
Methods for Estimating the Computational
Power and Generalization Capability of Neural

Micr ocircuits

Wolfgang Maass,Robert Legenstein,Nils Bertschinger
Institutefor Theoretical ComputerScience

TechnischeUniversität Graz
A-8010 Graz,Austria

f maass, legi, nilsb g@igi.tugr az.at

Abstract

What makesa neuralmicrocircuit computationallypowerful? Or more
precisely, which measurable quantities couldexplain why onemicrocir-
cuit C is bettersuitedfor aparticularfamily of computationaltasksthan
anothermicrocircuit C0? Weproposein thisarticlequantitativemeasures
for evaluating thecomputationalpowerandgeneralizationcapability of a
neural microcircuit, andapplythemto generic neuralmicrocircuit mod-
els drawn from different distributions. We validatethe proposedmea-
suresby comparing their prediction with directevaluationsof thecom-
putational performanceof thesemicrocircuit models.This procedure is
applied�rst to microcircuit modelsthatdiffer with regard to thespatial
range of synaptic connections andwith regard to the scaleof synaptic
ef�cacies in thecircuit, andthento microcircuit models thatdiffer with
regard to the level of backgroundinput currents andthe level of noise
on themembrane potential of neurons.In this casetheproposedmethod
allows us to quantify differencesin the computationalpower andgen-
eralizationcapabilityof circuits in differentdynamic regimes(UP- and
DOWN-states)thathavebeendemonstratedthroughintracellularrecord-
ingsin vivo.

1 Intr oduction

Ratherthanconstructing particularmicrocircuit models thatcarryout particularcomputa-
tions,we pursue in this articlea differentstrategy, which is basedon theassumptionthat
the computational function of cortical microcircuits is not fully genetically encoded, but
ratheremerges through various forms of plasticity (“learning”) in responseto the actual
distributionof signalsthattheneural microcircuit receivesfrom its environment. Fromthis
perspective thequestionabout thecomputationalfunction of corticalmicrocircuitsC turns
into thequestions:

a) Whatfunctions (i.e. mapsfrom circuit inputsto circuit outputs) canthecircuit C
learn to compute.



b) How well canthecircuit C generalizea speci�c learnedcomputationalfunction
to new inputs?

We proposein this article a conceptual framework andquantitative measuresfor the in-
vestigation of thesetwo questions. In order to make this approachfeasible,in spite of
numerousunknownsregardingsynapticplasticityandthedistribution of electricalandbio-
chemicalsignalsimpinging on a corticalmicrocircuit, we make in thepresent�rst stepof
this approachthefollowing simplifying assumptions:

1. Particularneurons (“readout neurons”) learnvia synapticplasticity to extract speci�c
informationencodedin thespikingactivity of neuronsin thecircuit.
2. We assumethatthecorticalmicrocircuit itself is highly recurrent,but thattheimpactof
feedbackthata readout neuron mightsendbackinto this circuit canbeneglected.1

3. We assumethat synaptic plasticity of readout neurons enablesthemto learnarbitrary
linear transformations. More precisely, we assumethat the input to suchreadout neuron
canbeapproximatedby a term

P n � 1
i =1 wi x i (t), wheren � 1 is thenumber of presynaptic

neurons,x i (t) resultsfrom theoutput spike train of thei th presynaptic neuron by �ltering
it according to thelow-pass�ltering propertyof themembraneof thereadout neuron,2 and
wi is theef�cacy of thesynaptic connection. Thus w i x i (t) models thetime courseof the
contribution of previousspikesfrom thei th presynaptic neuron to themembranepotential
at thesomaof this readout neuron. We will refer to thevectorx(t) asthecircuit stateat
timet.

Undertheseunpleasantbut apparentlyunavoidable simplifying assumptions we propose
new quantitativecriteriabasedonrigorousmathematical principlesfor evaluatinga neural
microcircuit C with regard to questionsa) andb). We will compare in sections4 and5
thepredictions of thesequantitative measureswith theactualcomputationalperformance
achieved by 132different typesof neuralmicrocircuit models,for a fairly largenumberof
differentcomputationaltasks.All microcircuit models thatwe considerarebasedon bio-
logicaldatafor genericcorticalmicrocircuits(asdescribedin section3), but havedifferent
settingsof theirparameters.

2 Measuresfor the kernel-quality and generalizationcapability of
neural microcircuits

Oneinterestingmeasurefor probingthecomputationalpowerof aneuralcircuit is thepair-
wiseseparationproperty considered in [Maassetal., 2002]. This measure tells usto what
extent thecurrent circuit statex(t) re�ects detailsof the input streamthatoccurredsome
time backin thepast(seeFig. 1). Both circuit 2 andcircuit 3 could bedescribed asbeing
chaoticsincestatedifferencesresultingfromearlierinput differencespersist.The“edge-of-
chaos”[Langton,1990] lies somewhere betweenpoints1 and2 according to Fig. 1c). But
thebestcomputationalperformanceoccurs betweenpoints 2 and3 (seeFig. 2b)). Hence
the“edge-of-chaos” is not a reliablepredictor of computationalpower for circuitsof spik-
ing neurons.In addition, mostreal-world computationaltasksrequirethatthecircuit gives
a desiredoutput not just for 2, but for a fairly large number m of signi�cantly different
inputs.Onecouldof coursetestwhethera circuit C canseparateeachof the

� m
2

�
pairsof

1This assumptionis bestjusti�ed if suchreadoutneuronis locatedfor examplein anotherbrain
areathat receivesmassive input from many neuronsin this microcircuit andonly hasdiffuseback-
wardsprojection.But it is certainlyproblematicandshouldbeaddressedin futureelaborationsof the
presentapproach.

2Onecanbe even morerealisticand�lter it alsoby a modelfor the shortterm dynamicsof the
synapseinto thereadout neuron,but this turnsout to make no differencefor theanalysisproposedin
this article.
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Figure1: Pointwiseseparationpropertyfor differenttypesof neuralmicrocircuitmodelsasspeci�ed
in section3. Eachcircuit C wastestedfor two arraysu andv of 4 input spike trainsat 20 Hz over
3 s that differed only during the �rst second. a) Euclideandifferencesbetweenresultingcircuit
statesx u (t) andx v (t) for t = 3 s, averagedover 20 circuitsC and20 pairsu; v for eachindicated
valueof � andWscale (seesection3). b) Temporalevolution of k xu (t) � x v (t) k for 3 different
circuits with valuesof � , Wscale according to the 3 pointsmarked in panela) (� = 1:4; 2; 3 and
Wscale = 0:3; 0:7; 2 for circuit 1, 2, and3 respectively). c) Pointwiseseparationalongastraightline
betweenpoint 1 andpoint 2 of panela).

suchinputs. But evenif thecircuit cando this, we do not know whether a neural readout
from suchcircuit wouldbeableto producegiventargetoutputs for thesem inputs.

Thereforewe proposeherethe linear separation propertyasa more suitablequantitative
measurefor evaluatingthecomputationalpowerof aneural microcircuit (ormoreprecisely:
thekernel-quality of a circuit; seebelow). To evaluatethe linearseparationproperty of a
circuit C for m differentinputs u1; : : : ; um (which arein this articlealwaysfunctions of
time, i.e. input streamssuchasfor example multiple spike trains)we computetherankof
then � m matrix M whosecolumnsarethecircuit statesx u i (t0) resultingat some�x ed
time t0 for thepreceding input streamu i . If this matrix hasrankm, thenit is guaranteed
that any given assignmentof target outputs y i 2 R at time t0 for the inputs u i canbe
implementedby thiscircuit C (in combinationwith a linearreadout). In particular, eachof
the2m possiblebinaryclassi�cationsof thesem inputscanthenbecarriedoutby a linear
readout from this �x edcircuit C. Obviously suchinsightis muchmore informative thana
demonstrationthatsomeparticular classi�cationtaskcanbecarriedoutby suchcircuit C.
If therankof this matrix M hasa valuer < m, thenthis valuer canstill beviewedasa
measurefor thecomputationalpower of this circuit C, sincer is thenumberof “degrees
of freedom” thata linear readout hasin assigningtarget outputs y i to theseinputs ui (in
a way which canbemademathematically precisewith concepts of linearalgebra). Note
thatthisrank-measurefor thelinearseparation propertyof acircuit C maybeviewedasan
empirical measure for its kernel-quality, i.e. for thecomplexity anddiversity of nonlinear
operationscarriedoutby C onits inputstreamin orderto boosttheclassi�cationpowerof
a subsequentlinear decision-hyperplane(see[Vapnik, 1998]).

Obviously theprecedingmeasureaddressesonly onecomponentof thecomputationalper-
formanceof a neural circuit C. Another component is its capability to generalizea learnt
computationalfunction to new inputs. Mathematical criteria for generalizationcapability
arederivedin [Vapnik, 1998] (seech.4of [Cherkassky andMulier, 1998] for acompactac-
count of resultsrelevantfor ourarguments).Accordingto thismathematicaltheoryonecan
quantify thegeneralization capability of any learningdevice in termsof theVC-dimension
of theclassH of hypothesesthatarepotentiallyusedby that learningdevice.3 More pre-

3The VC-dimension(of a classH of mapsH from someuniverseSuniv of inputsinto f 0; 1g)
is de�ned asthe sizeof the largestsubsetS � Suniv which canbe shattered by H . Onesaysthat
S � Suniv is shatteredby H if for everymapf : S ! f 0; 1g thereexistsa mapH in H suchthat
H (u) = f (u) for all u 2 S (this meansthateverypossiblebinaryclassi�cationof theinputsu 2 S



cisely: if VC-dimension (H) is substantiallysmallerthanthesizeof thetrainingsetStr ain ,
onecanprovethatthis learning devicegeneralizeswell, in thesensethatthehypothesis(or
input-output map)producedby this learning device is likely to have for new examples an
error ratewhich is not muchhigher than its error rateon S tr ain , provided that the new
examplesaredrawn from thesamedistribution asthetrainingexamples(seeequ. 4.22 in
[Cherkassky andMulier, 1998]).

We apply this mathematical framework to the classH C of all mapsfrom a setSuniv of
inputsu into f 0; 1gwhichcanbeimplemented byacircuitC. Moreprecisely: H C consists
of all mapsfrom Suniv into f 0; 1g thata linearreadout from circuit C with �x edinternal
parameters(weights etc.) but arbitraryweightsw 2 Rn of thereadout (thatclassi�esthe
circuit input u asbelonging to class1 if w � x u (t0) � 0, andto class0 if w � x u (t0) < 0)
couldpossiblyimplement.

Whereasit is verydif�cult toachievetight theoreticalboundsfor theVC-dimensionof even
muchsimplerneuralcircuits,see[BartlettandMaass,2003], onecanef�ciently estimate
theVC-dimensionof theclassH C thatarisesin ourcontext for some�nite ensembleSuniv
of inputs(that containsall examples usedfor training or testing)by usingthe following
mathematicalresult(whichcanbeprovedwith thehelpof Radon's Theorem):

Theorem2.1 Let r be the rank of the n � s matrix consistingof the s vectors x u (t0)
for all inputs u in Suniv (we assumethat Suniv is �nite and contains s inputs). Then
r � VC-dimension(H C ) � r + 1.

Weproposeto usetherankr de�ned in Theorem2.1asanestimateof VC-dimension(H C ),
and henceas a measurethat informs us about the generalization capability of a neural
microcircuit C. It is assumedhere that the set Suniv containsmany noisy variations
of the sameinput signal, sinceotherwiselearningwith a randomly drawn training set
Str ain � Suniv hasnochanceto generalize to new noisyvariations.Notethateachfamily
of computationaltasksinducesa particularnotionof whataspectsof theinput areviewed
asnoise,andwhatinput featuresareviewedassignalsthatcarryinformationwhich is rel-
evant for the target output for at leastoneof thesecomputationaltasks.For example for
computationsonspikepatternssomesmalljitter in thespike timing is viewedasnoise.For
computationson �ring rateseven the sequenceof interspike intervals andtemporal rela-
tionsbetweenspikesthatarrive from different input sourcesareviewedasnoise,aslong
astheseinput spike trainsrepresentthe same�ring rates. Examples for both familiesof
computationaltaskswill bediscussedin this article.

3 Models for genericcortical microcircuits

We test the validity of the proposedmeasures by comparingtheir predictions with direct
evaluationsof thecomputationalperformancefor a largevarietyof modelsfor genericcor-
tical microcircuits consistingof 540 neurons. We usedleaky-integrate-and-�re neurons4

andbiologically quite realisticmodelsfor dynamic synapses.5 Neurons (20 % of which
wererandomly chosento be inhibitory) were locatedon the grid pointsof a 3D grid of
dimensions6 � 6 � 15with edges of unit length. Theprobability of asynapticconnection

canbecarriedout by somehypothesisH in H ).
4MembranevoltageVm modeledby � m

dV m
dt = � (Vm � Vr esting )+ Rm �(I sy n (t)+ I back gr ound +

I noise ), where� m = 30 msis themembrane time constant,I sy n modelssynaptic inputsfrom other
neuronsin thecircuits,I back gr ound modelsaconstant unspeci�c backgroundinputandInoise models
noisein theinput.

5Shorttermsynapticdynamicswasmodeledaccording to [Markramet al., 1998], with distribu-
tionsof synaptic parametersU (initial releaseprobability),D (timeconstant for depression), F (time
constantfor facilitation)chosento re�ect empiricaldata(see[Maasset al., 2002] for details).



from neuron a to neuron b wasproportional to exp(� D 2(a; b)=� 2), whereD(a; b) is the
Euclidean distancebetweena andb, and� regulatesthespatialscalingof synapticconnec-
tivity. Synapticef�caciesw werechosenrandomly fromdistributionsthatre�ect biological
data(asin [Maasset al., 2002]), with acommon scalingfactorW scale .
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Figure2: Performanceof different typesof neuralmicrocircuit modelsfor classi�cationof spike
patterns.a) In thetoprow aretwo examplesof the80spikepatternsthatwereused(eachconsistingof
4 Poissonspike trainsat20 Hz over200ms),andin thebottomrow areexamplesof noisyvariations
(Gaussianjitter with SD10 ms)of thesespikepatternswhichwereusedascircuit inputs.b) Fraction
of examples(for 200 test examples)that were correctly classi�ed by a linear readout(trainedby
linear regressionwith 500 training examples). Resultsareshown for 90 different typesof neural
microcircuitsC with � varyingon thex-axisandWscale on they-axis(20 randomlydrawn circuits
and 20 target classi�cation functions randomlydrawn from the set of 280 possibleclassi�cation
functionsweretestedfor eachof the90 differentcircuit types,andresultingcorrectness-rateswere
averaged.ThemeanSDof theresultsis 0:028.). Points1, 2, 3 de�ned asin Fig. 1.

Linear readouts from circuits with n � 1 neuronswereassumedto compute a weighted
sum

P n � 1
i =1 wi x i (t) + w0 (seesection1). In order to simplify notation we assumethatthe

vectorx(t) containsan additional constant componentx 0(t) = 1, so that onecanwrite
w � x(t) insteadof

P n � 1
i =1 wi x i (t) + w0. In thecaseof classi�cationtaskswe assumethat

thereadout outputs 1 if w � x(t) � 0, and0 otherwise.

4 Evaluating the in�uen ceof synaptic connectivity on computational
performance

Neuralmicrocircuitsweredrawn from thedistributiondescribedin section3 for 10 differ-
entvaluesof � (which scalesthenumberandaveragedistanceof synaptically connected
neurons)and9 differentvaluesof Wscale (whichscalestheef�cacy of all synapticconnec-
tions). 20 microcircuit models C weredrawn for eachof these90 different assignments
of valuesto � andWscale . For eachcircuit a linear readout wastrainedto perform one
(randomly chosen)outof 280 possibleclassi�cationtasksonnoisyvariationsu of 80 �x ed
spike patterns ascircuit inputsu. Thetargetperformanceof any suchcircuit input wasto
output at time t = 100mstheclass(0 or 1) of thespike patternfrom which thepreceding
circuit inputhadbeengenerated(for somearbitrarypartitionof the80 �x edspikepatterns
into two classes.Eachspikepatternu consistedof 4 Poissonspiketrainsover200ms.Per-
formanceresultsareshown in Fig. 2b for 90differenttypesof neural microcircuit models.

We now test the predictive quality of the two proposedmeasuresfor the computational
power of a microcircuit on spike patterns. One shouldkeepin mind that the proposed
measuresdo not attemptto test the computationalcapabilityof a circuit for oneparticu-
lar computationaltask,but for anydistribution on Suniv andfor a very large (in general
in�nitely large) family of computationaltasksthatonly have in common a particularbias
regardingwhichaspectsof theincomingspike trainsmaycarryinformationthatis relevant
for thetarget outputof computations,andwhichaspectsshouldbeviewedasnoise.Fig. 3a



explains why the lower left part of the parameter mapin Fig. 2b is lesssuitablefor any
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Figure3: Valuesof the proposedmeasuresfor computations on spike patterns.a) Kernel-quality
for spike patternsof 90 differentcircuit types(averageover 20 circuits,meanSD = 13; For each
circuit, theaverageover5 differentsetsof spikepatternswasused).6 b) Generalizationcapabilityfor
spike patterns:estimatedVC-dimensionof HC (for a setSuniv of inputsu consistingof 500jittered
versionsof 4 spike patterns),for 90 differentcircuit types(averageover 20 circuits,meanSD = 14;
For eachcircuit, theaverageover 5 differentsetsof spike patternswasused).c) Differenceof both
measures(meanSD= 5.3).Thisshouldbecomparedwith actualcomputationalperformanceplotted
in Fig. 2b. Points1, 2, 3 de�ned asin Fig. 1.

suchcomputation,sincetherethekernel-qualityof thecircuitsis too low. Fig. 3b explains
why the upperright part of the parametermapin Fig. 2b is lesssuitable,sincea higher
VC-dimension (for a trainingsetof �x edsize)entailspoorergeneralizationcapability. We
arenot awareof a theoretically foundedway of combining both measures into a single
valuethatpredicts overall computationalperformance. But if onejust takesthedifference
of bothmeasuresthentheresultingnumber(seeFig. 3c)predictsquitewell which typesof
neural microcircuit modelsperform well for theparticularcomputationaltasksconsidered
in Fig. 2b.

5 Evaluating the computational power of neural microcircuit models
in UP- and DOWN-states

Datafrom numerousintracellularrecordingssuggest thatneuralcircuitsin vivo switchbe-
tweentwo different dynamic regimesthat arecommonly referred to asUP- andDOWN
states.UP-statesarecharacterizedby a bombardment with synapticinputs from recurrent
activity in the circuit, resultingin a membrane potentialwhoseaverage value is signi�-
cantlycloserto the�ring threshold, but alsohaslargervariance. We have simulatedthese
different dynamic regimesby varying the background current I back gr ound andthe noise
current I noise . Fig. 4ashows thatonecansimulatein this way different dynamic regimes
of thesamecircuit wherethetime courseof themembranepotentialqualitatively matches
datafrom intracellular recordingsin UP- andDOWN-states(seee.g. [Shuet al., 2003]).
We have testedthecomputationalperformanceof circuitsin 42differentdynamic regimes
(for 7 valuesof I back gr ound and6 valuesof I noise ) with 3 complex nonlinearcomputations
on �ring ratesof circuit inputs.7 Inputs u consistedof 4 Poissonspike trainswith time-
varying rates(drawn independently every30 msfrom theinterval of 0 to 80Hz for the�rst
two andthe secondtwo of 4 input spike trains,seemiddle row of Fig. 4a for a sample).
Let f 1(t) (f 2(t)) be the actualsumof ratesnormalizedto the interval [0; 1] for the �rst

6Therankof thematrix consistingof 500circuit statesxu (t) for t = 200 mswascomputedfor
500spike patternsover 200msasdescribedin section2, seeFig. 2a.

7Computationson �ring rateswerechosenasbenchmarktasksbothbecauseUPstateswerecon-
jecturedto enhancetheperformancefor suchtasks,andbecausewe want to show thattheproposed
measuresareapplicableto othertypesof computational tasksthanthoseconsideredin section4.
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Figure4: Analysisof the computationalpower of simulatedneuralmicrocircuitsin differentdy-
namicregimes. a) Membranepotential(for a �ring thresholdof 15 mV) of two randomlyselected
neuronsfrom circuits in the two parameterregimesmarked in panelb), aswell asspike rastersfor
the sametwo parameterregimes(with the actualcircuit inputsshown betweenthe two rows). b)
Estimatesof thekernel-quality for inputstreamsu with 34 differentcombinationsof �ring ratesfrom
0, 20,40 Hz in the4 input spike trains(meanSD = 12). c) Estimateof theVC-dimensionfor a set
Suniv of inputsconsistingof 200 differentspike trainsu that represent 2 differentcombinations of
�ring rates(meanSD = 4:6). d) Differenceof measuresfrom panelsb andc (afterscalingeachlin-
earlyinto acommonrange[0,1]). e),f), g): Evaluationof thecomputationalperformance(correlation
coef�cient; all for testdata;meanSD is 0:06, 0:04, and0:03 for panelse),f), andg) respectively.) of
the samecircuits in differentdynamicregimesfor computations involving multiplication andabso-
lute valueof differencesof �ring rates(seetext). Thetheoreticallypredictedparameterregimewith
goodcomputational performancefor anycomputationson �ring rates(seepaneld) agreesquitewell
with theintersectionof areaswith good computationalperformancein panelse, f, g.

two (secondtwo) input spike trainscomputedfrom the time interval [t � 30ms; t]. The
computationaltasksconsideredin Fig. 4 wereto compute online(andin real-time)every
30 msthefunctionsf 1(t) � f 2(t) (seepanele), to decide whether thevalueof theproduct
f 1(t) � f 2(t) lies in theinterval [0.1, 0.3] or lies outsideof this interval (seepanelf), andto
decidewhether theabsolutevalueof thedifferencef 1(t) � f 2(t) is greaterthan0.25(see
panelg).

We wantedto testwhether the proposedmeasuresfor computationalpower andgeneral-
ization capabilitywereable to make reasonablepredictions for this completely different
parameter map, and for computationson �ring ratesinsteadof spike patterns. It turns
out thatalsoin this casethekernel-quality (Fig. 4b) explainswhy circuits in thedynamic
regime correspondingto the left-hand sideof the parametermaphave inferior computa-
tionalpower for all threecomputationson�ring rates(seeFig. 4e,f,g).TheVC-dimension
(Fig. 4c) explains the declineof computational performancein the right part of the pa-
rametermap. The differenceof bothmeasures(Fig. 4d) predicts quite well the dynamic
regime where highperformanceis achievedfor all threecomputationaltasksconsideredin
Fig. 4e,f,g. NotethatFig. 4ehashigh performancein theupperright corner, in spiteof a
very high VC-dimension. This couldbeexplainedby the inherentbiasof linear readouts



to computesmoothfunctionson �ring rates,which �ts particularly well to this particular
target output.

If oneestimateskernel-quality andVC-dimension for thesamecircuits,but for computa-
tionson sparsespike patterns(for aninput ensembleSuniv similarly asin section4), one
�nds thatcircuitsat thelower left cornerof this parametermap(corresponding to DOWN-
states)arepredicted to have bettercomputationalperformance for thesecomputationson
sparseinput. This agreesquitewell with directevaluations of computationalperformance
(not shown). Hencetheproposedquantitative measuresmayprovide a theoretical founda-
tion for understanding thecomputationalfunctionof differentstatesof neural activity.

6 Discussion

Wehaveproposedanew method for understandingwhy oneneuralmicrocircuit C is com-
putationally morepowerful thananotherneural microcircuit C 0. Thismethod is in principle
applicable not just to circuit models,but alsoto neural microcircuits in vivo andin vitro.
Hereit canbeusedto analyze(for example by opticalimaging) for which family of com-
putational tasksaparticularmicrocircuit in aparticulardynamic regimeis well-suited.The
mainassumptionof themethod is that(approximately) linearreadouts from neuralmicro-
circuits have the taskto producethe actualoutputs of speci�c computations. We arenot
awareof speci�c theoreticallyfoundedrules for choosing the sizesof the ensemblesof
inputsfor which thekernel-measureandtheVC-dimensionareto beestimated.Obviously
bothhaveto bechosensuf�ciently largesothatthey produceasigni�cant gradient over the
parametermapunderconsideration(taking into accountthattheir maximalpossiblevalue
is boundedby the circuit size). To achieve theoretical guaranteesfor the performanceof
theproposedpredictor of thegeneralizationcapabilityof a neural microcircuit oneshould
applyit to a relatively largeensembleSuniv of circuit inputs(andthedimensionn of cir-
cuit statesshouldbe even larger). But the computer simulations of 132 typesof neural
microcircuit models thatwerediscussedin this articlesuggestthatpracticallyquitegood
prediction canalreadybeachievedfor amuchsmallerensemble of circuit inputs.
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