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Abstract

Three-dimensionalmorphablemodelsof objectclasses
area powerfultool in modeling, animationandrecognition.
We introducehere thenew conceptof regularized3D mor-
phablemodels,alongwith an iterative learningalgorithm,
by adding in the statistical model a noise/regularization
term which is estimatedfrom the examplesset.With regu-
larized3D morphablemodelswe are able to handlemiss-
ing information,as it often occurs with data obtainedby
3D acquisitionsystems;additionally, the new modelsare
lesscomplex than,but as powerfulas the non-regularized
ones.We presentthe resultsobtainedfor a setof 3D face
modelsanda comparisonwith theonesobtainedby a tra-
ditional morphablemodelon thesamedataset.

1. Intr oduction

Imagemorphing[16] consistsin generating,given two
input images,a sequenceof new onesdescribinga smooth
transitionbetweenthetwo inputs.Equallyimportantis that
at thesametime it preservesall their essentialfeatures. Ex-
ploiting the fact that the imageof an objectdependson its
shapeand on its appearance, a correctmorphingcan be
achieved by deformingthe shapesof the input imagesin
sucha way that their featuresare alignedwhile their ap-
pearancesarekept constant.A morphedimageis obtained
by interpolatingwith the desiredcoef�cients the two de-
formedimages,alsoknown aswarpedor shape-freeimages
[8]. Morphing amongobjectsbelongingto the sameclass
is usedin ComputerVision for implementinganalysis-by-
synthesistechniques,thatusea statisticalmodelof the im-
agesof a certainclassin orderto analyzethem:insteadof
directly building a statisticalmodel from the training im-
ages,oneestimatestheir correspondencewith a reference
imageandthenbuild a linearmodelof thewarpedimages
[15, 3].

3D morphablemodels[5] arebasedonthesameideabut
use3D meshesastrainingdataratherthanimages,thuspre-
sentingtheadvantageof beingindependentfrom poseand
illumination.Thecorrespondenceestimationin thecaseof
3D polyhedralsurfaces[11, 12, 9, 1] consistsin �nding a
mappingbetweenthepointsof theinputmodels.This is of-
tenperformedinteractively by theuser, who selectsa �nite
numberof correspondencesbetweentheverticesof thetwo
surfaces;from thissparseset,thecorrespondencefor theen-
tire surfacesis estimated.The reconstructionof the whole
function can be more or lesssophisticated,rangingfrom
simple linear interpolationto RBF networks [17].The ad-
vantageof suchan approachis that it canbe aspreciseas
onewants,by manuallyde�ning moreandmorecorrespon-
dences;however, whenmorphingbetweenmore than two
models(polymorphs) is required,manualselectionof the
desiredfeaturescanproveimpractical.

In theoriginal paperthecorrespondencesusedin build-
ing the 3D morphablemodelwerelearntvia an automatic
method[5]. By parameterizingin 2D the input 3D exam-
ples,thecorrespondencescouldbeestimatedusinga mod-
i�ed versionof the optical �o w; the samealgorithm had
beenin factalreadyemployedfor building morphablemod-
els of images[14]. In that context, the optical �o w was
wrappedinto aniterative processestimatingat thesameit-
erationboththecorrespondencesandthemorphablemodel.

Thepositiveeffectonthereconstructionof partialdataof
theassumptionof anadditiveGaussiannoiseperturbingthe
completedatahasbeenalreadyclari�ed [6]. On the other
hand,handlingmissingdatais importantnot only in �tting
3D morphablemodelsto novel examples,but in learning
themas well, sinceacquisitionsystemsdo rarely provide
3D surfacedatawithoutholesor othererrors;also,theinput
datacouldpresentboundariesthathavebeenarti�cially set,
leadingto errorsin thecorrespondenceestimation.We ex-
tendthe3D morphablemodelswith theassumptionthatthe
trainingvectorswith whichthey arebuilt derivefrom amul-
tivariateGaussiandistributionwith additiveGaussiannoise.
We show how this assumptionleadsto analgorithmwhich



iteratively estimatesthedatadistributionandthecorrespon-
dence,andthatcomparedto otheriterative algorithmspre-
viously proposed([14, 5, 4]) hasthe big advantageof be-
ing ableto processpartialinformation.Wecall the3D mor-
phablemodelsderived in sucha way regularized, because
of theconnectionwith regularizationmethodsof statistical
learning.

Thepaperis organizedasfollows:
� We �rst describeformally the polymorphs for 3D

triangular meshesand the 3D correspondenceprob-
lem (sec.2); thenwe show how this problemcanbe
rephrasedasan imageregistrationproblem(sec.2.1)
andequippedwith this equivalentformulation,we de-
scribebrie�y a previousmethodusedto solve the3D
problemby makinguseof optical�o w (sec.2.2).

� Assumingthe 3D correspondenceproblemhasbeen
solved,in section3 wesummarizethestatisticalframe-
work usedto modelthe datadistribution. This model
is thenusedto give a de�nition of the regularized3D
morphablemodels.

� In ourframework, the3D correspondencesandthesta-
tistical distribution of the data,as well as the recon-
structionsof missing information, are estimatedto-
getherin an iterative process.This new learningalgo-
rithm is describedin section4.

� In section5 weapplythelearningalgorithmto atrain-
ing setof 2003D modelsof humanfaces,showing the
improvementsbothin termof quality of the3D corre-
spondenceandof theresultingstatisticalmodel.

2. Corr espondenceEstimation

In orderto de�ne thecorrespondenceproblemin 3D, we
limit thediscussionto 3D triangularmeshesandintroducea
formal de�nition of them,by makinguseof

�

-dimensional
simplicial complexes.Sucha complex � , with � vertices,
is a setwhoseelementscanbevertices����� , edges���
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� or
triangles ���
	���	
��� , with the indices �
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����������������� : it de-
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Then,a3Dtriangularmeshwith coloredverticescanberep-
resentedas
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1 Usually(e.g.[10]) J and K arede®nedassetsof L vectorsMON�PRQ7SDPRQ=T
P7U

and MWVXP�QRYZP�Q�[XP7U , but we preferto stackall thesevectorstogetherin
orderto allow usto combinethemlinearly.

The correpondenceproblemariseswhen we have two
meshes,�\A and �^] , with �XA and �_] vertices respec-
tively, and we want to morph betweenthem.To perform
themorph,we needto transformoneof themeshesin such
a way that it usesthesameconnectivity of theothermesh
andat thesametime it approximateswell theoriginal sur-
face:
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is calledwarpedmesh,andwith
it wecanwrite themorphasa parameterizedmesh:
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For the essentailfeaturesof �i+4j�3 to be kept intact while
varying j , not only hasthe warpedmeshto approximates
theoriginal one,but its � -th vertex hasto correspondto the

� -th vertex of � A . We needthereforea correspondencebe-
tweenthe verticesof � A andthesurfacede�ned by � ] ,
sothatwecanbuild �

`

]

accordingly.
In orderto beableto de�ne sucha correspondence,we

needa parameterizationof the 3D mesh,so that we can
identify its points by a vector of coef�cients. A natural
parameterizationis given by barycentriccoordinates;any
point in the triangle ���e	=��	e��� canberepresentedwith three
coef�cients, u

. , u�v and u�w , whichde�ne its position(colour):
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Note that if the point is on an edge,thenonly the coef�-
cientsrelative to theextremesof theedgewill bedifferent
from zero; in casethe point is oneof the verticesthe cor-
respondingcoef�cient will be1. In general,any point of a
3D meshis de�ned in barycentriccoordinateswhich cover
thewholemesh,by meansof avector {n@b+4u�Ad	�������u
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A}@~� andatmostthreecoordinatesdifferentfrom zero.
Denotingby { a point of �

A , andby • a point of �
] ,

bothin barycentriccoordinates,a3D densecorrespondence
is de�ned by a1-1 continuousfunction

•6@h€5+7{Z3

Given the 3D correspondence,and denoting by {
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In fact,thewarpingis nothingelsethana resamplingof the
original mesh �a] , so that the samplingpoints have now
the samenumberand the samepositions(with respectto
thefeatures)asin � A .

The correspondenceproblem consistsin choosingthe
optimal € , sothattheresultingmorph �i+4j�3 is smoothover
the parametersdomainandpreservesall the essentialfea-
tures.Although these3D correspondencescan be de�ned
manually, analternative strategy is to turn the3D problem
into an imageregistrationproblem,for which many auto-
maticalgorithmsexist.

Theschemedescribedabovecanbeextendedto a setof
� meshes� . to obtaina polymorph,by de�ning a com-
mon connectivity � and for eachmesha 3D correspon-
dencebetween� and � . . Then,denotingby �

`
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and '

`

.

theshapeandtexturevectorsof thewarpedmesh �

`

.

, we
canwrite theresultof a polymorphas
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with theconstraints
���

�

. 	
u .

�

� (that is we stayin the
convex hull of the examples).Oneshouldbe aware how-
ever, that within this setting � mustbe limited to a setof
verticesfor whichthecorrespondencescanbede�ned to all
the meshes�^. , otherwisesomeof the vectors �

`

.

and '

`

.

could be incompleteandthe equation(1) would be mean-
ingless.We will seein section3 how themorphablemodel,
makinguseof thestatisticalinformation,allowsto relaxthis
restriction.

2.1. 3D Correspondenceas2D Registration

Two-dimensionalparameterizationsof the3Dmeshesal-
low to representthem as images:then, their featuresare
turnedinto imagefeaturesand automatedimageregistra-
tion algorithmscanbeapplied.

Given a set �\@o�
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which mapseachpoint of � to a point in the planewe
have a 2D parameterizationof themeshde�ned by the in-
verse
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 . Using the 2D parameterizationonecan repre-
sentthe3D meshwith animage ��� ! #
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! #�� (that is, the
imagehas6 channels)de�ned in sucha way that
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which meansthat the positionandcolor of a point of �

is thelinearinterpolationof (at most)threepixelsof � . Ac-
cordingly, all the3D featuresof � areprojectedto features

in theimage,andthe3D correspondencebetweenpointsof
two meshesbecomesa mapping ���‡! #

]��

! #

] , some-
timesknown as�ow �eld . Given � , the3D correspondence

€ from � A to � ] canbefoundas
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The point { is �rst mappedto its 2D projectionin � A by
� 
"!

; from thereit is mappedby � to a correspondingposi-
tion in � ] , andit is �nally back-mappedto apoint in � ] by
theinverse
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The optimal � is, asexplainedin the introduction,not

easyto de�ne formally. In practice,oneminimizesthecost
function #%$
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takingcareof choosinga distancefunction
+

+�-O	.- 3 which is
appropriate(thatis, it yieldssatisfyingresults)for thegiven
problemsetting.

� is derivedby convertingthevertex positionsto cylin-
drical coordinates+0/X	21f	�3B3 :
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and then settinga vertex 2D position to its azimuthand
heightvalues:
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Notethatwith this parameterization,we canreducethedi-
mensionalityof � sincetwo of the threegeometrycoef�-
cients( / and 1 ) arealreadygivenby thepositionin theim-
age:
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As distancemeasurewe usea weighted =}] -norm of the
form
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wherethe weights
H

. compensatefor the dishomogeneity
betweenthedifferentdimensions.

The problemof �nding theoptimal � is what is known
asimageregistration,andit is a fairly standardproblemin
computervision, which however doesnot meanthat it has
beensolved.Theoptical �o w is oneof thealgorithmsused
to tackletheproblem,andamodi�ed versionhasbeenused
in previousworksin orderto automaticallysolve thecorre-
spondenceproblemin 3D [5].

2.2. 3D Correspondencevia Optical Flow

In its traditional form, the optical �o w takes as input
two gray-level images !�A0+-,f	�/ 3 and !�]0+7,f	9/ 3 , assumedto
besnapshotstakenat differenttimesof thesamesequence



! +7,f	9/�	��93 . Theoptical�o w equationis derivedfrom thefun-
damentalassumptionthatobjectsin thesequencemaintain
theirbrightnesses:
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Assumingthat !�A)@ !�+-,X	9/�		��A�3 and !D]G@ !�+-,X	9/�		��A p~�23 ,
andthat in a neighborhood# +-,�
�	9/�
23 of +7,�
 	9/�
23 the vec-
tor �eld � is approximatelyconstant,a local solution for

+-,�
�	9/�
23 of theaboveequationcanbeapproximatedby min-
imizing thecostfunction
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where� ! +7,f	�/†3�@h! ] +7,f	9/ 3�l‡! A +-,X	9/ 3 . Sincetheassumption
of localconstancy of � is in generalnotsatis�ed,it is advis-
ableto useacoarse-to-�nestrategy [2]: two Gaussianpyra-
midsof the imagesarebuilt, andthenthealgorithmis ap-
plied from thecoarsestto the�nest resolution,usingthere-
sult of a coarserresolutionto pre-warp the level currently
processed.The rationaleis that at the coarsestlevel of the
Gaussianpyramidoneexpecttheassumptionof local con-
stancy of the �o w to be approximatelyexact, andat �ner
levels the pre-warping shouldcompensatefor the biggest
variationson the�eld.

In thecaseof theimagerepresentations�2A and �D] of two
3D meshes�\A and �^] , equation(4) is replacedby
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Note that this last equationcanbederivedfrom (2) by ap-
proximating ��] �%� with a �rst orderTaylor expansionand
by rescalingthe valuesof the images �2A and �D] with the
weights

H

. .
Although the optical �o w shouldwork in theory with

theintensitiesof theimages,experienceshows thatit is of-
tenbetterto usetheir gradient,andaccordinglyaLaplacian
pyramidratherthanaGaussianone.Thismodi�cation how-
evermakesthealgorithmmuchmoresensitiveto thebound-
ariesof theobjectsin theimages,whichcansometimelead
to undesirableresults.In fact, in caseof projectionsof 3D
meshes,missingdatawill leadto arti�cial boundarieswhich
will introduceerrors in the estimatedcorrespondence;in
section4 wedescribehow to avoid thisproblem.

3. RegularizedMor phableModels

Equation(1) de�nes a 3D polymorph,restrictedby ne-
cessityto the minimum commondomainof the different
meshesbetweenwhich we morph.We show now how we
canovercomethisrestrictionby exploiting thestatisticalin-
formationof a setof examples,building whatwe call a 3D
morphablemodel.

Assumethatboththegeometryandtexturewarpedvec-
torsof theexamples,� . and ' . , areobtainedfrom a linear-
Gaussiangenerative model.That is, we assumethatall the
shapevectors � (the argumentis similar for texture vec-
tors),oncethey arewarpedto a commonspace,aregener-
atedas
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domvariablesdrawn from aGaussiandistribution:
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andwelook for thematrix � thatminimizesthereconstruc-
tion errorover theexampleset,
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the vector �f.sl��

� . PrincipalComponentsAnalysis (PCA)
�nds the solutionby solving the eigenproblemof the data
covariancematrix
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; withoutdelvinginto details,it can
be shown that by decomposing
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via SingularValueDe-
composition(SVD),
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Althoughthemeancanbestill estimatedvia thesampleav-
erage,PCA estimateof thematrix � is no longeroptimal;
however, aniterativeEM-algorithmcanbeusedto estimate
boththegenerative matrix andthenoise ,

] [13]. It is inter-
estingto note that ,

] is relatedto the effectivedegreesof
freedomof theridgeregression�t
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where
H

]

.

is the varianceof the � -th principal component.
Theaboveequationtellsusthatthegreaterthevalueof ,

] ,
the more constraintwill the model be, sincethe value of

+5F

+ ,

]

3 decreases.
Using the EM-algorithm we can have an estimateof

the full matrix � even if someof the elementsof � are
missing(or unreliable).Notethat in this casetheinference
equation(6) would have to be modi�ed, sincethe vector

� would have fewer dimensions.Denotingby �

`

the ma-
trix obtainedby removing from � the rows corresponding
to themissingdimensionsof � , anddecomposingit bySVD
into �
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In the caseof moredimensionsthanexamples,andas-
sumingwe wantto retainall the +

�

l ��3 principalcompo-
nents,theestimateof ,

] givenby theEM-algorithmwould
be zero, becausethe reconstructionerror would be zero.
However, assumingwehavea testsetof examplesnotused
in building themodelandwhichwedenoteby thematrix

�

,
onecanapplythemaximum-likelihoodestimatorof ,

] , de-
�ned as
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wherethematrix

/

�

holdsthereconstructionsof thetestex-
amples,derived from the inferenceequations(6) - full in-
formation- or (8) - missinginformation.In caseno testset
is available,cross-validationcanstill beused.

Given the generative model of equation(5), we can
rewrite theequation(1) for a polymorphas
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�

p �
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where � and � are( �

l � )-dimensionalvectors.Notethat
thesimplicial complex � in this casehasnot to berestrict
to a commondomainfor whichwe havecorrespondenceto
all the examples,becauseall the elementsof the matrices

�
	 and �

� will bede�ned evenif for someof theexamples
no correspondingpoint was found. The above equationis
thede�nition of a3D morphablemodel.

By following the sameproceduredescribedin sec.2.1,
anddenotingby � thecoef�cients of a rigid transformation,
we canprojectthemorphablemodeldescribedby equation
(10) to an imagerepresentation������� +-,f	�/ 3 . Note that in
this casethe imageresultingfrom the projectiondepends
on the modelcoef�cients � and � andon the rigid trans-
formationde�ned by � . In particular, the2D projections	

.

andthe�rst dimensionof � will dependon � and � , while
theremainingdimensionsof � will dependon the � .

Figure 1. Rather than directl y estimate the
correspondence between the reference (left)
and an example (right), an appr oximation of
the latter is computed (mid dle) and used as
reference in estimating the correspondence
by optical �o w.

4. Learning Algorithm

Algorithm: IterativeLearning

Input : �2�
.��

�I@F�s�����

�

�

Output : �i+E�y	��r3 , ,

]

1 initialize �i+E�y	��X3 to �
w and >

A to � ;
2 while >mv�� @ � �0	������
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� do
3 foreach �

.
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9
� >mv do

4 if ��� @F� estimate+
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� .�3 and
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�D. ;
5 estimate
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�_. ;
6 warp: �a.
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;
end

7 selectsubset>
v��XA��

>
v ;

8 ���
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��� >

v��rA
�� �i+ �s	��X3 ;

9 estimate
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,

] ;
end

We can now reformulatethe registration problem of
equation(2) so that the referencemesh �\A is actually a
3D morphablemodel.Substituting�2A with � + �s	���	��†3 and
usingasmetric the reweighted =5] -norm de�ned by equa-
tion (3), we havefor eachexample�

. :

#

.
+(��	-�s	���	��†3s@

ƒ

)

& *

|

�
.

���6l!� +E�y	��s	��†3

|

] (11)

To minimize theerror de�ned in (11), we take an itera-
tiveapproach,alternatingbetweentheestimationof thepa-
rameters+ �s	���	��†3 andof the �o w � ; the whole algorithm
canbesubdividedin six distinctblocks:

Initialization (step1). We chooseoneof theexamples,say
�

w , andsetthemorphablemodelto it:

�i+E�y	��X3�� �^w;@~+4� w 	e�XwC	
'%wB3



Thechoiceof theinitial reference�\w is highly in�uential
on the�nal result:sinceit providesthecommondomainof
parameterization� , it shouldideally providesall the fea-
turespresentin theothersamples.

ModelFitting (step4). Themorphablemodelis �tted to the
example�^. by maximizingtheposteriorprobability

�

+ �s	���	�� � � . 3��

�

+0� . � �y	���	��C3�� +E�Z3�� + �r3�� + �†3

Assumingfor theparameter� a Gaussiandistribution with
mean

�� andvariances,

]

CD&

.

, let
#

�

+E�y	��s	��†3 @ l

���
	��

� � + �r3�� + �X3�� + �†3��

@

|

�

|

]

p

|

�

|

]

p

ƒ

.

+ � . l �� . 3

]

,

]

CD&

v

be thecostfunctionderivedfrom theprior probabilitiesof
the modelparameters.Then,for eachinput example � . ,
weminimize

#

@ l

�
�
	��

�

+ �s	���	�� � ��.=3

@

�

,

]

C

#

.
+(��	-�s	���	��†3

� �
„ 
mp

#

�

+ �s	���	��†3

by usinga stochasticNewton descent(SND,[7]); notethat
the variance ,

]

C of the residualsis, althoughrelated,dif-
ferentfrom theregularizationterm ,

] , andthat its valueis
empirically chosen.The approximationof �o. is regular-
ized by reconstructingit via equation(6), and we denote
its cylindrical projectionby

/

��. . Note that at the �rst iter-
ation, whenno morphablemodelhasbeenestimated,this
stepis skippedandall the

/

�
. aresetto thecylindrical pro-

jectionof thereference��w .

Optical Flow (step 5). For eachinput example �
. , we

minimize
#

.
+��X3y@

ƒ

)

& *

|

�
.

���6l

/

�
.

|

]

via optical �o w, as describedin sec.(2.2).However, the
squareddistanceis not summedover thewholeimages,but
ratheronly in theregionswhere��. and

/

�D. overlap.Thiscon-
dition is requiredbecauseof thehighsensitivity of theopti-
cal �o w algorithmto theboundaries.If the2D projection�

.

is missingsomepart,it will presentaboundarywhichin the
approximation

/

�
. is placedsomewhereelse(sincethemor-

phablemodelhasthemissingpart); theoptical �o w, trying
to maketheboundariesmatch,will endupwith awronges-
timationof thecorrespondence.

At the �rst iteration,we alsocomputean estimate
/

� of
therigid parametersby compensatingfor the rigid compo-
nentsin the �o w � ; this is not neededat the subsequent
stepssincethe estimategiven by SND is muchmorepre-
cise.

Warping (step 6). Each input example � . is warpedto
�

`

.

asdescribedat the endof section2.1. However, spe-
cial attentionmustbepaidin theimplementationto thefact
thattheestimatedcorrespondenceincorporatesarigid trans-
formation,either as a rigid componentin � or explicitly
throughthe parameter� of � + �s	���	��†3 . In order to model
with �i+E�y	��r3 only the non-rigid deformationsof the ob-
ject class,we have to get rid of theserigid components.In
casesomepart of

/

� . wasnot includedin the minimization
of step(5), thecorrespondingverticesof thewarpedmesh

�

`

.

will bemarkedasbeingmissing.

Subsetselection(step 7). At each iteration, we selecta
trainingsubset>ˆv��XA , with

>mv�� >}v��XA��h� �0	������

�

�

The warpedmeshes�

`

.

with �)� > v��XA will be usedfor
building themodel.Giventhedif�culty in automaticallyas-
sessingthe correctnessof correspondence,this stepis car-
riedoutby a humansupervisor.

The supervisorevaluatesthe correspondenceof an ex-
ampleby checkingits caricatureandanti-face. Caricatures
are3D meshescomputedby addingto theposition(or tex-
turecolour)of eachvertex of theexampleits difference(or
a multiple of it) from a givenreference,tipically the aver-
age.In thecaseof anti-facesthedifferenceis subtractedto
thereference.In termsof morphablemodel,this is equiva-
lent to multiply the(shape)coef�cients � by a factorof ei-
ther2 (caricature)or -1 (anti-face).Correspondenceerrors
show up asvisible artefactsin caricatures(of shapeandof
texturetoo)andanti-faces.

Statistical Analysis (steps 8-9). The warped examples
���

`

.

�
�y� >

v��XA
� areprocessedasdescribedin sec.3, in or-

der to estimatethe matrices � 	 and �
� which de�nes
the morphablemodel (see equation (10)). A new esti-
mateof the noisecovarianceis alsocomputedasin equa-
tion (9); note that during mostof the iterations,the setof
warpedmeshes�

`

.

is partitionedinto a training set >ˆv��XA

usedfor building the model,andthe complementwith re-
gard to the entire set of examples;this latter subsetcan
be usedas test set in estimatingthe noise.A �nal esti-
mateof thenoise,thatis whenall theexamplesareusedfor
training,is obtainedvia 10-foldcross-validation.

5. Results

Figure 2 shows three examplesof wrong correspon-
dencesthat the optical �o w may produce,becauseof the
forced matchingbetweenboundariesarti�cially set. The
threerenderedimageson thetop row areshapecaricatures
of samplesfor which this problemoccurred.On the bot-
tom row the resultsof the learningalgorithm are shown:
asonecansee,the artefactsof the above row have disap-
peared.



Figure 2. Three examples where artefacts given by previous methods (top row) are remo ved (bottom
row). The images are rendered from shape caricatures (see sec. 4) of warped 3D meshes.

Oneshouldbe warned,however, of the intrinsic limita-
tions of statisticalreconstructionwhendealingwith high-
dimensionaldata.In this case,anedge effectcanoccur, by
whichall new datatendsto beat theedgeof thedistribution
of training data,causingthe reconstructionto be in effect
an extrapolation.Whenthis happens,the maximum-likely
reconstructionof thedatacanoften be sub-optimalfor vi-
sualizationtasks,especiallybecauseof the lack of an ex-
ternalconstrainton the continuity of the surface.In �gure
3 we show a 3D model of a faceboundedto a small re-
gion (comparedto thetypical datawe use)andwith holes;
in this casemore thanhalf (53.8%)of the verticesof the
commondomainis missing.As shown in the�gure, thesta-
tisticalreconstructionwouldnot �t well to theoriginaldata,
Thereconstructionof theapproximationobtainedby SND
canbe usedinstead,sinceit minimizesthe distancefrom
the original surface.The remainingdiscontinuitiesare re-
moved by blending.We prefer for this kind of processing
thetermcompletionsinceit is norealstatisticalreconstruc-
tion.

The regularizationterm in the statisticalmodel allows
for acontinuousmodulationof themodelcomplexity, rather
thana discreteonebasedondiscardinga certainnumberof

principalcomponents.Sincethemodelcomplexity controls
thegeneralizationperformance,adaptingthiscomplexity it-
eratively during the learningalgorithm(wherenew exam-
plesareapproximated),insteadof selectinga subsetof the
principalcomponentsat theendof it, shouldresultin abet-
termodel.Thedecreasein themodelcomplexity canbeas-
sessedby comparingthe effective degreesof freedom,as
de�ned in equation7, of a plain morphablemodelandof a
regularizedoneobtainedwith thesamedata(200examples
of 3D facemodels).Estimatingthemodelnoiseby 10-fold
crossvalidation, the effective d.o.f. (in shape)of the reg-
ularizedmodelhasa valueof 16.82,comparedto a value
of 21.10for the non-regularizedone(that is a decreaseof
about20%);thesmallervalueis partiallydueto anincrease
of the noiseestimate(from 628.517a.u. to 685.211a.u.),
andpartially to a greatercompactnessof the(warped)data
distribution.Thelattercontributioncanbeseenby compar-
ing the sumof the variancesalong the principal axes: for
shapedatathevalueof thesumis about17.5%smallerfor
theregularizedmodel.



Figure 3. The missing data of a novel 3D mesh (top-left) can be statisticall y reconstructed (bottom-
left). However, the results are in�uenced by the edge effect described in the text. By blending the ap-
proximation obtained via Stoc hastic Newton Descent (bottom-right) with the original data one can
obtain a better -looking completion (top-right). The bottom-mid image sho ws the appr oximation ob-
tained by SND without regularization.

6. Conclusions

In this paperwe introducedthenew conceptof regular-
ized3D morphablemodels,by addingaregularizationterm
to thestatisticalmodelpreviously used.Theregularization
term allows us to directly handlepartial information dur-
ing statisticalanalysis.Accordingly, we introducea semi-
automaticlearningalgorithmthatestimatesboth3D corre-
spondenceandthemodelconcurrently. Thenon-automatic
partof thealgorithmconsistsin anevaluationof thecorre-
spondenceresultsat thatiteration.

Theevaluationtaskis crucialsinceit avoidsthepropaga-
tion of correspondenceerrorsto themorphablemodel,and
throughit to theapproximationscomputedat thenext iter-
ation.Becauseof this,we decidedto let thetrainingsubset
beselectedby theuserratherthanautomatically. However,
in future we will test the feasibility of detectingautomati-
cally theartefactsshowingupin thecaricatures,andremov-

ing consequentlyany needfor userinteraction.
The resultsthat we presentedshow how the useof the

regularizationterm can improve resultsboth avoiding er-
rors in 3D correspondenceandestimatinga “better” statis-
tical model,in thesensethatwe reducethevariancein the
estimationwithout loosingtoomuchon thebiasside.
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