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» Given: Oracle access to a function f : R” — R with
supp(f) = K, a convex body.

» Objective: Sample points distributed according to the
distribution function 7.

Jeen F(x)dx

m(A) = fxEK f(x)dx

VACK

» Sample points from a distribution o such that dry (o, 7f) <e.

» Total Variation Distance: For probability distributions o, 7f
defined over K,

drv(o,m¢) = sup |o(A) — mr(A)|
ACK

» Sampling complexity = Number of function evaluations.



Definition: s-concave functions

> f(x)* is concave.
> VA € [0,1],Vx,y € R”

1
s

FAx+ (1= A)y) = (AM(x)° + (1= NFf(y)*)s .

Quasiconcave

s-Concave (s<0)

=1
J(x)= /HxH
f(x)= e’
S x|
S@)= x|

Logconcave (s=0)
-Concave (1>s>0

Concave
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Sampling Algorithm Overview

M-warm distribution: Distribution og on K such that
VA C K,00(A) < Mrg(A)

INPUT:

» s-concave function oracle,

» x picked according to M-warm distribution and

» ¢ > 0.
OUTPUT: Point x from a distribution o, such that
drv(om,mf) < €
ALGORITHM: Run ball walk for m steps starting from x.
Mixing time: m such that dry(om, 7r) < €.
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» For near isotropic convex bodies/logconcave-distributions,
mixing time is O*(n®) (LV'07).



Our Results 1/4

» Thml [ISOPERIMETRY]. Isoperimetry for s-concave
functions for s > —1/(n — 1):
For every partition 51, 52, S3 of K,

d(51, %)

>
mr(%3) = Diam

min {7¢(S1), 7¢(S2)} .



Our Results 2/4

» Thm2 [LOWER BOUND]. Ve > 0, there exists a

1
n—1l—e¢

supp(f) into S and T such that

7 (0S)
min {m¢(S),7¢(T)}

-concave function f : R” — R, and a partition of

< Cn(14¢)™"

Bad Isoperimetry Good Isoperimetry

T T 5
0 1

1
(quasiconcave) n-1 (logconcave) (concave)
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Our Results 3/4

Definition: Function f : R"” — R} is (o, §)-smooth if

max{%,%} <aforall x,y € K, ||x —yl|| <.

» Thm3 [SAMPLING]: (a, §)-smooth s-concave function f with
supp(f) = K, a convex body and s > —1/(n — 1):

nD? 2M nM? (o= —1)?
m:0<<52|og6>-max{ 2 2 })
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Our Results 4/4

Cauchy density function:
det(A)~!

f(x) x .
> (1+HA(x—m)H2>(n+l)/2

» Thm4 [SAMPLING CAUCHY]: Cauchy density function
restricted to any convex set containing a ball of radius

A~ 2 .
M 2M
sz(n 7 Iog)
€ €
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» Logconcave functions (s > 0) (DF'91):

2d(51,S2)

>
mf(3) Diam

min{7¢(S1), 7r(S2)}

where d(51,52) = min{|u —v|: u € 51,v € 5}.
> s-concave functions (s > —-1-) (this talk):

d(51, %)

>
mr(%3) 2 Diam

min{ms(S1), 7¢(S2)}



Isoperimetry: Proof

Lemma 1: If p:[0,1] — Ry is a unimodal function, then, for any
partition of [0, 1] into 21, 2, Z3,

/23 p(t)dt > d(Z1, Z2) min {/21 p(t)dt, /22 p(t)dt} _
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Isoperimetry: Proof

Lemma 2. Suppose f : R” — R, is such that:

» For any affine line L C R" and any linear function
I:KNL— Ry, the function h: KNL— Ry,

is unimodal.

» Then for every partition 51,55, 53 of K,
d(51,52)
Diam
Proof. By Localization Lemma [LS'93, KLS'95].

» Localization Lemma reduces proving target inequality to
proving similar isoperimetric inequality for h.

7Tf(53) Z min{7rf(51),7rf(52)}.

» By Lemma 1, the required isoperimetric inequality holds for h.



Isoperimetry: Proof

Lemma 3. If fisa (—ﬁ) concave function, for any affine line
L C R™ and any linear function /: KN L — R, the function
h:KNL—R4

h(x) := f(x)I(x)" !

is unimodal.
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Sampling: Proof Issues

» Points of good local conductance.

K

> Pick radius appropriately.

» Coupling: One-step distributions of geometrically close points
overlap.



Further Work

» Remove the dependence on the smoothness parameter.
» How to perform warm start?

» Any better characterisation for isoperimetry?



Thank you!
Questions?



