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Abstract

Elements of theoretical analyses are presented that
enable the localization of a moving monocular cam-
era relative to an object centered coordinate system.
Two reactive motion patlerns are defined and a gen-
eral trajectory model is presented. It is shown how
qualitative characteristics of the changing appearance
of the viewed object relate to the position of the cam-
era, when engaged in either motion pattern.

1 Introduction

The work presented in this paper is motivated by a
desire to use purposive viewpoint control to explore
and measure 3D properties of objects without per-
forming reconstruction. Active use of a possibility to
change viewpoint is rapidly becoming an important
research area, and some work has been done on range
data, e.g., [3, 4, 6].

Other research has been directed towards moving a
standard CCD camera to viewpoints, where the 3D in-
terpretation of image data is especially simplified, e.g.,
[8,7,2]. In the absence of 3D data it is necessary to de-
vise special means of establishing the relative position
between the camera and the viewed object in order to
interpret the image data. Single image aspects of this
problem have been thoroughly investigated in [5, 1],
only a unique solution does not exist without accurate
a priori knowledge about object shape.

In [8] and [7] the position of the camera is guided
by maximizing lengths of image lines, so as to align
the image plane with edges on objects. The present
paper proposes methods for obtaining known position
of a camera relative to a local object centered coordi-
nate system. The presented approach does not require
positional feedback and is based on detecting extrema
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in angles between lines over an image sequence as the
camera is moved. Image line direction is generally a
more stable feature than length.

In section 2 we present some definitions and in sec-
tion 3 we investigate a characteristic relationship be-
tween view point and angle between two image lines.
Section 4 explores the effect of two different camera
motion patterns in terms of resulting trajectories. The
camera motion patterns are based on fixating on an
object point and moving around the object in circles.
Section 5 shows that when embarking on those trajec-
tories, extrema in measured angles can be related to
knowledge about the position of the camera.

The methods presented in this paper have been ap-
plied to the design of a view planning strategy, (a vi-
sual behaviour), aiming at measuring the true 3D an-
gle between edges on polyhedral objects. Please refer
to [2] for details;- the present paper is concerned with
the theoretical aspects of locating the camera.

2 Basic Definitions

Figure 1 shows a two legged junction and a local
coordinate frame defined by the junction. The paper
is concerned with locating the camera relative to this
coordinate frame.

Definition: Junction: A junction is formed by two
lines in 3-D space, L; and L, intersecting at a point
@ r. These two lines span a plane.

Definition: True angle, Q: The interior angle be-
tween the two space lines of a junction is called the
true angle. Q €]0; 7.

Definition: Apparent angle, w: The apparent an-
gle is defined as the interior angle between two image
lines resulting from perspectively projecting two junc-
tion lines onto an image plane. w €]0; 7[.

Definition: Orientation of bisecting line, a: The
virtual image line arising from bisecting the two pro-
jected junction lines will be denoted as the bisecting
line. The angle this line makes with the camera coordi-
nate x-axis defines the orientation. «, (of the bisecting



Figure 1: The Fixated Coordinate System (xyz) is
defined relative to the junctioxl formed by L; and Lj.
A camera coordinate frame, A, B and C determines
the projection of the junction and the apparent angle,
w.

line). « € [0; 27[.

Definition: Fizated Coordinate System, (FCS):
The Fixated Coordinate System is defined as an ortho-
normal frame having origin at the junction point, Q.
The x-axis of the FCS is located in the plane spanned
by L; and L so as to bisect the two lines; the z-axis is
along the normal of the junction plane and the y-axis
is defined by the cross product of the two other base
vectors, (see figure 1).

The projection of a two-legged junction onto an im-
age plane produces two image lines that meet at a
point. Basically, three types of information are present
in such an image: 1) the apparent angle, 2) the ori-
entation of the bisecting line and 3) the lengths of
the two lines. The presented approach is based on
extrema in apparent angle and signs of change in ori-
entation, which are computable from directions only.
Distortions from image processing make it very hard
to robustly determine lengths of image lines.

3 Apparent Angles

To study the appearance of the junction under view
variation we construct a general perspective projection
transformation, Mp_ ¢, mapping points from the FCS
to camera coordinates. Let the general position of the
origin of the camera coordinate frame be given by the
spherical coordinates (d, 6, ¢), (d is the distance from
the focal point to the origin of the FCS). If A, B and &
denote the three base vectors of the camera coordinate
system, we have from the fixation assumption:

C= [ sin(8) cos () sin(f) sin(¢) cos(6) }T (1)
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The first base vector of the camera coordinate system
can be constructed by the normalized vector product
of the z-axis of the FCS,[ 0 0 1 ]7,and C,eq. (2).

B is determined by the vector product of € and A:

A= [ —sin(¢) cos(¢) O ]T (2)
B = [ —cos(¢)cos(d) —sin(¢)cos(d) sin(d) ]T
3)

The general FCS to camera coordinate transform can
be constructed directly from the three vectors A, B
and C, as done in eq. (4), (using f to denote focal
length):

o

A
0 ~d

(=}

c
d
f

Mp_.c (4)

_ 1/f-
I+
Two points, Pr and Rp, on L, and Lo respectively,
can be expressed in homogeneous FCS coordinates as:

(5)
(6)

The apparent angle is the angle between the image
lines that L, and L, project onto. The fixation
constraint provides us with the knowledge, that the
Junction point always projects to image coordinates
[ 0 0 ]. Thus, a vector I; along the image of L; can
be expressed by the the projection of Pr, (obtained
by multiplying Pr by Mp_.c); likewise, the projec-

Pr
RFp

[ cos(2/2)
[ cos(R2/2)

—sin(Q2/2) 0 1]
sin(©2/2) 0 1]

tion of Rp specify a vector I along the image of Lj.
Some manipulation results in the following expressions
for image direction vectors of the projected junction

lines:
. [ —sin(Q/2 + ) ] ()
1 = —cos(f) cos(Q2/2 + ¢)
- sin(Q/2 — &)
o= [ — cos() cos(Q2/2 — ¢) ] ®

Let the angles that l_; and l; make with /I, (the x-
axis of the camera coordinate system), be denoted by
B and [, respectively. The apparent angle, w, is the
difference between the two angles, 8; and ;. Using
the addition formula for tangent:

_ 2 cos(0) sin(2)
"~ (cos?(8) + 1) cos(Q) — sin?(6) cos(24)

tan(w) (9)
Note, that the apparent angle, w, is a function of true
angle and the view point on the unit view sphere only.
Parameters such as focal length and distance to junc-
tion do not influence w. Figure 2 shows the apparent
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Figure 2: A plot of apparent angle over the northern
view semi-sphere. The true angle in this case is 37/4.
Each point on the surface represents a three-tuple <
z,y,w >, where z and y specify a view point in FCS
coordinates according to the sphere equation, and w
1s the apparent angle.

angle as a function of view point over the entire north-
ern hemisphere of the view sphere. It is seen that the
topology is that of a saddle surface; this is the case for
all true angle values.

The principal axes of the saddle surfaces are coinci-
dent with the x and y axes of the FCS. Thus, if cam-
era motion patterns can be designed so that the view
point will pass either principal axis, then extrema in
apparent angle, (zero-crossings in change in apparent
angle), can be related to a passing through the xz-
plane or the yz-plane. The following section presents
two such motion patterns. Also, it turns out that the
sign of the change in orientation can be utilized for
qualitative location in terms of which octant of the
FCS, the camera is in.

4 Reactive Motion

A basic motion pattern has been investigated,
where some direction in the image uniquely determines
the parameters for a circle in space. First this section
briefly looks at the case of a general direction;- later
two specific cases will be addressed, that relate to the
viewed junction.

Definition: Motion along < direction >: Let a
view point be determined by spherical coordinates
(do, B0, o) in the FCS, valid at some instant in time,
to. If an image line passes through the image center,
then a plane in space, II, is spanned by the origin of the
FCS and two points on that image line, transformed
to FCS coordinates. Motion along the direction of the

Figure 3: The two black lines mark the projection of
two intersecting lines onto an image plane. The two
white arrows define unique image directions forming
the basis for reactive camera motion patterns, (along
refers to "along’ the bisecting line; across is perpendic-
ular to that). The arrow heads indicate what will be
denoted as positive speed. negative speed means
motion in the opposite direction.

image line is defined as a circle in IT of diameter d,
centered at the origin of the FCS.

Implementation of such trajectories without known,
absolute motion, follows immediately from performing
fixation. Each time fixation is performed, the image
plane will be tangent to a sphere centered at the fix-
ation point, (Qr). By performing sequences of trans-
lation in the image plane, (in the chosen direction),
followed by fixation, the resulting trajectory will be
a plecewise linear approximation to a planar circle in
space.

If the translation between different frames is not
very small compared to the distance to the object, the
resulting trajectory will not be a true circle, but rather
an elliptic trajectory. Section 3 proved, though, that
the distance to the object does not influence the devel-
opment of the apparent angle. The important fact is,
that the the optical axis intersects the view sphere in
a circle. This section develops a general model of this
intersection, yet it will be referred to as the camera
trajectory.

Let S¢ and T¢ be two points on the image line
defining the direction of motion, where T¢ is the image
of the origin, QF, of the FCS:

Sc=[51 s2 0 1] Te=[0 0 0 1] (10)
When transforming these two points to FCS coordi-
nates and supplementing with QF itself we have three
points in the desired plane, II. The inverse affine map-

ping of Mp_ ¢ transforms camera coordinates to FCS



coordinates:

AT 9
BT 0

Mc_p = FT o (11)
do-CT 0

By multiplying with Mc_.p the points S¢ and T¢
be transformed to their FCS counterparts, Sg and T
respectively. The normal of the sought plane can then
be expressed as:

]\7 TFSF X QFTF
501 cos(@g) cos(fg) — sc2 sin(o)
Se18in(¢o) cos(fy) + sea cos(gg)
—S8c1 sin(ﬁg)

(12)

Eq. (12) is the plane normal corresponding to an
arbitrary image line direction given by s.; and s..
Two specific directions have been investigated in de-
tail, (figure 3): motion along bisector. using the di-
rection of virtual image line which bisects the viewed
junction, and motion across bisector using a direc-
tion perpendicular to the bisecting line. Subsequently,
motion along bisector will be modelled as a vector
function.

To get a point on the bisecting line the images of
the legs of the junction can be used. Egs. (7) and
(8) give coordinates of the direction vectors of those
two image lines. By normalizing to unit length and
performing vector addition we get a vector along the
bisecting line. Inserting the image coordinates of the
point on the bisecting line into eq. (12) yields the
three coordinates of the normal of the plane, (n;, ns
and n3):

cos(0o)sin(2/2) (1/151 = 1/1B])  (13)

— cos(fo) cos(2/2) (1/Ih]+ 1/ILI)  (14)
sin(8o) (sin(Q/2 + 60)/ || + sin(€/2 - 90)/I12))
(15)
By defining two angles from the coordinates of the
normal as ¢ = arctan{ny/n;) and £ = arctan(n,/n3)
respectively, we can take a simple vector function for
a circle in the xy-plane and transform it to have N as
normal vector. The resulting general view point tra-
jectory vector function in FCS coordinates for motion
along bisector becomes:

cos(vt) cos(€) cos(¢) — sin(vt) sin(()
cos(vt) cos(€) sin(¢) + sin(vt) cos(¢) (16)
— cos(vt) sin(&)

Tr =
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Figure 4: Perspective view of trajectories of both mo-
tion along bisector and motion across bisector
given an initial view point in the fourth octant. (where
the trajectories cross). The plot is in FCS coordinates.
L.e., the viewed junction lies in the plane of the unit
circle with legs symmetrically placed on both sides of
the x-axis, (one in octant 1. the other in octant 41

The vector function in eq. (161 is meant for sut-
sequent qualitative ime analysis of change in appar-
ent angle and orientation. The frequency v and time
t just serve as a vehicle for representing the fact tha:
the camera is moving. We have assumed un-calibrated
motion. i.e.. v is unknown and it might even be tim-
varying.

5 View point location

Our main concern is to define robustly detectabi-
features: features that are not influenced by the. pos-
sibly changing, speed of the camera. We will thus
concentrate on event tvpe characteristics. l.e.. sign
changes in the time derivatives.

To analyze the effect of moving the camera aior.z
the previously presented trajectories we first constru::
the time varying frame of the camera coordinate svs-
tem. Again. motion along bisector will be used a-
example. Due to limited space, the derivations ca:.
only be sketched.

We can arbitrarily chose to orient the ordinate ax:s
of the camera base frame along the normalized velocit;
vector of the trajectory:

B(t) = 1/v-6Tr/&t 17
Because of fixation, the third base vector. Cit). is or:-
ented aiong the direction vector of the camera fram-

origin, Tr(t):

Ct) = Tr/ét i~




= y<o0 — <0
0 y = 0

Saft)/6t | ¥ | y>0 Sw(t)/6t | ¥+ | z>0
—+ -+ | rz=0
+ - +-1z>0

Table 1: Localization from events for motion along
bisector, positive speed. Reverse all signs for in-
terpretation during negative speed.

ff(t) may then be found as the vector product, g(t) X
C(t), producing an expression for the abscissa axis,
(this vector is not time dependent, since it is actually
parallel to the normal of the plane).

From these three base vectors we can construct a
time varying FCS to camera coordinate transforma-
tion matrix, Mp_c(t), using eq. (4).

From here on we can repeat the approach taken in
section 3, 1.e, transform the two points Pr and Rp
to image coordinates and use them directly to form
vectors along the projected junction legs.

() (Pp - Mp—c(t))T
Ih(t) (Rr - Mp_c(@)T

If 3;(t) and B»(t) are the time dependent counter-
parts of the image line orientations defined in section
3, we then have for the apparent angle and the orien-
tation of bisecting line respectively:

tan(By(t) — Ba(t))
tan(f(t) + B2(t))

Here we can use the addition formula for tangent
and insert the expresston for tan(8;(t)) and tan(82(t)),
to arrive at formulas describing time functions for the
apparent angle and the orientation. Differentiation of
these functions with respect to the time parameter ¢
has been done, and the signs and zero-crossings have
been analyzed. Tables 1 and 2 present the positional
knowledge attainable from signs and sign transitions
in change in apparent angle and orientation.

It is seen from the tables that 1) any combination
of signs in change on apparent angle and orientation
uniguely determines the octant in which the camera
is, and 2) zero-crossings in change in apparent angle
is an indicator of crossing through the xz-plane or the
yz-plane.

(19)
(20)

Il

tan(w(t))
tan(2a(t))

(21)
(22)

6 Summary

The paper presents two schemes for moving a cam-
era around an object, emphasizing how the position of
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- z>0 - y >0
0 T = 0

Sa(t)/6t + <0 Sw(t)/8t + y <0
-+ -+ | y>0
+- +-— | y=0

Table 2: Localization from events for motion across
bisector, positive speed.

the camera can be related to a local object centered
coordinate system. Robust, event type characteristics,
e.g., extrema in angles between image lines, are shown
to be coincident with moving the camera through well-
defined planes in the local coordinate system.

The results in the present paper have been applied
to the design of a view planning strategy enabling the
determination of angles in polyhedral scenes. This
work can be found in [2].
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