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Abstract
SparsePCAseeksapproximatesparseÒeigenvectorsÓwhoseprojections
capturethemaximalvarianceof data. As a cardinality-constrainedand
non-convex optimizationproblem,it is NP-hardandyet it is encountered
in awiderangeof appliedÞelds,from bio-informaticsto Þnance.Recent
progresshasfocusedmainly on continuousapproximationandconvex
relaxationof thehardcardinalityconstraint.In contrast,we consideran
alternative discretespectralformulationbasedon variationaleigenvalue
boundsand provide an effective greedystrategy as well as provably
optimal solutionsusingbranch-and-boundsearch.Moreover, the exact
methodologyusedrevealsa simple renormalizationstepthat improves
approximatesolutionsobtainedby anycontinuousmethod.Theresulting
performancegain of discretealgorithmsis demonstratedon real-world
benchmarkdataandin extensive MonteCarloevaluationtrials.

1 Intr oduction
PCA is indispensableasa basictool for factoranalysisandmodelingof data.But despite
its power andpopularity, onekey drawbackis its lack of sparseness(i.e., factorloadings
arelinearcombinationsof all theinput variables).Yet sparserepresentationsaregenerally
desirablesincethey aid humanunderstanding(e.g., with geneexpressiondata), reduce
computationalcostsandpromotebettergeneralizationin learningalgorithms.In machine
learning,input sparsenessis closely relatedto featureselectionandautomaticrelevance
determination,problemsof enduringinterestto thelearningcommunity.

The earliestattemptsat ÓsparsifyingÓPCA in the statisticsliteratureconsistedof simple
axis rotationsandcomponentthresholding[1] with the underlyinggoal beingessentially
that of subsetselection,often basedon the identiÞcationof principal variables[8]. The
Þrst true computationaltechnique,calledSCoTLASSby Jolliffe & Uddin [6], provided
a properoptimizationframework using Lasso[12] but it proved to be computationally
impractical. Recently, Zou et al. [14] proposedan elegant algorithm(SPCA)usingtheir
ÒElasticNetÓframework for L 1-penalizedregressiononregularPCs,solvedveryefÞciently
using least angle regression(LARS). Subsequently, dÕAspremontet al. [3] relaxed the
ÒhardÓcardinality constraintand solved for a convex approximationusing semi-deÞnite
programming(SDP). Their ÒdirectÓformulation for sparsePCA (called DSCPA) has
yieldedpromisingresultsthatarecomparableto (if notbetterthan)Zouetal.ÕsLasso-based
method,as demonstratedon the standardÒPitPropsÓbenchmarkdataset,known in the
statisticscommunityfor its lackof sparsenessandsubsequentdifÞcultyof interpretation.



We pursuedanalternative approachusinga spectralformulationbasedon thevariational
principle of the Courant-FischerÒMin-MaxÓtheoremfor solving maximal eigenvalue
problemsin dimensionality-constrainedsubspaces.By its very nature,the discreteview
leadsto a simple post-processing(renormalization)stepthat improves any approximate
solution (e.g., thosegiven in [6, 14, 3]), and also provides boundson (sub)optimality.
More importantly, it points the way towards exact and provably optimal solutions
using branch-and-boundsearch[9]. Our exact computationalstrategy parallelsthat of
Ko etal. [7] whosolvedadifferentoptimizationproblem(maximizingentropy with bounds
on determinants). In the experimentswe demonstratethe power of greedyand exact
algorithmsby Þrstsolvingfor theoptimalsparsefactorsof thereal-world ÒPitPropsÓdata,
a de factobenchmarkusedby [6, 14, 3], andthenpresentsummaryÞndingsfrom a large
comparative studyusingextensive MonteCarloevaluationof theleadingalgorithms.

2 SparsePCA Formulation

SparsePCA can be cast as a cardinality-constrainedquadraticprogram(QP): given a
symmetricpositive-deÞnite(covariance)matrix A ! Sn

+ , maximizethe quadraticform
x!Ax (variance)with asparsevectorx ! R n having nomorethank non-zeroelements:

max x!A x (1)
subject to x!x = 1

card(x) " k

where card(x) denotestheL 0 norm. This optimizationproblemis non-convex, NP-hard
and thereforeintractable. Assumingwe cansolve for the optimal vector öx, subsequent
sparsefactorscan be obtainedusing recursive deßationof A, as in standardnumerical
routines.Thesparsenessis controlledby thevalue(s)of k (in differentfactors)andcanbe
viewedasa designparameteror asanunknown quantityitself (known only to theoracle).
Alas, therearecurrentlyno guidelinesfor settingk, especiallywith multiple factors(e.g.,
orthogonalityis oftenrelaxed)andunlike ordinaryPCA somedecompositionsmaynot be
unique.1 Indeed,oneof thecontributionsof this paperis in providing a soundtheoretical
basisfor selectingk, thusclarifying theÒartÓof craftingsparsePCAfactors.

Note that without the cardinality constraint, the quadratic form in Eq.(1) is a
Rayleigh-Ritzquotient obeying the analytic bounds! min (A) " x!Ax/x !x " ! max (A)
with correspondinguniqueeigenvectorsolutions. Therefore,the optimal objective value
(variance)is simply themaximumeigenvalue! n (A) of theprincipaleigenvectoröx = un
Ñ Note: throughoutthepapertherankof all (! i , ui ) is in increasingorderof magnitude,
hence! min = ! 1 and ! max = ! n . With the (nonlinear)cardinality constrainthowever,
the optimal objective value is strictly less than ! max (A) for k < n and the principal
eigenvectorsarenolongerinstrumentalin thesolution.Nevertheless,wewill show thatthe
eigenvaluesof A continueto playakey role in theanalysisanddesignof exactalgorithms.

2.1 Optimality Conditions

First, let usconsiderwhatconditionsmustbetrueif theoraclerevealedtheoptimalsolution
to us: a unit-normvector öx with cardinalityk yielding the maximumobjective valuev" .
This would necessarilyimply that öx!A öx = z!Ak z wherez ! R k containsthe samek
non-zeroelementsin öx andAk is thek # k principalsubmatrixof A obtainedby deleting
therowsandcolumnscorrespondingto thezeroindicesof öx (or equivalently, by extracting
the rows andcolumnsof non-zeroindices). Like öx, thek-vectorz will beunit norm and
z!Ak z is thenequivalent to a standardunconstrainedRayleigh-Ritzquotient. Sincethis
subproblemÕs maximumvarianceis ! max (Ak ), thenthis mustbetheoptimalobjective v" .
Wewill now summarizethis importantobservationwith thefollowing proposition.

1 Weshouldnotethatthemulti-factorversionof Eq.(1)is ill-posedwithoutadditionalconstraints
onbasisorthogonality, cardinality, variableredundancy, ordinalrankandallocationof variance.



Proposition 1. Theoptimal valuev" of the sparsePCA optimizationproblemin Eq.(1)
is equal to ! max (A"

k ), where A"
k is the k # k principal submatrixof A with the largest

maximaleigenvalue. In particular, thenon-zero elementsof theoptimalsparsefactor öx are
exactlyequalto theelementsof u"

k , theprincipal eigenvectorof A"
k .

This underscoresthe inherentcombinatorialnatureof sparsePCA and the equivalent
classof cardinality-constrainedoptimizationproblems. However, despiteproviding an
exact formulationandrevealingnecessaryconditionsfor optimality (and in suchsimple
matrix terms),thispropositiondoesnotsuggestanefÞcientmethodfor actuallyÞndingthe
principalsubmatrixA"

k Ñ shortof anenumerative exhaustive search,which is impractical
for n > 30 dueto theexponentialgrowth of possiblesubmatrices.Still, exhaustive search
is a viablemethodfor smalln which guaranteesoptimality for Òtoy problemsÓandsmall
real-world datasets,thuscalibratingthequalityof approximations(via theoptimalitygap).

2.2 Variational Renormalization

Proposition1 immediatelysuggestsa rathersimple but (as it turns out) quite effective
computationalÒÞxÓfor improvingcandidatesparsePCfactorsobtainedby anycontinuous
algorithm(e.g., thevarioussolutionsfoundin [6, 14, 3]).

Proposition 2. Let ÷x bea unit-normcandidatefactor with cardinality k as foundby any
(approximation)technique. Let ÷z be thenon-zero subvectorof ÷x anduk be theprincipal
(maximum)eigenvectorof thesubmatrixAk deÞnedby thesamenon-zero indicesof ÷x. If
÷z $= uk (Ak ), then ÷x is not the optimal solution. Nevertheless,by replacing÷xÕs nonzero
elementswith thoseof uk weguaranteean increasein thevariance, from÷v to ! k (Ak ).

This variationalrenormalizationsuggests(somewhat ironically) that given a continuous
(approximate)solution,it is almostcertainlybetterto discard the loadingsandkeeponly
the sparsitypatternwith which to solve the smallerunconstrained subproblemfor the
indicatedsubmatrixAk . This simpleprocedure(or ÒÞxÓasreferredto herein)cannever
decreasethevarianceandwill surelyimprove any continuousalgorithmÕs performance.

In particular, theratherexpedientbut ad-hoctechniqueof ÒsimplethresholdingÓ(ST) [1]
Ñ i.e., settingn %k of the smallestabsolutevalue loadingsof un (A) to zeroand then
normalizingto unit-normÑ is thereforenot recommendedfor sparsePCA. In Section3,
weillustratehow thisÒstraw-manÓalgorithmcanbeenhancedwith properrenormalization.
Consequently, pastperformancebenchmarksusingthissimpletechniquemayneedrevision
Ñ e.g., previousresultson theÒPitPropsÓdataset(Section3). Indeed,mostof thesparse
PCAfactorspublishedin theliteraturecanbereadilyimproved(almostby inspection)with
theproperrenormalization,andat themerecostof asinglek-by-k eigen-decomposition.

2.3 EigenvalueBounds

Recall that the objective value v" in Eq.(1) is boundedby the spectralradius! max (A)
(by the Rayleigh-Ritztheorem).Furthermore,the spectrumof AÕs principal submatrices
wasshown to play a key role in deÞningthe optimal solution. Not surprisingly, the two
eigenvaluespectraarerelatedby aninequalityknown astheInclusionPrinciple.

Theorem 1 InclusionPrinciple. Let A bea symmetricn # n matrix with spectrum! i (A)
andlet Ak beanyk # k principal submatrixof A for 1 " k " n with eigenvalues! i (Ak ).
For each integer i with 1 " i " k

! i (A) " ! i (Ak ) " ! i + n # k (A) (2)

Proof. The proof, which we omit, is a ratherstraightforward consequenceof imposinga
sparsitypatternof cardinalityk asanadditionalorthogonalityconstraintin thevariational
inequalityof theCourant-FischerÒMin-MaxÓtheorem(see[13] for example).



In otherwords,theeigenvaluesof asymmetricmatrix form upperandlowerboundsfor the
eigenvaluesof all its principalsubmatrices.A specialcaseof Eq.(2)with k = n %1 leads
to thewell-known eigenvalueinterlacingpropertyof symmetricmatrices:

! 1(An ) " ! 1(An # 1) " ! 2(An ) " . . . " ! n # 1(An ) " ! n # 1(An # 1) " ! n (An ) (3)

Hence,thespectraof An andAn # 1 interleaveor interlaceeachother, with theeigenvalues
of the larger matrix ÒbracketingÓthoseof the smallerone. Note that for positive-deÞnite
symmetricmatrices(covariances),augmentingAm to Am +1 (addinga new variable)will
alwaysexpandthespectralrange:reducing! min andincreasing! max . Thusfor eigenvalue
maximization,the inequalityconstraint card(x) " k in Eq.(1) is a tight equalityat the
optimum. Therefore,the maximumvarianceis achieved at the presetupper limit k of
cardinality. Moreover, the functionv" (k), theoptimal variancefor a givencardinality, is
monotoneincreasingwith range[" 2

max (A), ! max (A)], where" 2
max is the largestdiagonal

element(variance)in A. Hence,aconciseandinformativewayto quantifytheperformance
of analgorithmis to plot its variancecurve ÷v(k) andcompareit with theoptimalv" (k).

Sincewe seekto maximizevariance,the relevant inclusionboundis obtainedby setting
i = k in Eq.(2),whichyieldslowerandupperboundsfor ! k (Ak ) = ! max (Ak ),

! k (A) " ! max (Ak ) " ! max (A) (4)

This shows that the k-th smallesteigenvalue of A is a lower boundfor the maximum
variancepossiblewith cardinalityk. Theutility of this lower boundis in doingaway with
theÒguessworkÓ(andtheoracle)in settingk. Hence,we cannow seethatthespectrumof
A whichhastraditionallyguidedtheselectionof eigenvectorsfor dimensionalityreduction
(e.g., in classicalPCA), canalsobe consultedin sparsePCA to help pick the cardinality
requiredto capturethedesired(minimum)variance.Thelowerbound! k (A) is alsouseful
for speedingupbranch-and-boundsearch(seenext Section).Notethatif ! k (A) is closeto
! max (A) thenpracticallyany principalsubmatrixAk canyield anear-optimalsolution.

The right-handinequality in Eq.(4) is a Þxed (loose)upperbound ! max (A) for all k.
But in branch-and-boundsearch,any intermediatesubproblemAm , with k " m " n,
yields a new andtighter bound! max (Am ) for the objective v" (k). Therefore,all bound
computationsareefÞcientandrelatively inexpensive (e.g., usingthepowermethod).

The inclusionprinciple also leadsto someinterestingconstraintson nestedsubmatrices.
For example, amongall m possible(m %1) # (m %1) principal submatricesof Am
obtainedby deletingthej -th row andcolumn,thereis at leastonesubmatrixAm # 1 = A\ j
whosemaximaleigenvalueis amajorfractionof its parent(e.g., seep. 189in [4])

& j : ! m # 1(A\ j ) '
m %1

m
! m (Am ) (5)

Theimplicationof this inequalityfor searchalgorithmsis thatit is simply not possiblefor
the spectralradiusof every submatrixA\ j to be arbitrarily small, especiallyfor large m.
Hence,with largematrices(or largecardinality)nearlyall thevariance! n (A) is captured.

2.4 Combinatorial Optimization

GivenPropositions1 and2, theinclusionprinciple,theinterlacingpropertyandespecially
the monotonicnatureof the variancecurves v(k), a generalclassof (binary) integer
programming(IP) optimizationtechniques[9] seemideallysuitedfor sparsePCA.Indeed,
a greedy techniquelike backward elimination is already suggestedby the bound in
Eq.(5): startwith the full index setI = { 1, 2, . . . , n} andsequentiallydeletethevariable
j which yields the maximum! max (A\ j ) until only k elementsremain. However, for
small cardinalitiesk << n, the computationalcostof backward searchcangrow to near



maximumcomplexity ( O(n4). Henceits counterpartforward selectionis preferred:
startwith the null index setI = {} andsequentiallyaddthe variablej which yields the
maximum! max (A+ j ) until k elementsare selected.Forward greedysearchhasworst-
casecomplexity < O(n3). The bestoverall strategy for this problemwas empirically
foundto bea bi-directionalgreedysearch:run a forwardpass(from 1 to n) plusa second
(independent)backward pass(from n to 1) andpick the bettersolutionat eachk. This
proved to be remarkablyeffective underextensive MonteCarlo evaluationandwith real-
world datasets.Wereferto thisdiscretealgorithmasgreedysparsePCAor GSPCA.

Despitethe expediency of near-optimal greedysearch,it is neverthelessworthwhile to
invest in optimal solution strategies, especially if the sparsePCA problem is in the
applicationdomain of Þnanceor engineering,where even a small optimality gap can
accruesubstantiallossesover time. As with Ko et al. [7], our branch-and-boundrelies
on computationallyefÞcientboundsÑ in our case,theupperboundin Eq.(4),usedon all
active subproblemsin a (FIFO) queuefor depth-Þrst search.The lower boundin Eq.(4)
canbeusedto sortthequeuefor amoreefÞcientbest-Þrst search[9]. Thisexactalgorithm
(referredto asESPCA)is guaranteedto terminatewith the optimal solution. Naturally,
thesearchtimedependsonthequality (variance)of initial candidates.Thesolutionsfound
by dual-passgreedysearch(GSPCA)were found to be ideal for initializing ESPCA,as
their quality wastypically quite high. Note however, that even with goodinitializations,
branch-and-boundsearchcantake a long time (e.g. 1.5 hoursfor n = 40, k = 20). In
practice,earlyterminationwith setthresholdsbasedoneigenvalueboundscanbeused.

In general,a cost-effective strategy that we canrecommendis to Þrst run GSPCA(or at
leastthe forward pass)andtheneithersettlefor its (near-optimal) varianceor elseuseit
to initialize ESPCAfor Þndingthe optimal solution. A full GSPCArun hasthe added
beneÞtof giving near-optimalsolutionsfor all cardinalitiesatonce,with run-timesthatare
typically O(102) fasterthanasingleapproximationwith acontinuousmethod.

3 Experiments

We evaluatedthe performanceof GSPCA(and validatedESPCA)on varioussynthetic
covariancematriceswith 10 " n " 40 aswell asreal-world datasetsfrom theUCI ML
repositorywith excellentresults.Wepresentfew typicalexamplesin orderto illustratethe
advantagesandpower of discretealgorithms.In particular, we comparedour performance
against3 continuoustechniques:simple thresholding(ST) [1], SPCAusingan ÒElastic
NetÓL 1-regression[14] andDSPCAusingsemideÞniteprogramming[3].

We ÞrstrevisitedtheÒPitPropsÓdataset[5] which hasbecomea standardbenchmarkand
a classicexampleof thedifÞcultyof interpretingfully loadedfactorswith standardPCA.
TheÞrst6 ordinaryPCscapture87%of thetotalvariance,sofollowing themethodologyin
[3], wecomparedtheexplanatorypowerof ourexactmethod(ESPCA)using6 sparsePCs.
Table1 showstheÞrst3 PCsandtheir loadings.SPCAcaptures75.8%of thevariancewith
a cardinalitypatternof 744111(thekÕs for the6 PCs)thustotaling18 non-zeroloadings
[14] whereasDSPCAcaptures77.3%with asparsercardinalitypattern623111totaling14
non-zeroloadings[3]. Weaimedfor anevensparser522111pattern(with only 12non-zero
loadings)yet capturednearlythesamevariance:75.9%Ñ i.e., morethanSPCAwith 18
loadingsandslightly lessthanDSPCAwith 14 loadings.

Usingtheevaluationprotocolin [3], wecomparedthecumulativevarianceandcumulative
cardinalitywith thepublishedresultsof SPCAandDSPCAin Figure1. Our goalwasto
matchtheexplainedvariancebut dosowith asparserrepresentation.TheESPCAloadings
in Table1 areoptimal underthe deÞnitiongiven in Section2. The run-timeof ESPCA,
includinginitializationwith abi-directionalpassof GSPCA,wasnegligible for thisdataset
(n = 13). Computingeachfactortook lessthan50msecin Matlab7.0ona3GHzP4.



x 1 x 2 x 3 x 4 x 5 x 6 x 7 x 8 x 9 x 10 x 11 x 12 x 13
SPCA : PC1 -.477 -.476 0 0 .177 0 -.250 -.344 -.416 -.400 - 0 0

PC2 0 0 .785 .620 0 0 0 -.021 0 0 0 .013 0
PC3 0 0 0 0 .640 .589 .492 0 0 0 0 0 -.015

DSPCA: PC1 -.560 -.583 0 0 0 0 -.263 -.099 -.371 -.362 0 0 0
PC2 0 0 .707 .707 0 0 0 0 0 0 0 0 0
PC3 0 0 0 0 0 -.793 -.610 0 0 0 0 0 .012

ESPCA: PC1 -.480 -.491 0 0 0 0 -.405 0 -.423 -.431 0 0 0
PC2 0 0 .707 .707 0 0 0 0 0 0 0 0 0
PC3 0 0 0 0 0 -.814 -.581 0 0 0 0 0 0

Table 1: Loadingsfor Þrst 3 sparsePCsof the Pit Propsdata. SeeFigure 1(a) for plots of the
correspondingcumulativevariances.Original SPCAandDSPCAloadingstakenfrom [14, 3].

1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

C
um

ul
at

iv
e 

V
ar

ia
nc

e

#  of  PCs

SPCA
DSPCA
ESPCA

1 2 3 4 5 6
4

6

8

10

12

14

16

18

#  of  PCs

C
um

ul
at

iv
e 

C
ar

di
na

lit
y

SPCA
DSPCA
ESPCA

(a) (b)
Figure1: Pit Props:(a) cumulative varianceand(b) cumulative cardinalityfor Þrst6 sparsePCs.
Sparsitypatterns(cardinalityki for PCi , with i = 1, 2, . . . , 6) are744111for SPCA(magenta! ),
623111for DSPCA(green! ) andanoptimal522111for ESPCA(red" ). Thefactorloadingsfor the
Þrst3 sparsePCsareshown in Table1. Original SPCAandDSPCAresultstakenfrom [14, 3].

To speciÞcallydemonstratethebeneÞtsof thevariationalrenormalizationof Section2.2,
considerSPCAÕsÞrstsparsefactorin Table1 (the1strow of SPCAblock)foundby iterative
(L 1-penalized)optimization and unit-norm scaling. It captures28% of the total data
variance,butafterthevariationalrenormalizationthevarianceincreasesto 29%.Similarily,
theÞrstsparsefactorof DSPCAin Table1 (1st row of DSPCAblock) captures26.6%of
the total variance,whereasafter variationalrenormalizationit captures29% Ñ a gain of
2.4%for themereadditionalcostof a 7-by-7 eigen-decomposition.Giventhatvariational
renormalizationresultsin themaximumvariancepossiblefor theindicatedsparsitypattern,
omitting such a simple post-processingstep is counter-productive, since otherwisethe
approximationswould be, in a sense,doublysub-optimal:both globally andÒlocallyÓin
thesubspace(subset)of thesparsitypatternfound.

We now give a representative summaryof our extensive Monte Carlo (MC) evaluation
of GSPCAand the 3 continuousalgorithms. To show the most typical or average-case
performance,wepresentresultswith randomcovariancematricesfrom syntheticstochastic
Brownianprocessesof variousdegreesof smoothness,rangingfrom sub-Gaussianto super-
Gaussian.Every MC run consistedof 50,000covariancematricesand the (normalized)
variancecurves ÷v(k). For eachmatrix, ESPCAwasusedto Þndthe optimal solutionas
ÒgroundtruthÓfor subsequentcalibration,analysisandperformanceevaluation.

For SPCAweusedtheLARS-basedÒElasticNetÓSPCAMatlabtoolboxof Sj¬ostrand[10]
which is equivalentto Zou et al.Õs SPCAsourcecode,which is alsofreely availablein R.
For DSPCAweusedtheauthorsÕown Matlabsourcecode[2] whichusestheSDPtoolbox
SeDuMi1.0x[11]. The main DSPCA routine PrimalDec(A, k) was called with k %1
insteadof k, for all k > 2, by therecommendedcalibration(seedocumentationin [3, 2]).

In our MC evaluations,all continuousmethods(ST, SPCAandDSPCA)hadvariational
renormalizationpost-processing(appliedto theirÒdeclaredÓsolution).Notethatcomparing
GSPCAwith the raw outputof thesealgorithmswould be ratherpointless,sincewithout
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Figure 3: Monte Carlo summarystatistics: (a) meansof the distributionsof optimality ratio (in
Figure2(b))for all k and(b) estimatedprobabilityof Þndingtheoptimalsolutionfor eachcardinality.

theÒÞxÓtheir variancecurvesaremarkedlydiminished,asin Figure2(a).

Figure 2(b) shows the histogramof the optimality ratio Ñ i.e., ratio of the capturedto
optimal varianceÑ shown here at Òhalf-sparsityÓ(k = 8, n = 16) from a typical MC
run of 50,000different covariancesmatrices. In order to view the (one-sided)tails of
the distributionswe have plottedthe log of the histogramvalues. Figure3(a) shows the
correspondingmeanvaluesof theoptimality ratio for all k. Amongcontinuousalgorithms,
theSDP-basedDSPCAwasgenerallymoreeffective (almostcomparableto GSPCA).For
thesmallermatrices(n < 10), LARS-basedSPCAmatchedDSPCAfor all k. In termsof
complexity andspeedhowever, SPCAwasabout40timesfasterthanDSPCA.But GSPCA
was 30 times fasterthan SPCA. Finally, we note that even simple thresholding(ST),
onceenhancedwith thevariationalrenormalization,performsquiteadequatelydespiteits
simplicity, asit capturesat least92%of theoptimalvariance,asseenin Figure3(a).

Figure3(b) shows an alternative but morerevealingperformancesummary: the fraction
of the (50,000) trials in which the optimal solution was actually found (essentially,
the likelihoodof ÒsuccessÓ).This all-or-nothingperformancemeasureelicits important
differencesbetweenthealgorithms.In practicalterms,only GSPCAis capableof Þnding
theoptimalfactormorethan90%of thetime(vs.70%for DSPCA).Naturally, withoutthe
variationalÒÞxÓ(notshown) continuousalgorithmsrarelyever foundtheoptimalsolution.



4 Discussion
Thecontributionsof thispapercanbesummarizedas:(1) anexactvariationalformulation
of sparsePCA, (2) requisiteeigenvaluebounds,(3) a principledchoiceof k, (4) a simple
renormalizationÒÞxÓfor any continuousmethod, (5) fast and effective greedysearch
(GSPCA) and (6) a less efÞcient but optimal method (ESPCA). Surprisingly, simple
thresholdingof theprincipaleigenvector(ST) wasshown to berathereffective,especially
given theperceived Òstraw-manÓit wasconsideredto be. Naturally, its performancewill
vary with the effective rank (or Òeigen-gapÓ)of the covariancematrix. In fact, it is not
hardto show that if A is exactly rank-1, thenST is indeedan optimal strategy for all k.
However, beyondsuchspecialcases,continuousmethodscannotultimatelybecompetitive
with discretealgorithmswithout thevariationalrenormalizationÒÞxÓin Section2.2.

We shouldnote that the somewhat remarkableeffectivenessof GSPCAis not entirely
unexpectedandis supportedby empiricalobservationsin the combinatorialoptimization
literature: that greedysearchwith (sub)modularcost functionshaving the monotonicity
property(e.g., thevariancecurves÷v(k)) is known to producegoodresults[9]. In termsof
quality of solutions,GSPCAconsistentlyout-performedcontinuousalgorithms,with run-
timesthatweretypically O(102) fasterthanLARS-basedSPCAandroughlyO(103) faster
thanSDP-basedDSPCA(MatlabCPUtimesaveragedover all k).

Nevertheless,we view discretealgorithmsas complementarytools, especiallysincethe
leadingcontinuousalgorithmshave distinct advantages. For example,with very high-
dimensionaldatasets(e.g., n = 10, 000), Zou et al.Õs LARS-basedmethodis currentlythe
only viableoption,sinceit doesnot rely oncomputingor storingahugecovariancematrix.
Although dÕAspremontet al. mentionthe possibility of solving ÒlargerÓsystemsmuch
faster(usingNesterovÕs 1st-ordermethod[3]), this would requirea full matrix in memory
(sameas discretealgorithms). Still, their SDP formulation has an elegant robustness
interpretationandcanalsobeappliedto non-square matrices(i.e., for asparseSVD).
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