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Abstract

We introducea generalizatiorof temporal-diference(TD) learningto
networksof interrelatecpredictions Ratherthanrelatingasinglepredic-
tiontoitself atalatertime,asin cornventionalTD methodsaTD network
relateseachpredictionin a setof predictionsto otherpredictionsin the
setat a latertime. TD networks canrepresenaindapply TD learning
to amuchwider classof predictionsthanhaspreviously beenpossible.
Usingarandom-valk example we shaw thatthesenetworkscanbeused
to learnto predictby a x edinterval, whichis not possiblewith corven-
tional TD methods Secondlywe shav thatwhenactionsareintroduced,
andtheinter-predictionrelationshipsnadecontingenbnthem,theusual
learning-efciency advantageof TD methodsover Monte Carlo (super
visedlearning)methodsbecomegarticularly pronounced.Thirdly, we
demonstrate¢hat TD networks canlearnpredictive staterepresentations
thatenableexactsolutionof anon-Markov problem.A very broadrange
of inter-predictve temporalrelationshipscanbe expressedn thesenet-
works. Overall we arguethat TD networks representa substantiakex-
tensionof the abilities of TD methodsandbring us closerto the goal of
representingvorld knowledgein entirely predictive, groundederms.

Temporal-diference(TD) learningis widely usedin reinforcementearningmethodsto
learnmoment-to-momenpredictionsof total future reward (valuefunctions). In this set-
ting, TD learningis oftensimplerandmoredata-efcient thanothermethodsBut theidea
of TD learningcanbe usedmoregenerallythanit is in reinforcementearning. TD learn-
ing is ageneralmethodfor learningpredictionsvhenever multiple predictionsaremadeof
the sameevent over time, valuefunctionsbeingjust one example. The mostpertinentof
the moregeneralusesof TD learninghave beenin learningmodelsof an environmentor
taskdomain(Dayan,1993;Kaelbling,1993;Sutton,1995; Sutton,Precup& Singh,1999).
In theseworks, TD learningis usedto predictfuture valuesof mary obsenationsor state
variablesof adynamicalsystem.

The essentialdeaof TD learningcanbe describedas“learninga guessdrom aguess”.In
all previouswork, the two guesse#volved were predictionsof the samequantity at two
pointsin time, for example of thediscounteduturerewardatsuccessietime steps.In this
paperwe explorea few of the possibilitiesthatopenup whenthe seconcdguesss allowed
to bedifferentfrom the rst.



To bemoreprecisewe mustmalkeadistinctionbetweertheextensivede nition of apredic-
tion, expressingts desiredrelationshipto measurableata,andits TD de nition, express-
ing its desiredrelationshipto other predictions. In reinforcementearning,for example,
statevaluesare extensiely de ned asan expectationof the discountedsumof future re-

wards,while they areTD defined asthe solutionto the Bellmanequation(a relationshipto

the expectationof thevalueof successostatesplustheimmediatereward). It's the same
prediction,just de ned or expressedn differentways. In pastwork with TD methods,
the TD relationshipwasalwaysamongpredictionswith identicalor very similar extensive

semanticsin this paperwe retainthe TD ideaof learningpredictionsbhasedn others but

allow the predictionsto have differentextensive semantics.

1 The Learning-to-predict Problem

The problemwe considelin this paperis agenerabneof learningto predictaspect®f the
interactionbetweena decisionmakingagentandits ervironment. At eachof a seriesof

discreteime stepg, theernvironmentgenerateanobsenationo; 2 O, andtheagenttakes
anactiona; 2 A. WhereadA is anarbitrarydiscreteset,we assumevithoutlossof gener

ality thato, canberepresentedsa vectorof bits. Theactionandobsenationeventsoccur
in sequenceq;;0;;ay; 00;a3 , with eacheventof coursedependenbnly on thosepre-
cedingit. Thissequencevill be calledexperience. We areinterestedn predictingnot just

eachnext obsenationbut moregeneral action-conditionafunctionsof future experience,
asdiscussedh the next section.

In this paperwe usearandom-valk problemwith sevenstateswith left andright actions
availablein every state:
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The obsenation uponarriving in a stateconsistsof a specialbit thatis 1 only at the two
endsof the walk plus, in the rst two of our threeexperiments,an explicit indication of
the statenumber Thisis a continuing task: reachingan endstatedoesnotendor interrupt
experience. Although the sequencalependdeterministicallyon action, we assumethe
actionsare selectedandomlywith equalprobability sothe overall systemcanbe viewed
asaMarkov chain.

The TD networksintroducedin this papercanrepresent wide variety of predictions far
morethancanbe representedby a corventional TD predictor In this paperwe take just
a few stepstoward more generalpredictions. In particular we considervariationsof the
problemof predictionby a x edinterval. This is one of the simplestcaseshat cannot
otherwisebe handledby TD methods.For the seven-staterandomwalk, we will predict
thespecialobsenationbit somenumberof discretestepsn advance, rst unconditionally
andthenconditionedon actionsequences.

2 TD Networks

A TD network is a network of nodes,eachrepresenting single scalarprediction. The
nodesareinterconnectedby links representinghe TD relationshipsamongthe predictions
and to the obsenationsand actions. Theselinks determinethe extensve semanticsof
eachprediction—itsdesiredor target relationshipto the data. They represeniwhar we
seekto predictaboutthe dataas opposedo how we try to predictit. We think of these
links as determininga setof questions being asked aboutthe data,and accordinglywe
call themthe question network. A separatesetof interconnectionsleterminethe actual



computationaprocess—theipdatingof the predictionsat eachnodefrom their previous
valuesandthe currentactionand obsenation. We think of this processas providing the
answers 10 the questionsandaccordinglywe call themthe answer network. The question
network providestargetsfor a learningprocessshapingthe answemetwork anddoesnot
otherwiseaffect the behaior of the TD network. It is naturalto considerchangingthe
guestiometwork, but in this papermwe take it as x edandgiven.

Figure 1a shavs a suggestie exampleof a questionnetwork. The threesquaresacross
the top representhreeobsenation bits. The nodelabeled1 is directly connectedo the
rst obsenation bit and represents predictionthat that bit will be 1 on the next time
step. The nodelabeled? is similarly a predictionof the expectedvalue of nodel on the
next step. Thusthe extensve de nition of Node2's predictionis the probability that the
rst obsenationbit will be 1 two time stepsfrom now. Node3 similarly predictsthe rst
obsenationbit threetime stepsan thefuture.Node4 is acorventionalTD prediction,in this
caseof the future discountedsumof the secondobsenation bit, with discountparameter
. Its tamgetis the familiar TD target, the databit plusthe nodes own predictionon the
next time step. Nodes5 and6 predictthe probability of the third obsenation bit being1
if particularactionsa or b aretakenrespectiely. Node7 is a predictionof the averageof
the rst obsenationbit andNode4's prediction,bothonthenext step.Thisis the rst case
whereit is not easyto seeor statethe extensve semantic®f the predictionin termsof the
data.Node8 predictsanotheraveragethistime of nodest and5, andthequestionit asksis
evenharderto expressextensiely. Onecould continuein this way, addingmoreandmore
nodeswhoseextensie de nitions are dif cult to expressbut which would nevertheless
be completelyde ned aslong astheselocal TD relationshipsareclear Thethinnerlinks
shavn enteringsomenodesare meantto be a suggestiorof the entirely separateanswer
network determininghe actualcomputationasopposedo thesegoals)of thenetwork. In
this paperwe consideronly simplequestionmnetworks suchastheleft columnof Figurela
andof theaction-conditionatreeform shavn in Figurelb.

(a) (b)

Figurel: Thequestiometworksof two TD networks. (a) a questiometwork discussedn
thetext, and(b) a depth-2fully-action-conditionalquestionnetwork usedin Experiments
2 and3. Obsenationbits arerepresente@ssquaresacrosghe top while actualnodesof
the TD network, correspondingeachto a separaterediction,arebelon. The thick lines
representhequestiometwork andthethin linesin (a) representhe answemetwork. Only
asmallportion of theanswemetwork is shavn.



More formally andgenerally lety! 2 [0;1], i = 1;:::;n denotethe predictionof the

ith nodeat time stept. The columnvectorof predictionsy, = (y&;:::;yM)T is updated
accordingto a vectorvaluedfunctionu with modi able parametekV :
Ye = Uy 15505 We): (€

Thefunctionu corresponds$o theanswemetwork, with W beingtheweightsoniits links.
Before detailingthat processwe turn to the questionnetwork, the de ning TD relation-
shipsbetweemodes.The TD targetz; for y; is anarbitraryfunctionz' of the successie
predictionsandobsenations.In vectorform we have!

zt = Z(O+1 5 ¥a1 ) 2 <™ 2

wherey,,; isjustlikey,,, , asin (1), exceptcalculatedwith the old weightsbeforethey
areupdatedon thebasisof z:

Yier = U(Yps @ s Oen ;W) 2 <™ 3)

(This temporalsubtletyalso arisesin corventional TD learning.) For example,for the
nodesin Figurelawe have z{ = 0l , 2f = Y, Z0 = Y31, 20 = O + Vi,
z? = 300, + 3y{hy . andz® = 3y3, + 3y, . Thesetamgetfunctionsz' areonly part
of specifyingthe questiometwork. The otherparthasto do with makingthempotentially
conditionalon actionand obsenation. For example,one might wantto predict"if | step
right | will obsere a 1”. To arrangefor suchsemanticsve introducea new vector
whosecomponents ; indicatethe extentto whichy; is held responsibldor matchingz;,

thusmakingtheith predictionconditionalon 1. 1is determinechsanarbitraryfunction
' of a; ando. In vectorform we have:
¢ = (81500413 ¥ar ) 2 [0, 1] 4)

Equations(1—-4) correspondo the question network. Let us now turn to de ning u, the
updatefunctionfor y, mentionecdearlierandwhich correspond$o the answer network. In
general is anarbitraryfunctionapproximatorbut for concreteneswe de ne it to beof a

linearform
Vi = (Wix) )

wherex; 2 <M is afeaturevector W isan m matrix, and is the n-vectorform
of the identity function (Experimentsl and 2) or the S-shapedogistic function (s) =
ﬁ (Experiment3). Thefeaturevectoris anarbitraryfunction of the precedingaction,
obsenation,andnodevalues:

Xt = X(a; 0y 1) 2 <™: (6)

Thelearningalgorithmfor eachcomponenwij of W is
W= @ oy 2 (7)

t

where is a step-sizeparameter The timing detailsmay be clari ed by writing the se-
guenceof quantitiesin the orderin which they arecomputed:

Ve 180 Xt ¥ 2 1 ¢ 1 WeYy@er Oen Xeed Yeur 26 ¢ Weed Year (8)
Finally, thetargetin the extensive senséor y, is
Ye = Ee {@ ) Vet ¢ 2015 V) ) )

where representomponent-wisanultiplication and is the policy being followed,
whichis assumedx ed.

'In generalz is afunctionof all thefuturepredictionsandobserations but in this papemwe treat
only theone-stegase.



3 Experiment 1: n-step Unconditional Prediction

In this experimentwe soughtto predictthe obsenation bit preciselyn stepsin advance,
forn = 1, 2,5, 10, and 25. In orderto predictn stepsin advance,of course,we also
have to predictn 1 stepsin advance,n 2 stepsin adwvance,etc.,all the way down to

predictingonestepaheadThisis speci edby a TD network consistingof asinglechainof

predictiondik etheleft columnof Figurela,but of length25ratherthan3. We constructed
random-valk experiencesequencely startingatthecenterstateandtakingrandomactions
for somenumberof time stepsthesequence length. We constructed 00sequencesf each
length50, 100,150,and200.

We thenapplieda TD network anda correspondindvionte Carlo methodto this data. The
Monte Carlomethodearnedhe samepredictions put learnedhemby comparinghemto

the actualoutcomesn the sequencéinsteadof z| in (7)). Thisinvolvedsigni cant addi-
tional compleity to storethe predictionsuntil their correspondindargetswereavailable.
Both algorithmsusedfeaturevectorsof 7 binary componentspne for eachof the seven
statesall of which werezeroexceptfor the onecorrespondindo the currentstate. Both

algorithmsformed their predictionslinearly ( () wasthe identity) and unconditionally
({=18it).

In aninitial setof experimentsbothalgorithmswereappliedonlinewith avarietyof values
for their step-sizgparameter . Undertheseconditionswedid not nd thateitheralgorithm
wasclearly betterin termsof the meansquareerrorin their predictionsover the datasets.
We foundacleareresultwhenbothalgorithmsweretrainedusingbatchupdatingjn which
weightchangesrecollected‘on the side” over anexperiencesequencandthenmadeall

at once at the end, and the whole processis repeateduntil cornvergence. Under batch
updating,corvergencads to the samepredictionsregardlesf initial conditionsor value
(aslongas issufciently small),whichgreatlysimpli es comparisorof algorithms.The
predictiondearnedunderbatchupdatingarealsothe sameaswould be computeddy least
squareslgorithmssuchasLSTD( ) (Bradtke & Barto,1996;Boyan,2000;Lagoudakis

Parr, 2003).

Theroot-mean-squarerror(RMSE)in the predictionsof eachalgorithmareshovn in Ta-
ble 1. For the 1-steppredictions,the two methodsperformidentically, of course but for
longerpredictionsthereis a signi cant difference.The RMSE of the Monte Carlomethod
consistentlyincreasesvith predictionlengthwhereador the TD network it decreasewith
predictionlength. The largeststandarderrorin ary of the numbersshavn in the table
is 0.008, so almostall of the differencesshavn are statistically signi cant. TD meth-
ods appearo have a signi cant data-efciency advantageover non-TD methodsin this
prediction-byn context (andthistask)justasthey doin corventionalmulti-stepprediction
problemg(Sutton,1988).

Sequence|| 1-step 2-step 5-step 10-step 25-step
length MC/TD MC TD MC TD MC D MC TD
50 0.205 || 0.219] 0.172 ] 0.234| 0.159 || 0.249| 0.139 | 0.297 | 0.129
100 0.124 || 0.133| 0.100 || 0.160 | 0.098 || 0.168 | 0.079 || 0.187 | 0.068
150 0.089 || 0.103| 0.073 || 0.121 | 0.076 || 0.130 | 0.063 || 0.153| 0.054
200 0.076 || 0.084| 0.060 || 0.109 | 0.065 | 0.112 | 0.056 | 0.118| 0.049

Table1: RMSE of Monte-Carloand TD-network predictionsof variouslengthsandwith
variousamountf trainingdataon therandom-valk example.



4 Experiment 2: Action-conditional Prediction

The advantageof TD methodsshouldbe greaterfor predictionsthatapply only whenthe
experiencesequencainfoldsin a particularway, suchaswhena particularsequencef

actionsare made. In a secondexperimentwe soughtto learn n-step-aheagbredictions
conditionalon actionselections.The questionnetwork for learningall 2-step-aheagre-
dictionsis shavn in Figurelb. Theuppertwo nodespredicttheobsenationbit conditional
on taking a left action(L) or a right action(R). The lower four nodescorrespondo the
two-steppredictionse.g.,the secondower nodeis the predictionof whatthe obsenation
bit will beif anL actionis takenfollowedby anR action. Thesepredictionsarethe same
asthee-rests usedin someof thework on predictive staterepresentation®SRs)Littman,

Sutton& Singh,2002;Ruddery& Singh,2003).

In this experimentwe useda questiometwork lik e thatin 1b exceptof depthfour, consist-
ing of 30 (2+4+8+16)nodes.The sweresetto conditionon a singleactionselectionas
suggestedby the gure. Thefeaturevectorswereasin the previousexperiment.Now that
we areconditioningon action,the problemis deterministicand canbe setuniformly to
1. A Monte Carlo predictioncanbelearnedonly whenits correspondingctionsequence
occursin its entirety but thenit is completeandaccuratén onestep.The TD network, on
the otherhand,canlearnfrom incompletesequencebut mustpropagatehembackone-
level atatime. Firstthe one-stepredictionamustbelearnedthenthetwo-steppredictions
from them,andsoon. Theresultsfor onlineandbatchtrainingareshown in Tables2 and
3.

As anticipatedthe TD network learnsmuchfasterthanMonte Carlowith bothonlineand
batchupdating. Becauseghe TD network learnsits n steppredictionsbasedonitsn 1
steppredictions,it hasa clear advantagefor this task. Oncethe TD Network hasseen
eachactionin eachstate,it canquickly learnany prediction2, 10, or 1000 stepsin the
future.MonteCarlo,onthe otherhand mustsampleactualsequencesoeachexactaction
sequencenustbe obsenred.

1-Step 2-Step 3-Step 4-Step
Time Steps|| MC/TD || MC TD MC TD MC TD
100 0.153 || 0.222] 0.182] 0.253| 0.195(| 0.285| 0.185
200 0.019 || 0.092| 0.044 | 0.142| 0.054 || 0.196 | 0.062
300 0.000 || 0.040| 0.000| 0.089| 0.013 | 0.139| 0.017
400 0.000 || 0.019| 0.000 | 0.055| 0.000 || 0.093 | 0.000
500 0.000 || 0.019| 0.000 | 0.038| 0.000 || 0.062 | 0.000

Table2: Online performance RMS errorof 1, 2, 3, and4 stepaction-conditionapredic-
tionsof Monte-CarloandTD-network methodsat 100-stepcheckpoints.

Sequencéength MC TD
50 53.48%| 17.21%
100 30.81%| 4.50%
150 19.26%| 1.57%
200 11.69%| 0.14%

Table 3: Batch performance. Percentagef incorrectaction-conditionalpredictionsof
batch-updatindvionte-Carloand TD-network methods after variousamountsof data,on
therandom-valk task.All differencesarehighly statisticallysigni cant.



S Experiment 3: Learning a Predictive State Representation

Experimentsl and 2 shoved advantagedor TD learningmethodsin Markov problems.
Thefeaturevectorsin both experimentgprovidedcompleteinformationaboutthe nominal
stateof therandomwalk. In Experiment3, onthe otherhand,we appliedTD networksto
anon-Marlov versionof therandom-valk example,in particular in which only thespecial
obsenationbit wasvisible andnot the statenumber In this caseit is not possibleto make
accuratepredictionssolely basedon the currentactionand obsenation; the previoustime
steps predictionsmustbe usedaswell. As in the previousexperimentwe soughtto learn
n-steppredictionsusing action-conditionafjuestionnetworks of depths2, 3, and4. The
featurevectorconsistedf threecomponentsaconstantl, four binaryfeaturego represent
which pair of actionand obsenation bit occurred,andn morefeaturescorrespondindo
thecomponent®f y,. Thefeaturesrectorswerethusof lengthm = 11; 19; and 35for the
threedepths.n this experiment () wasthe S-shapedogistic function.

We constructedsequencesf 250,000time stepsand presentedhemto eachof the three
networks,thenrepeatedverythingfor 50 differentruns. Theinitial weightsW o andpre-
dictionsy, wereboth 0. We measuredhe RMSE of all predictionsmadeby the network
(computedrom knowledgeof the task)andalsothe empirical RMSE of the one-stefpre-
diction for the actiontaken on eachtime step. We found thatin all caseshe errorsap-
proachederoovertime, shaving thatthe problemwascompletelysolved. Figure2 shavs
somerepresentatie learningcurvesfor thedepth-2anddepth-4TD networks.

In ongoingexperimentson othernon-Markov problemswe have foundthat TD networks
do not alwaysprovide suchcompletesolutions. Otherproblemshave requiredmorethan
one stepof history information (the one-step-precedingction and obsenation). Other
problemsseemto require more history, thoughmuch lessthanwould be requiredusing
history informationalone. Our resultsasa whole suggestshat TD networks may provide
aneffective alternatie learningalgorithmfor PSRs.The only previouslearningalgorithm
for PSRds themyopicgradientalgorithmdevelopedby Singhetal. (2003). Thatalgorithm
wasalsofoundto be effective on sometasksbut not on others. More work is neededo
assestherangeof effectivenessandlearningrateof thetwo methodsandto exploretheir
combinationwith history methods.

Figure2: Predictionperformancen the non-Markov randomwalk of of depth-4TD net-
works (andonedepth-2network) with variousstep-sizeparametersaveragedver 50 runs
and1000time-stephins



6 Conclusion

TD networks suggest muchlarger setof possibilitiesfor learningto predict,andin this
papemwe have begunexploringjustthe rst few. Ourresultswith the Markov randomwalk
indicatethatevenin a fully obsenablesettingtheremay remainsigni cant advantagego
TD methodswhenlearningTD-de ned predictionssuchasappeaiin TD networks. The
action-conditionatesultsshov that TD methodscanlearndramaticallyfasterthanother
methods. TD networks allow the expressionof mary new kinds of predictionswhose
extensie semanticds not immediatelyclear but which are ultimately fully groundedn
data.We expectit will befruitful to furtherexplorethe expressie potentialof TD-de ned
predictions.

Our nal experimentsuggestshatTD networksmay provide agoodalternatdearningrule
for PSRs.Our work herehasfocusedon learninga variety of predictionsthat may be of
interest. We feel that the ability to representand expressin TD form a wide variety of
predictionsis valuableeven in the Markov case. But sincewe are learningpredictions,
it is naturalto considerusingthem as state,asin PSRs. Our experimentssuggesthat
this is a promisingdirectionandthat TD learningalgorithmsmay have advantagesver
previous methods.We alsonotethat TD networks may be aninterestingway to generate
new predictionspy connectingadditionalnodeswith local connectiongo the TD network,
andthusfor addressinghediscovery problemin PSRs.
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