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Abstract

Theproblemof creatingamapgivenonly theerroneou®dometryandfeaturemea-
surementsindlocatingthe own positionin this environmentis known in theliterature
asthe Simultaneous.ocalizationandMapping(SLAM) problem.In this papermwein-
vesticgatehow a NestedDissectionOrderingschemecanimprove thethe performance
of arecentlyproposedSquareRoot Information Smoothing(SRIS)approach As the
SRIS doesperformsmoothingratherthan Itering the SLAM problembecomeghe
SmoothingandMappingproblem(SAM). Thecomputationatompleity of the SRIS
solutionis dominatecby the costof transforminga matrix of all measurementsito a
squareaootformthroughfactorization.Thefactorizatiorof afully denseneasurement
matrix hasa cubiccompleity in theworstcase We shav thatthe computationatom-
plexity for the factorizationof typical measurementatricesoccurringin the SAM
problemcanbe boundtighter underreasonabl@assumptionsOur work is motivated
bothfrom a numerical/ linearalgebrastandpointaswell asby submapsisedin EKF
solutionsto SLAM.
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1 Intr oduction

In recentyearsthe numberof applicationsinvolving robots mappingan unknovn ervi-
ronmenthasincreasedmmensely The problemof creatinga map given only erroneous
odometryand featuremeasurementwhile locatingthe own positionin this ervironment
is known in the literatureasthe Simultaneoud.ocalizationand Mapping (SLAM) prob-
lem. The SLAM problemis fundamentato mostrobotapplications.Recentlyit hasbeen
proposedio use SquareRoot Information Smoothing(SRIS) to solve this problem. As
the SRISdoesperformsmoothingratherthan Itering the SLAM problemwill becomehe
SmoothingandMappingproblem(SAM). In contrasto thesolutionsnvolving anExtended
Kalman-Filter(EKF) or its dual, the Extendednformation-Filter(EIF), this approachde-
liversa Maximum Lik elihood map. Neverthelesghis approachsuffers from the fact that
thecomputationatompleity is dominatedy the costof transforminga matrix of all mea-
surementsnto a squareroot form throughfactorization. Thussmoothingin the caseof a
completelydensemeasuremennatrix hasa cubiccompleity in theworstcase.Sincethe
measuremennatrix is usuallyquite sparseve canassumehat cubiccompleity is avery
pessimistiestimation.Furthermorechangingthe way the matrix is factorizedby ordering
the variablesdifferently can greatly reducethe numberof operationsneeded8]. In this
paperwe explain how differentorderingalgorithmswork andhow the structureof themea-
suremenmatrix is exploited to reducethe runtime. The NestedDissectionalgorithmasa
divide-and-conqueapproacHhendsitself very well to exploiting thelocality inherentin the
geometricalnatureof the mappingtask. Giventhe propertiesof the computationatom-
plexity of the NestedDissectionorderingswe obtaintightercompleity boundsfor typical
measuremergatternaunderreasonablassumptions.

In the rst sectionwe shav how the SAM processcanbe phrasedasa graphicalmodel
aswell asa matrix computation.In Section3 we will usethesetwo representationsf the
problemto describenow cunninglychangingthe orderof variablesfor eliminationcanim-
provetheruntimeperformancef afactorizationthusthe SRIS.Standardaswell asNested
Dissectionorderingsareintroduced. In the next sectionwe shav how the computational
propertiesof the NestedDissectioncanbe usedto boundthe computationatompleity of
SRISfor typical measuremeratterns.n contrasto the complexity of O(n?3) for adense
matrix factorizationrwe canobtaina compleity boundof atmostO(n log, n) for thetotal

[l-in andatmostO(n %) for the multiplication countfor the factorizationof a pre-ordered
matrix. Neverthelesgsheseboundsarelinkedto high constanfactorsthatneedto betaken
into consideratiorwhenapplyingthe algorithm. In the following two sectionsanapplica-
tion on anindoor scenariois given and an analysisof the impactof the constantsn the
compleity boundsis performed.We concludethis paperwith a comparisorof submaps
which arewidely usedin EKF solutions- to NestedDissectionpartitions.

2 The Smoothingand Mapping Problem

Recentpaperd14, 8] shav how the procesof arobotmaoving throughanervironmentand
sensingfeaturescan be understoodas building a graphicalmodel. The verticesV in the
graphG = (E;V) representvariablesandthe edgesthe relationsbetweenthe variables.
In our problemthe variablesarethe posesof the trajectoryof the robotandthe featurest
hassensed.Whereaghe relationsare odometryandfeaturemeasurementsThuswe are
interestedn obtainingthetruepositionsfor the posesandfeatureggivenour measurements.
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Givensuchagraphicalmodeltherobotmaoving from posex; to x;+; andsensingeatured;
in thisstepis describedy addingverticesfor x; andl; andedgegsepresentingheodometry
andfeaturemeasurements; ! Xj:szandx; ! | toG. Fig. 1 depictssuchagraphfor
arobotwhich hasmovedfour stepsandsensedeaturesat eachtime step.
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Figurel: Left, measuremergraphof ascenariovherearobotmovesfour stepsandsenses
featuresat eachstep. The verticesare the robot positions(circles) and featurepositions
(squares)Theedgegepresenthex; ! xj+1 andx; ! | measurementRight, mea-
surementnatrix correspondingo measuremergraphon the left. Note thatthe Jacobians
are block matricesof different size dependingon whetherthey representmeasurements
Xi ! Xj+rorx; ! [j. Eachrow represent®ne measuremenvhereaseachcolumn
representanunknovn robotor featureposition.

Following [8] this graphicalmodelis equialentto a systemof linearequationsor more
compacta measuremenmatrix A 2 R™ " consistingof the Jacobiandor the odometry
measuremen@andthe featuremeasurementsith x; andl; asvariables.A is full-rank per
de nition andful lls the StrongHall condition'. NotethatA grows enormouslyasablock
of rows anda block of columnsareaddedfor eachnen measurementYet, the matrix is
very sparsé.

Usingthematrix A to solve themappingproblemmeanssolvingtheleastsquareprob-
lemgivenby Eg. 1. Whereas is our currentestimateof thetrue underlyingpositionof the
robotposesandthefeatures.

= argmin kA bk, QD

Solving Eq. 1 can be doneby using QR or Cholesly factorizationby solving the
normal-equation®AT A = ATb[2]. For Cholesly factorizatiorthis yieldsthe Algorithm 1
andfor QR factorizationAlgorithm 2.

In the caseof QR factorizatiorthe RHSis mostoftencalculatedy attachingt to A. In
additionQ is oftennotformedbut replaceddy a seriesof Householdere ections[7]. Note

A matrix A 2 R™" hasthe StrongHall Property(SHP)if everym  k sub-matrixfor1  k < n, hasat
leastk + 1 nonzerorows. In realapplicationdeastsquaregproblemsalmostaiwaysful Il this requiremenbr
A canbepermutednto aform thathasthe SHP. [18, 30]

2The block size dependon the size of the Jacobiansthus on the dimensionalityof the spaceused. For
examplein aplanarervironmentarobotposeis de ned by the2D -Positionandanangledescribingheheading.
A featuremeasuremeris de ned by bearingandrange. Thereforethefollowing sizescouldbeused.F; G 2
R® % H 2 R? %andJ 2 R? 2: Theblocksizesare x ed. For furtherdescriptiorwe referthereadetto [8].
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Algorithm 1 Solving Eq. usingCholesly Factorization
(h)Form |1 , ATA=RTR

(2)Solve RTy= ATb

(3)Sove R =y

thatdueto the uniquenessf thefactorizationR 2 R" " is the sametriangularmatrix for
bothfactorizations’

Algorithm 2 Solving Eq. usingQR Factorization

(1) Form QTA = Ig
(2)Solve QTb= 2

(3)Solve R =d

Theaspecbf Alg. 1 andAlg. 2 thatinterestaus mostis the computationatompleity.
Thenumberof non-zercelementgNNZ) initially in thematrixA andthenon-zeraelements
in R governtheamountof computatiomeededor thefactorizationrandback-substitution.
We cannot in uence the rst quantity but we canin uence the numberof non-zerosz
introducedby the factorizationby reorderingthe columnsof the A aswe will shov in
Section3. Note that the mere size of the matrix A doesnot determinethe amountof
computation.In the coarsealgorithmbelov we shav the compleity of the differentsteps
of thealgorithm[25].

3Someauthoralenotethelowertriangulamatrixof the Cholesly factorizatiorasR. To avoid ary confusion
of thereademe keepa uniform notationthroughouthis paper
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Algorithm 3 Iterative solutionfor leastsquaregproblems[25]

GivenA 2 R™ N,

(1) ReoderingA A- Compleity depend®nthe methodof choice

(2) Symbolidractorization- ComputeSpaceneededor non-zercelementgD(z) Time
Repeat

(3) NumericFactorization- ComputeR: O(z3), if A is dense

(4) Badk-substitutiorO(z) Time

Until Corvergence

(5) Backorder solution

For aleastsquaregproblemthis sequencef computatiorhasto berepeatedintil con-
vergence. Yet our experimentshave shavn thatonly a very small numberof iterationsis
neededintil corvergence.

3 Matrix Reordering

In this sectionwe will shav how non-zeroeareintroducedn R. Wewill introducecolumn
reorderingschemesand shav how orderingscan reducethe NNZ. As we have seenin
Section2 thematrix A consistsof smallblock matrices.In this sectionwe will alsoshowv
the effect of combiningthe block matricesinto onevariablein contrasto consideringeach
columnaseparate variable.

We will startthis sectionby presentingstandardrderingalgorithmsandcontinuewith
NestedDissectionorderings.For the latter we will exposehow locality of the underlying
matrix structureis exploited automatically Beforewe continuein the next sectionwith an
analysisof the computationatomplexity of NestedDissectionorderingson severalgraph
typesandfor typical measuremergatterns.

3.1 How reordering effectsthe NNZ in R

ReorderinghematrixA 2 R™ "meanghatwe permutethecolumns.Let :f1;::;ng7!
f 1, ::; ngbeabijective functionthatreorderdndices. Thenthefollowing matrix

P2R" mPc= i ()
de nesacolumnpermutatiorand
P2R™ ™ p, = ()i

arow permutation.
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Eqg. 2 shavs thatfor a Cholesly factorizationrow permutations obsoleteasit is can-
celedout in the matrix multiplication. Thusonly a columnpermutationwill changethe
structureof the AT A andthereforethe NNZ of the Cholesly triangle. Note that Eq. 2
alsoshaws thatthe columnpermutatioractuallyrepresenta symmetricpermutatiorof the
informationmatrix®.

(PrAPo)T (P APc) = P (ATA)P (2)

As the QR factorizationoperatedirectly on A, thusP, AP; therow orderingmatters
for a QR factorization.Neverthelessf oneusesa multifrontal QR approachall rows with
thesamedeadingnon-zercelementswill be gatheredn the samefrontal matrix block. This
givesaroughrow orderingastherow blocksareusuallyfairly small,[9]. Becauseof this
andsinceboth QR andCholesly factorizatiorwill bene t from a goodcolumnreordering
we will only discusscolumnorderingsn therestof this paper

Sofarwe have beenabstracabouthow anorderingaffectsthefactorizationprocesslt
is far out of the scopeof this paperto provide the readerwith a detailedunderstandingf
the underlyingmechanismsThe following paragraptshall give the readeran intuition of
how thefactorizationworks. Theinterestedeadeiis referredto [25, 18] for amoredetailed
explanation.

LetA 2 R™ " beasymbolicmatrix, AT A its information matrix andlet the graph
G be constructedas describedn Section2. Verticesin G representa variablewhereas
edgegepresenthedependencigsetweerthem. An edgebetweertwo variableaneanghat
they canbe expressedhsa linear combinationof the otherandtheir respectie dependant
variables. Furthermoreelimination of the matrix can be understoodgraph-theoretically
asa recursve applicationof a functionon G that eliminatesone variableat a time. The
applicationof this functionwill eliminatevariablesn G until thereis only onevariableleft.
Eliminating a variablemeansthat we expressthis variablethroughthe variablesthat it is
alinearcombinationof. Whenwe remove a variablewe thusintroducenew dependencies
into the graphaswe have to link every dependingrariableof the variableto be eliminated
with thevariableit will from now on be expressedy. Graph-theoreticallghis meanghat
we remove a nodefrom the G andthenaddedgedo the reducedgraph. We make the set
of nodesadjacentto the removed variablea completelyconnectedsubgrapha clique. In
matrix termsthis meanghatwe addnon-zerogo theR triangle. Thusthe optimal solution
isto nd anorderingof thevariablesfor theeliminationthatwill resultin theleastincrease
in dependenciesverall. Unfortunately nding the next unknavn to be eliminatedis an
NP-completeroblem[1].

3.2 Standard orderings

As we have shavn the problemof nding anoptimal orderingis NP-complete.This prob-
lem hasbeenknown for alongtime by thelinearalgebraandscienti c computationrcom-
munity [21, 18,17, 20]. A lot of heuristicapproachesiave beendevelopedto tacklethis
problem. In this sectionwe will presenthetwo mostwidely usedsparsematrix ordering
algorithmsfor matrix orientedscienti c computatioron standarddesktopmachines Both
approachesrebasedon the heuristicof eliminatingthe leastconstrainedrariablesof G,
thusAT A. Thefamily of algorithmsbasedon this heuristicis known asthe Minimum De-
greealgorithms(MD).

“We will not discussary algorithmsfor obtainingsymmetricpermutationsasto our knowledgethe same
performanceanbeachiezedwith orderingspresentedWe refertheinterestedeadetto [6].
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A widely usedapproximatiorof theoriginal MD heuristicis to eliminatemultiple vari-
ablesin onecall of the eliminationfunction,(MMD). Thusif cis thelowestnodedegreein
G, all nodeswith degreec will beeliminatedin thenext step.In additionindistinguishable
nodesare eliminated. Thesenodesdo not introducean additionalsetof dependencieas
they aresubsumedby the setproduceddy anothereliminationthatwill be performedn the
samestep. MMD savestime on updatingthe graphanddeterminingthe next elimination
candidate$27].

Anotherapproacthis to save time on the computationof the exactdegreeswhenelim-
inating one or more variables. This is doneby collectingnodesinto cliquesso that the
bookkeepingdoesnot needto be donefor eachnodeseparateljut is ratherapproximated.
Thereforethis algorithmis knowvn asApproximateMinimumDegree (AMD) method[1,6].
AMD is awidely usedordering.For examplethis reorderingtechniques usedin Matlab's
colamdcommand. In comparisornto MMD this methodis supposedo be fasterthough
delivering competitve orderings. To illustrate the effect of thesestandardorderingsthe
following seriesof gures shavs anexample.

Theexamplescenaria@onsistof arobotwalkingaroundablock (Fig. 2(a))andsensing
landmarks For simplicity we usedonly the rst 8 posesf thiswalk for thefurtherexample.
Fig. 2(b) shavsthemeasurememhatrix andFig. 2(c) astraightenedip graphof Fig. 2 (a).
TheNNZ of R for variousorderingsaregivenin Fig. 3. In this gure a column-odering
meansthat every single columnandrow of A is consideredndependenbf all others. In
a blodk-ordering the blocksformedby the Jacobiangrereducedo a symbolicunit block.
As alreadydescribedn [8] it makesa hugedifferencein the NNZ whetherAMD is applied
onthesymbolicblock structureof A or if every columnconsiderecgtandaloneApparently
AMD doesnot perform overly well on the column-odered A. In contrastMMD works
betteron A. We attribute this to the factthatthe multiple eliminationof indistinguishable
nodesworks quite well for matricesthat have a block structure. Fig. 3 (f) shavs thatit
is possibleto obtaineven betterorderings. Only a few manuallychosenpermutationsof
AMD orderingwerenecessaryo decreaséheNNZ in R. Summarizingve cancon rm the
resultsin [8] andit canbe saidthat alreadythe standardorderingswork very well on the
measuremergtructureunderlyingthe measuremenmatrix. For the restof this paperwe
will only work onthesymbolicblock structureof A.

3.3 NestedDissectionorderings

All orderingtechniguepresentedh Section3.2try to nd anorderingby repeatedigearch-
ing thewholegraphfor thenext eliminationcandidate A fundamentalhdifferentapproach
is to applythedivide-and-conqueparadigm.Thisis feasibleasmostof thenodeswill only

inducenew constraintgo a setof originally directneighbors.NestedDissectionorderings
try to exploit this factby recursvely partitioningthegraphandreturninga post- x notation
of the partitioningtreeasthe ordering. This makes NestedDissectionorderingsa natural
choicefor exploiting locality in graphs Algorithm4 shovs how thebasicNestedDissection
works.
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Figure2: ExampleScenario
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Figure3: Columnpermutationgandtheir effectontheNNZ in theR triangle
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(a) (b)

Figure4: PlanarGraphandFinite ElementMesh

Algorithm 4 NestedDissection

LetG = (V; E) beagraph,with asetof verticesV andasetof edgesE andGj = n.
(1) Partition G into subgraphg\; B andC, with jAj:jBj] 2nandicj 2" 27
(2) RepeatStep(1) until jAj; jBj orjAj;jBj=1

Obtainorderingby putting the binary tree of the recursie partitioningin post-orderwith
thenodesof the separatingetC lastfor everytriple of sets.

Thedivide-and-conqueapproachwill only beef cient if the partitionof thegraphand
theeliminationin thelocal subgraphganbe performedwithoutaddingmuchcomputation.
Thereis alot of literatureaboutbalancedyraphpartitioning. This is the caseespeciallyfor
planargraphsor nite elemengraphgFig.4). Theseareusedin physicsandmechanicgor
large scalesimulations[26] maysene asagoodintroductionto grapl‘Bartitioningandde-
liversfundamentapropertieof graphpartitions.Improvementgo this™ n=f (n) sepaator
theoemmainly focuson nding the separatingubgraphsnoreef ciently. Approachego
this include spectralanalysisof the adjaceng structure[32], usingpartially appliedmin-
imum degreeorderingsas indicatorsfor good partitions[28], pyramidal coarseningand
re ning techniguesndnon-recursie k-way partitioningmethodg21]. Othervariantswill
stopthe recursionat a certainlevel a coarsenesandthenorderthe verticesin the graph
arbitrarily or apply oneof the standardrderingalgorithmdescribedn Section3.2 on the
largersubgraphs.

k way partitioningis popularasonemight sase time ontherecursioraswell asparti-
tionsthatmightotherwisenotin uence eachotherin thek-way partitioningprocessnteract
asthey arenot hiddenin differentpartsof the recursion. Improving the ef ciency of the
partitioningof non-spectramethodds usuallydoneby coarseninghe graphdown to acer
tain numberof nodeswhile preservinghetopologicalfeatures.This allows for anef cient
searctof anearoptimalgraphpartitioning. This partitionof the coarsegraphis thenre ned
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in amultilevel un-coarseningrocesf the shrunkgraph.

In all NestedDissectionalgorithmsthe separatingsubgraphgseparatorpreof central
importance.As is obviousin thelight of how the ll-in  comesinto existencein the elim-
ination gamethe size of the separatoiis crucial to keepingthe NNZ low. The aim is to
maximizethe numberof nodesthat are mutually independentThis canonly be achiesed
with small separators.Thereforemostalgorithmsmentionedso far will consistof a two
stepapproachof determiningthe separatorsn the graph. In the rst stepthe algorithms
will try to nd goodareador a cutthatpresere thebalancewhichis veryimportantin the
contet of parallelizingthe calculationson several computersor robots. In a secondstepa
re nementalgorithmlike [22] or [13] will be applied.Thesealgorithmscanbeunderstood
asoptimizedvariantsof bipartitegraphmatchingalgorithmsasthey try to nd theminimal
cut betweera setof bordernodesof the sofar determinedsubgraphs.

3.4 Comparisonof AMD and NestedDissectionsorderings for SAM

Accordingto the orderingliteratureAMD andNestedDissectionarethe mostwidely used
reorderingtechniqued21, 28, 27, 1]. In this sectionwe comparethe performanceof the

AMD implementatiorof [6, 5] to the NestedDissectionimplementatiorof [21] on mea-
suremenimatricesof the kind presentedn 2. The measuremenmnatriceswere produced
usingsimulatedblock-worlds. Theresultof a walk aroundoneblock canbeseenin Fig. 2

(a).

In Fig. 5 (a) we canseethe resultsof a walk straightdowvn a haliway of blocksto the
left andright. At eachstepthe robothassensedetween8 and12 features.As the robot
needs4 stepsto passa block this meansthat if we walked down a 1,000blockswe will
obtaina measuremenmatrix with about4,000rows and about40,000non zero entries.
Fig. 5 (b) and(c) shaws the resultsfor walks in a squareworld of blocks. The number
of blocksdenotethe lengthin blocks of oneside of the square. The differencebetween
thetwo sub- guresis thatin Fig. 5 (b) the robotwalked passthe given numberof blocks.
In thelower sub- gure the numberof blocksthe robot passediresquareto the numberof
blocksforming onesideof the square.Thuswe take into consideratiorthe squaregain in
the numberof blocks.

Notethe scaleof the factorizatiortimes. For the straightwalk in Fig. 5 (a) andfor the
randomwalk in Fig. 5 (b) areroughlythesame Whereasn Fig. 5 (c) thefactorizatiortime
is oneorderof magnitudebigger Thereasorfor thisincreasas ontheonehandthelength
of thewalk andon the otherhandthe densityof the measuremergraph. Thelatteraspect
will be describedn moredetailin thefollowing sections.Neverthelesghe mainresultof
this chapteris thatfor the SAM measuremennatricesup to the givenmaximumsizeand
densitythe orderingswork equallywell.

4 Computational Complexity

In this sectionwe will presenthe complity boundsalreadyknown for NestedDissection
orderingsand shov how they canbe usedto derive the computationalcomplity of a
factorizationof the measuremennatrix A of the SAM problem.At rst we will introduce
compl«ity bounddfor planargraphsandgeneraklasse®f graphsWe will thenshav how
graphpartitionscan be computedand how the size of the separatorss boundby typical
measuremenpatterns. For thesetypical measuremenpatternwe will derive compleity
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Hurber of blocks

(c) Long Randomwalk througha squareblock
world

Figure5: Factorizationtimesover numberblocks. In the caseof (b) and(c) the numberof
blocksdenoteghe numberof blocksof onesideof the squareblock world.
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bounds Finally we will showv how thisis applicablein a standardndoorscenario.

4.1 Propertiesof NestedDissectionorderings

As describedn the lastsectionthe NestedDissectionalgorithmis basedon the ability to
recursvely partitiongraphsinto subgraphsf roughlyequalsizewith avery smallseparat-
ing subgraplef ciently. Thefundamentaivork aboutNestedDissectionorderings[25] is
basedntheso-calledsepaator theoem[26] andthef (n)-sepaator theoem

SEPARATOR THEOREM: LetG beanyn planarvertex graph. Theverticesof G can
bepartitionedinto threesets A; B; C sud1 thatnoedge joinsa vertexin A with avedteéln
B, neitherdo A nor B containmore than 2 5N verticesandC containsno more than
vertices.Thispartition canbefoundin O(n) time

The Separatotheoremis a very restrictve statementsit only holdsfor planarand
nite elementgraphs. Typical planargraphsor nite elementgraphsare depictedin Fig.
4. This classof graphsand meshesds found frequentlyin scienti ¢ simulations[21]. A
criterionfor the planarityof a graphis givenwith the Kuratavski Theorem.

(&) A complete bipartite (b) Kuratavski graph
graphof two setsof three
vertices

Figure®6: It is sufcient for agraphto have oneof theabove graphsasa subgraptor being
reducibleto oneof theseto shav non-planarityandvice versa.

KURATOWSKI THEOREM: A graphis planarif andonly if it containsneithera com-
pletebipartite graph on two setsof threevertices,Fig. 6 (a), nor a completegraphon ve
vertices Fig. 6 (b).

A generalseparatotheoremfor a givenclassof graphsS is thef (n)- sepaator theo-
rem

f (n)-SEPARATOR THEOREM: A graphis f (n)- sepambleif there exist constants ;
with < 1; > Osud thatif G is anyn vertex graph S, the verticesof G can be
partitionedinto three setsA; B ; C sud that no edge joins a vertex in A with a vertex in
B, neitherA nor B containsmore than n verticesand C containsno mote than f (n)
vertices.

For all classe®f graphsfor whichaf (n)-theoremholdsanda partition of suchakind
canbe foundfastan ef cient divide-and-conqueorderingis possible[26]. This is espe-
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ially the caseif the graphsareplanarandf (n) = pﬁ; = gand = pi. In [25] the

n-separatotheoremwasusedto prove computationaboundsfor the compleity of ma-
trix factorizationf sparsematricesvhosematrix structureequalsa planargraph.

PLANAR NESTED DISSECTION THEOREM: Let G beanyplanar graph. ThenG has
an eliminationorderingwhich producesa llI-in of sizecy;nlogn + O(n) anda multiplica-
tion countof c,n32 + O(n (logn)?), wherec;  129andc, 4002 Sud an ordering
canbefoundin O(nlogn) time

For awider classof graphsexchangingthe P n- theoremfor the planargraphwith the
generaf (n) theorenyieldsthefollowing complity boundg25].

RELAXED NESTED DISSECTION THEOREM 1: Let S be any classof graphsclosed
underthe subgaphcriterion onwhich ann sepaator theoemholdsfor > % Thenfor
anyn vertex graphG in S, there is an eliminationorderingwith O(n? ) Il-in sizeand

O(n?® ) multiplicationcount.

Dependingon which statementave can make aboutf (n) the resulting compleity
boundsfor thefactorizationwill bewealer or tighter It is alsoassumedhata partitioning
canbe foundin O(n ) with f (n). This meansthatthe compleity for nding the
partitionoughtnotto be higherthanthe compleity for thefactorization.

This meansthatin orderto apply a NestedDissectionTheoremfor a certainclassof
graphswe needto shav thatthe graphcanbe partitionedaccordingto a sepaator theoem
andthenshawv that obtainingthe partition is a lesscomplex processhan computingthe
ordering.

4.2 Complexity Boundsfor Factorizing the MeasurementMatrix

Thefactorizatiorof adensematrixhasacomputationatostof O(n®) whenusingCholesky
factorization.The factorizationof a sparsematrix requireslesscomputationakffort. Yet
determiningcompleity bounddfor sparsematriceds dif cult. As we have seenin Section
2themeasuremennatrix A is quitesparsalueto thewayit is constructedThelastsection
shaws that knowledgeof the structureof the matrix canbe usedto obtaintighter bounds
for thecomplity of sparsematrix factorizationsin this sectionwe will shov how we can
applythe sepaator theoemswith our measuremennatrix A andgive tighter compleity
bounddor typical measuremergatterns.

Let G beameasuremergraph,let thenumberof posesex andof thefeaturedel. If
S is aseparatoof G andxs the numberof posesandls the numberof featurescontained
in S. Werequirethefollowing assumption$o hold.

1. A sensohasaboundedange.
2. For every partitionwith S thefollowing holds s = ¥ = r:
S
3. Thenumberof posedl seenfrom eachlandmarkis evenover thewholegraph.

4. For every partitionthe mostdistantposesof a connectedrajectoryaregiven.

Theexamplein Fig. 7 shavsthatin thecasethatarobotusesaforwardlooking sensoonly
andthatthe robot never walks alongan areatwice the measuremergraphwill be planar
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This assumeshattheforwardlooking sensoiis boundin rangesuchthatfrom posex; 1 it
will at maximumsensdhefeatureghatx; will sensdhatareclosestto x; ;.

Figure7: Measuremengraphfor arobotwalking threestepsandsensingandmarkdgo both
sides.Thecirclesdepictposesandthe squaregeatures.

Neverthelessn the generalcasemeasuremergcenarioglo not correspondo planar
measuremengraphs.Fig. 8 depictsa smallmeasuremergcenaridfor a not tightly range
restrictedomni-directionakensor

Figure8: Exampleof anon-planameasuremergraph- theleft graphshovsthegraphFig.
16(a)with squaresienotingieatured andcirclesdenotingrobotposes. Theoriginaledges
represenbnly x to | measurementslhe dottedlinesthatwereaddedrepresenbdometry
measurementisetweernhe poses.The right graphis isomorphto (a) but laid outto shav
thetrajectory Fromeachposethreefeaturesaresensed.

The densetthe setof measuremenwill becomethe lessplanar our graphwill be. In
therestof this sectionwe will shaw thatit is possibleto obtaingraphpartitionsef ciently
for typical indoormeasuremergcenariosThusunderreasonablassumptionsve canpro-
vide a partitioning algorithm comparabléo the algorithmin [26] allowing usto applythe
f (n)-separatotheorem.We will now give upperboundsfor the cardinality of separators
of typical measuremerdraphs.

SEPARATOR SIZE FOR ONE-WAY WALK: LetG bethemeasuementgraphof a robot
sensingomni-directionally with an evenradius of its sensorand boundedin range. If a
robot walks straight and never returnsto an alreadyvisited ervironmentit is possibleto
nd a partition of the graph into subgeaphsA; B ; C sudt that C containsno more than
2d + 1vertices.

To prove the abore statementonsidera straightwalk of arobotasin Fig. 9. In worst
casetherobotsensesn all directionsanddetectfeatureso the both sides.If we wantto
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Figure9: Edgecut of ameasuremergraphwith averagdandmarknodedegreeof 3.

partitionthegraphby simply placingonecutasshown in theFig. 9 we cutonaverage2d of
thex | measuremereadgesandoneodometryedge.Making this edgeseparaton vertex
separatomeansnding all nodeson onesideof the cutwho have oneedgecut.

SEPARATOR SIZE FOR k-WAY WALK: Let G be the measuementgraph of a robot
sensingomni-directionally with an evenradius of its sensorand boundedin range. If a
robot walks straight and returnsk- timesto an alreadyvisited environmentit is possible
to nd a partition of thegraphinto subgaphsA; B ; C sud that C containsno more than
(2d + 1)k vertices.

Figurel0: Edgecutof ameasuremergraphwith averagdandmarknodedegreeof 3 where
therobotsav theervironmenttwice.

The amgumentfor the k-Way statements analogueo the One-Way statemenbut we
now haveto nd theseparatoover k-trajectoriesasshovn in Fig. 10.

SEPARATOR SIZE FOR k-CROSSING: Let G be the measuementgraph of a robot
sensingomni-directionally with an evenradius of its sensorand boundedin range. If a
robot walksk-timesover a crossingsud that featuesare seenin commonit is possible
to nd a partition of thegraphinto subgaphsA; B ; C sud that C containsno mote than
(2d + 1)k vertices.

Considertwo straightwalks crossing.As the sensoiis boundedn rangewe know that
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Figure11: Edgecut of a measuremengraphwith a crossingthatis visited k-timesand
featuresareseenn common.

onaverageatthecrossingpointtherobotof the rst walk will have seer2d features.To cut

this partof therobottrajectorywe addonevertex. Fromthe crossingc featureshave been
seenfrom asmuchas?2 posesof the crossingtrajectory Whereasl ¢ 4d. Notethat
thesefeaturesneednot be identicalwith the alreadyobsered featuresasfeaturesusually
arenot equallygoodvisible from all sides.Againwe cuttherobottrajectoryandtherefore
addavertex. Thuswe now have a separatosizeof (2d + 1)(4d+ 1) (4d+ 1)2. For

every furthercrossingn this pointwe canassumehatat maximumanothedd + 1 vertices
have to beaddedo the separatoyielding asizeof (4d + 1)k afterk crossings.

Figurel2: Edgecutof ameasuremergraphwith averagdandmarknodedegreeof 2 where
therobotwalksaloop .

SEPARATOR SIZE FOR ONE-k-LooOP: Let G be the measuementgraph of a robot
sensingomni-directionally with an evenradius of its sensorand boundedin range. If a
robotwalksa k-timesin a loopit is possibleto nd a partition of thegraphinto subgraphs
A; B; C sudthatC containsnomorethan(2d + 1)2k vertices.

The statemenfollows directfrom the separatosizefor a k-way walk. An exampleis
depictedn Fig. 12. Thegenerakasewherem loopshave to becutis givenasfollows.
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Figurel13: Edgecutof ameasuremergraphwith averagdandmarknodedegreeof 2 where
therobotwalkstwo loops.

SEPARATOR SIZE FOR M -LooPs: Let G bethe measuementgraph of a robotsens-
ing omni-directionallywith an evenradiusof its sensorand boundedn range. If a robot
walksin m loopswheie the robot maximallyseesan environmentk-timesit is possibleto
nd a partition of the graph into subgaphsA; B; C sud that C containsno mote than
(2d+ 1)k(m + 1) vertices.

This statements a resultof thelaststatementsWe wantto draw the readersattention
to onevery usefulfactaboutseparatosizesin conjunctionwith sepaator theoems.The
theoremonly demandhatthetwo large subgraphdave asizeof nwith < 1. In case
T?S is highfor lessthan(1 ) nodeswe mightshift thecutwithoutviolation of thebalance
restrictionandobtaina smallerseparataorBut notethatwe might payfor thiswith a higher

constanthich resultsin higherconstantgor the compleity bounds.

So far we have shavn upperboundsfor the separatosizesof seseral standardmea-
suremenfpatterns. What remainsto be shown is thatone can nd theseseparatorsn a
reasonableumberof steps.For all measuremematternsexceptfor the M -loopswe can

nd roughlythe point of the cut asfollows. Let usassumecs is the size of the separator
for G. Using Assumptiond andAssumption2 we might chooseoneof the endpointsof G
andthenstartfollowing thetrajectorynumberinghe posesandconnectedeaturesuntil we
reachthe posenumberclosestto jGj c¢s = p. Notethatall verticesto be numbered
still needto beinsideG. In the casethatwe do not have a connectedgubgraptwe canstill
pick anendpointandstartnumbering.Eitherwe will be ableto numberuntil we reachthe
startposefor theseparatoor acompletedisjoint partof G will be partof this subgraptand
we cancontinueto numberfrom anendpointof anotherdisjoint partof G. This algorithm
hassimilaritiesto region growing algorithmsandk-way partitioning[21]. Indeedfor the
M -loopswe needto apply a more sophisticatedilgorithmfor determiningthe posesx .
Theseposescanbe found by coarseninghe graphasdescribedn [21], thendetermining
the cutting pointseasilyandthenre ning the coarsegraph.As shown in the separatosize
statementsbove sucha cg canbedetermined Neverthelessve still needto shav thatthe
separatoitself canbedeterminedixactly. Consideringheone-way-walkve candetermine
the partition startingwith posex,. The separatowill thenconsistof x,, andall featured;
thatareseenfrom xp. In regardto the k-way-walkwe extendthe separatoconstructedor
the one-way-walkto containthe last numberedprosesxy of the k tracksthat are parallel.
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We thenaddall featuredy thatareseenfrom eachx. In regardtoak crossing we can
take the separatoof the k-way-walkandaddall the posesxthat areadjacento features
alreadyin the separatarin additionwe addthe roughly 4dx. featuresghatareadjacento
the newly addedposes.In caseof a k-loop we canstartat a randomposein theloop and
thenproceedasif it wasak-way-walk In regardto the M -loopsit is obviousthatwe can
nd theseparatojustaswe did with thek-way-walkoncethesetof theposes«,, is known.

In the last paragrapiwe have shavn thatit is possibleto determinethe separatorén a
time linearto the numberof verticesof G for the measuremenatternggiven. We believe
thattherearemoresophisticateavaysof nding thesepartitions.Our experiencds thatthe
softwarepackagéasedn [21] deliverspartitionsthataresuitablefor our purposesGiven
thatwe canobtainpartitionsin lineartime we still needto determinegeasonable and for
thef (n) separatotheorem.Let G beameasuremergraphandS the maximalseparator
of G andcs = |Sj. Thenfor everyf (n) = n inthesensefthef (n) separatotheorem,

= cg canbecalculatedascs is constant.Givenall theseassumptionsve canmale the
following statementaboHtcomputationatomple(ity. For planargraphshenext statement
followsdirectlyfromthe ™ n separatotheorem.

PLANAR MEASUREMENT GRAPH BOUND: Giventhat the assumptiorholdsthat the
measuementgraphis planar the boundsgivenin the Planar NestedDissectionTheoems
can be obtained. This meansthat we can factorizethe measuementmatrix of the mea-
suremengraphwith a Il-in of sizec;nlogn + O(n) and CZO(n%) multiplicationswhere
¢i 129andc, 4002

CONSTANT MAXIMAL SEPARATOR THEOREM: LetG bethemeasuemenfgraphofa
robotsensingomni-directionallywith anevenradiusof its sensorandboundin range. If the
measuemenigraphresultingfromtherobotexploration canbe sepaatedby a subgaphof
sizesmallerthana constantcs there existconstants ; with < 1; > Osudthatif G
isanyn vertex graphS, theverticesof G canbe partitionedinto threesetsA; B ; C sud
thatno edge joinsavertexin A with avertexin B, neitherA nor B containsmorethan n
verticesandC containsno morethan f (n) vertices.

CONSTANT MAXIMAL SEPARATOR BOUND: Let G be the measuementgraph of a
robot sensingomni-directionally with an even radius of its sensorand boundin range.
Giventhat ; canbefoundin the senseof the ConstantMaximal Sepaator Theoemthe
total fill in associatedvith an ordering producedAlg. 4 on G is at mostcin logn +
O(n) andthemultiplicationcountis atmostczn% + O(n (logn)?) whee

a= 25+2 =1 © Y=ow(= )

and

p p

C2 = 2(:—é+ 2+ _:(1+p P

)4 =1 )= =1 )

with
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The last two statementshaowv that for example underthe assumptiongnadein this
sectionfor ak-waywalk in a hallway we canobtaina

> = maximal separator size = (2d + 1)k)%: 3)

For = %n andf (n) = nz we thanobtainthe sameboundsexceptfor the constants
ciandc, asif thegraphwasplanar The changen the constantss of coursedramaticfor
smalln.

In this sectionwe have shavn thatunderreasonablassumptionsve canobtaintighter
compleity boundsfor the factorizationof a measurementatrix that adherego typical
measuremergatterns.Theseresultsof courseonly hold for the measuremergatterngpre-
sentedhere. In the following sectionwe usea typical indoor scenariato demonstratehe
partitioningprocessandshawv theimpactof thechangedtonstants.

4.3 Indoor Scenario

To shaw the performanceof the NestedDissectionwe applyit in this sectionto anindoor
grid world. This problemis challengingasthereareno “natural” partitionslik e roomsto
the sidesof a hallway. Thesemight save cutsor keepthe cutssmall.

Figurel4: Grid World Example

Our grid world and possiblecutsin caseof a valid the even-dgree-assumptioare
shavn in Fig. 14. The cutscorrespondo the cutsof the rst Depth-Firstrecursion.For a
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D [a}

| [ n [ "n [iABI[iCI[ "n |
(a) | 25,000] 158.1] 12446 | 108 | 1643.1
(b) | 12446 | 111.5| 6196 | 54 | 1159.3
(c) | 6196 | 78.7 | 3071 | 54 | 818.0
(d)| 3071 | 55.4 | 1518 | 36 | 575.9
(e)| 1518 | 38.9 | 741 | 36 | 404.8
(| 741 | 272 | 362 | 18 | 282.8
(9| 362 | 19.0| 172 | 18 | 1975

()| 172 | 13.1 82 9 | 136.2
0] 82 9.0 36 9 94.1

()] 36 6 14 9 62.3

(k) 14 3.6 3 9 38.1

0] 3 1.7 stop 9 18

Tablel: Thelevel of therecursionnumberof nodes in theeachpartition, P n;thesizeof
the next partitionsandthe separataor

grid with 25,000nodeghepartitionsin Tah 1 wouldbeachieved. Wherepossiblevedivide
thegraphinto two equalpieces.If thisis not possiblewe choosehebiggerpartitionin the
recursion. Note that the measuremengraphcontainsonly partswherethe robot passed

alongtwo timesatmaximum.A featureispseerfrom4pose$n averageFor = %; = %
we determine following Eq. 3as = (2d+ 1)k(m + 1) = 10:3. Theresultsin Tah

1 shaw thatit is clearly possibleto dissecta grid graphrecursvely into smallpieceswhich
canbeeasilysolved. Notethataftertheeighthpartitionall nodeshecomeonesubgrapland
therecursionstops.

4.4 Constantsin the Complexity Bounds

In this sectionwe wantto highlight thatthe constantsn the ConstantMiaximal Sepaator
Boundgivenin Sectiord.2 arenot nggligible.

| o [ e |
| 289.2 | 13500.9 |
| 578.4 | 38177.0|
| 867.5 | 70127.9|
8| 1753.3] 198323.0]

P

T w v
SEEES

Table2: Valuesfor c;andc, of the ConstantMaximal Sepaator Boundfor varyingvalues
of

Note that thesenblmbersare quite realistic. For %iﬂplefor the indoor scenarioof
thelastsection = (2d+ 1)k(m+ 1) = 10:3 = ° 108 thusc; = 17533 andc; =
198323

Fig. 15 shows the extentto which the constantsn uence the compleity bounds.The
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@) (b)

(© (d)

(e)

Figure15: Thetoptwo gures shaw the Il-in for the planarcaseusinga 2 of 18,36,54
and108aswell asn3andn?. Themiddletwo gures shav the multiplicationcountfor the
same values. Thetop andmiddle guresshaov 0 n  1000versusO n 5000
Thebottom gure shavs themultiplicationcountfor thesamebetavaluesbutfor0 n

9000 000, 000.
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Il-in andthe multiplication countroughly behae alike. We wantto focuson the middle
andbottom gures, the gures of themultiplicationcount.In all gures we have addition-
ally plottedthe n®andn?. It is obviousthatexceptfor n  3500the compleity bounds
derivedwith the ConstantVlaximal Sepaator Boundaretighterthann3. Neverthelessig.
15 (e) shawvsthatit will take quiteeitherlargen or eventighterapproximation®f the sepa-
ratorsizeto achieze acomplexity lowerthann? for the sparsematrix factorizatiorwith the
givenbounds.

5 SubmapMotivation

Theapplicationof SRISis afairly new approactio themappingproblem.The mostwidely
usedapproachso far is basedon using Extended-Kalman-FilteréEKF) or its dual the
Extended-Information-FiltefEIF). Most of the EKF literatureis basedon [33] and[34].

Whereag2] canbeseenasthefundamentalvork on EIFs. In this sectionwe will shaw the
fundamentaproblemsof bothapproacheandhow extensionsexploit thelocality inherent
in themappingproblem.In additionwe will shav how NestedDissectionorderingscanbe
understoodn termsof submaps.

An EKF representghe ernvironmentin form of a covariancematrix which becomes
densereachtime new obsenationsare made. A problemof the EKF is thatit describes
new featureshroughtheir relationto otheralreadysensedeatures.Over time the number
of unknavnsusedto expressa new unknavn becomedarge. Thusanupdateof the matrix
becomesomputationallynfeasible[8]. TheEIF whichis the EKFsdualsystenrepresents
the ervironmentby an information matrix which is the inverseof the covariancematrix.
The informationmatrix hasthe nice propertythat any non-zerovaluein the matrix indi-
catesa strongdependeng betweentwo featuresandthusthis matrix is relatively sparse.
Whereaghematrixwill still becomedenseovertime.

Therehave beena variety of approacheaimedat reducingthe costof anupdatein the
EKF by exploiting the locality in the mappingproblemthroughdividing the ervironment
or mapinto several disjoint submapgduring the ltering procesg23, 31]. Theaimis to
calculateanupdateof the ervironmentcovariancematrix with constantomputationatost
asoneonly updatesa small,neighboringpieceof the environment. The submapspproach
hasbeenwell studiedandis very promising[3]. An interestingconstantime implemen-
tation is describedn [24]. In the restof this sectionwe will disregard all the problems
that arisewhenworking with submapssuchashow to detecta loop whenre-enteringan
alreadyexisting submapwhetherit is betterto keepa globalframeof referenceor several
interconnectedrames,how to fuselocal mapsinto a global map or how an information
increasd uncertaintydecreasén onesubmapwill be propagtedto adjacensubmapshus
improving the quality of the overall map[3, 4, 12, 24]. We focuson how to createthe
submappartitionsof the ervironmentandwhat propertieshesesubmapsave in contrast
to aNestedDissectionpartitioning.

Firstof all it dividing anervironmentinto submapss alocal on-line processvhereas
the NestedDissectionpartitionis a global of ine process.This meanghatin the optimal
casesubmapsanbe understoodhsan on-line NestedDissectionpartitioning of the map.
Optimal meanghatthe submapgartitionthe measurementsvenly andthatthe separator
structureof the cuts betweensubmapsgs minimal in the graphpartitioning sense. Note
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thatif all measuremeni@reconsidereaquallylik ely we therebyminimizethe conditional
independencef the submapsamongsthemseles. Of coursethesetwo conditionscanbe
relaxedby allowing adeviation by asmallconstantn thenumberof nodesonthecutandin
thesubmapsNotethatit is a prerequisitdor achievzing a constantime EKF algorithmthat
the submapsreof roughly equalsize[24]. NestedDissectionpartitionsprovide balanced
partitionswith small separatingtructuredueto their construction26, 25]. Reciprocally
to our derivationabove we canunderstandhata NestedDissectionorderingasanordering
in which we work on the lowestlevel on submapsndthenmemgethe local resultshierar
chically into oneglobal map. Neverthelesshereis a differencebetweenthe lowestlevel
of partitioningin NestedDissectionandthe submapsas such. In the NestedDissection
algorithmthe size of the smallestpartitionis determinedoy the computationcostof fac-
torizing this partition[25]. Only in theoryevery subgraphdown to the singlevertex level
would be partitioned.In contrasthe submapsredesignedo have exactly equalsize. We
want to highlight thatit is known that small submapsare preferableover large submaps
not only dueto computationalssuesbut alsoasthe errorin the odometrymeasurements
of therobotgrows over time startinga new submapresetsheerrorto zeroor givesit less
in uence on later measurementsln additionthereareresultsthatleadto the conclusion
thatsubmapsnight provide bettermapsif they werealignedandcut accordingto erviron-
mentthey work on[19, 15]. As proposedn [19, 15] for indoorervironmentsit may make
senseo let whole roomsbe onesubmapso that only the hallway needso be partitioned.
Thisde nitely would have theadwantagehatfor theseroomsno submapsvould needto be
connectedndno informationwould needto be propagtedthroughseveralsubmapsThis
would meanthatthe solutionfor aroomwill beindependentf the restof the mapgiven
the separatorThis would imply thatwe cansolve smallersubmapsndthenfusethemon
higherlevel. Hierarchicallycomputingresultsis well studiedin the scienti c computation
community[18, 30] asit is afundamentaproblemfor parallelizingcalculationsandto the
SLAM community[16, 9]. Thelocality inherentin the mappingproblemis the basisfor
every hierarchicaimappingalgorithm.

As explainedearlierin this paragraphthe EIF is dual to the EKF andrepresentshe
world in theform of aninverseof the cavariancematrix, the informationmatrix [35]. The
non-zeroesn the information matrix representhe information of the featuresrelative to
eachother Thereforethe topologicalrelationsbetweenthe featuress quite obvious from
theentriesin theinformationmatrix. Thereis a strongrelationbetweerfeaturesf they are
geometricallyclose.Thisin uence decaysapidly with increasingdistanceln [29, 10, 11]
it hasbeenshown thata lot of entrieswith a valuethattendsto be zeroarenggligible and
hardly contritute to the quality of the map. Thusit is claimedthatthe positionof a feature
or therobotcanbe calculatedsolely by the elementdirectly connectedvith it which form
the socalledMarkov blanket. Following theapproachin [29, 10, 11] nenly addedfeatures
aremadeindependenfrom alreadyexisting featuresin the mapthat are not containedn
the Markov blanket of the new feature thusthe informationmatrix becomesparser This
of coursegreatlyreducegsheruntime, creatingwhatis calleda SparseEIF (SEIF).Again,
the sparsematrix canbeinterpretedasgraph.Notethatif all theinter featureedgesn this
informationgraphareremosedandthe ltered relationsbetweerthe posesaandthefeatures
wereaddedheinformationgraphwould beisomorphto themeasuremergraphintroduced
in [8]. We understandhatthe sparsi cationprocescanbe seenasasliding submap.

We think thatthe NestedDissectiorpartitioningcouldbeimproved by usingoneof the
ideasbehindthe SEIFE We might obtainbetterseparatostructuresf we not only usethe



6 CONCLUSION 25

separatosizeasacriterionbut nd acutthatwill maximizetheintra submagnformation
andminimizetheinter submapgnformation. Whetherthis separatore nementis applica-
ble will of coursedependonthesizeof thepartitions.

After exploring the similaritiesbetweerEKF submapsandNestedDissectionit is ob-
viousto askwhetheNestedDissectionor graphpartitioningin generalkreableto shov us
how to constructoptimal computationakubdvisionsfor the mappingproblem. We think
thatthis is possibleonly to a limited degree. The reasoris thatthe recursionof the parti-
tioning processn NestedDissectiorwill alwaysstopatacertainlevel orwill continueuntil
thereis only onevertex in every subgraph.Thuseitherthe partitionis determinedoy the
compleity of thefactorizationor thereis no coarseigranularityof the computationabnits
thanthe vertex level. Neverthelesdoth exploit the locality in the samemanor Whereas
the SEIF exploits the locality not by partitioningbut by restrictingthe mutually in uence
of verticeslocally but never splits the measurementap into divisions. Whetherthe in-
formationtheoreticbackgroundf the SEIF canbe usedto improve the NestedDissection
partitioningalgorithmremainsan openquestion.

6 Conclusion

In this paperwe have shavn that the smoothingand mappingproblemwhen solved by

a SRIS canbe understoodas a factorizationmeasurementatrix or a manipulationof a
graphof measurementsOn the dual representationg/e have shavn how an orderingof

variableschangeshebehaior of factorizatioror respectiely theeliminationprocessFur-

thermorewe have describedhepropertiesandcompleity boundsontheNestedDissection
algorithm. In brief the contributionsof this papercanbe summarizedn thefollowing enu-
meration

For the SAM problemwe have shavn thatthe two mostprominentreorderingtech-
niquesyield comparableesults.We have explainedhow the NestedDissectioralgo-
rithm exploits thelocality inherentin the SAM problem.

We give tighter computationatompleity boundsfor factorizingthe meas%ement
matrix. We have shavn that with certainboundson the separatorsizesa ™ n
separator theorem can be derived. This meansthat in contrastto the comple-
ity of O(n®) for a densematrix factorizationwe canobtaina compleity boundof
O(nlogn) for thetotal Il-in and O(n%) for the multiplication countof the fac-
torizationof the pre-orderednatrix . Neverthelesgsheseboundsarelinkedto high
constanfactorsthatneedto betakeninto consideratiorwhenapplyingthealgorithm
andgive anexamplefor NestedDissectionin atypical indoorscenario.

We have exposedherelationshipbetweersubmapssusedwith anEKF andNested
Dissection.We believe NestedDissectionalgorithmmight help understandow ef-

cient computationalinits canbelocally determinedWe understandhat[15] hints
in the samedirection.
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Althoughtheway sparsi cationis performedn the SEIFwe think thatafurtheroccupation
with this techniquemight be bene cial in the developmentof separatore nementtech-
niques. As we have describedn Section5, the covariancematrix representfeaturesby
their relationto otherfeaturesalreadysensed.lt remainsto be exposedhow this Itering
processs relatedto theGaussiartliminationprocesssdescribedn Section3 andwhether
Gaussiartliminationcanbeunderstoocdsasubsebf Itering in theMarkov Randonield
or vice versa.

Despiteour work thereis still only very little known aboutNestedDissectionof mea-
suremengraphs.Theaim mustbeauni ed compleity boundfor thefactorizationof gen-
eralmeasuremergraphsgiven certainassumptionsWe think thatsucha theoremmustbe
thoroughlyexaminedin regardto how thetheoreticaboundsre ect the calculationneeded
for realworld scenarios.Several aspectdend themselesto furtherinvestigation suchas
whatwould be the optimal partition sizein regardto performanceof the cachehierarcly
or how distributed NestedDissectionfor swarmsof robotsexploring an ervironmentcan
possiblybedeveloped.

7 Appendix

Thisis anadditionalcomprehensie summaryof thetheoremausedin this paperandtaken
from [25, 26].

KURATOWSKI THEOREM: A graphis planar if andonly if it containsneithera com-
pletebipartite graph on two setsof threevertices,Fig.16(a),nor a completegraphon ve
vertices Fig.16(b).

(@) A complete bipartite (b) Kuratavski graph
graphof two setsof three
vertices

Figurel6: It is sufcient for agraphto have oneof theabore graphsasa subgraptor being
reducibleto oneof theseto shav non-planarityandvice versa.

SEPARATOR THEOREM: LetG beanyn planarvertex graph. Theverticesof G can
bepartitionedinto threesets A; B ; C suc thatno edge joinsa vertexin A with avgteém
B, neitherdo A norB contammorethan 5N verticesandC containsno more than
vertices.Thispartition canbefoundin O(n) time

f (n)-SEPARATOR THEOREM: A graphis f (n)- sepaableif there exist constants ;
with < 1; > Osudithatif G isanyn vertex graph S, the verticesof G can be
partitionedinto three setsA; B ; C sud that no edge joins a vertex in A with a vertex in
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B, neitherA nor B containsmore than n verticesand C containsno more than f (n)
vertices.

PLANAR NESTED DISSECTION THEOREM: LetG beanyplanar graph. ThenG has
an eliminationorderingwhich producesa llI-in of sizecynlogn + O(n) anda multiplica-
tion countof c,n32 + O(n (logn)?), wherec;  129andc, 4002 Sud an ordering
canbefoundin O(nlogn) time

RELAXED NESTED DISSECTION THEOREM 1: LetS be any classof graphsclosed
underthe subgaphcriterion onwhich ann sepaator theoemholdsfor > % Thenfor
anyn vertex graphG in S, there is an eliminationorderingwith O(n? ) ll-in sizeand

O(n® ) multiplicationcount.

TIGHTER NESTED DISSECTION THEOREM 1: Let S be any classof graphsclosed
underthesubgaphcriterion onwhich ann sepaator theoemholdsfor % < < % Then
foranyn vertexgraphG in S, thereis an eliminationorderingwith O(n) ll-in sizeand

O(n® ) multiplicationcount.

TIGHTER NESTED DISSECTION THEOREM 2: Let S be any classof graphsclosed
under the subgaph criterion on which a * n sepaator theoem holds. Thenfor any
n vertexgraphG in S, thereis aneliminationorderingwith O(n) Il-in sizeandO(nlog, n)
multiplicationcount.

TIGHTER NESTED DISSECTION THEOREM 3: Let S be any classof graphsclosed
underthe subgeaphcriterion onwhich a n sepaator theoemholdsfor < % Thenfor
anyn vertex graph G in S, there is an elimination ordering with O(n) Il-in sizeand

multiplicationcount.
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