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Maximum likelihood estimation is a the most popular general purpose method for obtaining point esti-
mators. It was proposed by Fisher about 100 years ago and has been widely used ever since with a relatively
large degree of success.

Definition 1. Let X1,..., X, be sampled from a distribution with a parameter 6. The mazimum likelihood
estimator (MLE) Oprp g is the 0 that mazimizes the likelihood function L(0) = L(Xy, ..., X,|0) (if it exists).

Above, we suppress the dependency of L on X7, ..., X, to emphasize that we are treating the likelihood
as a function of #. Note that the above definition applies to both the one-dimensional 6 and vector 6
cases. Under some general conditions, MLE can be shown to be consistent (as well as a stronger optimality
condition called asymptotic efficiency). Before describing a few examples, we discuss some tools that facilitate
the computation of the MLE.

1. Note that monotonic increasing functions g preserve order in the sense that L(Xi,...,X,|01) >
L(X1,...,X,|02) © g(L(X1,...,X,|01)) > g(L(X1,...,Xn]02)). As a consequence, we can find the
MLE by obtaining the maximizer of g(L(Xy,...,X,|0)) rather than the likelihood itself. A common
choice for g is the logarithm function which is particulary helpful since it transforms the multiplicative

likelihood into a sum (sums are easier to differentiate than products). A common notation for the log
of the likelihood is £(0).
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2. If L(0) is differentiable in 0, we can try to find the MLE by solving the equation
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necessarily critical points (maximum, minimum or inflection) of the log-likelihood. To actually prove
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that the solution is a maximum we need to show (in the single-parameter case) that d 46) l5 >0
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or (if ¢ is a vector) that the Hessian matrix H, defined by [H]ij = 5554 14,,, . IS positive definite!.
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3. Any additive and multiplicative constants in 6 (terms that are not functions of ) to L(6) or £(6) may
be ignored. These constants change the value of the likelihood, but not where the maximizer is.
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4. The MLE is invariant in the sense that for all 1-1 functions h we have h(0),,; z(X1,...,Xy) =

h(éMLE (X1,...,X,)). The key property is that 1-1 functions have an inverse. If we use the parametriza-
tion h(6) rather than 6, the likelihood function that should be used is L o h~! rather than L. Since

Loh™ " (h(OyrE)) = LOyre) > L(0) = L(h™ ' (h())) = Lo h™"(h(0))
the parameter h(éM L E) maximizes the re-parameterized likelihood L o h~1.

Example: Let X1, ..., X, ~ Ber(d). The likelihood is L(#) = []6% (1 —6)'~% = 2% (1 — )"~ 2* and
the log-likelihood is £(0) = (D ;) logh + (n — > x;)log(1l — ). Setting the loglikelihood derivative to zero
yields 0 =Y z;/0 — (n— Y 2;)/(1—0) or 0=(1-0) > z; — (n— Y 2)0 =Y x; —nb = Oyp = = > X;.

LA positive definite matrix H is one that satisfies v Hv > 0 for all vectors v.




Example: Let Xi,..., X, ~ N(u,0?). To find the MLE for § = (u,0) we need to set the two partial
derivatives of the log-likelihood to zero. The log-likelihood is
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where c is an inconsequential additive constant. Setting the partial derivative with respect to u to zero gives
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Substituting this in the equation resulting from setting the partial derivative with respect to o2 to 0

O n = (wi—p)? o (@i 2 ) e 1 i,
= +27 =0= _E—FZT =0=0 N+Z(l‘i—l‘) =0= 02MLE = EZ(Xl_X) .
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By property 4 above, the MLE for the standard deviation is dypg = 1/ (;EMLE = \/% Z?ZI(XZ- - X)2.

Example: Xi,...,X, ~ U[0,6]. In this case the likelihood is L(#) = 7+ if 0 < @1,...,7, < 6 and
0 otherwise. We need to exercise care in this situation since the definition of the likelihood branches in
two option depending on the value of the parameter 6. To treat only one case and not two we write the
likelihood as L(0) = 07" 1{0<q, ...z, <o} Where 1y4y is the indicator function which equals 1 if A is true and
0 otherwise. We can’t at this point proceed as before since the likelihood is not a differentiable function of 6
(and neither will the log-likelihood be). We therefore do not take derivatives and simply examine the function
L(0) = 07" 1{0<a,.....z,<6}- Recall that we consider the likelihood as a function of 6 for fixed z1,...,2,. In
this perspective, the likelihood will be zero for § < max(z1,...,z,) and for § > max(z1,...,z,) the likelihood
function will be non-zero but start decreasing as we increase 6. It follows then the Opre = max(X1q,...,Xn)-

Example: Xi,...,X,, ~ U(0,0) (as before but this time the interval is open and not closed). We start
as before, but the likelihood at max(z1,...,z,) is zero. Since the likelihood increases as we get 6 closer to
max(x1,...,&,) (from the right), and at max(z1,...,x,) it is zero - there is no MLE. For any specific value
é, we can always come up with 6’ that will result in a higher likelihood. Thus there is no value of 6 that
maximizes the likelihood.

Example: Xi,..., X, ~ U[f,041]. In this case the likelihood is L(6) = 1{g<q, ...z, <041} The likelihood
is thus either zero or 1. Since it is 1 for many possible values, there are multiple maximizers or MLEs (all
Or e for which Oy < 21,... STy < OrLE + 1)) rather than a unique one.

We saw examples where there is a single MLE, there is no MLE or there are multiple MLEs. In general, one
has to be careful when using the differentiation method since sometimes the loglikelihood is not differentiable
(due perhaps to two branches of definitions). Another potential difficulty with the differentiation method is
that it only discovers critical points, and not necessarily maximum. Moreover, it only discovers local maxima
and not the global maximum necessarily (which is the MLE).

Another interesting fact is that since we can ignore multiplicative constants (in ) of the likelihood,
the MLE will always be a function of the sufficient statistics. This follows from the factorization theorem
L0) =9(T(Xy,...,X,),0)h(X1,...,X,) since h(Xy,...,X,) is constant in 6.



