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Abstract

The Support Vector Machine (SVM) of Vap-
nik [9] has becomewidely establishedas one
of the leading approadiesto pattern recogni-
tion and machine learning. It expressegre-
dictions in terms of a linear combination of
kernel functions certred on a subset of the
training data, known as support vectors.

Despite its widespreadsuccessthe SVM suf-
fers from some important limitations, one
of the most signi cant being that it makes
point predictions rather than generatingpre-
dictive distributions. Recerly Tipping [8]
has formulated the Relevance Vector Ma-
chine (RVM), a probabilistic model whose
functional form is equivalent to the SVM. It
achieves comparablerecognition accuracyto
the SVM, yet providesa full predictiv e distri-
bution, and also requires substartially fewer
kernel functions.

The original treatment of the RVM re-
lied on the use of type Il maximum like-
lihood (the “evidence framework’) to pro-
vide point estimates of the hyperparameters
which govern model sparsity. In this paper
we showv how the RVM can be formulated
and solved within a completely Bayesian
paradigm through the use of variational in-
ference, thereby giving a posterior distribu-
tion over both parametersand hyperparam-
eters. We demonstrate the practicality and
performance of the variational RVM using
both synthetic and real world examples.

1 RELEV ANCE VECTORS

Many problems in machine learning fall under the
headingof supervizedlearning, in which we are givena
setof input vectorsX = fx,g\_; together with corre-
sponding target valuesT = ft,g\., . The goalisto use
this training data, together with any pertinent prior
knowledge, to make predictions of t for new values of
X. We can distinguish two distinct cases:regression
in which t is a contin uous variable, and classi cation,
in which t belongsto a discrete set.

Here we consider models in which the prediction
y(x;w) is expressedas a linear combination of basis
functions ,,(x) of the form

y(x;w) = Wm m(X)=w' (1)

m=0

wherethe fwy, g are the parametersof the model, and
are generally called weights

One of the most popular approachesto machine learn-
ing to emergein recert yearsis the Support Vector Ma-
chine (SVM) of Vapnik [9]. The SVM usesa particular
specialization of (1) in which the basis functions take
the form of kernel functions, one for eat data point
Xm in the training set, sothat o, (x) = K(X;Xn),
where K (; ) is the kernel function. The framework
which we dewvelop in this paper is much more general
and appliesto any model of the form (1). Howeer, in
order to facilitate direct comparisionswith the SVM,
we focus primarily on the use of kernels as the basis
functions.

Point estimatesfor the weights are determined in the
SVM by optimization of a criterion which simultane-
ously attempts to t the training data while at the
sametime minimizing the “complexity' of the function
y(x;w). The result is that some proportion of the
weights are set to zero, leading to a sparsemodel in
which predictions, governed by (1), depend only on a
subsetof the kernel functions.
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The SVM framework is found to yield good predictive
performance for a broad range of practical applica-
tions, and is widely regardedasthe state of the art in
pattern recognition. However, the SVM su ers from
someimportant drawbacks. Perhapsthe most signif-
icant of these is that it is a non-Bayesian approad
which makes explicit classi cations (or point predic-
tions in the caseof regression)for new inputs. As
is well known, there are numerous advantagesto pre-
dicting the posterior probability of class membership
(or a predictive conditional distribution in the caseof
regression). These include the optimal compensation
for skewed lossmatrices or unequal classdistributions,
the opportunity to improve performance by rejection
of the more ambiguous examples, and the fusion of
outputs with other probabilistic sourcesinformation
before applying decision criteria.

Recerly Tipping [8] introduced the Relevane Vec-
tor Machine (RVM) which makesprobabilistic predic-
tions and yet which retains the excelleri predictive
performance of the support vector machine. It also
presenesthe sparsenesgroperty of the SVM. Indeed,
for a wide variety of test problemsit actually leadsto
models which are dramatically sparserthan the cor-
responding SVM, while sacri cing little if anything in
the accuracy of prediction.

For regressionproblems, the RVYM models the condi-
tional distribution of the target variable, given an in-
put vector x, as a Gaussiandistribution of the form

P(tix;w; ) = N(tiy(x;w); 1) 2

where we use N (zjm;S) to denote a multi-v ariate
Gaussian distribution over z with mean m and co-
variance S. In (2) s the inverse ‘noise' parameter,
and the conditional meany(x;w) is given by (1). As-
suming an independent, identically distributed data
set X = fxng, T = ft,g the likelihood function can
be written

P(TiX;w; )= P(thjXn;w; ): (3

n=1

The parametersw are given a Gaussianprior

P(wj )= N (WmjO; ") (4)

m=0

where = f . gisavector of hyperparameters,with
one hyperparameter , assignedto ead model pa-
rameter wy,. In the original RVM of Tipping [8]
valuesfor these hyperparametersare estimated using
the framework of type-ll maximum likelihood [1] in
which the marginal likelihood P(TjX; ; ) is maxi-
mized with respect to  and Evaluation of this
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marginal likelihood requiresintegration over the model

parameters
Z

;)=

Sincethis involvesthe convolution of two exponertial-
guadratic functions the integration can be performed
analytically, giving

P(TjX;

P(TjX; P(TiIX;w; )P(wj )dw:  (5)

;) = N(t0;9) (6)

s= H+A 17T @)

in which | isthe N N unit matrix, A = diag( m),
and isthe N (N + 1) designmatrix with columns

m» Sothat ( )am = (Xn;Xm). Maximization of (6)
with respectto the f ,g can be performed e cien tly
using an iterativ e re-estimation procedureobtained by
setting the derivativesof the marginal log likelihood to
zero. During the processof this optimization many of
the , are driven to large values, so that the corre-
sponding model parameterswy, are e ectiv ely pruned
out. The corresponding terms can be omitted from
the trained model represerted by (1), with the train-
ing data vectorsx, asseiated with the remaining ker-
nel functions being termed “relevancevectors'. Insight
into this pruning processis givenin Section3. A sim-
ilar re-estimation procedureis usedto optimize si-
multaneously with the |, parameters.

In the classi cation versionof the relevancevector ma-
chine the conditional distribution of targets is given by

me ot (8)

where (y) = (1+ exp( y)) ! andy(x;w) is given by
(1). Here we con ne attention to the caset 2 f0;1g.
Assuming independert, identically distributed data,
we obtain the likelihood function in the form

P(tjx;w) =

P(TiX;w) = (yn)"" [1

n=1

(ya)I* 0 (9)

As before, the prior over the weights takes the form
(4). However, the integration required by (5) in order
to evaluate the marginal likelihood can no longer be
performed analytically. Tipping [8] therefore used a
local Gaussianapproximation to the posterior distri-
bution of the weights. Optimization of the hyperpa-
rameters can then be performed using a re-estimation
framework, alternating with re-ewaluation of the mode
of the posterior, until cornvergence.

As we have seen,the standard relevance vector ma-
chine of Tipping [8] estimatespoint valuesfor the hy-
perparameters. In this paper we seeka more complete
Bayesiantreatment of the RVM through exploitation
of variational methods.
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2 VARIA TIONAL INFERENCE
In a general probabilistic model we can partition the
stochastic variablesinto those corresponding to the ob-
seneddata, denotedD, and the remaining unobsened
variables denoted . The marginal probability of the
obsened data (the model “evidence') is obtained by
integrating over
z

P(D)= P(D; )d: (10)
This integration will, for almostany non-trivial model,
be analytically intractable. Variational methods [4]
address this problem by introducing a distribution
Q( ), which (for arbitrary choice of Q) allows the
marginal log likelihood to be decompmsed into two
terms [6]

InP(D) = L(Q) + KL (QkP) (12)
where Z P(D: )
L= Q()In o0) d (12)

and KL( QkP) is the Kullback-Leibler divergencebe-
tweenQ( ) and the posterior distribution P( jD), and
is given by

VA

KL (QkP) = Q()In Pé(j?) d: (13)
Since KL(QkP) 0, it follows that L(Q) is a rigor-

ous lower bound on In P (D). Furthermore, since the
left hand side of (11) is independert of Q, maximizing
L (Q) is equivalert to minimizing KL( QkP), and there-
fore Q( ) represens an approximation to the posterior
distribution P( jD).

The signi cance of this transformation is that, for a
suitable choice for the Q distribution, the quartity
L(Q) may be tractable to compute, even though the
original model evidencefunction is not. The goal in
a variational approad is therefore to choose a suit-
able form for Q( ) which is sucien tly simple that
the lower bound L(Q) can readily be evaluated and
yet which is su cien tly exible that the bound is rea-
sonably tight. In practice we choose some family of
Q distributions and then seekthe best approximation
within this family by maximizing the lower bound with
respectto Q. One approac would be to assumesome
speci ¢ parameterizedfunctional form for Q and then
to optimize L with respect to the parameters of the
distribution. Here we adopt an alternativ e procedure,
following [10], and considera factorized form over the
componert variablesf ;gin , sothat
Y
Q)= Qi(i): (14)
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The lower bound can then be maximized over all pos-
sible factorial distributions by performing a free-form
maximization over the Q;, leading to the following re-
sult

o €XP INP(D; ) 4

“exp INP(D; ) ei di

Qi( )= (15)

where h  ixgi denotesan expectation with respect
to the distributions Qg( ) for all k 6 i. It is easily
shown that, if the probabilistic model is expressedas
a directed acyclic graph with a node for ead of the
factors Qi( i), then the solution for Q;( ;) depends
only on the Q distributions for variables which are in
the Markov blanket of the nodei in the graph.

Note that (15) represens an implicit solution for the
factors Q;( i) sincethe right hand sidedependson mo-
merts with respect to the Qkg . For conjugate condi-
tional distributions (e.g. linear-Gaussian models with
Gamma priors, in the caseof contin uousvariables) this
leadsto standard distributions for which the required
momerts are easily evaluated. We canthen nd a so-
lution iterativ ely by initializing the momerts and then
cycling through the variables updating ead distribu-
tion in turn using (15).

3 CONTR OLLING COMPLEXITY

The RelevanceVector framework provides a meansfor

solving regressionand classi cation problemsin which

we seekmodels which are highly sparseby selecting
a subsetfrom a larger pool of candidate kernel func-
tions (one for eath example in the training set). A

key conceptis the useof cortinuous hyperparameters
to govern model complexity and thereby avoid the in-

tractable problem of searding over an exponertially

large discrete space of model structures. This ap-
proach, basedon a hierarchical prior, was successfully
usedto nd the optimal number of principal compo-
nerns in a Bayesiantreatment of PCA [2].

A corventional way to remove super uous parameters
is to usea “pruning' prior given by a Laplace distribu-
tion of the form

P(w)= exp( jwj): (16)
Unfortunately, sudch a choice of prior does not lead
to a tractable variational treatment, since the corre-
sponding variational solution given by (15) cannot be
evaluated analytically.

Here we proposean alternativ e framework basedon a
hierarchical prior of the form

P(wj )= N(wjo; ) (17)
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as discussedpreviously, in which we use a hyperprior

given by
P()=(

where ( a) is the Gamma function. The distribution
(18) hasthe useful properties

ja;b) B 2 lebP=(a) (18)

h2 hi?=a=l: (29)
The marginal distribution of w (a t-distribution) is
then obtained by integrating over . A comparison
of this marginal distribution, for a = b= 1, with the

Laplace distribution (16) is shown in Figure 1.

0.6

0.5p .

0.4 i

Figure 1: Comparison of the margigal distribution de ned
by the hierarchical model P(w) = P(wj )P( )d (solid
line), compared to the Laplace distribution (dotted line).

The key obsenation is that the variational frame-
work can be rendered tractable by working not di-
rectly with the marginal distribution P(w) but in-
stead leaving the hierarchical conjugate form explicit
and introducing a factorial represettation given by
Q(w; )= Q(wW)Q( ). A further advantage of this ap-
proac is that it becomegpossibleto evaluate the lower
bound L as a closed-formanalytic expression. This is
useful for monitoring the convergenceof the iterativ e
optimization and alsofor cheding the accuracy of the
software implemertation (by verifying that noneof the
updates to the variational distributions lead to a de-
creasethe value of L). It can alsobe usedto compare
models (without resorting to a separatevalidation set)
sinceit represeits an approximation to the model ev-
idence. We now exploit theseideasin the context of
the Relevance Vector Machine.

4 RVM REGRESSION

Following the conceptsdeweloped in the previous sec-
tion, we augmert the standard relevance vector ma-
chine by the introduction of hyperpriors given by a
separate distribution for ead hyperparameter , of
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the form P( ) = ( mja;b). Similarly, we intro-
duce a prior over the inverse noise variance given
by P() = ( jc;d). We obtain broad hyperpriors
by settinga = b= c= d = 10 . Together with
the likelihood function (3) and the weight prior (4)
we now have a complete probabilistic speci cation of
the model. The probabilistic model can also be rep-
reserted as a directed graph, as shown in Figure 2.

Figure 2: Directed acyclic graph represerting the varia-
tional RVM as used for regression. The classi cation ver-
sion is the same, with the omission of the node.

Next we consider a factorial
the posterior distribution P(w; ; jX;T) given by
Q(w; ;)= Qww)Q ( )Q (). Due to the con-
jugacy properties of the chosendistributions we can
evaluate the generalsolution (15) analytically, giving

approximation to

Qw(w) = N(Wj ; w) (20)
Q() = ( je® (21)
W .
Q () = ( miam;8n) (22)
m=0
where
X e
w = diagh ni+hi . (23)
n=1
X
w = hi ntn (24)
n=1
an = a+ 1= 8, = b+ w2i=2 (25)
e = c+ (N+ 1= (26)
Ry X
@ = d+ = 2 hwi' ntn
2n:1 n=1
Ry
+5 Thww i, (27)
n=1

The required momerts are easily evaluated using the
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following results

wi = (28)
hwwTi =+, (29)
hmi = an=8n (30)
Hn i = (am) In®, (31)
hi = e# (32)
Hni = (¢ Iné& (33)

wherethe function is de ned by

(a) = %In (a): (34)

The full predictive distribution P (tjx;X;T) is given
by

7
P(tjx;X;T) = P(tjix;w; )P(w; jX;T)dwd :

(35)
In the variational framework we replacethe true pos-
terior P(w; jX;T) by its variational approximation
Qw(W)Q (). Integration over both w and is in-
tractable. Howewer, as the number of data points
increasesthe distribution of becomestightly con-
certrated around its mean value. To see this we
note that the variance of is given, from (19), by
h2 hi2= e O(@=N) for large N. Thus we
can approximate thze predictive distribution using
P@jx;X;T) = P(tjx;w;h i)Quw (W) dw (36)
which is the convolution of two Gaussiandistributions.
Using (2) and (20) we then obtain

Pjpx;X;T)=N(j & (x); 2 (37)

where the input-dependent varianceis given by

=t 07w 00 (@)

We can alsoevaluate the lower bound L, givenby (12),
which in this casetakesthe form

L = HnP(TjX;w; )i+ HnP(wj )i
+hHnP( )i+ AnP( )i HnQy(w)i
hinQ ()i HnQ ()i (39)
in which

AnP(TjX;w; )i = NEHn i Niln(z )

1 .(X“ , X
§h| ts 2hwi ntn
n=1 ) n=1
+X\I Thww Ti 40
n Iy (40)
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. N+1 1 X .
HAnP(wj )i = TIn(2) Em:OHn mi
1 . .
5 h mihw?,i (41)
m=0
HnP( )i = (N+1alnb+(a 1) Hn i
m=0
X
b hnpi (N+1iIn(a) (42
m=0
AnP( )i = cind+ (c 1Hn i
dhi In(c (43)
hinQuwi = (N+ 1)(1+In@2 )=2
+1Inj wj=2 (44)
X n
hinQ i = an N8, + (&, 1Hn i
m=0 0
8 h mi In (an) (45)
hinQi = ein&+ (e 1Hn i
i In(e: (46)

Experimental results in which this framework is ap-
plied to synthetic and real data setsare givenin Sec-
tion 6.

5 RVM CLASSIFICA TION

The classi cation caseis somewhatmore complexthan
the regressioncasesincewe no longer have a fully con-
jugate hierarchical structure. To seehow to resohe
this, consideragain the log marginal probability of the
target data, giventhe input data, which canbe written

INP(TjX)=1In P(TiX;w)P(wj )P( )dwd :

(47)
As before we introduce a factorized variational poste-
rior of the form Q,, (w)Q ( ), and obtain the follow-
ing lower bound on the log marginal probability

InP(TjX) QwwW)Q ()
P(TiX;w)P(wj )P( ) .
In w2 () dwd : (48)

Now, howewer, the right hand side of (48) is in-
tractable. We therefore follow Jaakkola and Jordan
[3] and introduce a further bound using the inequality

e o= @ (49)
()exp ()Xz* % (50)

2
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wherez = (2t 1)y and () = (1= )tanh( =2).
Here s a variational parameter, such that equality
is achieved for = z. Thus we have

Y&I
F(T;X;w; ) = (n)

n=1

ep Dt (@ D 6D

P(TjX;w)

where z, = (2t, 1)w' . Substituting into (48),
and noting that P(TjX;w)=F(T;X;w; ) 1implies
INP(TjX;w)=F(T; X;w; ) 0, we obtain a lower
bound on the original lower bound, and hencewe have
zZ
InP(TjX) L= dwd Quw(w)Q ()

F(T;X;w)P(wj )P( )

N TTGLwe ()

(52)

We now optimize the right hand side of (52) with re-
spect to the functions Q, (w) and Q ( ) aswell as
with respect to the parameters = f ,g. The varia-
tional optimization for Q, (w) yields a normal distri-
bution of the form

Quw(w) = N(wjm;S) (53)
X P
S = A+2 (n) o o (54)
n=1
1. X |
m = 3S @t, 1) , (55)
n=1

where A = diagh i. Similarly, variational optimiza-
tion of Q ( ) yields a product of Gamma distribu-
tions of the form

W
Q ()= ( mia;8n) (56)

a—a+1
2

1 .

8, = b+ éthznu (57)
Finally, maximizing (52) with respect to the varia-
tional parameters , givesre-estimation equations of
the form

2= ThwTi (58)
We can also evaluate the lower bound given by the
right hand side of (52)

L = HnFi+HnP(wj )i+ HnP( )i

hinQw(w)i M ()i (59)
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where we have

HnFi = In (n)+ }(Ztn HhwTi
n=1 2
1 .
oo () abwwTio o f (60)
1 X
HnP(wj )i = 5 h mihw? i
m=0
1 X (N +1)
+§ Hn ni 5 In(2 ) (61)
m=0
X n
HnP( )i = ba®+(a 1) (a) In®
m=0
0
+alnb In (a) (62)

h In Qy (W)i = %(u In2 )+ %Ianj (63)

Y on
hinQ ()i = (em

m=0

1) (em)

)
N8, + an + In (ay) (64)

Predictions from the trained model for new inputs can
be obtained by substituting the posterior meanweights
into (8) to give the predictive distribution in the form

P (tjx; hwi): (65)

A more accurate estimate would take account of the
weight uncertainty by marginalizing over the poste-
rior distribution of the weights. Using the variational
result Qy (w) for the posterior distribution leads to
convolution of a sigmoid with a Gaussian,which is in-
tractable. From symmetry, however, such a marginal-
ization doesnot changethe location of the p = 0:5 de-
cision surface. A useful approximation to the required
integration has beengiven by MacKay [5].

6 EXPERIMENT AL RESUL TS

6.1 REGRESSION

Weillustrate the operation of the variational relevance
vector machine (VRVM) for regressionusing rst of all
a synthetic data set basedon the function sinc(x) =
(sinx)=x for x 2 ( 10;10), with added noise. Figure
3 shaws the result from a Gaussian kernel relevance
vector regressionmodel, and Figure 4 illustrates the
mean hyperparameter values and weights assaiated
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Figure 3: Example t of a variational RVM to 50 data
points generatedfrom the “sinc' function with added Gaus-
sian noise of standard deviation 0.1. The sinc function and
the mean interpolant are plotted in grey and black respec-
tively, and the v e relevance vectors (obtained by thresh-
olding the mean weights at 10 3) are circled. The RMS
deviation from the true function is 0.032, while a compara-
ble SVM gave error of 0.038using 36 support vectors. The
VRVM also gives an estimate of the noise, which in this
casehad mean value 0.0945.

Mo del | Error  # kernels | Noise estimate
SVM 0.0519 28.0 {

RVM 0.0494 6.9 0.0943
VRVM 0.0494 7.4 0.0950

Table 1: RMS test error, number of utilised kernels and,
for the relevance models, noise estimates averaged over 25
generations of the noisy sinc dataset. For all models, Gaus-
sian kernels were used with the width parameter selected
from a range of values using 5-fold cross-\alidation. For
the SVM, the parameters C (the trade-o parameter) and

(controlling the insensitive region of the loss function)
were chosenvia a further 5-fold cross-alidation.

with the model of Figure 3. Results from averaging
over 25 such randomly generateddata setsare showvn
in Table 1.

As an exampleof a regressionproblem using real data,
we shaw resultsin Table 2 for the popular Boston hous-
ing dataset.

6.2 CLASSIFICA TION

We illustrate the operation of the VRVM for classi-
cation with some synthetic data in two dimensions
taken from Ripley [7]. A randomly chosensubset of
100training examples(of the original 250) wasutilised
to train an SVM, RVM and VRVM. Resultsfrom typi-
cal SVM and VRVM classi ers, using Gaussiankernels
of width 0.5, are shawvn in Figures 5 and 6 respectively.

To assesshe accuracyof the classi ers on this dataset,
models with Gaussian kernels were used, with the

Figure 4: (Left) Histogram of the mean of the approximate

posterior. (Right) A plot of the 51 (unthresholded) mean
weight values (the rst weight is the bias, the next 50 cor-
respond to the 50 data points, read left-to-righ t, in Figure
3). The dichotomy into ‘relevant' and ‘irrelevant’ weights
is clear.

Mo del | Error  # kernels | Noise estimate

SVM 10.29 235.2 {
RVM 10.17 41.1 2.49
VRVM 10.36 40.9 2.49

Table 2: Squaredtest error, number of utilised kernelsand
noise estimates averaged over 10 random partitions of the
Boston housing dataset into training/test sets of size 481
and 25 respectively. A third order polynomial kernel was
used.

width parameter of the Gaussian chosen by 5-fold
cross-walidation, and the SVM trade-o parameter C
was similarly estimated using a further 5-fold cross-
validation. The results are givenin Table 3.

Mo del | Error  # kernels
SVM 10.6% 38
RVM 9.3% 4
VRVM 9.2% 4

Table 3: Percentage misclassi cation rate and number of
kernels used for classi ers on the Ripley synthetic data.
The Bayeserror rate for this data setis 8%.

The "Pima Indians' diabetesdatasetis a popular clas-
si cation bendimark. Table 4 summarisesresults on
Ripley's split of this datasetinto 200training and 332
test examples.

7 DISCUSSION

In this paper we have deweloped a practical variational
framework for the Bayesian treatment of Relevance
Vector Machines.
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Figure 5: Support vector classi er of the Ripley dataset
for which there are 38 kernel functions.

Figure 6: Variational relevancevector classi er of the Rip-
ley dataset for which there are 4 kernel functions.

Mo del | Error  # kernels

SVM 69 110
RVM 65 4
VRVM 65 4

Table 4: Number of misclassi cations and number of ker-
nels used for classi ers on the Pima Indians data.

The variational solution for the RelevanceVector Ma-
chine is computationally more expensive than the
type-ll maximum likelihood approach. Howevwer, the
advantages of a fully Bayesianapproac are expected
to be most pronouncedin situations where the size of
the data setis limited, in which casethe computational
cost of the training phaseis likely to be insigni cant.
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