproblemof maximumlik elihoodestimationsolvingit directlyis intractable
due to the combinatorialnatureof the dataassociationproblem. By total
probability the maximumlikelihood estimate®* = (X*, M*) of structure
andmotiongivenonly themeasurement¥ is givenby

©* = agmax log L(©; U) = agmax log ¥ ~ L(©;U, J) 4)
C) C] J

a sumof likelihoodtermsof the form (1), with onetermfor every possible
assignmenvectorJ. Now, for ary realisticnumberof features: andnumber
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8 Dellaert,Seitz, Thorpe& Thrun

of imagesm, the numberof assignmentgxplodescombinatorially There
aren! possibleassignmentectorsJ; in eachimage,yielding a total of n!™
assignmentdn summary L(®; U) is in generahardto obtainexplicitly, as
it involvessummingover a combinatoriahumberof possibleassignments.

2.5. THE EXPECTATION MAXIMIZATION ALGORITHM

A key insight is that we can usethe well-knovn EM algorithm (Hartley,
1958; Dempsteret al., 1977; McLachlan & Krishnan,1997) to attackthe
dataassociatiorproblemthat arisesin the context of structurefrom motion.
While a directapproactto computingthe total likelihood L(®; U) in (4) is
generallyintractable EM providesa practicalmethodfor finding its maxima.
The EM algorithmstartsfrom aninitial guess®? for structureand motion,
andtheniteratesover thefollowing steps:

1. E-step: Calculatethe expectedog likelihoodfunction Q! (©):
Q'(®) =) f'(J)log L(©:;U,J) (5)
J

wherethe expectationis taken with respectto the posteriordistribution

JE) 2 P(J|U, ®) over all possibleassignmentg given the dataU
andacurrentguess®! for structureandmotion.

2. M-step: Findthe ML estimate®!*! for structureandmotion, by maxi-
mizing Q*(©):
O = agmax Q'(©)
e

It is importantto notethat Q*(®) is calculatedin the E-stepby evaluating
f1(J) usingthe currentguess®! for structureandmotion (hencethe super
scriptt), whereasn the M-stepwe areoptimizing Q*(®) with respecto the
freevariable © to obtainthe new estimate®!*!. It canbe proven that the
EM algorithmconvergesto a local maximumof L(®; U) (Dempsteret al.,
1977;McLachlan& Krishnan,1997).

3. The M-step and Virtual Measurements

In this sectionwe shav that the M-step for structurefrom motion can be
implementedn a simpleandintuitive way. We shav that the expectedlog-
likelihoodcanbe rewritten sud that the M-stepamountdo solvinga struc-
ture from motion problem of the samesize as befoe, but usingasinput a
newly synthesizedetof “virtual measuremerits createdn the E-step.The
conceptof using syntheticmeasurements not new. It is also usedin the
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trackingliterature,whereEM is usedto performtrack smoothing(Avitzour,
1992;Streit& Luginbuhl, 1994).

We first rewrite the expectedlog-likelihood Q*(®) in termsof sum of
squarederrors, which we can do underthe assumptionof i.i.d. Gaussian
noise.By substitutingthe expressionfor the log likelihoodlog L(®; U, J)
from (3) in equation(5), we obtain:

(@) =53 S DL fua -~ hlmexi )l ©
J i=1 k=1

The key to the efficiency of EM lies in the fact that the expressionabove
containsmary repeatederms.,andcanberewritten as

1 m n n
Q'(®) = —2—222 Frllag, — h(mg, x;) |2 )

wherefi';k is themarginal posteriorprobability P(j;x = j|U, ©!). Notethat
this doesnot dependon the assumptiorof Gaussiamoise,but ratheron the
conditionalindependencef image measurements he maginal probabili-
ties f, canbecalculatecoy summingf*(J) overall possibleassignmentd
wherej;, = j (with 4(.,.) theKronecler deltafunction):

i 2 Piix = 41U, 0% =3 8(j. )f4(3) (8)
J

The main point to be madein this sectionis this: it can be shavn by
simplealgebraiananipulatiorthat(7) canbewrittenasthe sumof aconstant
thatdoesnot dependon ®, anda new re-projectionerror of n featuresn m
images

1 m n
Q@) = € = 5733 37 v = bt ) ©)

wherethevirtual measuaamentsVlt aredefinedsimply asweightedaverages
of theoriginal measurements;:

A n
Vi S fhra (10)
k=1

Theimportantpoint is that the M-step objective function (9) above, arrived
at by assumingunknowncorrespondencés of exactly the sameform asthe
objective function (3) for the SFM problemwith knowncorrespondenceis
a consequenceany of the existing SFM methodscan be usedto implement
the M-step.This providesanintuitive interpretatiorfor the overall algorithm:

1. E-step: Calculatahewe|ghtsf§k from thedistribution overassignments.

)

Then,in eachof them imagescalculaten virtual measurements;?j.
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10 Dellaert,Seitz, Thorpe& Thrun

2. M-step: Solve a corventional SFM problemusingthe virtual measure-
mentsasinput.

In otherwords,the E-stepsynthesizesen measuremerdata,andthe M-step
is implementedisingconventionalSFM methods.

4. Mark ov Chain Monte Carlo and the E-step

The previous sectionshaved that, whengiventhe virtual measurementshe
M-step can be implementedusing ary knowvn SFM approach.As a con-
sequencewe needonly concernourselhes with the implementationof the
E-step.In particular we needto calculatethe maginal probabilitiesf!
P(ja = j|U, ®") neededo calculatethe virtual measurements;, .
Unfortunately dueto the mutualexclusionconstraintan analyticexpres-
sion for the suflicient statisticsf;;, is hardto obtain. Assumingconditional

independencef theassignmentd; in eachimage,we canfactorft(J) as:

ijk —

m

f1(3) £ PEU, @ = [[ PUi|U;, ©)
=1

whereU; arethe measurements imagei:. Applying Bayeslaw, we have
P(Ji[U;, ©) oc P(J;|@") exp | —5— ZHuzkz Lx)IP) (2D

Thesecondyartof this expressioris simpleenoughHowever, the prior prob-
ability P(J;|©") of anassignmendl; encodeshe knowledgewe have about
the structurefrom motion domain:if a measurement;;, hasbeenassigned
Jjik = j, thennoothermeasuremerih thesamemageshouldbeassignedhe
samefeaturepoint x;. While it is easyto evaluatethe posteriorprobability
f1(J;) for ary givenassgnmentJ; through(11), a closedform expression
for £/, thatincorporateshis mutualexclusionconstraints notavailable.

4.1. SAMPLING THE DISTRIBUTION OVER ASSIGNMENTS J;

The solutionwe emplg is to insteadsamplefrom the posteriorprobability
distribution f£!(J;) over valid assignmentsectorsJ;. Formally this canbe
justified in the context of a Monte Carlo EM or MCEM, a versionof EM
wherethe E-stepis executedby a Monte-Carloprocesg Tanney 1996).

To samplefrom f!(J;) we usea Markov chain Monte Carlo (MCMC)
samplingmethod(Neal,1993;Gilks etal., 1996;Doucetetal.,2001).MCMC
methodscanbe usedto obtainapproximatevaluesfor expectationsover dis-
tributionsthat defy easyanalyticalsolutions.All MCMC methodswork the
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sameway: they generatea sequencef states in our casethe assignments
vectorsJ; in imagesi, with the propertythatthe collectionof generateds-
signmentsJ; approximatesx samplefrom a target distribution, in our case
the posteriordistribution f!(J;). To accomplishthis, a Markov chainis de-
fined over the spaceof assignmentd;, i.e. atransitionprobability matrix is
specifiedhatgivestheprobabilityof transitioningfrom arny givenassignment
J; to ary other Thetransitionprobabilitiesaresetup in avery specificway,
however, suchthatthe stationarydistribution of the Markov chainis exactly
the tamget distribution f(J;). This guaranteeshat,if we run the chainfor a
sufficiently long time andthenstartrecordingstatesthesestatesconstitutea
(correlatedsamplefrom thetargetdistribution.

The Metropolis-HastingdMH) algorithm (Hastings,1970) is one way
to simulatea Markov chainwith the correctstationarydistribution, without
explicitly building the full transitionprobability matrix (which would bein-
tractable)In ourcasewe useit to generate sequencef R samples); from
the posteriorf!(J;). The pseudo-coddor the MH algorithmis as follows
(adaptedrom (Gilks etal., 1996)):

1. Startwith avalid initial assignmend?.
2. Proposeanew assignmend’; usingthe proposaldensityQ(J;; J7)
3. Calculatethe acceptanceatio

£ QI I
T30 QULIT) (12)

a =

4. If a >= 1 thenacceptl/, i.e.we setJ/ ! «— J..
Otherwise, acceptl) with probability a. If the proposals rejectedthen
we keepthe previous samplej.e. we setJ;”rl =J7.

Intuitively, step2 proposesmoves” in statespacegeneratedccordingto a
probability distribution Q(J?; J7) which is fixedin time but candependon
the currentstateJ;. The calculationof ¢ andthe acceptancenechanismin
steps3 and4 have the effect of modifying the transitionprobabilitiesof the
chainsuchthatits stationarydistribution is exactly f;.

The MH algorithmeasilyallows incorporatingthe mutualexclusioncon-
straint: if an an assignmentl) is proposedthat violatesthe constraint,the
acceptanceatiois simply 0, andthe move is notacceptedAlternatively, and
thisis moreefficient, onecouldtake carenever to proposesuchamove.

To computethe virtual measurements (10), we needto computethe
maiginal probabilitiesfig.k from the sample{J7 }. Fortunately this can be
donewithout explicitly storingthe samplespy keepingrunningcountsCj
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12 Dellaert,Seitz, Thorpe& Thrun

of how mary timeseachmeasurement,, is assignedo featurej, as

1 Al R -
fiem =Cie = =D 00 4) (13)
*~ R R~

is easilyseento bethe Monte Carloapproximatiorto (8).

Finally, in orderto implementthe samplerwe needto know how to pro-
posenew assignmentd’, i.e. the proposaldensity Q(J7;J}), andhow to
computetheratio a. Both elementsarediscussedn detailin Section?.

5. The Algorithm in Practice
Thepseudo-codéor thefinal algorithmis asfollows:

1. Generataninitial structureandmotionestimate®".

2. Given ®! andthe dataU, run the Metropolis-Hastingsamplerin each
imageto obtainapproximateraluesfor theweightsfi'; . (equationl3).

3. Calculatethevirtual measurementﬁgj usingequation(10).

4. Find the new estimate®!*! for structureand motion using the virtual
measurements’!. as data. This can be done using ary SFM method
discussedn Section2.3.

5. If notcorvemged,returnto step2.

Onesignificantdisadantageof EM is thatis only guaranteedo corverge to
alocal maximumof thelik elihoodfunction,notto aglobalmaximum.Thisis
especiallyproblematidn the currentapplication,wherebadinitial estimates
for structureandmotion canbelockedin by incorrectcorrespondenceand
vice versa.n orderto avoid this, we employ threedifferentstratgies:

1. Grossto fine structurevia annealing A well known techniqueto avoid
local mimima is annealing:herewe increasethe noise parametew in
earlyiterations,graduallydecreasingt to its correctvalue. This hastwo
beneficialconsequencegirst, the posteriordistribution f!(J;) is less
pealed when ¢ is high, allowing the MCMC samplerto explore the
spaceof assignmentd; moreeasily Secondtheexpectedog-likelihood
Q'(©) is smoothemndhasfewer local maximafor highervaluesof o.

2. Minimizing the influenceof local mismatchesvia robust optimization
A typical failure modeof thealgorithmin thefinal stagess dueto local
mismatchesywheremeasurementgeneratedy two featuresarecorrectly
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Figure 2. Threeout of 11 cube images.Although the imageswere originally taken as a
sequencén time, theorderingof theimagess irrelevantto our method.

assignedn mostof the images,but switchedin some.Becauseof the
quadraticerrorfunctionthis canseverly biasthe motionrecovery, which
in turn locks the incorrectcorrespondencento place. Fortunately we
found that this can be overcomeby emplg/ing a robust optimization
algorithmin the M-step, e.g. the robust factorizationmethoddecsribed
in (Kurataet al., 1999). Note that the EM mechanismis still crucial to
recovering the grossstructureandrefining the solution: the robust opti-
mizationonly helpsin discardingocal mismatchesn thefinal stagesAt
thatpoint, the distributionscomputedn the E-stepbecomereally sharp,
andcangetlockedinto local minimamoreeasily

3. Randomrestartslt is easyto detectwhena local minimum is reached
basedon the expectedvalueof theresidual.lf this occurs,the algorithm
is restartedvith differentinitial conditions,until eventuallysuccesful.

The combinationof thesestratgiesleadsto good resultsin mary casesA
moredetailedanalysiss presentedh the sectionbelow.

6. Resultsfor SFM without Correspondence

Below we shav resultson two setsof imagesfor which the SFM problem
is non-trivial in the absenceof correspondenceviany more examplescan
be foundin (Dellaert,2001). The input to the algorithmis always a set of
manuallyobtainedmagemeasurementdo initialize, the 3D pointsx; were
generatedandomlyin a normally distributed cloud arounda depthof 1,
whereaghe cameraam; wereall initialized at the origin. In eachcase,we
ran the EM algorithm for 100 iterations,with the annealingparametero
decreasindinearly from 40 pixelsto 1 pixel. For eachEM iteration,we ran
thesamplelin eachimagefor 1000stepsperpoint. An entirerun (of 200EM
iterations)takeson the orderof a minuteof CPUtime on a standardPC.

In practice,the algorithm corverges consistentlyand quickly to an esti-
matefor the structureand motion wherethe correctassignmentis the most
probableone,andwhereall assignment# the differentimagesagreewith
eachother Weillustratethisusingtheimagesetshavn in Figure2, whichwas
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Figure 3. Thestructureestimateasinitialized andat successie iterationst of thealgorithm.

Figure 4. 4 outof 5 perspectie imagesof ahouse.

taken underorthographicprojection. The typical evolution of the algorithm
is illustratedin Figure 3, wherewe have shawvn a wire-framemodel of the

recoseredstructureat successie instantsof time. Thereare two important
pointsto note:(a) the grossstructue is recovered in the veryfirst iteration,

startingfromrandominitial structue, and(b) finerdetailsof thestructureare
graduallyresohedastheparameter is decreasedlheestimateor thestruc-
ture after corvergenceis almostidenticalto the onefound by factorization
whengiventhe correctassignment.

Toillustratethe EM iterations considethe setof imagesn Figure4 taken
underperspectie projection.In the perspectie case we implementthe M-
stepaspara-perspedate factorizationfollowed by bundleadjustmentin this
examplewe do not shawv the recoreredstructure(which is good), but shav
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(@it 1 (b)it 10 (c) it 100

Figure 5. Themaminal probabilities  atthreedifferentiterations,respectiely 1, 10, and

100.Eachrow correspondso ameasurement , groupedaccordingo imageindex, whereas
the columnsrepresenthe features . In this example and . Black corre-
spondsto a mawginal probability of 1. Note thatin the final iteration, the correspondencis

nearperfect.

the mamginal probabilities at threedifferenttimes during the courseof
thealgorithm,in Figure5. In earlyiterations, is highandthereis still alot
of ambiguity Towardsthe end,the distribution focusesn on oneconsistent
assignmentln the lastiterationthe mamginal probabilitiesare all consistent
with the ground-truthassignmentandthe featuresin the figure areordered
suchthat this corresponddo a setof 5 stacled identity matrices.The off-
diagonalmamginalsarenot exactly zero,simply very closeto zero.

Finally, in orderto investigatethe behaior of the algorithmin termsof
localmaxima,we have conducted seriesof experimentsvith syntheticdata.
For differentsettingsof and , 5 scenesweregeneratedandomly The
pointswererandomlygeneratean a 2D squarewith side , thenwere
displacedfrom the planeaccordingto a normal distribution with standard
deviation of , yielding a random’plane plus parallax scene.
camerasvherethen placedrandomlyon a spheresegmentspanningan arc

, atadistanceof . Themeasuremenhodelwasorthographic,
with measurementoisedravn form a Gaussiarnwith . For each
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scene: A B C D E
m=10n=20 4 5 5 4 5
m=15n=20 4 5 5 5 5
m=20n=20 4 5 4 5 3
m=25n=20 5 4 4 5 5
m=30n=20 5 4 5 5 5

scene: A B C D E
m=10n=20 4 5 4 5
m=10n=40 3 5 4 4 5
m=10n=60 4 4 (0.7) 4 3
m=10n=80 (0.3) 4 3 1.3) 2

Figure 6. EM wasrun 5 timesfor eachof 5 randomly generatecexamplesA-E for each
differentsettingof and . Thetablesshav thenumberof timesEM corvergedto theglobal

maximum,outof 5trials. If noneof thetrials corverged,thepercentagef incorrectlyassigned
measurements shavn in braclets.

settingof and , 5 sceneswere generatedn this manner and the EM
algorithmwasrun 5 timesfor eachscenethenumberof timesEM corverged
is summarizedn Figure®6. For the majority of trials corverged, for
all valuesof . For morepointsthe possibility of confusingmeasurements
grows, andin threecaseg(out of 20) noneof the 5 trials corvergedto the
globalmaximum.However, evenin thesecaseghe percentagef incorrectly
assignedmeasurementwas small, indicating that somelocal mismatches
remainedthat were unresoled by the robust factorizationscheme This is
to beexpectedasmoreandmorepointsareintroducedn the scene.

7. An Efficient Sampler

The EM approactfor structureandmotionwithout correspondenceutlined
in the previous sectionsis a statisticallysoundway to dealwith a difficult
dataassociatiorproblem.However, in orderfor it to scaleup to larger prob-
lems, it is imperatve thatit is alsoeficient In this sectionwe shav thatthe
Metropolis-Hastingsmethodcan be madeto very effectively samplefrom
weightedassignmentsyielding anefficient E-stepimplementation.
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The corvergenceof the Metropolis-Hastingslgorithmdependrucially
ontheproposaldensity . We needaproposaktratgy thatleadsto arapidly
mixing Markov chain,i.e. onethatcorvergesquickly to the stationarydistri-
bution. Below we discussthreedifferent proposalstratgies, eachof which
inducesa Markov chainwith increasinglybettercorvergenceproperties.

7.1. PRELIMINARIES

It is corvenientatthistimeto look atthesamplingin eachimagein isolation,
andthink of it in termsof weightedbipartite graph matding. Considerthe
bipartitegraph in image wherethevertices correspondo

theimagemeasurementsge. , andthevertices areidentifiedwith
the projectedfeatures giventhe currentguess  for structureandmotion,

i.e. . Both and rangefrom to ,i.e.
. Finally, the graphis fully connected , andwe associatehe
following edge weightwith eachedge :

A matdingis definedasasubset of theedges , suchthateachverte is
incidentto atmostoneedge An assignmenis definedasa perfectmatching:
asetof edgessuchthatevery vertex is incidentto exactly oneedge.

Given thesedefinitions, it is easily seenthat every assignmentector
correspond$o an assignmentin the bipartitegraph , sowe usethe same

symbolto denoteboth entities. Furthermore we usethe notation to

denotethe matchof a vertex , i.e. iff . Recalling

equation(11), it is easily seenthat for valid assignments , the posterior

probability canbeexpressedn termsof the edgeweightsasfollows:
— (14)

wheretheweight of anassignmenis definedas

Expression14) hasthe form of a Gibbsdistribution, where playsthe

role of an enegy term: assignmentsith higher weight (enegy) are less
likely, assignmentwith lower weight(enegy) aremorelikely.
Thus,theproblemof samplingifromtheassignmentectos  in thestruc-
ture andmotionproblemis equivalento samplingfromweightedassignments
in the bipartite graph , whele the target distribution is givenby the Gibbs
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Figure 7. An ambiguousassignmenproblemwith . The regular arrangemenbof the
verticesyields two optimal assignmentg(a) and(f), whereagb-e) aremuchlesslikely. The

figureillustratesa major problemwith “flip proposals”thereis no way to move from (a) to
(e)viaflip proposalsvithout passinghroughoneof the unlikely stateqb-e).

distribution (14). Below we droptheimageindex , andthink solelyin terms
of theweightedassignmenproblem.

7.2. FLIP PROPOSALS

Thesimplestway to proposeanew assignment from a currentassignment
is simply to swapthe assignmenof two randomlychoservertices :

1. Picktwo matchededges and atrandom.

2. Swaptheirassignmentg,e. set and

To calculatetheratio , notethatthe proposalratio . Thus,the

acceptanceatio is equalto the probabilityratio, givenby

Even thoughthis “flip proposal”stratgy is attractve from a computa-
tional pointof view, it hastheseveredisadwantageof leadingto slowly mixing
chainsin mary instancesTo seethis, considerthe arrangemenivith
in Figure8. Thereis no way to move from the mostlikely configurationga)
to (f) viaflip proposalsvithout passinghroughoneof theunlikely stategb-
e). An MCMC samplerthatproposenly suchmovescanstaystuckin the
modeg(a) or (f) for alongtime.
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Figure 8. Augmentingpaths.(a) Original, partial matching.(b) An augmentingpath, alter
nating betweenfree and matchededges.(c) The resulting matchingafter augmentingthe
matchingin (a) with thepathin (b) .

7.3. AUGMENTING PATHS AND ALTERNATING CYCLES

In orderto improve the convergencepropertiesof the chain,we usetheidea
of randomly generatingan augmentingpath a constructthat plays a cen-
tral role in deterministicalgorithmsto find the optimalweightedassignment
(Bertsekas1991; Cook et al., 1998; Papadimitriou& Steiglitz, 1982).The
intuition behindanaugmentingpathis simple:it is away to resole conflicts
whenproposinga new assignmentor somerandomvertex in - . Whensam-
pling, anideafor aproposablensityis to randomlypick avertex andchange
its assignmentbut asthis canleadto a conflict, we proposeto usea similar
mechanisnio resole the conflictrecursvely.

We now explain augmentingpathsfollowing (Kozen,1991). Assumewe
have a partial matching . An exampleis givenin Figure9 (a). Now pick
anunmatchedrertex , andproposeto matchit up with . We indicatethis

by traversingthefreeedge .If isfree,we cansimply addthis edgeto
the matching . However, if is not free we cancelits currentassignment
by traversingthe matthededge . Wethenrecurseuntil afreevertex in

is reachedjracingout the augmentingpath . Onesucha pathis shaovn

in Figure9 (b). Now the matchingcanbe augmentedo by swappingthe

matchedandthe free edgesin . This augmentatioroperationis written as
, Where isthesymmetricdifferenceoperatoron sets

For the example,the resultingmatchingis shavn in Figure9 (c). Algorithms
to find optimal matchingsstartwith an emptymatching,andthenperforma
seriesof augmentationantil amaximalmatchingis obtained.

For samplingpurposeslternatingcyclesareof interest,becausehey im-
plementk-swaps.An exampleis shavn for in Figure10.In contrasto
the optimal algorithms,whensamplingwe startout with a perfectmatching
(an assignment)and want to proposea move to a different -also perfect-
matching.We cando this by proposingthe matching , Where

m . tex; 19/01/2002; 13:46; p.19



20 Dellaert,Seitz, Thorpe& Thrun
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Figure 9. (a)Original assignment(b) An alternatingcycle implementinga k-swap,with k=3
in this example.(c) Newly obtainedassignment.

as

is an alternatingcycle, which hasthe effect of permutinga subsetf the
signmentsSuch permutationghat leave no elementuntouchedare also

calledderangements.

7.4. PROPOSING MOVES BY “CHAIN FLIPPING”

Recallthatthe goal is to samplefrom assignments usingthe Metropolis-
Hastingsalgorithm. We now adwancea new stratgy to generateproposed
moves, throughan algorithmthat we call “chain flipping” (CF). The algo-
rithm is basedon randomlygeneratingan alternatingcycle accordingto the

fol

1.
2.

4.
5.

lowing algorithm:
Pick arandomvertex in

Chooseamatch in bytraversingtheedge accordingo the
transitionprobabilities

(15)

which accordshigherprobabilityto edges with lower weight.
. Traversethematchededge to undotheformermatch.
Continuewith 2 until acycleis formed.

Erasethetransienfpartto getanalternatingcycle

This algorithmsimulatesa Markov chain definedon thebipartitegraph

andterminateghesimulationwhenacycleis detectedTheresultingalter

natingcycle isusedto proposeanew assignment , L.e.we“flip”
theassignmentsn thealternatingcycle or “chain” of alternatingedges.

We alsoneedto calculatetheacceptanceatio . As it happenswe have

— (16)
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To prove this, notethatby (14) and(15) the probabilityratio is given by

17)

Theproposaldensity is equalto the probabilityof proposingacycle
thatyields from , whichis givenby:

(18)

wherethe sumis over all transientpaths that endon the cycle , and
is the probability of one suchtransient.The probability

of proposing startingfrom is similarly obtained,and substitutingboth
togethemwith (17)into (16) yieldsthe surprisingresult

A distinctadwantageof the CF algorithmis that, aswith the Gibbssam-
pler (Gilks et al., 1996), every proposedmove is always acceptedThe
transitionprobabilities arealsofixedandcanbeeasilypre-computed.
A major disadwantage however, is that mary of the generategpathsdo not
actuallychangehecurrentassignmentnakingthechainslower thanit could
be.Thisis becausén step thereis nothingthatpreventsusfrom choosing
amatchededge leadingto atrivial cycle, andin steadystatematchededges
areexactly thosewith hightransitionprobabilities.

7.5. "SMART CHAIN FLIPPING”

An olvious modificationto the CF algorithm, and one that leadsto very
effective sampling,is to malke it impossibleto traversethrougha matched
edgewhengeneratinghe proposalpaths.This ensureghat every proposed
move doesindeedchangeheassignmentf it is acceptedHowever, now the
ratio canbelessthan , causingsomemovesto berejected.

Forcing the chosenedgesto be free can be accomplishedy modifying

thetransitionprobabilities . We denotethe new transitionprobabilities
as , asthey dependon the currentassignment , anddefinethemas
follows:

if
if
i.e. we disallov thetransitionthrougha matchededge We canrewrite thisin
termsof thetransitionprobabilities definedearlierin (15), asfollows

if
if
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Figure 10. 20 iterationsof anMCMC samplemwith the“smartchainflipping” proposalsFor
eachiterationwe shav  andwhetherthe move wasacceptedA) or rejectedR).

Note thatthesedependon the currentassignment , but in animplementa-
tion their explicit calculationcanbe avoidedby appropriatelymodifying the
cumulative distribution functionof atrun-time.

This proposalstratgy, which we call “smart chainflipping” (SMART),
generatesnoreexploratorymovesthanthe CF algorithm,but at the expense
of rejectingsomeof themoves.It canbeeasilyverifiedthatwe now have

In Figure 11 we have shavn 20 iterationsof a Metropolis-Hastingsampler
usingthe SMART proposalsandalsoshav thevalueof andwhetherthe
maove wasacceptedA) or rejectedR).

8. Resultsfor Efficient Sampling

Experimentalesultssupporttheintuition that“smartchainflipping” leadsto
morerapidly mixing chainsIn orderto assestherelative performancef the
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(a) Low Temperature (b) High Temperature

Figure11. Log-logplotcomparinghemeanabsoluteerror(y-axis)versusnumberof samples
(x-axis)for the 3 differentproposalistributions:randontlips, chainflipping, andsmartchain
flipping. (a) For a’sharp’distribution with low annealingparameter , and(b) for a
high valueof

threedifferentsamplerswve have discussedabove, we have generated 000
syntheticexampleswith , andran eachsamplerfor 10000iterations
on eachexample.Therewasno needto wait until the stationarydistribution

wasreachedastheinitial assignmentvasdravn from the exactdistribution

to startwith, whichis possiblefor exampleswith  low. Wethengenerate@
log-log plot of theaverageabsoluteerror(averagedverall examples)or one
of themaminal statisticg13) ascomparedo thetruevalue(8). Thiswasdone
for two differentvaluesof the annealingparameters , which determineghe
smoothnessf thedistribution.

As can be seenin Figure 8, the “smart chain flipping” proposalis an
orderof magnitudebetterthanthetwo othersamplersi.e. it reacheshesame
level of accurag in far fewer iterations.For lower temperatured,e. sharper
distributions, the differenceis more pronouncedFor higher temperatures,
the errors are larger on average(as the samplerneedsto explore a larger
typical set),andthedifferenceis lesspronouncedlt canalsobe seenhatthe
differencebetweentherandomflip and(non-smartchainflipping proposals
is negligible.

9. RelatedWork

In recentyears,EM hasbecomea popularalgorithmfor estimatingmodels
from incompletedata.As outlinedin theintroduction theissueof incomplete
dataandthedataassociatiomproblemarecloselyrelated thoughnotidentical.
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The structurefrom motion problemhasbeenstudiedextensvely in the
computervision literature over the pastdecadesas we have discussedn
detail in Section2.3. In the introductionwe discussedhe shortcomingsof
the existing methoddor data-associatiom the SFM literature.

Also in computervision, EM hasbeenusedto determinemembership
of pixels to discreteimagelayers,to computeso-called“layered represen-
tations” of the scene(see(Torr et al., 1999) andthe referencegherein).In
the latter paper integrating out the disparity of the pixelsin ary givenlayer
finesseghe correspondencproblemin aninterestingway. Thus,it couldbe
viewed asanimage-basedersionof whatis attemptedn this paper On the
otherhand themotionparameterareassumedo beknown by othermeansn
their approachwhereagnotionestimationis anintegral partof our method.

The SFM problemis similar, andin somecasesequialent,to the map
learning problemin robotics.Here a mobile robot is given a sequencef
sensomeasurement®.g.,rangemeasurementsglongwith odometryread-
ings,andseekdo constructa mapof its ervironment.In the caseof bearing
measurementisn discretefeaturesthis concurentmappingandlocalization
(CML) (Leonard& Durrant-Whyte,1992),is mathematicallyidenticalto a
SFM problem.One of the dominantfamilies of algorithmsrelied on recur
sive estimationof modelfeaturesand robot poseshy a variabledimension
Kalmanfilter (Castellanogtal., 1999;Castellano# Tardos,2000;Leonard
& Durrant-Whyte 1992;Leonardetal., 1992).

The classicaltarget trackingliteratureprovides a numberof methodsfor
data-associatio(Bar-Shalom& Fortmann,1988;Popoli& Blackman,1999)
that are usedin computervision (Cox, 1993)and CML (Cox & Leonard,
1994;Federetal., 1999),suchasthetracksplitting filter (Zhang& Faugeras,
1992),theJointProbabilisticDataAssociatiorFilter (JPDAF) (Rasmusse&
Hager 1998),andthe multiple hypothesidgracler (MHT) (Reid, 1979; Cox
& Leonard,1994; Cox & Hingorani, 1994). Unfortunatelythe latter, more
powerful methodshave exponentialcompleity so suboptimalapproxima-
tionsareusedin practice.However, the stratgiesfor hypothesigpruningare
basedon assumptionsuchas motion continuity that are often violated in
practice(Seitz & Dyer, 1995). Thus,they arenot directly applicableto the
SFM or CML problemwhenthe measurementdo not arrive in atemporally
continuoudashion.

Thus, both vision and maplearningapproachesssumehatthe dataas-
sociationproblemis solved, eitherthroughuniquelyidentifiablefeaturesin
the ervironmentof a robot, or through sensorstreamsthat male it possi-
ble to track individual features Of particulardifficulty, thus,is the problem
of mappingcyclic ervironments(Gutmann& Konolige, 2000), wherefea-
tures cannotbe tracked and the data associatiorproblem arisesnaturally
Recently analternatve classof algorithmshasbeenproposedhataddresses
the dataassociationproblem (Burgard et al., 1999; Shatkay& Kaelbling,
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1997;Shatkay1998;Thrunetal.,1998b,1998a) Lik e ours,thesealgorithms
arebasedon EM, andthey have beendemonstrateto accommodatambi-

guities andlarge odometricerrors. Thesealgorithmsare similar in spirit to

the one proposedherein that they formulatethe mappingproblemas esti-
mationproblemfrom incompletedata,andusethe E-stepof EM to estimate
expectationsoverthosemissingdata.Thereareessentiatifferencesthough.
In particular thesealgorithmsconsiderthe camergpositionsasmissingdata,
whereasoursregardthe cameraposesasmodel parametersandinsteadthe
correspondencenatrix is beingestimatedn the E-step.

Recently EM hasalsobeenproposedn the tamget-trackingliteratureto
perform smoothingof tracks,leadingto the ProbabilisticMulti-Hypothesis
Tracker (PMHT) (Avitzour, 1992; Streit & Luginbuhl, 1994; Gauvritet al.,
1997). In the PMHT, the sameconditionalindependencassumptionsare
madeasin this paper andidentical expressionsare obtainedfor the virtual
measurementis the M-step. However, the PMHT makesthe samemotion
continuity assumptionssthe classicadPDAF andMHT algorithms,which
we do notassumeMoreover, in our work we optimizefor structure(tarmgets)
and motion a considerablymoredifficult problem.Most importantly how-
ever, the PMHT altogetherabandonghe mutual exclusion constraintin the
interestof computationakfficiengy. In contrastjn our work we have shaovn
thatthe correctdistribution in the E-stepcanbe efficiently approximatedy
Markov chain Monte Carlo sampling. Neverthelessthe PMHT is a very
elegant algorithm, and we conjecturethat combiningthe PMHT with our
efficient samplerin the E-stepcould leadto a novel, approximatelyoptimal
tracker and/orsmootherof interestto thetargettrackingcommunity

The new proposalstratgieswe proposefor efficient samplingof assign-
mentsbearan interestingrelationto researchn the field of computational
compleity theory The“chainflipping” proposals relatedin termsof mech-
anism,if not description,to the Broder chain,an MCMC type methodto
generatdunweightedlassignmentat random(Broder 1986).However, our
methodis specificallygearedowardssamplingfrom weightedassignments,
andusegsheweightsto biasproposalgowardsmorelikely assignments.

10. Discussion

In thispapemwe have presente@novel tool, whichenablesisto learnmodels
from datain the presencef non-trivial dataassociatiorproblemsWe have
appliedit successfullyto the structurefrom motion problemwith unknown
correspondengsesignificantlyextendingthe applicability of thesemethodgo
new imagingsituationsln particular our methodcancopewith imagesgiven
in arbitrary orderandtaken from widely separateviewpoints, obviating the
temporalcontinuity assumptiomeededo track featuresovertime.
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Thefinal algorithmis simple andeasyto implement.As summarizedn
Sectionb5, at eachiteration one only needsto obtain a sampleof proba-
ble assignmentsgcomputethe virtual measurementsand solve a synthetic
SFM problemusingknonvn methodsIn addition,we have developeda novel
samplingstratgy, called “smart chain flipping”, to calculatethesevirtual
measurementsfficiently usingthe Metropolis-Hastingslgorithm.

Thereis plenty of opportunityfor future work. In this paper we make
the commonlymadeassumptiorthat all 3D featuresare seenin all images
(Tomasi& Kanade1992;Hartley, 1994;McLauchlan& Murray, 1995).0Our
approachdoesnot dependon this assumptionhowever. In (Dellaert,2001)
the approachwas extendedto dealwith spuriousmeasurementdyy the in-
troductionof a NULL feature(asin (Gold et al., 1998)), and occlusion,
throughthe developmentof a more sophisticatecprior on assignmentsln
addition, (Dellaert,2001)alsoshavs how appearanceneasurementsanbe
easilyintegratedwithin the EM framework.

Allowing occlusionintroduceghethorry issueof modelselectionwhich
we have asyetnotaddressedn thepresencef occlusionit is notcommonly
known a priori how mary featuresactuallyexist in the world. This problem
of modelselectionhasbeenaddresseduccessfullybeforein the context of
vision (Ayer & Sawvhney, 1995; Torr, 1997),andit is hopedthatthe lessons
learnedtherecanequallyapplyin the currentcontext.

As arguedin the introductionto this paper the dataassociatiorproblem
arisesin mary problemsof learningmodelsfrom data. While the current
work hasbeenphrasedn thecontet of the structurefrom motionproblemin
computeision, we conjectureghatthe generalapproachs morewidely ap-
plicable.For example,asdiscusse@bore, therobotmappingproblemshares
a similar setof constraintsmakingthe chainflipping proposaldistribution
directly applicable.Thus, just aswe employed off-the-shelftechniquedor
solving the SFM problemwith knowncorrespondence&M and our new
MCMC techniquesanbestipulatedto therich literatureon concurrentnap-
ping andlocalization(CML) with knowvn correspondenceSuchanapproach
would "bootstrap”thesetechniquegdo caseswith unknowncorrespondence,
which hasgreatpracticalimportance particularlyin the areaof multi-robot
mapping.As a secondexample,we suspecthat our MCMC chainflipping
approachis also applicableto visual objectidentificationfrom distributed
sensorswhereothers(Pasula,Russell,Ostland,& Ritov, 1999)have already
successfullyappliedEM andMCMC to solve the dataassociatiorproblem.
Data associatiorproblemsoccurin a wide rangeof learningmodelsfrom
data.The applicationof our approacho otherdataassociatiorproblemsis
subjectof futureresearch.

m . tex; 19/01/2002; 13:46; p.26



EM, MCMC, andChainFlipping for Structurefrom Motion 27

References

Avitzour, D. (1992). A maximumlikelihood approachto dataassociation. |[EEE
Trans.on AemspaceandElectionic Systems?28(2), 560-566.

Ayer, S.,& Savhney, H. (1995).Layeredrepresentationf motionvideousingrobust
maximum-likelihoodestimationof mixture modelsand MDL encoding. In
Int. Conf on Computenision (ICCV), pp. 777—784.

BarShalom,Y., & Fortmann,T. (1988). Tracking and dataassociation Academic
PressNew York.

Basri, R., Grove, A., & JacobsD. (1998). Efficient determinationof shapefrom
multiple imagescontainingpartialinformation. Pattern Recgnition, 31(11),
1691-1703.

Beardslg, P, Torr, P, & ZissermanA. (1996).3D modelacquisitionfrom extended
imagesequencedn Eur. Conf on ComputeiMision (ECCV) pp. 11:683-695.

BertsekaspD. (1991). Linear NetworkOptimization: Algorithmsand Codes The
MIT pressCambridgeMA.

BorensteinJ., Everett,B., & Feng,L. (1996). NavigatingMobile Robots:Systems
and Techniques A. K. Peters| td., Welleslg, MA.

Broder, A. Z. (1986). How hardis to marry at random?(On the approximationof
the permanent).In Proceedingf the EighteenthAnnual ACM Symposium
on Theoryof Computing pp. 50-58Berkeley, California.

Broida, T., & Chellappa,R. (1991). Estimatingthe kinematicsand structureof a
rigid objectfrom a sequenc@f monocularimages. IEEE Trans.on Pattern
Analysisand MachineIntelligence 13(6), 497-513.

Burgard,W., Fox, D., JansH., Matenar C., & Thrun,S. (1999). Sonarbasedmap-
ping of large-scalemobile robotenvironmentsusingEM. In Proceedingof
theInternationalConfeenceon Machine LearningBled, Slovenia.

Castellanos].,Montiel, J.,Neira,J.,& Tardos,J.(1999).TheSPmapA probabilistic
framework for simultaneoudocalizationandmapbuilding. IEEE Trans.on
Roboticsand Automation 15(5), 948-953.

Castellanos)., & Tardos,J. (2000). Mobile RobotLocalizationand Map Building:
A MultisensorFusionAppmoad. Kluwer AcademicPublishersBoston,MA.

Cook,W., CunninghamW., Pulleyblank,W., & Schrijver, A. (1998).Combinatorial
Optimization JohnWiley & SonsNew York, NY.

Cox, I. (1993). A review of statistical data associationtechniquesfor motion
correspondencdnt. J. of Computenision, 10(1), 53—-66.

Cox,l., & Hingorani,S.(1994).An efficientimplementatiorandevaluationof Reid’s
multiple hypothesigrackingalgorithmfor visual tracking. In Int. Conf on
PatternRecanition (ICPR), Vol. 1, pp.437-442Jerusalemisrael.

Cox, I., & Leonard,J. (1994). Modeling a dynamicernvironmentusinga Bayesian
multiple hypothesisaapproach Artificial Intelligence 66(2), 311-344.

m . tex; 19/01/2002; 13:46; p.27



28 Dellaert,Seitz, Thorpe& Thrun

Dellaert, F. (2001). Monte Carlo EM for Data Associationand its Applications
in ComputerVision. Ph.D. thesis,Schoolof ComputerScience ,Carngjie
Mellon. Also availableasTechnicalReportCMU-CS-01-153.

DempsterA., Laird, N., & Rubin,D. (1977). Maximumlik elihoodfrom incomplete
datavia the EM algorithm. Journal of the Royal StatisticalSociety SeriesB,
39(1), 1-38.

Deriche,R., & FaugerasQ. (1990). Trackingline segments. Image and Vision
Computing 8, 261-270.

Doucet,A., de Freitas,N., & Gordon,N. (Eds.).(2001). SequentiaMonte Carlo
Methodsin Practice SpringerVerlag,New York.

FederH. J.S.,LeonardJ.J.,& Smith,C. M. (1999).Adaptive mobilerobotnaviga-

tion andmapping.InternationalJournal of RoboticsReseath, Speciallssue
onField and ServiceRobotics 18(7), 650-668.

Gauvrit,H., Le CadreJ.,& Jaufret, C.(1997).A formulationof multitargettracking
asanincompletedataproblem. IEEE Trans.on Aemspaceand Electonic
Systems33(4), 1242-1257.

Gilks, W., RichardsonS.,& Spiegelhalter D. (Eds.).(1996). Markov chain Monte
Carloin practice ChapmarandHall.

Gold,S.,Rangarajand., Lu, C.,Pappu,S.,& MjolsnessE. (1998).New algorithms
for 2D and3D point matching.PatternRecagnition, 31(8), 1019-1031.

Gutmann,J.-S., & Konolige, K. (2000). Incrementalmappingof large cyclic
ernvironments. In Proceedingsof the IEEE International Symposiunon
Computationalntelligencein Roboticsand Automation(CIRA).

Hartley, H. (1958). Maximumlik elihoodestimationfrom incompletedata. Biomet-
rics, 14, 174-194.

Hartley, R. (1994).Euclidearreconstructiofirom uncalibratedriews. In Application
of Invariancein ComputeiMision, pp.237—-256.

Hartley, R., & ZissermanA. (2000). Multiple View Geometryin ComputenVision.
CambridgeJniversity Press.

HastingsW. (1970). Monte carlo samplingmethodsusingmarkov chainsandtheir
applications.Biometrikg 57, 97-109.

Jacobsp. (1997). Linearfitting with missingdata: Applicationsto structurefrom
motion andto characterizingntensityimages. In IEEE Conf on Computer
\ision and PatternRecagpnition (CVPR) pp.206-212.

Kozen,D. C. (1991). Thedesignandanalysisof algorithms SpringerVerlag.

Kurata,T., Fujiki, J.,Kourogi,M., & SakaueK. (1999). A robustrecursve factor
izationmethodfor recoveringstructureandmotionfrom live videoframes.In
1999ICCV Workshopon FrameRateprocessingCorfu, Greece

Leonard,J., Cox, l., & Durrant-Whyte H. (1992). Dynamicmmapbuilding for an
autonomousnobilerobot. Int. J. RoboticsReseath, 11(4), 286—289.

LeonardJ.,& Durrant-Whyte H. (1992). DirectedSonarSensingor Mobile Robot
Navigation Kluwer Academic,Boston.

m . tex; 19/01/2002; 13:46; p.28



EM, MCMC, andChainFlipping for Structurefrom Motion 29

Longuet-HigginsH. (1981). A computeralgorithmfor reconstructinga scenerom
two projections.Nature, 293 133-135.

McLachlan,G., & Basford,K. (1988). Mixture Models:Inferenceand Applications
to Clustering Marcel Dekker, New York.

McLachlan,G., & Krishnan,T. (1997). The EM algorithm and extensions Wiley
seriesgn probabilityandstatistics JohnWiley & Sons.

McLauchlan,P, & Murray, D. (1995). A unifying framework for structureand
motion recovery from imagesequences.In Int. Conf on Computer\Vision
(ICCV), pp. 314-320.

Morris, D., & Kanade,T. (1998). A unifiedfactorizationalgorithmfor points,line
sgmentsand planeswith uncertaintymodels. In Int. Conf on Computer
Vision (ICCV), pp.696—-702.

Morris, D., Kanatani,K., & Kanade,T. (1999). Uncertaintymodelingfor optimal
structurefrom motion. In ICCV Wbrkshopon Vision Algorithms: Theoryand
Practice

Neal,R. (1993). ProbabilisticinferenceusingMarkov chainMonte Carlo methods.
Tech.rep.CRG-TR-93-1Dept.of ComputerScienceUniversity of Toronto.

Papadimitriou,C., & Steiglitz,K. (1982). CombinatorialOptimization:Algorithms
and Compleity. Prentice-Hall.

PasulaH., Russell S.,Ostland M., & Ritov, Y. (1999). Trackingmary objectswith
mary sensorsin Int. Joint Conf on Atrtificial Intelligence(IJCAI) Stockholm.

Poelman,C., & Kanade,T. (1997). A paraperspecte factorizationmethodfor
shapeand motion recovery. |EEE Trans.on Pattern Analysisand Machine
Intelligence 19(3), 206-218.

Popoli, R., & Blackman,S. S. (1999). Designand Analysisof Modern Tracking
SystemsArtechHouseRadarLibrary.

Rasmussert., & Hager G. (1998). Joint probabilistictechniquedor trackingob-
jectsusingmultiple vision clues.In IEEE/RSJnt. Conf onIntelligentRobots
and System$¢IROS) pp.191-196.

Reid, D. (1979). An algorithm for tracking multiple targets. IEEE Trans. on
Automationand Control, AC-24(6), 84—90.

Scott,G., & Longuet-HigginsH. (1991). An algorithmfor associatinghe features
of two images.Proceeding®f RoyalSocietyof London B-244 21-26.

Seitz,S., & Dyer, C. (1995). Completestructurefrom four point correspondences.
In Int. Conf on Computenvision (ICCV), pp.330-337.

Shapiro,L., & Brady, J. (1992). Feature-basedorrespondenceAn eigervector
approachlmage andVision Computing 10(5), 283—-288.

ShatkayH. (1998). LearningModelsfor RobotNavigation Ph.D.thesis,Computer
ScienceDepartmentBrown University, Providence RI.

Shatkay H., & Kaelbling, L. (1997). Learningtopologicalmapswith weaklocal
odometricinformation. In Proceeding®f IJCAI-97. IJCAI, Inc.

m . tex; 19/01/2002; 13:46; p.29



30 Dellaert,Seitz, Thorpe& Thrun

Smith, A., & Gelfand,A. (1992). Bayesianstatisticswithout tears:A sampling-
resamplingperspectre. AmericanStatistician 46(2), 84—88.

SpetsakisM., & Aloimonos,Y. (1991). A multi-frameapproacho visual motion
perception.nt. J. of ComputeMsion, 6(3), 245—-255.

Streit, R., & Luginbuhl, T. (1994). Maximum likelihood methodfor probabilistic
multi-hypothesidracking. In Proc. SPIE,\ol. 2335 pp. 394—405.

Szeliski, R., & Kang, S. (1993). Recorering 3D shapeand motion from image
streamsusingnon-lineareastsquaresTech.rep.CRL 93/3,DEC Cambridge
Researctiab.

Tanner M. (1996).Toolsfor Statisticallnference SpringeVerlag,New York. Third
Edition.

Thrun, S.,Fox, D., & Burgard,W. (1998a). A probabilisticapproacho concurrent
mappingandlocalizationfor mobile robots. Machine Learning 31, 29-53.
alsoappearedn AutonomousRobots5, 253-271.

Thrun,S.,Fox, D., & Burgard,W. (1998b).Probabilisticmappingof anervironment
by a mobilerobot. In Proceedingf the IEEE International Confeenceon
Roboticsand Automation(ICRA).

Tomasi,C., & Kanade,T. (1992). Shapeand motion from image streamsunder
orthography:a factorizationmethod. Int. J. of ComputerVision, 9(2), 137—
154.

Torr, P, Fitzgibbon A., & ZissermanA. (1998).Maintainingmultiple motionmodel
hypothesesver mary views to recover matchingandstructure.In Int. Conf
on Computenision (ICCV), pp.485-491.

Torr, P. (1997).An assessmemtf informationcriteriafor motionmodelselection.In
IEEE Conf on ComputeMsion and PatternReca@nition (CVPR) pp.47-53.

Torr, P, Szeliski,R.,& Anandanp. (1999).An integratedbayesiarapproacho layer
extractionfrom imagesequencesin Int. Conf on ComputeiVision (ICCV),
pp. 983-990.

Triggs, B. (1996). Factorizationmethodsfor projective structureand motion. In
IEEE Conf on ComputenVision and Pattern Recanition (CVPR) pp. 845—
851.

Triggs,B., McLauchlanP, Hartley, R., & Fitzgibbon,A. (1999).Bundleadjustment
—amodernsynthesisln Mision Algorithms99 Corfu, Greece.

Tsai,R., & Huang,T. (1984). Uniquenessandestimationof three-dimensionaho-
tion parametersf rigid objectswith curvedsurfaces.|IEEE Trans.on Pattern
Analysisand MachineIntelligence 6(1), 13—-27.

Ullman, S.(1979). Theinterpretationof visualmotion MIT PressCambridgeMA.

Zhang,Z., & Faugeras. (1992). Three-dimensionahotion computatiorandob-
ject sggmentationin a long sequencef stereoframes. Int. J. of Computer
Vision, 7(3), 211-241.

m . tex; 19/01/2002; 13:46; p.30



