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Abstract

SparsePCA seeksapproximatesparseDeigevectors@vhoseprojections
capturethe maximalvarianceof data. As a cardinality-constrainednd
non-comvex optimizationproblem,it is NP-hardandyetit is encountered
in awide rangeof appliedpeldsfrom bio-informaticsto PnanceRecent
progresshasfocusedmainly on continuousapproximationand corvex
relaxationof the hard cardinalityconstraint.In contrastwe consideran
alternatve discrete spectraformulationbasedon variationaleigervalue
boundsand provide an effective greedy strateyy as well as provably
optimal solutionsusing branch-and-boundearch. Moreover, the exact
methodologyusedrevealsa simple renormalizationstepthat improves
approximatesolutionsobtainedoy anycontinuousnethod.Theresulting
performancegain of discretealgorithmsis demonstratean real-world
benchmarldataandin extensive Monte Carlo evaluationtrials.

1 Intr oduction

PCAIs indispensabl@asa basictool for factoranalysisandmodelingof data. But despite
its power andpopularity onekey drawbackis its lack of sparsenes§.e., factorloadings
arelinearcombinationf all theinputvariables).Yet sparseepresentationaregenerally
desirablesincethey aid humanunderstandinde.g., with geneexpressiondata), reduce
computationatostsandpromotebettergeneralizationn learningalgorithms.ln machine
learning,input sparsenesss closely relatedto featureselectionand automaticrelevance
determinationproblemsof enduringinterestto the learningcommunity

The earliestattemptsat Osparsifying®CA in the statisticsliterature consistedof simple
axis rotationsand componenthresholding/1] with the underlyinggoal beingessentially
that of subsetselection,often basedon the identibcationof principal variables[8]. The
brsttrue computationatechnique called SCoTLASSby Jolliffe & Uddin [6], provided
a properoptimizationframework using Lasso[12] but it proved to be computationally
impractical. Recently Zou et al. [14] proposedan elegant algorithm (SPCA) usingtheir
OElastitNetGrramenork for L 1 -penalizedegressioronregularPCs solvedvery efbciently
using least angle regression(LARS). SubsequentlydOAspremort al. [3] relaxed the
Ohard©ardinality constraintand solved for a corvex approximationusing semi-debnite
programming(SDP). Their OdirectGormulation for sparsePCA (called DSCR\) has
yieldedpromisingresultsthatarecomparabléo (if notbetterthan)Zou etal.@Lasso-based
method,as demonstratedn the standardOPitPropstbenchmarkdatasetknown in the
statisticscommunityfor its lack of sparsenesandsubsequerdifpculty of interpretation.



We pursuedan alternatve approachusinga spectralformulationbasedon the variational
principle of the Courant-FischelOMin-MaxGheoremfor solving maximal eigervalue
problemsin dimensionality-constrainesubspacesBYy its very nature,the discreteview

leadsto a simple post-processingrenormalization)step that improves any approximate
solution (e.g., thosegiven in [6, 14, 3]), and also provides boundson (sub)optimality
More importantly it points the way towards exact and provably optimal solutions
using branch-and-boundearch[9]. Our exact computationalstratgyy parallelsthat of

Ko etal. [7] whosolvedadifferentoptimizationproblem(maximizingentrogy with bounds
on determinants In the experimentswe demonstratehe power of greedyand exact
algorithmsby Prstsolvingfor the optimal sparsdactorsof thereal-world OPitProps@ata,
adefactobenchmarkusedby [6, 14, 3], andthenpresentsummarybndingsfrom a large

comparatie studyusingextensive Monte Carlo evaluationof theleadingalgorithms.

2 SparsePCA Formulation

SparsePCA can be castas a cardinality-constrainedjuadraticprogram (QP): given a
symmetricpositive-debnite(covariance)matrix A ! S, maximizethe quadraticform
x'Ax (variance)with asparsevectorx ! R" having no morethank non-zercelements:

max x'A x (1)
subjectto  x'x =1
card(x) " k

where card(x) denoteghel , norm. This optimizationproblemis non-comwex, NP-hard
andthereforeintractable Assumingwe cansolwe for the optimal vector®, subsequent
sparsefactorscan be obtainedusing recursie defRationof A, asin standardnumerical
routines.The sparsenesis controlledby the value(s)of k (in differentfactors)andcanbe
viewedasa designparameteor asan unknavn quantityitself (knowvn only to the oracle).
Alas, thereare currentlyno guidelinesfor settingk, especiallywith multiple factors(e.g.,
orthogonalityis oftenrelaxed) andunlike ordinary PCA somedecompositionsnay not be
unique! Indeed,oneof the contrikutionsof this paperis in providing a soundtheoretical
basisfor selectingk, thusclarifying the Oart©f crafting sparse® CAfactors.

Note that without the cardinality constraint, the quadratic form in Eq.(1) is a
Rayleigh-Ritz quotient obeying the analytic bounds! min (A) " X'AX/X 'X " ! nax (A)
with correspondinginiqueeigervector solutions. Therefore the optimal objective value
(variance)is simply the maximumeigervalue!  (A) of the principal eigervector® = u,
N Note: throughouthe papertherankof all (! i, u;) is in increasingorderof magnitude,
hence! min = 11 and! nax = !'. With the (nonlinear)cardinality constrainthowever,
the optimal objectve value is strictly lessthan! 1o« (A) for k < n and the principal
eigervectorsarenolongerinstrumentaln the solution. Neverthelessywe will shav thatthe
eigenvaluesof A continueto play akey role in theanalysisanddesignof exactalgorithms.

2.1 Optimality Conditions

First, letusconsidemwhatconditionsmustbetrueif theoraclerevealedtheoptimalsolution
to us: a unit-normvector® with cardinalityk yielding the maximumobjective valuev” .
This would necessarilyimply that ¥'A ¥ = z'Acz wherez! RK containsthe samek
non-zeroelementsn ¥ andAy is thek # k principalsubmatrixof A obtainedby deleting
therows andcolumnscorrespondindo thezeroindicesof ¥ (or equivalently by extracting
the rows and columnsof non-zeroindices). Like %, the k-vectorz will be unit normand
z'Ayz is thenequialentto a standardunconstained Rayleigh-Ritzquotient. Sincethis
subproblengnaximumvariances ! max (Ax), thenthis mustbe the optimal objective v".
We will now summarizehis importantobsenationwith the following proposition.

1 We shouldnotethatthe multi-factorversionof Eq.(1)is ill-posedwithout additionalconstraints
on basisorthogonality cardinality variableredundanyg, ordinalrankandallocationof variance.



Proposition 1. Theoptimalvaluev" of the sparse PCA optimizationproblemin Eq.(1)
is equalto ! max (Ay), Whee A, is thek # k principal submatrixof A with the largest
maximaleigervalue In particular, thenon-zeo element®f theoptimalsparsefactor ¥ are
exactlyequalto theelementof u, , the principal eigervectorof A, .

This underscoreghe inherentcombinatorialnature of sparsePCA and the equivalent
classof cardinality-constraineaptimization problems. However, despiteproviding an
exact formulation and revealing necessarygonditionsfor optimality (andin suchsimple
matrix terms),this propositiondoesnot suggestainefbcientmethodfor actuallyPndingthe
principal submatrixA N shortof anenumeratie exhaustve searchwhich is impractical
for n > 30dueto the exponentlalgrowth of possiblesubmatricesStill, exhaustve search
is a viable methodfor smalln which guaranteesptimality for Oty problems@ndsmall
real-world datasetsthuscalibratingthe quality of approximationgvia the optimality gap).

2.2 Variational Renormalization

Proposition1 immediatelysuggestsa rather simple but (asit turns out) quite effective
computationaDbx@or improving candidatesparseP Cfactorsobtainedby any continuous
algorithm(e.g., thevarioussolutionsfoundin [6, 14, 3]).

Proposition 2. Letx be a unit-normcandidatefactor with cardinality k asfoundby any
(approximation)technique Let z be the non-zeo subvectorf x and ux bethe principal
(maximumyeigervectorof the submatrixA, dePnedy the samenon-zeo indicesof x. If
z$ uk(Ak), thenx is not the optimal solution. Neverthelesspy replacing*@ nonzeo
elementsvith thoseof uy we guaranteean increasen thevariance fromvto! (Ax).

This variational renormalizationsuggestgsomevhat ironically) that given a continuous
(approximate)olution,it is almostcertainlybetterto discad the loadingsandkeeponly

the sparsity patternwith which to solve the smaller unconstained subproblemfor the

indicatedsubmatrixAy. This simpleprocedurgor Obx@sreferredto herein)cannever

decreas¢hevarianceandwill surelyimprove ary continuousalgorithm&performance.

In particular the ratherexpedientbut ad-hoctechniqueof Osimplehresholding@ST) [1]
N i.e, settingn %k of the smallestabsolutevalue loadingsof u, (A) to zeroandthen
normalizingto unit-normN is thereforenot recommendedor sparsePCA. In Section3,
weillustratehow this Ostrav-manGlgorithmcanbeenhancedvith properrenormalization.
Consequentlypastperformancéenchmarksisingthis simpletechniquemayneedrevision
N eg., previousresultson the OPitProps@atase(Section3). Indeed mostof the sparse
PCAfactorspublishedn theliteraturecanbereadilyimproved (almostby inspection)wvith
the properrenormalizationandatthe merecostof a singlek-by-k eigen-decomposition.

2.3 Eigervalue Bounds

Recall that the objective valuev" in Eq.(1) is boundedby the spectralradius! max (A)
(by the Rayleigh-Ritztheorem). Furthermore the spectrumof A principal submatrices
was shavn to play a key role in debningthe optimal solution. Not surprisingly the two
eigervaluespectraarerelatedby aninequalityknown asthelInclusionPrinciple.

Theorem 1 InclusionPrinciple. Let A bea symmetrin # n matrix with spectrum ; (A)
andlet A beanyk # k principal submatrixof A for 1" k " n with eigervalues! ; (Ag).
For eadhintegeri with1" i " k

Fi(A) " Hi(Ak) " lienak(A) 3

Proof. The proof, which we omit, is a ratherstraightforward consequencef imposinga
sparsitypatternof cardinalityk asanadditionalorthogonalityconstraintin the variational
inequalityof the Courant-Fische©DMin-Max@heorem(see[13] for example).



In otherwords,theeigervaluesof asymmetricmatrix form upperandlowerboundsfor the
eigervaluesof all its principal submatricesA specialcaseof Eq.(2)with k = n %1 leads
to thewell-known eigervalueinterlacing propertyof symmetricmatrices:

P1(An) " Ta(Anga) " T2(An) " " Toga(An) " Thga(Ang) " Ta(An)  (3)

Hencethespectraof A, andA,x 1 interleave or interlaceeachother with the eigervalues
of the larger matrix ObracktingQthoseof the smallerone. Note thatfor positive-dePnite
symmetricmatrices(covariances)augmentingA, to A +1 (addinga new variable)will
alwaysexpandthespectrarange:reducing! i, andincreasing max - Thusfor eigervalue
maximization,the inequality constraint card(x) " k in Eq.(1)is atight equalityat the
optimum. Therefore,the maximumyvarianceis achiered at the presetupperlimit k of
cardinality Moreover, the functionv’ (k), the optimal variancefor a given cardinality is
monotonencreasingwith range[" 2., (A),! max (A)], where" 2., is the largestdiagonal
elemen{variance)n A. Hence aconciseandinformative way to quantifythe performance
of analgorithmis to plot its variancecurve ¥(k) andcompareit with the optimalv” (k).

Sincewe seekto maximizevariance,the relevantinclusionboundis obtainedby setting
i = k in Eq.(2),whichyieldslower andupperboundsfor !  (Ax) = ! max (Ak),

Pe(A) " e (Ak) " Pmax (A) (4)

This shaws that the k-th smallesteigervalue of A is a lower boundfor the maximum
variancepossiblewith cardinalityk. Theutility of this lower boundis in doingaway with
the OguessarkO(andthe oracle)in settingk. Hence we cannow seethatthe spectrumof
A which hastraditionallyguidedthe selectiorof eigervectorsfor dimensionalityreduction
(e.g., in classicalPCA), canalsobe consultedn sparsePCA to help pick the cardinality
requiredto capturethe desiredminimum)variance.Thelowerbound!  (A) is alsouseful
for speedingup branch-and-bounsgearchseenext Section).Notethatif ! ¢ (A) is closeto
I max (A) thenpracticallyary principalsubmatrixAy canyield a nearoptimalsolution.

The right-handinequality in Eq.(4) is a bxed (loose) upperbound! max (A) for all k.
But in branch-and-boundearch,ary intermediatesubproblemA,, with k" m" n,
yields a new andtighter bound! ax (Am) for the objective v (k). Therefore,all bound
computationg@reefbcientandrelatively inexpensie (e.g., usingthe powermethod.

The inclusionprinciple alsoleadsto someinterestingconstraintson nestedsubmatrices.
For example, amongall m possible(m %1) # (m %1) principal submatricesof A,
obtainedby deletingthej -th row andcolumn,thereis atleastonesubmatrixAm» 1 = Ayj
whosemaximaleigervalueis a majorfractionof its parent(e.g., seep. 189in [4])

&j . !m#l(A\j) ! m%llm(Am) (5)

Theimplicationof this inequalityfor searchalgorithmsis thatit is simply not possiblefor
the spectralradiusof every submatrixA,; to be arbitrarily small, especiallyfor large m.
Hence with large matrices(or large cardinality)nearlyall thevariancel , (A) is captured.

2.4 Combinatorial Optimization

GivenPropositionsl and2, theinclusionprinciple, theinterlacingpropertyandespecially
the monotonicnature of the variancecurves v(k), a generalclassof (binary) integer
programming(IP) optimizationtechnique$9] seemideally suitedfor sparsé®CA. Indeed,
a greedy techniquelike badckward elimination is already suggestedby the bound in
Eq.(5): startwith thefull index setl = {1,2,...,n} andsequentiallydeletethe variable
j which yields the maximum! max (Ayj) until only k elementsremain. However, for
small cardinalitiesk << n, the computationatostof backward searchcangrow to near



maximum compleity ( O(n*). Henceits counterpartforward selectionis preferred:
startwith the null index setl = {} andsequentiallyaddthe variablej which yieldsthe
maximum! max (A+;) until k elementsare selected. Forward greedysearchhasworst-
casecompleity < O(n®). The bestoverall stratey for this problemwas empirically
foundto be a bi-directionalgreedysearch:run aforward pass(from 1 to n) plusa second
(independentpackward pass(from n to 1) and pick the bettersolutionat eachk. This
provedto be remarkablyeffective underextensve Monte Carlo evaluationandwith real-
world datasetsWe referto this discretealgorithmasgreedysparse®CA or GSPCA.

Despitethe expedieng of nearoptimal greedysearch,it is neverthelessvorthwhile to
invest in optimal solution strateyies, especiallyif the sparsePCA problemis in the
applicationdomain of Pnanceor engineering,where even a small optimality gap can
accruesubstantialossesover time. As with Ko et al. [7], our branch-and-boundelies
on computationallyefocientboundsN in our case the upperboundin Eq.(4),usedon all
active sutproblemsin a (FIFO) queuefor depth-pst search. The lower boundin Eq.(4)
canbeusedto sortthe queuefor amoreefpcientbest-bst searcH9]. This exactalgorithm
(referredto asESPCA)is guaranteedto terminatewith the optimal solution. Naturally,
thesearchime depend®nthe quality (variance)of initial candidatesThesolutionsfound
by dual-pasgreedysearch(GSPCA)were found to be ideal for initializing ESPCA, as
their quality wastypically quite high. Note however, thateven with goodinitializations,
branch-and-boundearchcantake a long time (e.g. 1.5hoursfor n = 40, k = 20). In
practice earlyterminationwith setthresholdsasedn eigervalueboundscanbe used.

In general,a cost-efective strategyy that we canrecommends to prstrun GSPCA(or at
leastthe forward pass)andthen either settlefor its (nearoptimal) varianceor elseuseit

to initialize ESPCATfor Pndingthe optimal solution. A full GSPCArun hasthe added
benebof giving nearoptimalsolutionsfor all cardinalitiesatonce,with run-timesthatare
typically O(10?) fasterthana singleapproximatiorwith a continuousmethod.

3 Experiments

We evaluatedthe performanceof GSPCA (and validatedESPCA)on various synthetic
covariancematriceswith 10 * n " 40 aswell asreal-world datasetérom the UCI ML
repositorywith excellentresults.We presenfew typical examplesin orderto illustratethe
adwantagesandpower of discretealgorithms.In particular we comparedur performance
against 3 continuoustechniques:simple thresholding(ST) [1], SPCA using an OElastic
NetQL ;-regressior{14] andDSPCAusingsemidePnitgrogramming3].

We brstrevisited the OPitProps@atasef5] which hasbecomea standardbenchmarkand
a classicexampleof the difbculty of interpretingfully loadedfactorswith standard®CA.

Thebrst6 ordinaryPCscapture87%of thetotal variance sofollowing themethodologyin

[3], we comparedheexplanatorypower of our exactmethod(ESPCA)using6 spaisePCs.
Tablel shavsthebrst3 PCsandtheirloadings.SPCAcaptures5.8%of thevariancewith

a cardinality patternof 744111(the k@ for the 6 PCs)thustotaling 18 non-zeroloadings
[14] wherea®DSPCAcaptures’7.3%with a sparsecardinalitypattern623111totaling 14

non-zerdoadings3]. We aimedfor anevensparseb22111pattern(with only 12non-zero
loadings)yet capturechearlythe samevariance:75.9%N i.e., morethanSPCAwith 18

loadingsandslightly lessthanDSPCAwith 14 loadings.

Usingtheevaluationprotocolin [3], we comparedhe cumulatve varianceandcumulatize
cardinalitywith the publishedresultsof SPCAandDSPCAIn Figurel. Our goalwasto
matchthe explainedvariancebut do sowith asparserepresentationThe ESPCAloadings
in Table1 are optimal underthe debnitiongivenin Section2. The run-time of ESPCA,
includinginitialization with abi-directionalpassof GSPCA wasnggligible for this dataset
(n = 13). Computingeachfactortook lessthan50 msecin Matlab7.0ona3GHzP4.



X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11 X12 X13

SPCA : PC1 -477 -476 0 0 177 0 -.250 -.344 -.416 -.400 - 0 0
PC2 0 0 .785 .620 0 0 0 -.021 0 0 0 013 0

PC3 0 0 0 0 .640 .589 492 0 0 0 0 0 -.015
DSPCA:PC1 | -560 -.583 0 0 0 0 -263 -099 -371 -362 0 0 0
PC2 0 0 .707 .707 0 0 0 0 0 0 0 0 0

PC3 0 0 0 0 0 -.793 -.610 0 0 0 0 0 .012
ESPCA:PC1 | -480 -491 0 0 0 0 -.405 0 -423 -431 0 0 0
PC2 0 0 .707 707 0 0 0 0 0 0 0 0 0

PC3 0 0 0 0 0 -814 -581 0 0 0 0 0 0

Table 1: Loadingsfor brst3 sparsePCsof the Pit Propsdata. SeeFigure 1(a) for plots of the
correspondingumulatize variancesOriginal SPCAandDSPCAloadingstakenfrom [14, 3].

SPCA SPCA
00| —6—Dspca —&— DSPCA
—O—ESPCA 16| —©—ESPCA

Cumulative Variance
Cumulative Cardinality

3 4 3 4
# of PCs # of PCs

(@) (b)
Figure 1: Pit Props:(a) cumulative varianceand (b) cumulative cardinalityfor Prst6 sparsePCs.
Sparsitypatternsg(cardinalityk; for PG, withi = 1,2,...,6) are744111for SPCA(magentd ),
623111for DSPCA(green! ) andanoptimal522111for ESPCA(red"). Thefactorloadingsfor the
brst3 sparséPCsareshavn in Tablel. Original SPCAandDSPCAresultstakenfrom [14, 3].

To specibcallydemonstratehe benepbtof the variationalrenormalizatiorof Section2.2,
considelISPCAS brstsparsdactorin Tablel (thelstrow of SPCAblock) foundby iterative
(L 1-penalized)optimization and unit-norm scaling. It captures28% of the total data
varianceput afterthevariationalrenormalizatiorthevariancancreasedo 29%. Similarily,

the brstsparseactorof DSPCAIn Tablel (1strow of DSPCAblock) capture26.6%of

the total variance whereasafter variationalrenormalizatiorit captures29% N a gain of

2.4%for the mereadditionalcostof a 7-by-7 eigen-decompositiorGiventhatvariational
renormalizatiomesultsin themaximumvariancepossiblefor theindicatedsparsitypattern,
omitting such a simple post-processingtepis counterproductve, since otherwisethe
approximationsvould be, in a sensedoubly sub-optimal:both globally and OlocallyGn

thesubspacésubset)f the sparsitypatternfound.

We now give a representatie summaryof our extensve Monte Carlo (MC) evaluation
of GSPCAandthe 3 continuousalgorithms. To shav the mosttypical or average-case
performancewe presentesultswith randomcovariancematricesrom syntheticstochastic
Brownianprocessesf variousdegreesof smoothnessangingfrom sub-Gaussiato super
Gaussian.Every MC run consistedof 50,000covariancematricesand the (normalized)
variancecurvesw(k). For eachmatrix, ESPCAwasusedto Pndthe optimal solutionas
OgroundruthGfor subsequentalibration,analysisandperformancevaluation.

For SPCAwe usedthe LARS-basedElastitNetGSPCAMatlabtoolboxof Sjestrand10]
whichis equivalentto Zou et al.@ SPCAsourcecode,which is alsofreely availablein R.
For DSPCAwe usedthe authors@wn Matlabsourcecode[2] which usesthe SDPtoolbox
SeDuMil.0x[11]. The main DSPCA routine PrimalDe€A, k) was called with k %1
insteadof k, for all k > 2, by therecommendedalibration(seedocumentatioiin [3, 2]).

In our MC evaluations,all continuousmethods(ST, SPCAand DSPCA) hadvariational
renormalizatiorpost-processinfappliedto their Odeclaredéalution). Notethatcomparing
GSPCAwith the raw outputof thesealgorithmswould be ratherpointless sincewithout
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Figure 2: (a) Typical variancecurve v(k) for a continuousalgorithm without post-processing

(original: dashgreen)andwith variationalrenormalization(+ Fix: solid green). Optimal variance

(black™) by ESPCA.At k = 4 optimality ratio increasesrom 0.65to 0.86(a21%gain). (b) Monte

Carlostudy: log-likelihoodof optimality ratio at max-compleity (k = 8, n = 16) for ST (blue! ),

DSPCA(green! ), SPCA(magentd ) andGSPCA(red"). ContinuousmethodsvereObrdCn (b).
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Figure 3: Monte Carlo summarystatistics: (a) meansof the distributions of optimality ratio (in
Figure2(b))for all k and(b) estimategrobabilityof Pndingtheoptimalsolutionfor eachcardinality
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the Obx@heir variancecurvesaremarkedly diminished asin Figure2(a).

Figure 2(b) shawvs the histogramof the optimality ratio N i.e., ratio of the capturedto
optimal varianceN shaowvn here at Ohalf-sparsity(k = 8, n = 16) from a typical MC
run of 50,000different covariancesmatrices. In orderto view the (one-sided)tails of
the distributions we have plottedthe log of the histogramvalues. Figure 3(a) shavs the
correspondingneanvaluesof the optimality ratio for all k. Amongcontinuousalgorithms,
the SDP-base®SPCAwasgenerallymoreeffective (almostcomparabléo GSPCA).For
thesmallermatrices(n < 10), LARS-basedSPCAmatchedDSPCAfor all k. In termsof
compleity andspeechowever, SPCAwasabout40timesfasterthanDSPCA.But GSPCA
was 30 times fasterthan SPCA. Finally, we note that even simple thresholding(ST),
onceenhanceavith the variationalrenormalizationperformsquite adequatelydespiteits
simplicity, asit capturesatleast92% of the optimalvariance asseenin Figure3(a).

Figure 3(b) shawvs an alternatve but more revealing performancesummary:the fraction
of the (50,000) trials in which the optimal solution was actually found (essentially
the likelihood of OsuccessOThis all-or-nothing performancemeasureelicits important
differencedetweerthe algorithms.In practicalterms,only GSPCAIs capableof Pnding
theoptimalfactormorethan90%of thetime (vs.70%for DSPCA).Naturally, withoutthe
variationalObx@ot shavn) continuousalgorithmsrarely ever foundthe optimalsolution.



4 Discussion

The contributionsof this papercanbe summarizeds: (1) anexactvariationalformulation
of sparsePCA, (2) requisiteeigervaluebounds,(3) a principledchoiceof k, (4) asimple
renormalizationOPx@or any continuousmethod, (5) fast and effective greedy search
(GSPCA) and (6) a less efbcient but optimal method (ESPCA). Surprisingly simple
thresholdingof the principal eigervector(ST) wasshavn to berathereffective, especially
given the perceved Ostrav-manCt was consideredo be. Naturally, its performancemll
vary with the effective rank (or Oeigen-gpO)of the covariancematrix. In fact, it is not
hardto shaw thatif A is exactly rank-1,thenST is indeedan optimal strateyy for all k.
However, beyondsuchspecialtasesgcontinuousnethodsannotultimatelybecompetitive
with discretealgorithmswithout the variationalrenormalizatiorObx@n Section2.2.

We should note that the somavhat remarkableeffectivenessof GSPCAIs not entirely
unexpectedandis supportecby empirical obsenationsin the combinatorialoptimization
literature: that greedysearchwith (sub)modularcostfunctionshaving the monotonicity
property(e.g., thevariancecurvesw(k)) is known to producegoodresults[9]. In termsof
quality of solutions,GSPCAconsistentlyout-performedcontinuousalgorithms,with run-
timesthatweretypically O(10?) fastethanLARS-basedSPCAandroughlyO(10°) faster
thanSDP-base®SPCA(Matlab CPUtimesaveragedver all k).

Neverthelesswe view discretealgorithmsas complementarytools, especiallysincethe
leading continuousalgorithmshave distinct advantages. For example, with very high-
dimensionabatasetge.g., n = 10,000), Zou etal.@ LARS-basednethodis currentlythe
only viableoption,sinceit doesnotrely on computingor storinga huge covariancematrix.
Although dOAspremgmt al. mentionthe possibility of solving OlagerOsystemsmuch
faster(usingNestere@ 1st-ordemmethod[3]), this would requirea full matrixin memory
(sameas discretealgorithms). Still, their SDP formulation has an elegant robustness
interpretatiorandcanalsobe appliedto non-squae matrices(i.e., for asparsesVD).
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