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Abstract

We introducea generalizationof temporal-difference(TD) learningto
networksof interrelatedpredictions.Ratherthanrelatingasinglepredic-
tion to itself atalatertime,asin conventionalTD methods,aTD network
relateseachpredictionin a setof predictionsto otherpredictionsin the
setat a later time. TD networks can representandapply TD learning
to a muchwider classof predictionsthanhaspreviously beenpossible.
Usingarandom-walk example,weshow thatthesenetworkscanbeused
to learnto predictby a �x edinterval, which is notpossiblewith conven-
tionalTD methods.Secondly, weshow thatwhenactionsareintroduced,
andtheinter-predictionrelationshipsmadecontingentonthem,theusual
learning-ef�ciency advantageof TD methodsover MonteCarlo (super-
visedlearning)methodsbecomesparticularlypronounced.Thirdly, we
demonstratethatTD networkscanlearnpredictive staterepresentations
thatenableexactsolutionof anon-Markov problem.A verybroadrange
of inter-predictive temporalrelationshipscanbeexpressedin thesenet-
works. Overall we arguethat TD networks representa substantialex-
tensionof theabilitiesof TD methodsandbring uscloserto thegoalof
representingworld knowledgein entirelypredictive,groundedterms.

Temporal-difference(TD) learningis widely usedin reinforcementlearningmethodsto
learnmoment-to-momentpredictionsof total future reward (valuefunctions). In this set-
ting, TD learningis oftensimplerandmoredata-ef�cient thanothermethods.But theidea
of TD learningcanbeusedmoregenerallythanit is in reinforcementlearning.TD learn-
ing is ageneralmethodfor learningpredictionswhenevermultiplepredictionsaremadeof
thesameeventover time, valuefunctionsbeingjust oneexample. Themostpertinentof
themoregeneralusesof TD learninghave beenin learningmodelsof anenvironmentor
taskdomain(Dayan,1993;Kaelbling,1993;Sutton,1995;Sutton,Precup& Singh,1999).
In theseworks,TD learningis usedto predictfuturevaluesof many observationsor state
variablesof a dynamicalsystem.

Theessentialideaof TD learningcanbedescribedas“learninga guessfrom a guess”.In
all previouswork, the two guessesinvolvedwerepredictionsof thesamequantityat two
pointsin time,for example,of thediscountedfuturerewardatsuccessivetimesteps.In this
paperwe explorea few of thepossibilitiesthatopenup whenthesecondguessis allowed
to bedifferentfrom the�rst.



Tobemoreprecise,wemustmakeadistinctionbetweentheextensivede�nition of apredic-
tion, expressingits desiredrelationshipto measurabledata,andits TD de�nition, express-
ing its desiredrelationshipto otherpredictions. In reinforcementlearning,for example,
statevaluesareextensively de�ned asan expectationof thediscountedsumof future re-
wards,while they areTD defined asthesolutionto theBellmanequation(a relationshipto
theexpectationof thevalueof successorstates,plus theimmediatereward). It' s thesame
prediction,just de�ned or expressedin differentways. In pastwork with TD methods,
theTD relationshipwasalwaysamongpredictionswith identicalor verysimilar extensive
semantics.In this paperwe retaintheTD ideaof learningpredictionsbasedon others,but
allow thepredictionsto havedifferentextensivesemantics.

1 The Learning-to-predict Problem

Theproblemweconsiderin thispaperis ageneraloneof learningto predictaspectsof the
interactionbetweena decisionmakingagentandits environment. At eachof a seriesof
discretetimestepst, theenvironmentgeneratesanobservationot 2 O, andtheagenttakes
anactionat 2 A. WhereasA is anarbitrarydiscreteset,weassumewithout lossof gener-
ality thatot canberepresentedasavectorof bits. Theactionandobservationeventsoccur
in sequence,a1; o1; a2; o2; a3 � � �, with eacheventof coursedependentonly on thosepre-
cedingit. This sequencewill becalledexperience. We areinterestedin predictingnot just
eachnext observationbut moregeneral,action-conditionalfunctionsof futureexperience,
asdiscussedin thenext section.

In this paperwe usea random-walk problemwith sevenstates,with left andright actions
availablein everystate:
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The observationuponarriving in a stateconsistsof a specialbit that is 1 only at the two
endsof the walk plus, in the �rst two of our threeexperiments,an explicit indicationof
thestatenumber. This is a continuing task:reachinganendstatedoesnotendor interrupt
experience. Although the sequencedependsdeterministicallyon action,we assumethe
actionsareselectedrandomlywith equalprobabilityso theoverall systemcanbeviewed
asa Markov chain.

TheTD networks introducedin this papercanrepresenta wide varietyof predictions,far
morethancanbe representedby a conventionalTD predictor. In this paperwe take just
a few stepstoward moregeneralpredictions.In particular, we considervariationsof the
problemof predictionby a �x ed interval. This is oneof the simplestcasesthat cannot
otherwisebe handledby TD methods.For the seven-staterandomwalk, we will predict
thespecialobservationbit somenumbersof discretestepsin advance,�rst unconditionally
andthenconditionedonactionsequences.

2 TD Networks

A TD network is a network of nodes,eachrepresentinga singlescalarprediction. The
nodesareinterconnectedby links representingtheTD relationshipsamongthepredictions
and to the observationsand actions. Theselinks determinethe extensive semanticsof
eachprediction—itsdesiredor target relationshipto the data. They representwhat we
seekto predictaboutthe dataasopposedto how we try to predict it. We think of these
links as determininga set of questions being asked aboutthe data,and accordinglywe
call themthe question network. A separatesetof interconnectionsdeterminethe actual



computationalprocess—theupdatingof the predictionsat eachnodefrom their previous
valuesandthe currentactionandobservation. We think of this processasproviding the
answers to thequestions,andaccordinglywe call themtheanswer network. Thequestion
network providestargetsfor a learningprocessshapingtheanswernetwork anddoesnot
otherwiseaffect the behavior of the TD network. It is naturalto considerchangingthe
questionnetwork, but in this paperwe take it as�x edandgiven.

Figure1a shows a suggestive exampleof a questionnetwork. The threesquaresacross
the top representthreeobservation bits. The nodelabeled1 is directly connectedto the
�rst observation bit and representsa predictionthat that bit will be 1 on the next time
step. The nodelabeled2 is similarly a predictionof theexpectedvalueof node1 on the
next step. Thustheextensive de�nition of Node2's predictionis the probability that the
�rst observationbit will be1 two time stepsfrom now. Node3 similarly predictsthe �rst
observationbit threetimestepsin thefuture.Node4 is aconventionalTD prediction,in this
caseof the futurediscountedsumof thesecondobservationbit, with discountparameter

 . Its target is the familiar TD target, the databit plus the node's own predictionon the
next time step. Nodes5 and6 predicttheprobabilityof the third observationbit being1
if particularactionsa or b aretakenrespectively. Node7 is a predictionof theaverageof
the�rst observationbit andNode4'sprediction,bothon thenext step.This is the�rst case
whereit is noteasyto seeor statetheextensivesemanticsof thepredictionin termsof the
data.Node8 predictsanotheraverage,this timeof nodes4 and5, andthequestionit asksis
evenharderto expressextensively. Onecouldcontinuein this way, addingmoreandmore
nodeswhoseextensive de�nitions are dif�cult to expressbut which would nevertheless
becompletelyde�ned aslong astheselocal TD relationshipsareclear. Thethinnerlinks
shown enteringsomenodesaremeantto be a suggestionof the entirely separateanswer
network determiningtheactualcomputation(asopposedto thesegoals)of thenetwork. In
this paperwe consideronly simplequestionnetworkssuchastheleft columnof Figure1a
andof theaction-conditionaltreeform shown in Figure1b.
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Figure1: Thequestionnetworksof two TD networks. (a) a questionnetwork discussedin
the text, and(b) a depth-2fully-action-conditionalquestionnetwork usedin Experiments
2 and3. Observationbits arerepresentedassquaresacrossthe top while actualnodesof
the TD network, correspondingeachto a separateprediction,arebelow. The thick lines
representthequestionnetwork andthethin linesin (a) representtheanswernetwork. Only
a smallportionof theanswernetwork is shown.



More formally andgenerally, let yi
t 2 [0; 1], i = 1; : : : ; n denotethe predictionof the

i th nodeat time stept. Thecolumnvectorof predictionsyt = (y1
t ; : : : ; yn

t )T is updated
accordingto a vector-valuedfunctionu with modi�able parameterW :

yt = u(yt � 1; at ; ot ; W t ): (1)

Thefunctionu correspondsto theanswernetwork, with W beingtheweightson its links.
Beforedetailingthat process,we turn to the questionnetwork, the de�ning TD relation-
shipsbetweennodes.TheTD targetzi

t for yi
t is anarbitraryfunctionzi of thesuccessive

predictionsandobservations.In vectorform we have1

zt = z(ot +1 ; ~yt +1 ) 2 < n ; (2)

where~yt +1 is just like yt +1 , asin (1), exceptcalculatedwith theold weightsbeforethey
areupdatedon thebasisof zt :

~yt +1 = u(yt ; at +1 ; ot +1 ; W t ) 2 < n : (3)

(This temporalsubtletyalso arisesin conventionalTD learning.) For example,for the
nodesin Figure1a we have z1

t = o1
t +1 , z2

t = y1
t +1 , z3

t = y2
t +1 , z4

t = o2
t +1 + 
 y4

t +1 ,
z5

t = 1
2 o3

t +1 + 1
2 y4

t +1 , andz6
t = 1

2 y3
t +1 + 1

2 y4
t +1 . Thesetarget functionszi areonly part

of specifyingthequestionnetwork. Theotherparthasto dowith makingthempotentially
conditionalon actionandobservation. For example,onemight want to predict“if I step
right I will observe a 1”. To arrangefor suchsemanticswe introducea new vector � t
whosecomponents� i

t indicatetheextent to which yi
t is held responsiblefor matchingzi

t ,
thusmakingthei th predictionconditionalon � i

t . � i
t is determinedasanarbitraryfunction

� i of at andot . In vectorform we have:

� t = � (at +1 ; ot +1 ; ~yt +1 ) 2 [0; 1]n : (4)

Equations(1–4) correspondto the question network. Let us now turn to de�ning u, the
updatefunctionfor yt mentionedearlierandwhichcorrespondsto theanswer network. In
generalu is anarbitraryfunctionapproximator, but for concretenesswede�ne it to beof a
linearform

yt = � (W t xt ) (5)
wherext 2 < m is a featurevector, W t is a n � m matrix, and� is the n-vector form
of the identity function (Experiments1 and2) or the S-shapedlogistic function � (s) =

1
1+ e� s (Experiment3). Thefeaturevectoris anarbitraryfunctionof theprecedingaction,
observation,andnodevalues:

xt = x(at ; ot ; yt � 1) 2 < m : (6)

Thelearningalgorithmfor eachcomponentwij
t of W t is

� wij
t = � (zi

t � yi
t )�

i
t

@yi
t

@wij
t

; (7)

where� is a step-sizeparameter. The timing detailsmay be clari�ed by writing the se-
quenceof quantitiesin theorderin which they arecomputed:

yt � 1 at ot xt ~yt zt � 1 � t � 1 W t yt at +1 ot +1 xt +1 ~yt +1 zt � t W t +1 yt +1 : (8)

Finally, thetargetin theextensivesensefor yt is

y�
t = E t;�

{

(1 � � t ) � y�
t + � t � z(ot +1 ; y�

t +1 )
}

; (9)

where � representscomponent-wisemultiplication and � is the policy being followed,
which is assumed�x ed.

1In general,z is afunctionof all thefuturepredictionsandobservations,but in thispaperwetreat
only theone-stepcase.



3 Experiment 1: n-step Unconditional Prediction

In this experimentwe soughtto predict the observation bit preciselyn stepsin advance,
for n = 1, 2, 5, 10, and25. In order to predictn stepsin advance,of course,we also
have to predictn � 1 stepsin advance,n � 2 stepsin advance,etc.,all theway down to
predictingonestepahead.This is speci�edby aTD network consistingof asinglechainof
predictionsliketheleft columnof Figure1a,but of length25ratherthan3. Weconstructed
random-walkexperiencesequencesby startingatthecenterstateandtakingrandomactions
for somenumberof timesteps,thesequence length. Weconstructed100sequencesof each
length50,100,150,and200.

We thenapplieda TD network anda correspondingMonteCarlomethodto this data.The
MonteCarlomethodlearnedthesamepredictions,but learnedthemby comparingthemto
theactualoutcomesin thesequence(insteadof zi

t in (7)). This involvedsigni�cant addi-
tional complexity to storethepredictionsuntil their correspondingtargetswereavailable.
Both algorithmsusedfeaturevectorsof 7 binary components,onefor eachof the seven
states,all of which werezeroexceptfor theonecorrespondingto thecurrentstate.Both
algorithmsformed their predictionslinearly (� (�) was the identity) and unconditionally
(� i

t = 1 8i; t).

In aninitial setof experiments,bothalgorithmswereappliedonlinewith avarietyof values
for theirstep-sizeparameter� . Undertheseconditionswedid not �nd thateitheralgorithm
wasclearlybetterin termsof themeansquareerror in their predictionsover thedatasets.
Wefoundaclearerresultwhenbothalgorithmsweretrainedusingbatchupdating,in which
weightchangesarecollected“on theside” overanexperiencesequenceandthenmadeall
at onceat the end, and the whole processis repeateduntil convergence. Under batch
updating,convergenceis to thesamepredictionsregardlessof initial conditionsor � value
(aslongas� is suf�ciently small),whichgreatlysimpli�es comparisonof algorithms.The
predictionslearnedunderbatchupdatingarealsothesameaswould becomputedby least
squaresalgorithmssuchasLSTD(� ) (Bradtke& Barto,1996;Boyan,2000;Lagoudakis&
Parr, 2003).

Theroot-mean-squareerror(RMSE)in thepredictionsof eachalgorithmareshown in Ta-
ble 1. For the 1-steppredictions,the two methodsperformidentically, of course,but for
longerpredictionsthereis a signi�cant difference.TheRMSEof theMonteCarlomethod
consistentlyincreaseswith predictionlengthwhereasfor theTD network it decreaseswith
predictionlength. The largeststandarderror in any of the numbersshown in the table
is 0.008, so almostall of the differencesshown are statisticallysigni�cant. TD meth-
ods appearto have a signi�cant data-ef�ciency advantageover non-TD methodsin this
prediction-by-n context (andthis task)justasthey doin conventionalmulti-stepprediction
problems(Sutton,1988).

Sequence 1-step 2-step 5-step 10-step 25-step
length MC/TD MC TD MC TD MC TD MC TD

50 0.205 0.219 0.172 0.234 0.159 0.249 0.139 0.297 0.129
100 0.124 0.133 0.100 0.160 0.098 0.168 0.079 0.187 0.068
150 0.089 0.103 0.073 0.121 0.076 0.130 0.063 0.153 0.054
200 0.076 0.084 0.060 0.109 0.065 0.112 0.056 0.118 0.049

Table1: RMSEof Monte-CarloandTD-network predictionsof variouslengthsandwith
variousamountsof trainingdataon therandom-walk example.



4 Experiment 2: Action-conditional Prediction

Theadvantageof TD methodsshouldbegreaterfor predictionsthatapplyonly whenthe
experiencesequenceunfolds in a particularway, suchaswhena particularsequenceof
actionsare made. In a secondexperimentwe soughtto learn n-step-aheadpredictions
conditionalon actionselections.The questionnetwork for learningall 2-step-aheadpre-
dictionsis shown in Figure1b. Theuppertwo nodespredicttheobservationbit conditional
on taking a left action(L) or a right action(R). The lower four nodescorrespondto the
two-steppredictions,e.g.,thesecondlower nodeis thepredictionof whattheobservation
bit will beif anL actionis takenfollowedby anR action.Thesepredictionsarethesame
asthee-tests usedin someof thework onpredictivestaterepresentations(PSRs)(Littman,
Sutton& Singh,2002;Ruddery& Singh,2003).

In thisexperimentweusedaquestionnetwork like thatin 1bexceptof depthfour, consist-
ing of 30 (2+4+8+16)nodes.The� s weresetto conditionon a singleactionselectionas
suggestedby the�gure. Thefeaturevectorswereasin thepreviousexperiment.Now that
we areconditioningon action,theproblemis deterministicand� canbesetuniformly to
1. A MonteCarlopredictioncanbelearnedonly whenits correspondingactionsequence
occursin its entirety, but thenit is completeandaccuratein onestep.TheTD network, on
theotherhand,canlearnfrom incompletesequencesbut mustpropagatethembackone-
level atatime. First theone-steppredictionsmustbelearned,thenthetwo-steppredictions
from them,andsoon. Theresultsfor onlineandbatchtrainingareshown in Tables2 and
3.

As anticipated,theTD network learnsmuchfasterthanMonteCarlowith bothonlineand
batchupdating.BecausetheTD network learnsits n steppredictionsbasedon its n � 1
steppredictions,it hasa clear advantagefor this task. Oncethe TD Network hasseen
eachaction in eachstate,it canquickly learnany prediction2, 10, or 1000stepsin the
future.MonteCarlo,ontheotherhand,mustsampleactualsequences,soeachexactaction
sequencemustbeobserved.

1-Step 2-Step 3-Step 4-Step
TimeSteps MC/TD MC TD MC TD MC TD

100 0.153 0.222 0.182 0.253 0.195 0.285 0.185
200 0.019 0.092 0.044 0.142 0.054 0.196 0.062
300 0.000 0.040 0.000 0.089 0.013 0.139 0.017
400 0.000 0.019 0.000 0.055 0.000 0.093 0.000
500 0.000 0.019 0.000 0.038 0.000 0.062 0.000

Table2: Onlineperformance.RMS errorof 1, 2, 3, and4 stepaction-conditionalpredic-
tionsof Monte-CarloandTD-network methodsat 100-stepcheckpoints.

Sequencelength MC TD
50 53.48% 17.21%
100 30.81% 4.50%
150 19.26% 1.57%
200 11.69% 0.14%

Table 3: Batch performance. Percentageof incorrectaction-conditionalpredictionsof
batch-updatingMonte-CarloandTD-network methods,aftervariousamountsof data,on
therandom-walk task.All differencesarehighly statisticallysigni�cant.



5 Experiment 3: Learning a Predictive State Representation

Experiments1 and2 showed advantagesfor TD learningmethodsin Markov problems.
Thefeaturevectorsin bothexperimentsprovidedcompleteinformationaboutthenominal
stateof therandomwalk. In Experiment3, on theotherhand,we appliedTD networksto
anon-Markov versionof therandom-walk example,in particular, in whichonly thespecial
observationbit wasvisible andnot thestatenumber. In this caseit is notpossibleto make
accuratepredictionssolelybasedon thecurrentactionandobservation; theprevioustime
step's predictionsmustbeusedaswell. As in thepreviousexperiment,we soughtto learn
n-steppredictionsusingaction-conditionalquestionnetworks of depths2, 3, and4. The
featurevectorconsistedof threecomponents:aconstant1, four binaryfeaturesto represent
which pair of actionandobservationbit occurred,andn morefeaturescorrespondingto
thecomponentsof yt . Thefeaturesvectorswerethusof lengthm = 11; 19; and 35 for the
threedepths.In this experiment� (�) wastheS-shapedlogistic function.

We constructedsequencesof 250,000time stepsandpresentedthemto eachof the three
networks,thenrepeatedeverythingfor 50 differentruns.Theinitial weightsW 0 andpre-
dictionsy0 wereboth0. We measuredtheRMSEof all predictionsmadeby thenetwork
(computedfrom knowledgeof thetask)andalsotheempiricalRMSEof theone-steppre-
diction for the actiontaken on eachtime step. We found that in all casesthe errorsap-
proachedzeroover time,showing thattheproblemwascompletelysolved.Figure2 shows
somerepresentative learningcurvesfor thedepth-2anddepth-4TD networks.

In ongoingexperimentson othernon-Markov problemswe have foundthatTD networks
do not alwaysprovide suchcompletesolutions.Otherproblemshave requiredmorethan
one stepof history information (the one-step-precedingaction and observation). Other
problemsseemto requiremorehistory, thoughmuch lessthanwould be requiredusing
history informationalone.Our resultsasa wholesuggeststhatTD networksmayprovide
aneffectivealternative learningalgorithmfor PSRs.Theonly previouslearningalgorithm
for PSRsis themyopicgradientalgorithmdevelopedby Singhetal. (2003).Thatalgorithm
wasalsofound to be effective on sometasksbut not on others. More work is neededto
assesstherangeof effectivenessandlearningrateof thetwo methods,andto exploretheir
combinationwith historymethods.
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Figure2: Predictionperformanceon thenon-Markov randomwalk of of depth-4TD net-
works(andonedepth-2network) with variousstep-sizeparameters,averagedover50runs
and1000time-stepbins



6 Conclusion

TD networkssuggesta muchlargersetof possibilitiesfor learningto predict,andin this
paperwehavebegunexploring just the�rst few. Ourresultswith theMarkov randomwalk
indicatethatevenin a fully observablesettingtheremayremainsigni�cant advantagesto
TD methodswhenlearningTD-de�ned predictionssuchasappearin TD networks. The
action-conditionalresultsshow that TD methodscanlearndramaticallyfasterthanother
methods. TD networks allow the expressionof many new kinds of predictionswhose
extensive semanticsis not immediatelyclear, but which areultimately fully groundedin
data.We expectit will befruitful to furtherexploretheexpressivepotentialof TD-de�ned
predictions.

Our �nal experimentsuggeststhatTD networksmayprovideagoodalternatelearningrule
for PSRs.Our work herehasfocusedon learninga varietyof predictionsthatmaybe of
interest. We feel that the ability to representandexpressin TD form a wide variety of
predictionsis valuableeven in the Markov case. But sincewe are learningpredictions,
it is natural to considerusing them as state,as in PSRs. Our experimentssuggestthat
this is a promisingdirectionandthat TD learningalgorithmsmay have advantagesover
previousmethods.We alsonotethatTD networksmaybean interestingway to generate
new predictions,by connectingadditionalnodeswith localconnectionsto theTD network,
andthusfor addressingthediscoveryproblemin PSRs.
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