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1 Introduction

In this project, we examine two aspects of the behavior of the EM algorithm for mixtures of spherical
Gaussians; 1) the benefit of spectral projection for such mixtures, and 2) the general behavior of the EM
algorithm under certain separability criteria. Our current results are for mixtures of two Gaussians, although
these can be extended. In the case of 1), we show that the value of the Q function for EM (see below)
increases in general when one performs spectral projection, and for 2), we give empirical results under
different separability conditions, and make a conjecture concerning these.

2 The EM Algorithm

The Expectation Maximization algorithm is a means of estimating the maximum likelihood of some data
given a distribution. We will sketch a general outline of the method, which follows Bilmes’ tutorial [1].
Assume we are given a density function p(x|Θ) that is governed by a set of parameters Θ. We are also given
a set of data of size N , i.e. X = {x1, . . . , xN}, which is drawn from this distribution, s.t. the individual
vectors are i.i.d with distribution p. The likelihood function is then defined as

p(x|Θ) =
N∏

i=1

p(xi|Θ) = L(Θ|X)

We think of this function as the likelihood of the parameters given the data, and we wish to find the
Θ that maximizes L. (Note that one can maximize the log likelihood here if it makes analysis easier; as it
does in the Gaussian case.) EM allows us to maximize this by assuming that the data that is observed is
incomplete, and thus has unobserved values. Assume that X is observed, and Y is the unobserved data, and
Z is the concatenation of this, i.e. the complete data. Then:

p(z|Θ) = p(x, y|Θ) = p(y|x,Θ)p(x|Θ)

Note that our new likelihood function becomes L(Θ|Z) = L(Θ|X, Y ) = p(X, Y |Θ), i.e. the complete
data likelihood. This function is a random variable, since the missing information Y is unknown. The EM
algorithm first finds the expected value of log p(X, Y |Θ) with respect to the unknown data Y given X and
the current parameter estimates. We denote this as:

Q(Θ, Θ(i−1)) = E[log p(X, Y |Θ)|X, Θ(i−1)] =
∫

y∈Y ∗
log p(X, Y |Θ)f(y|X, Θ(i−1))dy

where Θ(i−1) are the current parameter estimates, Y ∗ is the space of values that y can take on, and
f(y|X, Θ(i−1)) is the distribution which governs the random variable Y .

Once the expectation is evaluated, we proceed to maximize it. This step can be written as follows:

Θ(i) = argmax
Θ

Q(Θ, Θ(i−1)).
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The EM update equations for spherical Gaussians do both expectation and maximization simultaneously.
However, for our current purposes, we are interested in the Q function for spherical Gaussians. Assume you
have the following probabilistic model:

p(x|Θ) =
M∑

i=1

αipi(x|θi)

where the parameters are Θ = (α1, . . . , αM , θ1, . . . , θM ), the pi’s are density functions characterized by
θi, and the αi’s (the mixing weights) sum up to 1. Then [1] shows that, given a guess of parameters Θ′ (for
assumptions concerning the guesses, see the next section):

Q(Θ,Θ′) =
M∑

l=1

N∑

i=1

log(αl)p(l|xi,Θ′) +
M∑

l=1

N∑

i=1

log(pl(xi|θl))p(l|xi,Θ′)

Here p(l|xi, Θ′) means the probability of the lth distribution given the data point and the parameters,
whereas pl(xi|θl)) denotes the probability of xi coming from the lth distribution. In a spherical Gaussian
with θ = (µ, σ), this is given by:

p(l|x, µ, σ) = p(x|µ, σ) =
1

((2π)
1
2 σ)d

e−
‖x−µ‖2

2σ2

3 The Benefit of Spectral Projection for Mixtures of Two Spher-
ical Gaussians

In this section, we will show the benefit of spectral projection for the first step of the EM algorithm.

3.1 Notation

x A point drawn from the first Gaussian (i.e. the one we are interested in.)

d The dimension of the original space.

k The dimension of the SVD subspace (and thus the number of Gaussians.)

πSV D(y) The projection of y onto the SVD subspace, for arbitrary point y.

αi The probability that point x comes from the ith Gaussian in n-dimensional space

α̂i The probability that point x comes from the ith Gaussian in k-dimensional space

µi The true mean of the ith Gaussian.
σi The true variance of the ith Gaussian.
µ′i The first guess for the mean of the ith Gaussian.
∆µk The distance between the first and the kth mean, i.e. ‖µ1 − µk‖2

3.2 Assumptions

As noted, x comes from the first Gaussian. We are trying to prove that if x comes from the first Gaussian,
a spectral projection will make the value of the Q function used in EM greater in the first iteration. To
achieve this, we use assume the following:

• Currently, assume ∀i, j ≤ k, σi = σj = σ.

• We have an initial guess for the weights, which we note holds only in the first step of the EM algorithm.

We denote this by w0
1 = w0

2 = · · · = w0
k =

1
k

, where the superscript 0 refers to the 0th iteration of the
algorithm.

• We use a concentration lemma to bound the expected values of our points to our guess for the means
µ′i. The assumption we use here is that each respective mean µ′i is chosen s.t. the lemma below
applies; roughly speaking, this corresponds to saying that the distance between the guess for the ith
mean and the real ith mean is not too high. Since k-means clustering is often performed on the data
as a preprocessing step to initialize the means, this is not overly restrictive.
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3.3 Concentration Inequalities

Let x ∈ D1.
Then:

σ2d− σ2
√

d log(m) ≤ E(‖x− µ1‖2) ≤ σ2d + σ2
√

d log(m)

and

∆µ2 + σ2d− σ2
√

d log(m)− 2∆µσ(d log(m))
1
4 ≤ E(‖x− µ2‖2)

≤ ∆µ2 + σ2d + σ2
√

d log(m) + 2∆µσ(d log(m))
1
4

Note that bounds similar to the last two items above hold for their SVD projections in dimension k. Since
the means for spherical Gaussians are contained in the SVD subspace, they do not move upon projection
[2]. This fact helps us in the proofs in the next section.

3.4 Q Function Verification for the 2-Dimensional Case

Let us define the aforementioned Q function in terms of two components, as below:

Q(Θ, Θ′) = R(Θ′) + S(Θ, Θ′)

s.t. R(Θ′) =
M∑

l=1

N∑

i=1

log(αl)p(l|xi,Θ′) and S(Θ,Θ′) =
M∑

l=1

N∑

i=1

log(pl(xi|θl))p(l|xi, Θ′)

We now prove two theorems.

Theorem 1. Let p̂(l|xi, Θ′) be the probability of a distribution l ∈ {1, 2} after the projection of a dataset
generated by a mixture of two Gaussians meeting the assumptions stated above. If xi ∈ Dl, then p̂(l|xi,Θ′) ≥
p(l|xi,Θ′), where the latter is the probability in the original space.

Proof. For the purposes of this proof, let l = 1. A similar result can then be proved for l = 2.
We can rewrite the probabilities in the following way:

p̂(l|xi, Θ′) ≥ p(l|xi, Θ′)

⇒ e−‖πSV D(x−µ1)‖2

e−‖πSV D(x−µ1)‖2 + e−‖πSV D(x−µ2)‖2 ≥
e−‖x−µ1‖2

e−‖x−µ1‖2 + e−‖x−µ1‖2

⇒ e‖πSV D(x−µ2)‖2

e‖πSV D(x−µ1)‖2 + e‖πSV D(x−µ2)‖2 ≥
e‖x−µ2‖2

e‖x−µ1‖2 + e‖x−µ1‖2

Assuming the concentration lemmae hold, w.h.p, ‖πSV D(x−µ2)‖2 is dominated to a much greater extent
by ∆µ than its counterpart in the original space, because all the other components shrink according to the
dimension. Therefore, given a large enough ∆µ, the theorem follows.

Theorem 2. Assume a data set is generated by a mixture of two Gaussians meeting the assumptions stated
above. Then, for the projection of the data onto the SVD subspace spanned by the first two principal compo-
nents, guarantees a higher S value in the first step of the EM algorithm.

Proof. Let k = 2. In this case, this allows us to express the probabilities in terms of each other, i.e.
α2 = 1 − α1 = 1 − α. The fact that we will not be able to do this in higher dimensions will pose an issue.
Note further that this allows us to state that α̂ = α, where α̂ represents the mixing weights in the projected
space.

Ŝ(θ̂′, θ̂0) ≥ S(θ′, θ0)

Here, θ0 refers to the respective parameters’ initial setting, before the first step of the EM algorithm. We
will prove the inequality for each point and since S is the summation across the whole set of sample points,
we would have proved the above inequality in its entirity. The above becomes:
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⇒ −α̂(‖πSV D(x− µ′1)‖2)− (1− α̂)(‖πSV D(x− µ′2)‖2) ≥ −α(‖x− µ′1‖2)− (1− α)(‖x− µ′2‖2)
⇒ α(σ22− σ2

√
2 log(m)) + (1− α)(∆µ2 + σ22− σ2

√
2 log(m)− 2∆µσ(2 log(m))

1
4 )

≤ α(σ2d + σ2
√

d log(m)) + (1− α)(∆µ2 + σ2d + σ2
√

d log(m) + 2∆µσ(d log(m))
1
4 )

⇒ 2σ2 −
√

2 log(m)σ2 − 2∆µσ(2 log(m))
1
4 + 2∆µσ(2 log(m))

1
4 α

≤ dσ2 +
√

d log(m)σ2 + 2∆µσ(d log(m))
1
4 − 2∆µ(d log(m))

1
4 ασ

⇒ 2∆µσ((log(m)
1
4 )(2

1
4 + d

1
4 ))α ≤ (d− 2)σ2 +

√
log(m)(

√
2 +

√
d)σ2 + 2∆µσ((log(m)

1
4 )(2

1
4 + d

1
4 ))

Since 0 < α < 1, it’s easy to see that it the inequality holds.

We would now like to prove a similar inequality for the R function. If we can do this, we will have proved
that the Q value is higher after spectral projection than before it. Unfortunately, we run into a problem
here. The issue is that the αl’s i.e. αl = 1

N

∑N
i=1 p(l|xi, Θ′) are enclosed witin the log function, which makes

it more difficult to quantify their behavior. However, intuitively, it seems that the R should increase after
projection, because all the log(αl) term does is assign a weight to the probabilities, which we have proved
do increase after projection. If this does not work, one can try proving the whole Q directly; as can be seen
in the proof for Theorem 2, there is a lot of slack in the inequality. For the moment, however, we will leave
this as a conjecture.

Conjecture 1. The value of R(Θ′) increases after spectral projection.

4 The Behavior of the EM algorithm Under Separability Condi-
tions

In this section, we present a few graphs that seem to outline how the convergence of the EM algorithm to
the global optimum relates to the separability between two univariate component gaussians. We pose several
questions related to interpreting the graph.

In the graphs attached below, the variance of either component is set to 1. This is without loss of gen-
erality, since these graphs are just scaled up based on the percentage of overlap, which is determined by
the increase in variances. We refrain from letting the two components having different variances since the
presented simplest model itself is yet to be completely understood.

Here are some simple observations:

1. As we expect of any clustering algorithm, the performance of the EM algorithm degrades with increase
in overlap.

2. When the performance is good, i.e., when EM converges to the global optimum with high probability
for random initializations, the bad choices of the initialization points seem to be the ones in which
both the means are initialized to the same value.

Based on these observations, one can conjecture the following.

Conjecture 2. For an equal mixture of two univariate gaussians, one can identify the true means using
the EM algorithm with very high probability using random initial guesses only if the overlap between the two
gaussians is less than 7 percent i.e., the distance between the means is 3σ if σ is the standard deviation of
the two distributions.

We also noted some interesting behavior that wasn’t really expected. The graph with 7% overlap shows
some initialization points where the performance of EM is bad. It was found by decreasing the granularity
of the grid that there exist quite a few bad initialization points; however, the the area of convergence still
remains large. This number of bad initialization points is expected to increase in higher dimensions. However,
we were unable to come up with obvious explanations for the existence of such points. It would be interesting
to see some further analysis on this point.
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−3 −2 −1 0 1 2 3 4
mu1

True means: mu1 = 2, mu2 = −2; Unit Variance, Equal Mixing Weights; Region of Convergence = Red

(a) 2% Overlap
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mu1

True means: mu1 = 1.5, mu2 = −1.5; Unit Variance, Equal Mixing Weights; Region of Convergence = Red

(b) 7% Overlap

Figure 1: Empirical Results for Convergence: Low Overlap
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True means: mu1 = 1.45, mu2 = −1.45; Unit Variance, Equal Mixing Weights; Region of Convergence = Red

(a) 7.5% Overlap
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True means: mu1 = 1.4, mu2 = −1.4; Unit Variance, Equal Mixing Weights; Region of Convergence = Red

(b) 8% Overlap

Figure 2: Empirical Results for Convergence: Medium Overlap
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True means: mu1 = 1.35, mu2 = −1.35; Unit Variance, Equal Mixing Weights; Region of Convergence = Red

(a) 9% Overlap
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mu2

True means: mu1 = 1.3, mu2 = −1.3; Unit Variance, Equal Mixing Weights; Region of Convergence = Red

(b) 10% Overlap

Figure 3: Empirical Results for Convergence: High Overlap
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True means: mu1 = 1.25, mu2 = −1.25; Unit Variance, Equal Mixing Weights; Region of Convergence = Red

(a) 11% Overlap
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True means: mu1 = 1, mu2 = −1; Unit Variance, Equal Mixing Weights; Region of Convergence = Red

(b) 15% Overlap

Figure 4: Empirical Results for Convergence: Higher Overlap
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