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In this note we provide a short proof based on [1] and [2] for the asymptotic normality and efficiency of
the multivariate maximum likelihood estimator (mle). Asymptotic efficiency refers to the situation when the
asymptotic variance equals the inverse Fisher information which is the best possible variance (Cramer-Rao
lower bound). It is assumed that the reader is familiar with the notes on Relative Efficiency, Efficiency, and
the Fisher Information and Consistency of the Maximum Likelihood Estimator.

We assume that (i) X1, X, ... are sampled iid from pg,, which is assumed to be continuous and twice
differentiable in #. We also assume that (ii) the parameter space © C R is a convex open set. For a function
g : R¥ — R we denote by Vg(z) its gradient k x 1 vector and by V2g(z) the k x k matrix containing its
second order derivatives i.e. [V?g(z)];; = %{;ng(z).

The Fisher information is defined as the k x k matrix J(6) = E,,{Vglogpe(X)(Velogpe(X))T}. Tt is
well known that J(0) = —E ,,{V2logpe(X)} and E,,{Vylogps(X)} = 0 (see the note Relative Efficiency,
Efficiency, and the Fisher Information for the one dimensional case).

The following theorem establishes the asymptotic normality of the mle and its efficiency by demonstrating
that the asymptotic variance is the inverse Fisher information.

Proposition 1 (Cramer). In addition to the assumptions above, we assume that (i) there exists a function
K(x) such that E,, K(X) < oo and each component of Vglogpg(z) is bounded in absolute value by K (x)
uniformly in some neighborhood of 6y, (iv) J(0y) is a positive definite matriz, and (v) identifiability i.e.
Do = po, < 0 = 0o. Then there exists a strongly consistent sequence 0, of likelihood (local) maximizers for
which the following convergence in distribution holds

\/ﬁ(én - 00) ~ N(Oa J(GO)_I)'

Proof. Strong consistency follows from Proposition 3 in the note Consistency of the Maximum Likelihood
FEstimator applied to a compact neighborhood A = {6 € © : ||§—6y|| < a} (Chapters 17-18 in [1] demonstrate
why the conditions in that proposition hold). We thus focus below on proving asymptotic normality based
on [2].

We denote H,(0) = — > i, logpg(X;) and H(0) = —E, logpe(X). The mean value theorem implies

that there exists A € (0,1) with 6 = 6y + A(6,, — 6,) such that
VoHy(6n) = Vo Hn(60) + Vi Hy (60') (6 — 60).
Since 6, is the mle, we have VH,, (én) =0 and
V(0 — 00) = —/n(V2H,(6")) "'V H,, (60)- (1)

Since we already established consistency, 6, - 6y which implies that 8’ = 6. Furthermore,

(V2H,(0) 7" 5 (V2 Hp(60)) ™ = J(60) (2)

where we used the fact that if X,, = X then g(X,) = g(X) for continuous g and the law of large numbers.



For the remaining term in (1) we have

—/nVoH,(00) = vV/nVy (Tll ZInge(Xi)>

0=0,

The random vectors V log pg(X;)|o=e,, for i = 1,...,n are iid with mean E {V logpg(X)} = 0 and covariance
J(0p) and so by the central limit theorem we have the following convergence in distribution

Using Slutsky’s theorem we combine (1), (2) and (3) to obtain

V0, — 00) ~ N(0,J(60)).
O

Note that the proposition above refers to a sequence of likelihood maximizers 0,,. If there are multiple
likelihood maximizers, it is not clear whether a particular sequence will achieve consistency. If, however,
there is a single likelihood maximizer (as is often the case if the likelihood is concave) the maximum likelihood
estimator is uniquely defined and is guaranteed to be consistent and asymptotically normal with the above
variance.

Due to Proposition 1, it is often said that the mle 0,, has \/n-convergence rate to 6. An alternative way
to write the convergence v/n(f, — ) ~ N(0,.J (b)) is as

N 1
On = 0o + %N(o, J(60))

which exposes the fact that for large n, ,, equals 6y plus a random remainder or noise term ﬁN (0, J7(6p))
whose variance decreases as (nJ(6)) .

It is also possible to use the above asymptotic distribution for hypothesis testing or obtaining con-
fidence intervals with respect to the mle. For example, using Slutsky’s theorem and 6, = 6y we have

JY2(6,) 2 JY2(6,). Additional applications of Slutsky’s theorem provides
Vi@ = 00) T T2 (6) = V(0 — 00) T T2(00) > N (0, 1)
0 (0 — 00) " J(0,) (0 — 00) ~ X3

The above statistics may be used to test hypothesis regarding . Similarly, inverting the statistics above
with respect to #,, provide formulas for confidence intervals, for example using the first statistic we may
obtain Wald’s confidence for 6,

0o € (0, + Ta/2,k (nJ(0,))~"?) with probability 1— a.
Note that the size of the confidence interval decreases as n increases (higher sample size) and as J increases
(higher asymptotic accuracy of the mle).
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