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Abstract

Theproblemof creatingamapgivenonly theerroneousodometryandfeaturemea-
surementsandlocatingtheown positionin thisenvironmentis known in theliterature
astheSimultaneousLocalizationandMapping(SLAM) problem.In thispaperwe in-
vestigatehow a NestedDissectionOrderingschemecanimprove thetheperformance
of a recentlyproposedSquareRoot InformationSmoothing(SRIS)approach.As the
SRISdoesperformsmoothingratherthan�ltering the SLAM problembecomesthe
SmoothingandMappingproblem(SAM). Thecomputationalcomplexity of theSRIS
solutionis dominatedby thecostof transforminga matrix of all measurementsinto a
squarerootform throughfactorization.Thefactorizationof afully densemeasurement
matrixhasacubiccomplexity in theworstcase.Weshow thatthecomputationalcom-
plexity for the factorizationof typical measurementmatricesoccurringin the SAM
problemcanbeboundtighterunderreasonableassumptions.Our work is motivated
bothfrom a numerical/ linearalgebrastandpointaswell asby submapsusedin EKF
solutionsto SLAM.
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1 INTRODUCTION 2

1 Intr oduction

In recentyearsthe numberof applicationsinvolving robotsmappingan unknown envi-
ronmenthasincreasedimmensely. The problemof creatinga mapgiven only erroneous
odometryandfeaturemeasurementswhile locatingthe own position in this environment
is known in the literatureas the SimultaneousLocalizationandMapping(SLAM) prob-
lem. TheSLAM problemis fundamentalto mostrobotapplications.Recentlyit hasbeen
proposedto useSquareRoot Information Smoothing(SRIS) to solve this problem. As
theSRISdoesperformsmoothingratherthan�ltering theSLAM problemwill becomethe
SmoothingandMappingproblem(SAM). In contrastto thesolutionsinvolvinganExtended
Kalman-Filter(EKF) or its dual, theExtendedInformation-Filter(EIF), this approachde-
liversa Maximum Likelihoodmap. Neverthelessthis approachsuffers from the fact that
thecomputationalcomplexity is dominatedby thecostof transformingamatrixof all mea-
surementsinto a squareroot form throughfactorization.Thussmoothingin thecaseof a
completelydensemeasurementmatrix hasa cubiccomplexity in theworstcase.Sincethe
measurementmatrix is usuallyquitesparsewe canassumethatcubiccomplexity is a very
pessimisticestimation.Furthermorechangingtheway thematrix is factorizedby ordering
the variablesdifferently cangreatly reducethe numberof operationsneeded[8]. In this
paperweexplainhow differentorderingalgorithmswork andhow thestructureof themea-
surementmatrix is exploited to reducetheruntime. TheNestedDissectionalgorithmasa
divide-and-conquerapproachlendsitself verywell to exploiting thelocality inherentin the
geometricalnatureof the mappingtask. Given the propertiesof the computationalcom-
plexity of theNestedDissectionorderingswe obtaintightercomplexity boundsfor typical
measurementpatternsunderreasonableassumptions.

In the�rst sectionweshow how theSAM processcanbephrasedasagraphicalmodel
aswell asa matrix computation.In Section3 we will usethesetwo representationsof the
problemto describehow cunninglychangingtheorderof variablesfor eliminationcanim-
provetheruntimeperformanceof afactorization,thustheSRIS.Standardaswell asNested
Dissectionorderingsareintroduced.In the next sectionwe show how the computational
propertiesof theNestedDissectioncanbeusedto boundthecomputationalcomplexity of
SRISfor typical measurementpatterns.In contrastto thecomplexity of O(n3) for a dense
matrix factorizationwe canobtaina complexity boundof at mostO(n log2 n) for thetotal
�ll-in andat mostO(n

3
2 ) for themultiplicationcountfor thefactorizationof a pre-ordered

matrix. Neverthelesstheseboundsarelinkedto high constantfactorsthatneedto betaken
into considerationwhenapplyingthealgorithm. In thefollowing two sectionsanapplica-
tion on an indoor scenariois given andan analysisof the impactof the constantsin the
complexity boundsis performed.We concludethis paperwith a comparisonof submaps-
whicharewidely usedin EKF solutions- to NestedDissectionpartitions.

2 The Smoothingand Mapping Problem

Recentpapers[14, 8] show how theprocessof a robotmoving throughanenvironmentand
sensingfeaturescanbe understoodasbuilding a graphicalmodel. The verticesV in the
graphG = (E ; V ) representvariablesandthe edgesthe relationsbetweenthe variables.
In our problemthevariablesaretheposesof the trajectoryof therobotandthefeaturesit
hassensed.Whereasthe relationsareodometryandfeaturemeasurements.Thuswe are
interestedin obtainingthetruepositionsfor theposesandfeaturesgivenourmeasurements.
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Givensuchagraphicalmodeltherobotmoving from posex i to x i +1 andsensingfeaturesl i
in thisstepis describedby addingverticesfor x i andl i andedgesrepresentingtheodometry
andfeaturemeasurementsx i � ! x i +1 andx i � ! l j to G . Fig. 1 depictssucha graphfor
a robotwhichhasmovedfour stepsandsensedfeaturesateachtimestep.
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Figure1: Left, measurementgraphof ascenariowherearobotmovesfour stepsandsenses
featuresat eachstep. The verticesare the robot positions(circles)andfeaturepositions
(squares).Theedgesrepresentthex i � ! x i +1 andx i � ! l j measurements.Right,mea-
surementmatrix correspondingto measurementgraphon the left. Note that theJacobians
are block matricesof different size dependingon whetherthey representmeasurements
x i � ! x i +1 or x i � ! l j . Eachrow representsonemeasurementwhereaseachcolumn
representsanunknown robotor featureposition.

Following [8] thisgraphicalmodelis equivalentto asystemof linearequationsor more
compacta measurementmatrix A 2 Rm� n consistingof the Jacobiansfor the odometry
measurementsandthefeaturemeasurementswith x i andl i asvariables.A is full-rank per
de�nition andful�lls theStrongHall condition1. NotethatA growsenormouslyasablock
of rows anda block of columnsareaddedfor eachnew measurement.Yet, the matrix is
verysparse2.

UsingthematrixA to solvethemappingproblemmeanssolvingtheleastsquaresprob-
lemgivenby Eq. 1. Whereas� is ourcurrentestimateof thetrueunderlyingpositionof the
robotposesandthefeatures.

� � = argmin kA� � bk2 (1)

Solving Eq. 1 can be doneby using QR or Cholesky factorizationby solving the
normal-equationsAT A = AT b [2]. For Cholesky factorizationthis yieldstheAlgorithm1
andfor QRfactorizationAlgorithm2.

In thecaseof QRfactorizationtheRHSis mostoftencalculatedby attachingit to A. In
additionQ is oftennot formedbut replacedby aseriesof Householderre�ections[7]. Note

1A matrixA 2 Rmxn hastheStrongHall Property(SHP)if everym � k sub-matrix,for 1 � k < n, hasat
leastk + 1 nonzerorows. In realapplicationsleastsquaresproblemsalmostalwaysful�ll this requirementor
A canbepermutedinto a form thathastheSHP. [18, 30]

2The block sizedependson the sizeof the Jacobians,thuson the dimensionalityof the spaceused. For
examplein aplanarenvironmentarobotposeisde�nedby the2D -Positionandanangledescribingtheheading.
A featuremeasurementis de�ned by bearingandrange.Thereforethefollowing sizescouldbeused.F; G 2
R3� 3 ; H 2 R2� 3andJ 2 R2� 2 : Theblocksizesare�x ed.For furtherdescriptionwereferthereaderto [8].
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Algorithm 1 SolvingEq. usingCholesky Factorization

(1) Form I , AT A = RT R

(2) Solve RT y = AT b

(3) Solve R� � = y

thatdueto theuniquenessof thefactorizationR 2 Rn� n is thesametriangularmatrix for
bothfactorizations.3

Algorithm 2 SolvingEq. usingQRFactorization

(1) Form QT A =
�

R
0

�

(2) Solve QT b =
�

d
e

�

(3) Solve R� = d

Theaspectof Alg. 1 andAlg. 2 thatinterestsusmostis thecomputationalcomplexity.
Thenumberof non-zeroelements(NNZ) initially in thematrixA andthenon-zeroelements
in R governtheamountof computationneededfor thefactorizationandback-substitution.
We can not in�uence the �rst quantity but we can in�uence the numberof non-zerosz
introducedby the factorizationby reorderingthe columnsof the A as we will show in
Section3. Note that the meresize of the matrix A doesnot determinethe amountof
computation.In thecoarsealgorithmbelow we show thecomplexity of thedifferentsteps
of thealgorithm[25].

3Someauthorsdenotethelowertriangularmatrixof theCholesky factorizationasR. Toavoidany confusion
of thereaderwekeepauniformnotationthroughoutthispaper.
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Algorithm 3 Iterativesolutionfor leastsquaresproblems,[25]

GivenA 2 Rm� n ,

(1) ReorderingA �
� A- Complexity dependson themethodof choice

(2) SymbolicFactorization- ComputeSpaceneededfor non-zeroelementsO(z) Time

Repeat

(3) NumericFactorization- ComputeR: O(z3), if A is dense

(4) Back-substitutionO(z) Time

Until Convergence

(5) Backordersolution� � � 1

 � �

For a leastsquaresproblemthis sequenceof computationhasto berepeateduntil con-
vergence.Yet our experimentshave shown that only a very small numberof iterationsis
neededuntil convergence.

3 Matrix Reordering

In thissectionwewill show how non-zeroesareintroducedin R. Wewill introducecolumn
reorderingschemesand show how orderingscan reducethe NNZ. As we have seenin
Section2 thematrix A consistsof smallblock matrices.In this sectionwe will alsoshow
theeffectof combiningtheblockmatricesinto onevariablein contrastto consideringeach
columnaseparateavariable.

Wewill startthis sectionby presentingstandardorderingalgorithmsandcontinuewith
NestedDissectionorderings.For the latterwe will exposehow locality of theunderlying
matrix structureis exploitedautomatically. Beforewe continuein thenext sectionwith an
analysisof thecomputationalcomplexity of NestedDissectionorderingson severalgraph
typesandfor typicalmeasurementpatterns.

3.1 How reordering effectsthe NNZ in R

ReorderingthematrixA 2 Rm� nmeansthatwepermutethecolumns.Let � : f 1; ::; ng 7!
f 1; ::; ngbeabijective functionthatreordersindices.Thenthefollowing matrix

P 2 Rn� n ; Pc =
� �

� i;� ( j )
� �

de�nesacolumnpermutationand

P 2 Rm� m ; Pr =
� �

� � ( i );j
� �

a row permutation.
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Eq. 2 shows that for a Cholesky factorizationrow permutationis obsoleteasit is can-
celedout in the matrix multiplication. Thusonly a columnpermutationwill changethe
structureof the AT A and thereforethe NNZ of the Cholesky triangle. Note that Eq. 2
alsoshows thatthecolumnpermutationactuallyrepresentsasymmetricpermutationof the
informationmatrix4.

(Pr APc)T (Pr APc) = PT
c (AT A)Pc (2)

As theQR factorizationoperatesdirectly on A, thusPr APc; therow orderingmatters
for a QR factorization.Neverthelessif oneusesa multifrontal QR approachall rows with
thesameleadingnon-zeroelementswill begatheredin thesamefrontalmatrixblock. This
givesa roughrow orderingastherow blocksareusuallyfairly small, [9]. Becauseof this
andsincebothQR andCholesky factorizationwill bene�t from a goodcolumnreordering
wewill only discusscolumnorderingsin therestof thispaper.

Sofarwehavebeenabstractabouthow anorderingaffectsthefactorizationprocess.It
is far out of thescopeof this paperto provide thereaderwith a detailedunderstandingof
theunderlyingmechanisms.The following paragraphshallgive thereaderan intuition of
how thefactorizationworks.Theinterestedreaderis referredto [25,18] for amoredetailed
explanation.

Let A 2 Rm� n be a symbolicmatrix, AT A its informationmatrix andlet the graph
G be constructedas describedin Section2. Verticesin G representa variablewhereas
edgesrepresentthedependenciesbetweenthem.An edgebetweentwo variablesmeansthat
they canbeexpressedasa linearcombinationof theotherandtheir respective dependant
variables. Furthermoreelimination of the matrix can be understoodgraph-theoretically
asa recursive applicationof a function on G that eliminatesonevariableat a time. The
applicationof this functionwill eliminatevariablesin G until thereis only onevariableleft.
Eliminating a variablemeansthat we expressthis variablethroughthe variablesthat it is
a linearcombinationof. Whenwe remove a variablewe thusintroducenew dependencies
into thegraphaswe have to link every dependingvariableof thevariableto beeliminated
with thevariableit will from now on beexpressedby. Graph-theoreticallythis meansthat
we remove a nodefrom theG andthenaddedgesto thereducedgraph.We make theset
of nodesadjacentto the removed variablea completelyconnectedsubgraph,a clique. In
matrix termsthismeansthatweaddnon-zerosto theR triangle.Thustheoptimalsolution
is to �nd anorderingof thevariablesfor theeliminationthatwill resultin theleastincrease
in dependenciesoverall. Unfortunately�nding the next unknown to be eliminatedis an
NP-completeproblem[1].

3.2 Standard orderings

As we have shown theproblemof �nding anoptimalorderingis NP-complete.This prob-
lem hasbeenknown for a long time by thelinearalgebraandscienti�c computationcom-
munity [21, 18, 17, 20]. A lot of heuristicapproacheshave beendevelopedto tacklethis
problem. In this sectionwe will presentthe two mostwidely usedsparsematrix ordering
algorithmsfor matrix orientedscienti�c computationon standarddesktopmachines.Both
approachesarebasedon the heuristicof eliminatingthe leastconstrainedvariablesof G,
thusAT A. Thefamily of algorithmsbasedon this heuristicis known astheMinimum De-
greealgorithms(MD).

4We will not discussany algorithmsfor obtainingsymmetricpermutationsasto our knowledgethe same
performancecanbeachievedwith orderingspresented.Werefertheinterestedreaderto [6].
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A widely usedapproximationof theoriginalMD heuristicis to eliminatemultiplevari-
ablesin onecall of theeliminationfunction,(MMD). Thusif c is thelowestnodedegreein
G, all nodeswith degreec will beeliminatedin thenext step.In additionindistinguishable
nodesareeliminated. Thesenodesdo not introducean additionalsetof dependenciesas
they aresubsumedby thesetproducedby anothereliminationthatwill beperformedin the
samestep. MMD savestime on updatingthe graphanddeterminingthe next elimination
candidates[27].

Anotherapproachis to save time on thecomputationof theexactdegreeswhenelim-
inating oneor morevariables. This is doneby collectingnodesinto cliquesso that the
bookkeepingdoesnotneedto bedonefor eachnodeseparatelybut is ratherapproximated.
Thereforethis algorithmis known asApproximateMinimumDegree(AMD) method[1,6].
AMD is a widely usedordering.For examplethis reorderingtechniqueis usedin Matlab's
colamdcommand. In comparisonto MMD this methodis supposedto be fasterthough
delivering competitive orderings. To illustrate the effect of thesestandardorderingsthe
following seriesof �gures showsanexample.

Theexamplescenarioconsistsof arobotwalkingaroundablock(Fig. 2(a))andsensing
landmarks.For simplicity weusedonly the�rst 8 posesof thiswalk for thefurtherexample.
Fig. 2(b)showsthemeasurementmatrixandFig. 2(c)astraightenedupgraphof Fig. 2 (a).
TheNNZ of R for variousorderingsaregiven in Fig. 3. In this �gure a column-ordering
meansthat every singlecolumnandrow of A is consideredindependentof all others. In
a block-orderingtheblocksformedby theJacobiansarereducedto a symbolicunit block.
As alreadydescribedin [8] it makesahugedifferencein theNNZ whetherAMD is applied
onthesymbolicblockstructureof A or if everycolumnconsideredstandalone.Apparently
AMD doesnot performoverly well on the column-ordered A. In contrastMMD works
betteron A. We attribute this to the fact that themultiple eliminationof indistinguishable
nodesworks quite well for matricesthat have a block structure. Fig. 3 (f) shows that it
is possibleto obtaineven betterorderings.Only a few manuallychosenpermutationsof
AMD orderingwerenecessaryto decreasetheNNZ in R. Summarizingwecancon�rm the
resultsin [8] andit canbesaidthatalreadythestandardorderingswork very well on the
measurementstructureunderlyingthe measurementmatrix. For the restof this paperwe
will only work on thesymbolicblockstructureof A.

3.3 NestedDissectionorderings

All orderingtechniquespresentedin Section3.2try to �nd anorderingby repeatedlysearch-
ing thewholegraphfor thenext eliminationcandidate.A fundamentallydifferentapproach
is to applythedivide-and-conquerparadigm.This is feasibleasmostof thenodeswill only
inducenew constraintsto a setof originally directneighbors.NestedDissectionorderings
try to exploit this factby recursively partitioningthegraphandreturningapost-�x notation
of thepartitioningtreeastheordering. This makesNestedDissectionorderingsa natural
choicefor exploiting locality in graphs.Algorithm4 showshow thebasicNestedDissection
works.



3 MATRIX REORDERING 8

(a)Simulatedwalk with 15poses (b) MeasurementMatrix for the�rst 8 posesin (a)

(c) Straightenedsubgraphof the�rst 8 posesof (a)

Figure2: ExampleScenario
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(a)No Ordering- 1459NNZ (b) ColumnMMD - 555NZ

(c) Block MMD - 658NNZ (d) ColumnAMD - 626

(e)Block AMD - 552NNZ (f) HandTweaked- 535NNZ

Figure3: Columnpermutationsandtheireffecton theNNZ in theR triangle
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(a) (b)

Figure4: PlanarGraphandFiniteElementMesh

Algorithm 4 NestedDissection

Let G = (V; E) beagraph,with asetof verticesV andasetof edgesE andjGj = n.

(1) PartitionG into subgraphsA; B andC, with jAj ; jB j � 2
3n andjCj � 2

p
2
p

n

(2) RepeatStep(1) until jAj ; jB j � � or jAj ; jB j = 1

Obtainorderingby putting thebinary treeof the recursive partitioningin post-order, with
thenodesof theseparatingsetC lastfor every triple of sets.

Thedivide-and-conquerapproachwill only beef�cient if thepartitionof thegraphand
theeliminationin thelocalsubgraphscanbeperformedwithoutaddingmuchcomputation.
Thereis a lot of literatureaboutbalancedgraphpartitioning.This is thecaseespeciallyfor
planargraphsor �nite elementgraphs(Fig.4). Theseareusedin physicsandmechanicsfor
largescalesimulations.[26] mayserveasagoodintroductionto graphpartitioningandde-
liversfundamentalpropertiesof graphpartitions.Improvementsto this

p
n=f (n) separator

theoremmainly focuson �nding theseparatingsubgraphsmoreef�ciently . Approachesto
this includespectralanalysisof the adjacency structure[32], usingpartially appliedmin-
imum degreeorderingsas indicatorsfor good partitions[28], pyramidal coarseningand
re�ning techniquesandnon-recursivek-waypartitioningmethods[21]. Othervariantswill
stopthe recursionat a certainlevel a coarsenessandthenorderthe verticesin the graph
arbitrarily or applyoneof thestandardorderingalgorithmdescribedin Section3.2 on the
largersubgraphs.

k� waypartitioningis popularasonemight save timeon therecursionaswell asparti-
tionsthatmightotherwisenotin�uenceeachotherin thek-waypartitioningprocessinteract
asthey arenot hiddenin differentpartsof the recursion.Improving the ef�ciency of the
partitioningof non-spectralmethodsis usuallydoneby coarseningthegraphdown to acer-
tainnumberof nodeswhile preservingthetopologicalfeatures.Thisallows for anef�cient
searchof anearoptimalgraphpartitioning.Thispartitionof thecoarsegraphis thenre�ned
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in amultilevel un-coarseningprocessof theshrunkgraph.
In all NestedDissectionalgorithmstheseparatingsubgraphs(separator)areof central

importance.As is obvious in the light of how the �ll-in comesinto existencein theelim-
ination gamethe sizeof the separatoris crucial to keepingthe NNZ low. The aim is to
maximizethenumberof nodesthataremutually independent.This canonly beachieved
with small separators.Thereforemostalgorithmsmentionedso far will consistof a two
stepapproachof determiningthe separatorsin the graph. In the �rst stepthe algorithms
will try to �nd goodareasfor acut thatpreserve thebalancewhich is very importantin the
context of parallelizingthecalculationson severalcomputersor robots.In a secondstepa
re�nementalgorithmlike [22] or [13] will beapplied.Thesealgorithmscanbeunderstood
asoptimizedvariantsof bipartitegraphmatchingalgorithmsasthey try to �nd theminimal
cutbetweenasetof bordernodesof thesofardeterminedsubgraphs.

3.4 Comparisonof AMD and NestedDissectionsorderings for SAM

Accordingto theorderingliteratureAMD andNestedDissectionarethemostwidely used
reorderingtechniques[21, 28, 27, 1]. In this sectionwe comparethe performanceof the
AMD implementationof [6, 5] to the NestedDissectionimplementationof [21] on mea-
surementmatricesof the kind presentedin 2. The measurementmatriceswereproduced
usingsimulatedblock-worlds. Theresultof a walk aroundoneblock canbeseenin Fig. 2
(a).

In Fig. 5 (a) we canseetheresultsof a walk straightdown a hallway of blocksto the
left andright. At eachstepthe robothassensedbetween8 and12 features.As the robot
needs4 stepsto passa block this meansthat if we walked down a 1,000blockswe will
obtaina measurementmatrix with about4,000rows andabout40,000non zeroentries.
Fig. 5 (b) and(c) shows the resultsfor walks in a squareworld of blocks. The number
of blocksdenotethe length in blocksof onesideof the square.The differencebetween
thetwo sub-�guresis that in Fig. 5 (b) therobotwalkedpassthegivennumberof blocks.
In the lower sub-�gure thenumberof blockstherobotpassedaresquareto thenumberof
blocksforming onesideof thesquare.Thuswe take into considerationthesquaregain in
thenumberof blocks.

Notethescaleof thefactorizationtimes.For thestraightwalk in Fig. 5 (a) andfor the
randomwalk in Fig. 5 (b) areroughlythesame.Whereasin Fig. 5 (c) thefactorizationtime
is oneorderof magnitudebigger. Thereasonfor this increaseis on theonehandthelength
of thewalk andon theotherhandthedensityof themeasurementgraph.Thelatteraspect
will bedescribedin moredetail in the following sections.Neverthelessthemainresultof
this chapteris that for theSAM measurementmatricesup to thegivenmaximumsizeand
densitytheorderingswork equallywell.

4 Computational Complexity

In thissectionwewill presentthecomplexity boundsalreadyknown for NestedDissection
orderingsand show how they can be usedto derive the computationalcomplexity of a
factorizationof themeasurementmatrix A of theSAM problem.At �rst we will introduce
complexity boundsfor planargraphsandgeneralclassesof graphs.Wewill thenshow how
graphpartitionscanbe computedandhow the sizeof the separatorsis boundby typical
measurementpatterns.For thesetypical measurementpatternwe will derive complexity
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(a)Straightwalk with blocksto theleft andright

(b) Randomwalk throughasquareblockworld

(c) Long Randomwalk througha squareblock
world

Figure5: Factorizationtimesover numberblocks.In thecaseof (b) and(c) thenumberof
blocksdenotesthenumberof blocksof onesideof thesquareblockworld.
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bounds.Finally wewill show how this is applicablein astandardindoorscenario.

4.1 Propertiesof NestedDissectionorderings

As describedin the lastsection,theNestedDissectionalgorithmis basedon theability to
recursively partitiongraphsinto subgraphsof roughlyequalsizewith averysmallseparat-
ing subgraphef�ciently . Thefundamentalwork aboutNestedDissectionorderings[25] is
basedon theso-calledseparator theorem[26] andthef (n)-separator theorem.

SEPARATOR THEOREM: Let G beanyn� planar vertex graph. Theverticesof G can
bepartitionedinto threesets,A; B ; C such thatnoedge joinsa vertex in A with a vertex in
B , neitherdoA nor B containmore than 2

3n verticesandC containsnomore than
p

2
p

n
vertices.Thispartition canbefoundin O(n) time.

The Separatortheoremis a very restrictive statementas it only holds for planarand
�nite elementgraphs.Typical planargraphsor �nite elementgraphsaredepictedin Fig.
4. This classof graphsandmeshesis found frequentlyin scienti�c simulations[21]. A
criterionfor theplanarityof agraphis givenwith theKuratowski Theorem.

(a) A complete bipartite
graphof two setsof three
vertices

(b) Kuratowski graph

Figure6: It is suf�cient for a graphto have oneof theabove graphsasa subgraphor being
reducibleto oneof these,to show non-planarityandviceversa.

KURATOWSKI THEOREM : A graph is planar if andonly if it containsneithera com-
pletebipartite graphon two setsof threevertices,Fig. 6 (a), nor a completegraphon �ve
vertices,Fig. 6 (b).

A generalseparatortheoremfor a givenclassof graphsS is thef (n)- separator theo-
rem.

f (n)-SEPARATOR THEOREM: A graphis f (n)- separableif there exist constants� ; �
with � < 1; � > 0 such that if G is any n� vertex graph S, the verticesof G can be
partitionedinto threesetsA; B ; C such that no edge joins a vertex in A with a vertex in
B , neitherA nor B containsmore than � n verticesandC containsno more than � f (n)
vertices.

For all classesof graphsfor which a f (n)-theoremholdsanda partitionof sucha kind
canbe found fastan ef�cient divide-and-conquerorderingis possible[26]. This is espe-
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cially thecaseif thegraphsareplanarandf (n) =
p

n; � = 2
3 and� =

p
2. In [25] thep

n-separatortheoremwasusedto prove computationalboundsfor thecomplexity of ma-
trix factorizationsof sparsematriceswhosematrix structureequalsaplanargraph.

PLANAR NESTED DISSECTION THEOREM: Let G beanyplanar graph. ThenG has
aneliminationorderingwhich producesa �ll-in of sizec1n logn + O(n) anda multiplica-
tion countof c2n3=2 + O(n (logn)2), where c1 � 129andc2 � 4002: Such an ordering
canbefoundin O(n logn) time.

For a wider classof graphsexchangingthe
p

n- theoremfor theplanargraphwith the
generalf (n)� theoremyieldsthefollowing complexity bounds[25].

RELAXED NESTED DISSECTION THEOREM 1: Let S be any classof graphsclosed
underthesubgraphcriterion on which an n � separator theoremholdsfor � > 1

2 . Thenfor
anyn� vertex graphG in S, there is an eliminationorderingwith O(n2� ) �ll-in sizeand
O(n3� ) multiplicationcount.

Dependingon which statementswe can make about f (n) the resultingcomplexity
boundsfor thefactorizationwill beweaker or tighter. It is alsoassumedthata partitioning
canbe found in O(n � ) with � � f (n). This meansthat the complexity for �nding the
partitionoughtnot to behigherthanthecomplexity for thefactorization.

This meansthat in orderto apply a NestedDissectionTheoremfor a certainclassof
graphsweneedto show thatthegraphcanbepartitionedaccordingto aseparator theorem
andthenshow that obtainingthe partition is a lesscomplex processthancomputingthe
ordering.

4.2 Complexity Boundsfor Factorizing the MeasurementMatrix

Thefactorizationof adensematrixhasacomputationalcostof O(n3) whenusingCholesky
factorization.Thefactorizationof a sparsermatrix requireslesscomputationaleffort. Yet
determiningcomplexity boundsfor sparsematricesis dif�cult. As wehaveseenin Section
2 themeasurementmatrixA is quitesparsedueto thewayit is constructed.Thelastsection
shows that knowledgeof the structureof the matrix canbe usedto obtaintighter bounds
for thecomplexity of sparsematrix factorizations.In thissectionwewill show how wecan
applytheseparator theoremswith our measurementmatrix A andgive tightercomplexity
boundsfor typicalmeasurementpatterns.

Let G beameasurementgraph,let thenumberof posesbex andof thefeaturesbel. If
S is a separatorof G andxS thenumberof posesandlS thenumberof featurescontained
in S. Werequirethefollowing assumptionsto hold.

1. A sensorhasaboundedrange.

2. For everypartitionwith S thefollowing holds xS
lS

= x
l = r:

3. Thenumberof posesd seenfrom eachlandmarkis evenover thewholegraph.

4. For everypartitionthemostdistantposesof aconnectedtrajectoryaregiven.

Theexamplein Fig. 7 showsthatin thecasethatarobotusesaforwardlookingsensoronly
andthat the robotnever walksalonganareatwice themeasurementgraphwill beplanar.
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Thisassumesthattheforwardlookingsensoris boundin rangesuchthatfrom posex i � 1 it
will atmaximumsensethefeaturesthatx i will sensethatareclosestto x i � 1.

Figure7: Measurementgraphfor arobotwalkingthreestepsandsensinglandmarksto both
sides.Thecirclesdepictposesandthesquaresfeatures.

Neverthelessin the generalcasemeasurementscenariosdo not correspondto planar
measurementgraphs.Fig. 8 depictsa smallmeasurementscenariofor a not tightly range
restrictedomni-directionalsensor.

Figure8: Exampleof anon-planarmeasurementgraph- theleft graphshowsthegraphFig.
16(a)with squaresdenotingfeaturesl andcirclesdenotingrobotposesx. Theoriginaledges
representonly x to l measurements.Thedottedlines thatwereaddedrepresentodometry
measurementsbetweentheposes.Theright graphis isomorphto (a) but laid out to show
thetrajectory. Fromeachposethreefeaturesaresensed.

Thedenserthe setof measurementwill becomethe lessplanar our graphwill be. In
therestof this sectionwe will show that it is possibleto obtaingraphpartitionsef�ciently
for typical indoormeasurementscenarios.Thusunderreasonableassumptionswecanpro-
vide a partitioning algorithmcomparableto thealgorithmin [26] allowing usto applythe
f (n)-separatortheorem.We will now give upperboundsfor thecardinalityof separators
of typicalmeasurementgraphs.

SEPARATOR SIZE FOR ONE-WAY WALK : LetG bethemeasurementgraphof a robot
sensingomni-directionallywith an evenradiusof its sensorand boundedin range. If a
robot walksstraight and never returnsto an alreadyvisitedenvironmentit is possibleto
�nd a partition of the graph into subgraphsA; B ; C such that C containsno more than
2d + 1 vertices.

To prove theabove statementconsidera straightwalk of a robotasin Fig. 9. In worst
casetherobotsensesin all directionsanddetectsfeaturesto thebothsides.If we want to
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Figure9: Edgecutof ameasurementgraphwith averagelandmarknodedegreeof 3.

partitionthegraphby simplyplacingonecutasshown in theFig. 9 wecutonaverage2d of
thex � l measurementedgesandoneodometryedge.Making this edgeseparatora vertex
separatormeans�nding all nodesononesideof thecutwhohaveoneedgecut.

SEPARATOR SIZE FOR k-WAY WALK : Let G be the measurementgraph of a robot
sensingomni-directionallywith an evenradiusof its sensorand boundedin range. If a
robot walksstraight and returnsk- timesto an alreadyvisitedenvironmentit is possible
to �nd a partition of thegraphinto subgraphsA; B ; C such that C containsno more than
(2d + 1)k vertices.

Figure10: Edgecutof ameasurementgraphwith averagelandmarknodedegreeof 3 where
therobotsaw theenvironmenttwice.

The argumentfor the k-Way statementis analogueto the One-Way statementbut we
now have to �nd theseparatoroverk-trajectoriesasshown in Fig. 10.

SEPARATOR SIZE FOR k-CROSSING: Let G be the measurementgraph of a robot
sensingomni-directionallywith an evenradiusof its sensorand boundedin range. If a
robot walksk-timesover a crossingsuch that featuresare seenin commonit is possible
to �nd a partition of thegraphinto subgraphsA; B ; C such that C containsno more than
(2d + 1)k vertices.

Considertwo straightwalkscrossing.As thesensoris boundedin rangewe know that
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Figure11: Edgecut of a measurementgraphwith a crossingthat is visited k-timesand
featuresareseenin common.

onaverageat thecrossingpoint therobotof the�rst walk will haveseen2d features.To cut
this partof therobottrajectorywe addonevertex. Fromthecrossingc featureshave been
seenfrom asmuchas2 posesof thecrossingtrajectory. Whereas1 � c � 4d. Note that
thesefeaturesneednot be identicalwith thealreadyobserved featuresasfeaturesusually
arenot equallygoodvisible from all sides.Again we cut therobottrajectoryandtherefore
adda vertex. Thuswe now have a separatorsizeof (2d + 1)(4d + 1) � (4d + 1)2. For
every furthercrossingin thispointwecanassumethatatmaximumanother4d+ 1 vertices
have to beaddedto theseparatoryieldingasizeof (4d + 1)k afterk crossings.

Figure12: Edgecutof ameasurementgraphwith averagelandmarknodedegreeof 2 where
therobotwalksa loop .

SEPARATOR SIZE FOR ONE-k-LOOP: Let G be the measurementgraph of a robot
sensingomni-directionallywith an evenradiusof its sensorand boundedin range. If a
robotwalksa k-timesin a loop it is possibleto �nd a partition of thegraphinto subgraphs
A; B ; C such thatC containsnomore than(2d + 1)2k vertices.

Thestatementfollows direct from theseparatorsizefor a k-way walk. An exampleis
depictedin Fig. 12. Thegeneralcasewherem loopshave to becut is givenasfollows.
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Figure13: Edgecutof ameasurementgraphwith averagelandmarknodedegreeof 2 where
therobotwalkstwo loops.

SEPARATOR SIZE FOR M -LOOPS: Let G be themeasurementgraphof a robotsens-
ing omni-directionallywith an evenradiusof its sensorandboundedin range. If a robot
walksin m loopswhere therobotmaximallyseesan environmentk-timesit is possibleto
�nd a partition of the graph into subgraphsA; B ; C such that C containsno more than
(2d + 1)k(m + 1) vertices.

This statementis a resultof thelaststatements.We want to draw thereadersattention
to onevery usefulfactaboutseparatorsizesin conjunctionwith separator theorems.The
theoremsonly demandthatthetwo largesubgraphshave a sizeof � n with � < 1. In case
xS
lS

is highfor lessthan(1� � ) nodeswemightshift thecutwithoutviolationof thebalance
restrictionandobtainasmallerseparator. But notethatwemightpayfor thiswith ahigher
� constantwhich resultsin higherconstantsfor thecomplexity bounds.

So far we have shown upperboundsfor the separatorsizesof several standardmea-
surementpatterns. What remainsto be shown is that onecan �nd theseseparatorsin a
reasonablenumberof steps.For all measurementpatternsexceptfor theM -loopswe can
�nd roughly thepoint of thecut asfollows. Let usassumecS is thesizeof theseparator
for G. UsingAssumption4 andAssumption2 we might chooseoneof theendpointsof G
andthenstartfollowing thetrajectorynumberingtheposesandconnectedfeaturesuntil we
reachthe posenumberclosestto � jGj � cS = p. Note that all verticesto be numbered
still needto beinsideG. In thecasethatwe do not have a connectedsubgraphwe canstill
pick anendpointandstartnumbering.Eitherwe will beableto numberuntil we reachthe
startposefor theseparatoror acompletedisjointpartof G will bepartof thissubgraphand
we cancontinueto numberfrom anendpointof anotherdisjoint partof G. This algorithm
hassimilaritiesto region growing algorithmsandk-way partitioning[21]. Indeedfor the
M -loopswe needto apply a moresophisticatedalgorithmfor determiningthe posesxp.
Theseposescanbe foundby coarseningthegraphasdescribedin [21], thendetermining
thecuttingpointseasilyandthenre�ning thecoarsegraph.As shown in theseparatorsize
statementsabove sucha cS canbedetermined.Neverthelesswe still needto show thatthe
separatoritself canbedeterminedexactly. Consideringtheone-way-walkwecandetermine
thepartitionstartingwith posexp. Theseparatorwill thenconsistof xp andall featuresl i
thatareseenfrom xp. In regardto thek-way-walkwe extendtheseparatorconstructedfor
the one-way-walkto containthe last numberedposesxk of the k tracksthat areparallel.
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We thenaddall featureslk thatareseenfrom eachxk . In regardto a k � crossing we can
take the separatorof the k-way-walkandaddall the posesxcthat areadjacentto features
alreadyin theseparator. In additionwe addtheroughly4dxc featuresthatareadjacentto
thenewly addedposes.In caseof a k-loop we canstartat a randomposein the loop and
thenproceedasif it wasa k-way-walk. In regardto theM -loopsit is obviousthatwe can
�nd theseparatorjustaswedid with thek-way-walkoncethesetof theposesxp is known.

In thelastparagraphwe have shown that it is possibleto determinetheseparatorsin a
time linearto thenumberof verticesof G for themeasurementpatternsgiven. We believe
thattherearemoresophisticatedwaysof �nding thesepartitions.Ourexperienceis thatthe
softwarepackagebasedon [21] deliverspartitionsthataresuitablefor ourpurposes.Given
thatwecanobtainpartitionsin lineartimewestill needto determinereasonable� and� for
thef (n)� separatortheorem.Let G bea measurementgraphandS themaximalseparator
of G andcS = jSj. Thenfor every f (n) = n � in thesenseof thef (n)� separatortheorem,
� = c�

S canbecalculatedascS is constant.Givenall theseassumptionswe canmake the
following statementsaboutcomputationalcomplexity. For planargraphsthenext statement
followsdirectly from the

p
n� separatortheorem.

PLANAR MEASUREMENT GRAPH BOUND: Giventhat theassumptionholdsthat the
measurementgraphis planar theboundsgivenin thePlanar NestedDissectionTheorems
can be obtained. This meansthat we can factorizethe measurementmatrix of the mea-
surementgraphwith a �ll-in of sizec1n logn + O(n) andc2O(n

3
2 ) multiplicationswhere

c1 � 129andc2 � 4002.

CONSTANT MAXIMAL SEPARATOR THEOREM : LetG bethemeasurementgraphof a
robotsensingomni-directionallywith anevenradiusof its sensorandboundin range. If the
measurementgraphresultingfromtherobotexplorationcanbeseparatedbya subgraphof
sizesmallerthana constantcS there exist constants� ; � with � < 1; � > 0 such that if G
is anyn� vertex graphS, theverticesof G canbepartitionedinto threesetsA; B ; C such
thatnoedge joinsa vertex in A with a vertex in B , neitherA nor B containsmore than� n
verticesandC containsnomore than� f (n) vertices.

CONSTANT MAXIMAL SEPARATOR BOUND: Let G be the measurementgraph of a
robot sensingomni-directionally with an even radius of its sensorand boundin range.
Giventhat � ; � canbefoundin thesenseof theConstantMaximalSeparator Theoremthe
total f il l � in associatedwith an orderingproducedAlg. 4 on G is at mostc1n log2n +
O(n) andthemultiplicationcountis at mostc2n

3
2 + O(n (logn)2) where

c1 = � 2(
1
2

+ 2
p

� =(1 �
p

� ))=log2(1=� )

and

c2 = � 2(
1
6

+ �
p

� (2 +
p

� =(1 +
p

� ) + 4� =(1 � � ))=(1 �
p

� ))=(1 � � )

with
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� = �
3
2 + (1 � � )

3
2

The last two statementsshow that for exampleunder the assumptionsmadein this
sectionfor ak-waywalk in ahallwaywecanobtaina

�
1
2 = maximal separator size = (2d + 1)k)

1
2 : (3)

For � = 2
3n andf (n) = n

1
2 we thanobtainthesameboundsexceptfor theconstants

c1andc2 asif thegraphwasplanar. Thechangein theconstantsis of coursedramaticfor
smalln.

In this sectionwe have shown thatunderreasonableassumptionswe canobtaintighter
complexity boundsfor the factorizationof a measurementmatrix that adheresto typical
measurementpatterns.Theseresultsof courseonly hold for themeasurementpatternspre-
sentedhere. In the following sectionwe usea typical indoorscenarioto demonstratethe
partitioningprocessandshow theimpactof thechangedconstants.

4.3 Indoor Scenario

To show theperformanceof theNestedDissectionwe apply it in this sectionto anindoor
grid world. This problemis challengingasthereareno “natural” partitionslike roomsto
thesidesof ahallway. Thesemight savecutsor keepthecutssmall.

Figure14: Grid World Example

Our grid world and possiblecuts in caseof a valid the even-degree-assumptionare
shown in Fig. 14. Thecutscorrespondto thecutsof the�rst Depth-Firstrecursion.For a
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n
p

n jAj ; jB j jCj �
p

n

(a) 25,000 158.1 12446 108 1643.1
(b) 12446 111.5 6196 54 1159.3
(c) 6196 78.7 3071 54 818.0
(d) 3071 55.4 1518 36 575.9
(e) 1518 38.9 741 36 404.8
(f) 741 27.2 362 18 282.8
(g) 362 19.0 172 18 197.5
(h) 172 13.1 82 9 136.2
(i) 82 9.0 36 9 94.1
(j) 36 6 14 9 62.3
(k) 14 3.6 3 9 38.1
(l) 3 1.7 stop 9 18

Table1: Thelevel of therecursion,numberof nodesn in theeachpartition,
p

n;thesizeof
thenext partitionsandtheseparator.

gridwith 25,000nodesthepartitionsin Tab. 1wouldbeachieved.Wherepossiblewedivide
thegraphinto two equalpieces.If this is not possiblewe choosethebiggerpartitionin the
recursion. Note that the measurementgraphcontainsonly partswherethe robot passed
alongtwo timesatmaximum.A featureis seenfrom 4 posesonaverage.For � = 1

2 ; � = 2
3

we determine� following Eq. 3 as� =
p

(2d + 1)k(m + 1) = 10:3. Theresultsin Tab.
1 show thatit is clearlypossibleto dissecta grid graphrecursively into smallpieceswhich
canbeeasilysolved.Notethataftertheeighthpartitionall nodesbecomeonesubgraphand
therecursionstops.

4.4 Constantsin the Complexity Bounds

In this sectionwe want to highlight that theconstantsin theConstantMaximalSeparator
Boundgivenin Section4.2arenotnegligible.

� c1 c2p
18 289.2 13500.9

p
36 578.4 38177.0

p
54 867.5 70127.9

p
108 1753.3 198323.0

Table2: Valuesfor c1andc2 of theConstantMaximalSeparator Boundfor varyingvalues
of � :

Note that thesenumbersare quite realistic. For examplefor the indoor scenarioof
the last section� =

p
(2d + 1)k(m + 1) = 10:3 =

p
108, thusc1 = 1753:3 andc2 =

198323:
Fig. 15 shows theextent to which theconstantsin�uence thecomplexity bounds.The
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(a) (b)

(c) (d)

(e)

Figure15: Thetop two �gures show the�ll-in for theplanarcase,usinga � 2 of 18,36,54
and108aswell asn3andn2. Themiddletwo �gures show themultiplicationcountfor the
same� values. The top andmiddle �gures show 0 � n � 1000versus0 � n � 5000.
Thebottom�gure shows themultiplicationcountfor thesamebetavaluesbut for 0 � n �
9000; 000; 000.
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�ll-in andthemultiplicationcountroughlybehave alike. We want to focuson themiddle
andbottom�gures, the�gures of themultiplicationcount. In all �gures we have addition-
ally plottedthe n3andn2. It is obvious that exceptfor n � 3500the complexity bounds
derivedwith theConstantMaximalSeparator Boundaretighterthann3. NeverthelessFig.
15(e)showsthatit will takequiteeitherlargen or eventighterapproximationsof thesepa-
ratorsizeto achieveacomplexity lower thann2 for thesparsematrix factorizationwith the
givenbounds.

5 SubmapMoti vation

Theapplicationof SRISis afairly new approachto themappingproblem.Themostwidely
usedapproachso far is basedon using Extended-Kalman-Filters(EKF) or its dual the
Extended-Information-Filter(EIF). Most of the EKF literatureis basedon [33] and[34].
Whereas[2] canbeseenasthefundamentalwork onEIFs. In thissectionwewill show the
fundamentalproblemsof bothapproachesandhow extensionsexploit thelocality inherent
in themappingproblem.In additionwewill show how NestedDissectionorderingscanbe
understoodin termsof submaps.

An EKF representsthe environmentin form of a covariancematrix which becomes
densereachtime new observationsaremade. A problemof the EKF is that it describes
new featuresthroughtheir relationto otheralreadysensedfeatures.Over time thenumber
of unknownsusedto expressa new unknown becomeslarge. Thusanupdateof thematrix
becomescomputationallyinfeasible[8]. TheEIF which is theEKFsdualsystemrepresents
the environmentby an informationmatrix which is the inverseof the covariancematrix.
The informationmatrix hasthe nice propertythat any non-zerovaluein the matrix indi-
catesa strongdependency betweentwo featuresandthusthis matrix is relatively sparse.
Whereasthematrixwill still becomedenseover time.

Therehave beena varietyof approachesaimedat reducingthecostof anupdatein the
EKF by exploiting the locality in themappingproblemthroughdividing theenvironment
or mapinto several disjoint submapsduring the �ltering process[23, 31]. The aim is to
calculateanupdateof theenvironmentcovariancematrixwith constantcomputationalcost
asoneonly updatesa small,neighboringpieceof theenvironment.Thesubmapsapproach
hasbeenwell studiedandis very promising[3]. An interestingconstanttime implemen-
tation is describedin [24]. In the restof this sectionwe will disregard all the problems
that arisewhenworking with submapssuchashow to detecta loop whenre-enteringan
alreadyexisting submap,whetherit is betterto keepa globalframeof referenceor several
interconnectedframes,how to fuse local mapsinto a global mapor how an information
increase/ uncertaintydecreasein onesubmapwill bepropagatedto adjacentsubmapsthus
improving the quality of the overall map [3, 4, 12, 24]. We focuson how to createthe
submappartitionsof theenvironmentandwhatpropertiesthesesubmapshave in contrast
to aNestedDissectionpartitioning.

First of all it dividing anenvironmentinto submapsis a local on-lineprocesswhereas
theNestedDissectionpartition is a globalof�ine process.This meansthat in theoptimal
casesubmapscanbeunderstoodasanon-lineNestedDissectionpartitioningof themap.
Optimalmeansthat thesubmapspartition themeasurementsevenly andthat theseparator
structureof the cutsbetweensubmapsis minimal in the graphpartitioningsense.Note
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thatif all measurementsareconsideredequallylikely we therebyminimizetheconditional
independenceof thesubmapsamongstthemselves. Of coursethesetwo conditionscanbe
relaxedby allowing adeviationby asmallconstantin thenumberof nodesonthecutandin
thesubmaps.Notethatit is aprerequisitefor achieving aconstanttimeEKF algorithmthat
thesubmapsareof roughlyequalsize[24]. NestedDissectionpartitionsprovide balanced
partitionswith small separatingstructuredueto their construction[26, 25]. Reciprocally
to ourderivationabovewecanunderstandthataNestedDissectionorderingasanordering
in which we work on the lowestlevel on submapsandthenmergethe local resultshierar-
chically into oneglobal map. Neverthelessthereis a differencebetweenthe lowestlevel
of partitioning in NestedDissectionand the submapsassuch. In the NestedDissection
algorithmthe sizeof the smallestpartition is determinedby the computationcostof fac-
torizing this partition [25]. Only in theoryevery subgraphdown to thesinglevertex level
would bepartitioned.In contrastthesubmapsaredesignedto have exactly equalsize.We
want to highlight that it is known that small submapsarepreferableover large submaps
not only dueto computationalissuesbut alsoasthe error in the odometrymeasurements
of therobotgrows over time startinga new submapresetstheerror to zeroor givesit less
in�uence on later measurements.In additionthereareresultsthat leadto the conclusion
thatsubmapsmight provide bettermapsif they werealignedandcut accordingto environ-
mentthey work on [19, 15]. As proposedin [19, 15] for indoorenvironmentsit maymake
senseto let whole roomsbeonesubmapso thatonly thehallway needsto bepartitioned.
Thisde�nitely wouldhavetheadvantagethatfor theseroomsnosubmapswouldneedto be
connectedandno informationwouldneedto bepropagatedthroughseveralsubmaps.This
would meanthat thesolutionfor a roomwill be independentof the restof themapgiven
theseparator. This would imply thatwe cansolve smallersubmapsandthenfusethemon
higherlevel. Hierarchicallycomputingresultsis well studiedin thescienti�c computation
community[18, 30] asit is a fundamentalproblemfor parallelizingcalculationsandto the
SLAM community[16, 9]. The locality inherentin the mappingproblemis the basisfor
everyhierarchicalmappingalgorithm.

As explainedearlier in this paragraphthe EIF is dual to the EKF andrepresentsthe
world in theform of aninverseof thecovariancematrix, theinformationmatrix [35]. The
non-zeroesin the informationmatrix representthe informationof the featuresrelative to
eachother. Thereforethe topologicalrelationsbetweenthe featuresis quiteobvious from
theentriesin theinformationmatrix. Thereis astrongrelationbetweenfeaturesif they are
geometricallyclose.This in�uence decaysrapidlywith increasingdistance.In [29, 10,11]
it hasbeenshown thata lot of entrieswith a valuethat tendsto bezeroarenegligible and
hardlycontributeto thequality of themap.Thusit is claimedthatthepositionof a feature
or therobotcanbecalculatedsolelyby theelementsdirectlyconnectedwith it which form
thesocalledMarkov blanket. Following theapproachin [29, 10,11] newly addedfeatures
aremadeindependentfrom alreadyexisting featuresin the mapthat arenot containedin
theMarkov blanket of thenew feature,thustheinformationmatrix becomessparser. This
of coursegreatlyreducestherun time,creatingwhatis calleda SparseEIF (SEIF).Again,
thesparsematrix canbeinterpretedasgraph.Notethatif all theinter featureedgesin this
informationgraphareremovedandthe�ltered relationsbetweentheposesandthefeatures
wereaddedtheinformationgraphwouldbeisomorphto themeasurementgraphintroduced
in [8]. Weunderstandthatthesparsi�cationprocesscanbeseenasaslidingsubmap.

Wethink thattheNestedDissectionpartitioningcouldbeimprovedby usingoneof the
ideasbehindthe SEIF. We might obtainbetterseparatorstructuresif we not only usethe
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separatorsizeasa criterionbut �nd a cut thatwill maximizetheintra submapinformation
andminimizetheinter submapinformation.Whetherthis separatorre�nementis applica-
blewill of coursedependon thesizeof thepartitions.

After exploring thesimilaritiesbetweenEKF submapsandNestedDissectionit is ob-
viousto askwhetherNestedDissectionor graphpartitioningin generalareableto show us
how to constructoptimal computationalsubdivisionsfor themappingproblem. We think
that this is possibleonly to a limited degree.Thereasonis that the recursionof theparti-
tioningprocessin NestedDissectionwill alwaysstopatacertainlevel or will continueuntil
thereis only onevertex in every subgraph.Thuseitherthepartition is determinedby the
complexity of thefactorizationor thereis nocoarsergranularityof thecomputationalunits
thanthe vertex level. Neverthelessboth exploit the locality in the samemanor. Whereas
theSEIFexploits the locality not by partitioningbut by restrictingthemutually in�uence
of verticeslocally but never splits the measurementsup into divisions. Whetherthe in-
formationtheoreticbackgroundof theSEIFcanbeusedto improve theNestedDissection
partitioningalgorithmremainsanopenquestion.

6 Conclusion

In this paperwe have shown that the smoothingand mappingproblemwhen solved by
a SRIScanbe understoodasa factorizationmeasurementmatrix or a manipulationof a
graphof measurements.On the dual representationswe have shown how an orderingof
variableschangesthebehavior of factorizationor respectively theeliminationprocess.Fur-
thermorewehavedescribedthepropertiesandcomplexity boundsontheNestedDissection
algorithm.In brief thecontributionsof this papercanbesummarizedin thefollowing enu-
meration

� For theSAM problemwe have shown that thetwo mostprominentreorderingtech-
niquesyield comparableresults.Wehaveexplainedhow theNestedDissectionalgo-
rithm exploits thelocality inherentin theSAM problem.

� We give tighter computationalcomplexity boundsfor factorizingthe measurement
matrix. We have shown that with certainboundson the separatorsizesa

p
n �

separator theorem can be derived. This meansthat in contrastto the complex-
ity of O(n3) for a densematrix factorizationwe canobtaina complexity boundof
O(n log2n) for the total �ll-in andO(n

3
2 ) for the multiplication countof the fac-

torizationof the pre-orderedmatrix . Neverthelesstheseboundsarelinked to high
constantfactorsthatneedto betakeninto considerationwhenapplyingthealgorithm
andgiveanexamplefor NestedDissectionin a typical indoorscenario.

� Wehaveexposedtherelationshipbetweensubmapsasusedwith anEKF andNested
Dissection.We believe NestedDissectionalgorithmmight helpunderstandhow ef-
�cient computationalunitscanbelocally determined.We understandthat[15] hints
in thesamedirection.
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Althoughthewaysparsi�cationis performedin theSEIFwethink thatafurtheroccupation
with this techniquemight be bene�cial in the developmentof separatorre�nement tech-
niques. As we have describedin Section5, the covariancematrix representsfeaturesby
their relationto otherfeaturesalreadysensed.It remainsto beexposedhow this �ltering
processis relatedto theGaussianEliminationprocessasdescribedin Section3 andwhether
GaussianEliminationcanbeunderstoodasasubsetof �ltering in theMarkov RandomField
or viceversa.

Despiteour work thereis still only very little known aboutNestedDissectionof mea-
surementgraphs.Theaimmustbeauni�ed complexity boundfor thefactorizationof gen-
eralmeasurementgraphsgivencertainassumptions.We think thatsucha theoremmustbe
thoroughlyexaminedin regardto how thetheoreticalboundsre�ect thecalculationneeded
for real world scenarios.Several aspectslend themselvesto further investigation suchas
what would be the optimal partition sizein regard to performanceof the cachehierarchy
or how distributedNestedDissectionfor swarmsof robotsexploring an environmentcan
possiblybedeveloped.

7 Appendix

This is anadditionalcomprehensive summaryof thetheoremsusedin this paperandtaken
from [25, 26].

KURATOWSKI THEOREM : A graph is planar if andonly if it containsneithera com-
pletebipartite graphon two setsof threevertices,Fig.16(a),nor a completegraphon �ve
vertices,Fig.16(b).

(a) A complete bipartite
graphof two setsof three
vertices

(b) Kuratowski graph

Figure16: It is suf�cient for agraphto haveoneof theabovegraphsasasubgraphor being
reducibleto oneof these,to show non-planarityandviceversa.

SEPARATOR THEOREM: Let G beanyn� planar vertex graph. Theverticesof G can
bepartitionedinto threesets,A; B ; C such thatnoedge joinsa vertex in A with a vertex in
B , neitherdoA nor B containmore than 2

3n verticesandC containsnomore than
p

2
p

n
vertices.Thispartition canbefoundin O(n) time.

f (n)-SEPARATOR THEOREM: A graphis f (n)- separableif there exist constants� ; �
with � < 1; � > 0 such that if G is any n� vertex graph S, the verticesof G can be
partitionedinto threesetsA; B ; C such that no edge joins a vertex in A with a vertex in
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B , neitherA nor B containsmore than � n verticesandC containsno more than � f (n)
vertices.

PLANAR NESTED DISSECTION THEOREM: Let G beanyplanar graph. ThenG has
aneliminationorderingwhich producesa �ll-in of sizec1n logn + O(n) anda multiplica-
tion countof c2n3=2 + O(n (logn)2), where c1 � 129andc2 � 4002: Such an ordering
canbefoundin O(n logn) time.

RELAXED NESTED DISSECTION THEOREM 1: Let S be any classof graphsclosed
underthesubgraphcriterion on which an n � separator theoremholdsfor � > 1

2 . Thenfor
anyn� vertex graphG in S, there is an eliminationorderingwith O(n2� ) �ll-in sizeand
O(n3� ) multiplicationcount.

TIGHTER NESTED DISSECTION THEOREM 1: Let S be any classof graphsclosed
underthesubgraphcriterion onwhich ann � separator theoremholdsfor 1

3 < � < 1
2 . Then

for anyn� vertex graphG in S, there is an eliminationorderingwith O(n) �ll-in sizeand
O(n3� ) multiplicationcount.

TIGHTER NESTED DISSECTION THEOREM 2: Let S be any classof graphsclosed
under the subgraph criterion on which a 3

p
n� separator theorem holds. Thenfor any

n� vertexgraphG in S, thereisaneliminationorderingwithO(n) �ll-in sizeandO(n log2 n)
multiplicationcount.

TIGHTER NESTED DISSECTION THEOREM 3: Let S be any classof graphsclosed
underthesubgraphcriterion on which a n � separator theoremholdsfor � < 1

3 . Thenfor
any n� vertex graph G in S, there is an eliminationordering with O(n) �ll-in sizeand
multiplicationcount.
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