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Abstract

For two given simple polygons P, Q the problem is to

determine a rigid motion I of Q giving the best possible

match between P and Q, i.e. minimizing the Hausdorff-

distance between P and I(Q). Faster algorithms as

the one for the general problem are obtained for special

cases, namely that I is restricted to translations or even

to translations only in one specified direction. It turns

out that determining pseudo-optimal solutions, i.e. ones

that differ from the optimum by just a constant factor

can be done much more ejjiciently than determining op-

timal solutions. In the most general case the algorithm

for the pseudo-optimal solution is based on the quite sur-

prising fact that for the optimal possible match between

P and an image I(Q) of Q the distance between the cen-

troids of the edges of the convex hulls of P and I(Q] is

a constant multiple of the Hausdorff-distance between P

and I(Q). It is also shown that the Hausdorff-distance

between two simple polygons can be determined in time

O(n log n], where n is the total number of vertices.

1 Introduction

The aim of this paper is to present methods from Com-

putational Geometry solving standard problems in pat-

tern recognition which can be intuitively formulated as

follows:
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Given two objects (shapes) P and Q, how much do they

resemble each other? (or: Are they identical up to some

tolerance 6>0 ?)

In many applications (e.g. character recognition) P

will be the input and that Q out of a set of samples

has to be determined which is most similar to P. Here

we will assume that P and Q are simple polygons in

the plane. So geometrically the problem above can be

formulated as follows:

Given P, Q, find an isometry I such that the distance

between P and 1(Q) is minimized (and determine that

minimal distance). Here an isometry is an affine map-

ping in the plane which preserves distances. As is well

known (see [M]) any isometry 1 can be represented as

I=ropot or I= pot,

where r is the reflexion at the x —axis, p a rot at ion

about the origion and t a translation. In this article

we will wlog. mean by isometry only isometrics without

reflexions (also called rigid motions or even isometrics).

Reflexions can easily be included by first matching op-

timally P and Q and then P and r(Q) by rigid motions

and taking the better of the two matches.

In this sense, any isometry 1 is of the form

I(z)= M.z+t (1)

( Cos p sin p
where M =

— sin 9 )
for some p E [0, 2m[

Cos p

and t E R2 is some fixed translation vector.

As a distance measure between P and I(Q) we

use the so-called Hausdorff-metric 6H that is de-

fined by 6H(A, B) = max(~H(A, B), ~H(l?, A)), where

~H(X, Y) = ~~ ~~ d(z, y), is the distance from X to

Y. d is the Euclidean distance in the plane. Notice that

8H (A, B) is always defined if A, B C R2 are bounded.

Figure 1 shows two polygons P, Q and an isometry 1

such that 6H(P, I(Q)) is minimized.
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~H (P, I(Q))

Figure 1:

(Note that throughout this paper, when considering a

polygon P as a set, we always mean the set of points on

the edges of P, not the ones in the interior.) There are

some special cases of the general problem formulated

above which are of independent interest. Let P3 denote

the general problem then we define problems P2, Pl,

POby the following restrictions:

P2: Only translations are allowed, i.e. in(1) Al is the

identity matrixld

PI: Only translations along one fixed direction tO are

allowed, i.e. A4 = Id and tc {A .tol~E R}

PO: No isometrics except for the identity are allowed

(~= ~d,t = (~)), i.e. the problem is to measure

the Hausdorff-distance between Pand Q.

A standard example for the application of P2 (or even

Pl) is again character recognition. PO is, of course,

a very fundamental problem. A linear time algorithm

for it in the case of convex polygons has been given by

Atallah [At 1]. Similar questions for point sets instead

of polygons have been investigated in [AMWW] and [S],

and more recently, [AKMSW] and [HK]. Problems re-

lated to the ones here with respect to an alternative

distance measure have been considered in [G]. Approx-

imation algorithms in this context have been developed

in [ABGWl and [G].

In section 2 we will give an O((p + q) log(p + q)) algo-

rithm for PO, where p and q are the numbers of vertices

of P, Q, respectively. Then an 0( A66(pq) log(pq)) algo-

rithm will be presented using techniques for comput-

ing upper envelopes of functions related to Davenport-

Schinzel-sequences. Next for problems P2 and P3 al-

gorithms will be given whose approximate runtimes are

polynomials of degree 7 and 9. Since that is not very

efficient any more, we present in section 5 algorithms

giving pseudo-optimal solutions as an alternative. This

means that they do not necessarily compute the opti-

mal isometry, but one where the resulting Hausdorff-

distance differs from the optimum only by a constant

factor. For problem P3 the algorithm is based on the

fact that if the minimum distance between P and an

isometric image 1(Q) of Q is ~ then the distance be-

tween the centroids of the edges of the convex hulls of

P and of the copy of Q giving the best possible match

is at most 17t.

2 Determining the Hausdorff-distance

of two polygons (Problem PO)

Let P, Q be two polygons with p, q vertices, respec-

tively. In order to solve problem PO, i, e. determine

the Hausdorff-distance between P and Q we consider

the Voronoi-diagram of P, Vor(P).

Vor(P) assigns to each edge and each vertex of P its

Voronoi-cell, i.e. the set of points in the plane which

are closer to this element (i.e. edge or vertex) than to

any other one (see Figure 2). The edges c)f Vor(P) are
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Figure2: Voronoi Diagram ofa Polygon F’

either line segments (if they separate the cells of two

edges or two vertices of P) or parabolic segments (if

they separate the cell of a vertex from the cell of an

edge). Vor(P) has O(p) edges and vertices and can be

constructed in time O(p logp) (see[Y] ,[F]). In order to

obtain a finite problem we observe the following:

First consider the intersection of a fixed Voronoi-cell C

with Q (see Figure 3). Suppose that we move mono-

tonically on an edge of Q within this Voronoi-cell C.

As easily can be seen the distance to the corresponding

element of P defining cell C is a bit onic function, i.e.

first decreases and than increases monotonically (or is

just monotone increasing or just monotone decreasing).

It follows that the maximal distance of a point of Q on

this edge to P must be assumed at the endpoints of the

edge or at the intersection point with some Voronoi-

edge bounding cell C’.

It follows that the distance & (Q, P) must be as-

sumed at a vertex of Q or an intersection point of an

edge of Q with a Voronoi-edge of P. Furthermore if we

move monotonically on a Voronoi-edge e of P the dis-

tance to the elements whose cells are separated by this

edge is a bitonic function as described before. Summa-

rizing we have

Lemma 1 The distance of Q to P, ~H(Q, P) is as-

sumed either at some vertex of Q or at some intersec-

tion point of Q with some Voronoi-edge e of P having

ezther the smallest or largest z—coordinate among the

intersection points of Q with e (see Figure 3).

(In the lemma we assume that parabolic segments hav-

ing a vertical tangent are cut into two pieces at the

point where the vertical tangent occurs.) Notice that

the number of points in Lemma 1 is O(p+q). It remains

to show how to find these points and their nearest neigh-

bors on P, that is we have to determine the cells of

Vor(P) containing the vertices of Q and the elements

of P closest to the critical intersection points.

We do this by a plane sweep across the arrangement

obtained by the possibly split edges of Vor(P) and Q.

In order to obtain only the extreme intersection points

of each edge e of Vor(P), we delete e from the data

structure (e.g. 2-3-tree) as soon as the first intersection

point with Q has been found. Two such sweeps, one

from left to right and one from right to left are neces-

sarY. Since there are O(p + q) event points we obtain

an O((P + g) log(p + q))-algorithm for determining all

candidates in the sense of Lemma 1. By determining

their distance to P and taking their maximum we get

$H(Q, P). Analogously, $H(P, Q) and thus C$H(P, Q)

can be determined.

3 An algorithm for PI

For problem P 1 we can assume wlog. that the direction

of the allowed translations is parallel to the x-axis, i.e.

translation vectors are of the form (A, O), A E R. For

~ c R and an egde e of Q we denote by 1A(e) the image

of e.
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Vor(P) and Q ● - extreme intersection points.
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Figure 4:

Now it is easily seen that for e an edge of Q and e’ an

edge of Vor(P) bounding, say, cell C there exist at most

three intervals 11,12,13 (that may overlap and even co-

incide) such that for any A c 13, j“ = 1, 2, 3, there exists

an intersection point between 1A(e) and e’ and, more-

over, while ~ moves continuously through Ii, j = 1,2, 3,

the intersection point moves continuously on e’ (see Fig-

ure 4). For ~ E ~j denote by ej (~) the corresponding

intersection point. Now ~~~, (A) is the function that as-

signs to A E lj the distance of ej (~) to the vertex or

edge A of P defining cell C’. Likewise we define for

- each pair (a, C), where a is an endpoint of some edge

e of Q and C a cell of Vor(P), the function fa,c, i.e. if

the corresponding endpoint of 1A(e) is contained in C

!a,c(J) is defined as the distance of this point to the site

defining ~ell C. According to Lemma 1 the Hausdorff-

distance 6H of the image of Q at some position A to P

is themaximum of all these functions. Now it can be

observed that the functions defined above are pieces of

algebraic functions of degree at most 8. Therefore any

two of these functions intersect in at most 64 points.

Consequently, using the terminology from the theory

of Davenport-Schinzel sequences, t heir upper envelop e

j consists of at most ~~~(pq) pieces of the graphs of

the single functions and it can be computed in time

O (~66 (pq) Iog(pq)), cf. [At2]. Likewise, we can deter-

mine the distance from P to lA(Q) as a function of

A. By merging the two functions we can determine the

optimal ~ in time O (A66 (pq) log(pq)). No explicit ex-

pression for this function is known but it certainly is

bounded by O (pq log(pq) log* (pq)) (see e.g. [ASS]).
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4 Algorithms for P2 and P3

We will only briefly describe algorithms for problems

P2 and P3, since in the next section we will present

an alternative, more efficient approach. Suppose that

two polygons P, Q are given as an instance for problem

P2 and that 1 is an isometry (translation) such that

6 := 6H(P, 1(Q)) is minimal. Let a, b be points of P

and 1(Q), respectively, between which the dist ante 6

occurs. We call (a, b) a critical pair and the vector

between a and b a critical vector. We claim:

Lemma 2 Either there are two critical pairs such that

for the corresponding critical vectors u, v, u = –v, or

there are at least three critical pairs.

The proof of Lemma 2 is done by contradiction consid-

ering the different cases, where there are only 2 critical

pairs. This proof will be omitted in this extended ab-

stract. We just illustrate in Figure 5, why the placement

of Q is not optimal, if there are only two critical pairs.

t

Figure 5: Nonoptimal placement of Q, a translation by

vector t will decrease the Hausdorff-distance.

Our algorithm for P2 based on Lemma 2 considers

all possibilities of elements (i.e. vertices and edges) of

P, Q containing three critical pairs. We will only de-

scribe the case here where critical pairs (al, bl), (az, bz),

(a~, b~) involve three vertices al, az, as of P. The other

cases can be solved with similar techniques within the

same runtime. So the algorithm considers all triples

(al, rl), (az, rz), (a~, ra) where ai is a vertex of P or

Q and ri is a vertex or edge of the other polygon,

i = 1, 2, 3. Clearly, there are O ((pq)3) such triples. For

a given triple, if we demand that the three distances

between ai and ri, i = 1, 2, 3 are the same we obtain

two equations

d(al, m) = d(a~, TZ)

d(a~, r~) = d(as, 7-3)

Here, d is the Euclidean distance if r-i is a point and

the shortest distance from ai to any point in ri, if ri

is a line segment. Since in problem P2 only two pa-

rameters specify the isometry (translation) 1, there will

be only constantly many isometrics such that the equa-

tions above are satisfied. For each of them we deter-

mine 6H (P, 1(Q)) by applying the algorithm from sec-

tion 2. Those isometrics with minimal 8H-value among

the O ((pq)3) many which are checked give optimal

solutions to P2. So the algorithm has a runtime of

O ((Pq)3(P + q) log(p + q)). Problem P3 can be solved
similarly. Analogously to Lemma 2 any optimal solu-

tion for P3 must have at least 4 critical pairs (except

for some degenerate cases). So the algorithm checks

O ((pq)4) possible isometrics, each time determining 6H

by the algorithm of section 2. So P3 can be solved in

time O ((pq)4(p + q) log(p + g)). Probably more effi-
cient algorithms can be found analogously to our so-

lution for problem PI considering Davenport-Schinzel

structures for multivariat e functions, about which not

much is known yet (special cases are treated in [EPSS]).

However, we believe that such methods still would not

give really efficient algorithms. Instead, we present an

ah ernat ive approach in the next section.

5 Pseudo-optimal solutions

In this section we will give efficient algorithms for prob-

lems P2 and P3 which not necessarily find the opti-

mal solution, but a pseudo-optimal one in the following

sense:

Definition 3 An algorithm is said to produce a

pseudo-optimal solution for problem P2 (P3), iff there

is a constant c >0 such that on input P, Q the algorithm

finds a translation (isometry) I with 6H(P, I(Q)) < c6,

where 6 is the minimal Hausdorff-distance determined

by the optimal solution.

A pseudo-optimal solution for P2 can be found very

easily:

For a polygon P let rp := (ZP, yp) where zp(yp ) is the

smallest z-coordinate (y-coordinate) of any point in P

(see Figure 6).

Let P, Q be two polygons and I a solution to P2, i.e.

6 := 6H(P, I(Q)) is minimal. Obviously d(rp, rI(Q)) <

W o b. ‘1’herefore, if r is the translation mapping rQ

onto rp, its difference to the optimal one is a vector of

length at most ~ .6. Hence,

6H(P, T(Q)) < (1+ fi)ti
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i.e. ~ iS a pseudo-optimal Sohlt ion. Since rp, rQ can

be determined in time O(p + q), the same holds for ~;

if we also want the value of 6H (P, T(Q)) we have to

apply the algorithm for PO and finally get a runtime of

O((P + 9) M(P + d) .

Of course, the point r-p is not a suitable choice for

problem P3 since its position relative to P is not invari-

ant under rotations. Instead, we define for a polygon ~

SP to be the centroid o~the edges of the convex hull P

of P. (In the following P will always denote the bound-

ary of the convex hull of P not its interior. ) One way to

compute SP (in time O(p)) is to assign for each edge e

of ~ the length of e as a weight to the midpoint of e and

compute the weighted arithmetic mean of all these mid-

points. An alternative definition of ~P, which we will

use here, is by parametrizations of P, i.e. continuous

mappings a : [a, b] ~ R2, where [a, b] is a real inter-

val, such that the image of a equals ~ and a(a) = a(b).

In particular, we will consider natural parametm’zations,

i.e. parametrizations a : [0, LF] ~ R2, where LF is the

length of ~, i.e. the total length of its edges. Further-

more for any t G [0, LF] the arc-length from point a(0)

on P to a(t)on P equals t. Now elementary geometric

considerations show that

if a is a natural parametrization of Z.

Suppose that Q is a second polygon and 1 the isome-

try minimizing 6 := 6H (P, I(Q)). Assume furthermore

wlog. that 1(Q) cent ains the origin, denoted by o. We

now claim

Lemma 4

For proving Lemma 4 we need a few facts about

parametrized curves. First we define an alternative dis-

tance measure for curves (in the literature sometimes

called “Fr6chet-distance”, see also [G]):

Definition 5 Let Cl, C2 be curves. Then we define the

continuous distance

8C(CI, C’2) := i~f(max{d(nCl(t), cr(t))lt @ [0, LC,]})

where a ranges over all possible parameirizations

cu : [0, LC1] ~ R2

of C2 and nci is a natural parametrization of Cl.

6C can be visualized as follows:

Suppose there is a man walking his dog, the man walk-

ing on curve Cl, the dog on C2. 8C(C1, C2) is the min-

imal length of a lessh that is possible.

It haa been proven in [ABGW]:

Lemma 6 For any pair of convex ciosed curves

Cl, Cz : 6c(C1, Cz) = JH(C1, Cz), in fact to any natural

parametrization ncl of Cl there exists a parametriza-

tion a of C2 with d (ncl(t), a(t)) < 6H(C1, C2) for ali

t c [0, Lc,].

The following lemma can be shown by elementary geo-

met ric arguments:

Lemma 7 a) Let Cl and C2 be convex closed

curves, Lcl, Lc, their circumferences and 6 =

6H(C1, Cz). Then ILc1 – Lc, I < 27rti

b) Let P, Q be polygons, then for the convex hulls

6H(P, @ < 6H(P, Q).

Now we can sketch the proof of Lemma 4:

Let R := ~, T := 1~) (= I(Q)), rx a natural

parametrization of R, and ~ a parametrization of T

such that according to Lemma 6

d (cr(t), ~(t)) < C5H(R, T) for all t G [0, L~]

< 6 by Lemma 7 b).

Let /3 : [0, LT] ~ R2 be the natural parametrization

of T, with /3(0) = P(O), and the orientation in which /3

traverses T is the same as the one of ~. Now,

LR ,LRIla(t)- /3(t)l~dt<L
I

+ “(*-*) “J=’)d’”
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assuming wlog., that LT ~ LR. Let us denote the three

terms in the last expression by J1, J2, J3, respectively.

By Lemma 7 the difference between LR and LT is at

most 27rc5. This fact together with the observation that

the assumption o E 1(Q) implies Ilfl(t)ll < ~ can be

used to show that

In order to get an upper bound for J1, we show

Claim: Ila(t) – /3(t)11 < (2x+3) . ~ for all t C [0, LR]

Proofi For a fixed t c [0, LR] consider the curve seg-

ments from cr(0) to a(t) of R and from P(O) to

~(t) of T and close them by line segments In and

./T (see Figure 7).

One checks that the resulting curves R’, T’ have

Hausdorff-distance <6, therefore by Lemma 7 a)

Now, if b is the arc-length of T from B(O) to ~(t),then

Since l~n – & I <26, we have by (3) and (4):

On the_other h~nd since b is the arc-length of T be-

tween B(O) and ~(t)and t the arc-length of T between

/3(0) (= 6(O)) and~(t), we have

and the claim follows.

Clearly, the claim implies that JI < (27r + 3)6, so

altogether we have

d(s~, S1(Q)) < (47+ 3)6

which finishes the proof of Lemma 4. n

Like in the case of problem P2 let ~ be an isometry

which gives a minimal Hausdorff-distance among the

ones mapping SQ onto SP. With the same argument m

for P2 we have, applying Lemma 4:

15H(P, 1(Q)) < (47r + 4)6;

where 6 is the optimal solution, i.e. ~ is a pseudo-

optimal solution. It can be found by translating Q such

that SQ is mapped onto SP and then rotating the im-

age of Q around SP. The angle of rotation, which gives

the optimal solution ~ can be determined by a tech-

nique analogous to the one used for solving problem P 1.

The runtime is also bounded by O (& G(pq) log(pq)), and

since SP and SQ can be found in linear time this bounds

also the runtime of the whole algorithm.

The constant of 47r+4 x 17 may seem quite large, but

with the following idea (cf. [S]) it can be reduced to any

fixed constant c > 1 without increasing the asympotic

runtime:

We know by Lemma 4 that the optimal isometry I maps

SQ into the (47r + 4)&neighborhood U of SP. We place

onto U a sufficiently small grid so that no point in U

hss distance greater than (c – 1)6 from a gridpoint.

Since c is fixed, there are constantly many gridpoints

within U. We place SQ instead of onto SP only, onto

each one of these gridpoints and proceed as described

before. It fol~ows from the previous discussion that for

the solution 1 found this way it holds:

6 Conclusion

We summarize the results of this paper in

Theorem 8 The different versions of the problem of

measun”ng the resemblance between polygons P, Q with

P, q vertices respectively, can be solved within the follow-

ing time bounds:

Optimal Pseudooptimal

Po O((p+ q)b-(P + d)

PI o(A66(pq) log(pq)) O((P + d 1%(P + !7))

P2 o((pq)3(p+ q)@(P + q)) O((P + !7) 1%(P + 9))

P3 0((pq)4(p + q) log(p + q)) I O(~GG(pq) log(pq))

It should be noted that although the algorithms are

formulated for simple polygons they work for more gen-

eral structures like polygonal chains, in fact, for arbi-

trary sets of nonintersecting line segments.
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