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Mesh Layouts for Block-Based Caches
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Abstract —Current computer architectures employ caching to improve the performance of a wide variety of applications. One of
the main characteristics of such cache schemes is the use of block fetching whenever an uncached data element is accessed. To
maximize the bene�t of the block fetching mechanism, we present novel cache-aware and cache-oblivious layouts of surface and
volume meshes that improve the performance of interactive visualization and geometric processing algorithms. Based on a general
I/O model, we derive new cache-aware and cache-oblivious metrics that have high correlations with the number of cache misses
when accessing a mesh. In addition to guiding the layout process, our metrics can be used to quantify the quality of a layout, e.g.
for comparing different layouts of the same mesh and for determining whether a given layout is amenable to signi�cant improvement.
We show that layouts of unstructured meshes optimized for our metrics result in improvements over conventional layouts in the
performance of visualization applications such as isosurface extraction and view-dependent rendering. Moreover, we improve upon
recent cache-oblivious mesh layouts in terms of performance, applicability, and accuracy.

Index Terms —Mesh and graph layouts, cache-aware and cache-oblivious layouts, metrics for cache coherence, data locality.
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1 INTRODUCTION

Many geometricalgorithmsutilize thecomputationalpower of CPUs
andGPUsfor interactive visualizationandothertasks.A majortrend
over thelast few decadeshasbeenthewideninggapbetweenproces-
sor speedand main memoryaccessspeed. As a result, systemar-
chitecturesincreasinglyusecachesandmemoryhierarchiesto avoid
memorylatency. The accesstimes of different levels of a memory
hierarchy typically vary by ordersof magnitude.In somecases,the
runningtime of a programis asmucha function of its cacheaccess
patternandef�ciency asit is of operationcount[10].

Oneof themaincharacteristicsof memoryhierarchiesis theuseof
blockfetchingwheneverthereis acachemiss.Block fetchingschemes
assumethatthereis highspatialcoherenceof dataaccessesthatallow
repeatedcachehits. Therefore,to maximizethebene�t of blockfetch-
ing, it is importantto organizeandaccessthedatain acache-coherent
manner. Therearetwo standardtechniquesfor minimizingthenumber
of cachemisses:computationreorderinganddatalayoutoptimization.
Computationreorderingis performedto improve dataaccesslocality,
e.g.usingcompileroptimizationsor applicationspeci�c hand-tuning.
On theotherhand,datalayoutoptimizationreordersthedatain mem-
orysothatits layoutmatchestheexpectedaccesspattern.In thispaper,
wefocusoncomputingcache-coherentlayoutsof polygonalandpoly-
hedralmeshes,in which verticesandcells (e.g. triangles,tetrahedra)
areorganizedaslinearsequencesof elements.

Many layoutsandrepresentations(trianglestrips[8], space-�lling
curves[24], stream[14] andcache-oblivious [30] layouts)have been
proposedfor cache-coherentaccess.However, previous layoutshave
either been specializedfor a particular cache [5, 13] or applica-
tion [14,17], includinggraphandsparsematrix computations[6], or
areconstructive[3,7,8,20,23,30,31] with nomeasureof globallayout
qualityneededto establishoptimality, relativerankingamonglayouts,
andcriterionfor driving moregeneraloptimizationstrategies.Further-
more,while prior metricsmaybesuitablefor their intendedapplica-
tions,they arenotparticularlygoodestimatorsof layoutquality in the
context of block-basedcaching.

Main Results: We proposenovel metricsandmethodsto evalu-
ateandoptimizethelocality of meshlayouts.Basedon a generalI/O
model,wederivecache-awareandcache-obliviousmetricsthatcorre-
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(a) row-by-row
a: 8.50, g: 4.00, c: 150

(b) MLA [9]
a: 7.67, g: 3.45, c: 114

(c) Z curve [24]
a: 8.50, g: 3.35, c: 105

(d) H curve [22]
a: 13.15, g: 2.87, c: 102

(e) Hilbert curve [24]
a: 9.92, g: 2.73, c: 100

(f) bWcurve [29]
a: 9.88, g: 2.70, c: 95

Fig. 1. Layouts and Coherence Measures for a 16� 16Grid: a and g correspond
to the arithmetic and geometric mean index difference of adjacent vertices; c de-
notes the cut, or number of edges that straddle cache blocks. Each block except
the last contains 27 vertices. MLA is known to minimize a, and bWis near-optimal
with respect to g for grids. Our new cache-oblivious measure, g, correlates better
than a with the cut and, hence, the number of cache misses.

latewell with thenumberof cachemisseswhenaccessingameshin a
reasonablycoherent,thoughnotspeci�c manner. Usingthesemetrics,
we employ a multi-level recursive optimizationmethodto ef�ciently
computecache-coherentlayoutsof massivemeshesconsistingof hun-
dredsof millions of vertices. We alsoobserve that recursively con-
structedlayouts,regardlessof additionalorderingcriteria, in general
havegoodlocality accordingto ourmetric.

Bene�ts: Our approachoffers the following advantagesover the
currentstateof theart:

� Generality: Our algorithmis applicableto any datasetwhose
expectedaccesspatterncanbeexpressedin agraphstructure.

� Simplicity: Ourmetricsareconciseandeasyto implement.

� Accuracy: Ourderivedmetricscorrelatewell with theobserved
numberof runtimecachemisses.Henceour metricsareuseful
for constructinggoodlayouts.

� Ef�ciency: Our metricscan quickly quantify the quality of a
givenlayout. If accordingto themetrica layoutalreadyis coher-
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ent,no furtherwork is neededto reorganizeit, which savestime
andeffort whendealingwith very largemeshes.

� Performance: Computedlayouts optimized for our metrics
show performanceimprovementsoverotherlayouts.

We apply our cache-coherentlayoutsin two applications:isosur-
faceextraction from tetrahedralmeshesandview-dependentrender-
ing of polygonalmeshes.In order to illustrate the generalityof our
approach,we computelayoutsof several kindsof geometricmodels,
includinga CAD environment,scannedmodels,an isosurface,anda
tetrahedralmesh.Weusetheselayoutsdirectlywithouthaving tomod-
ify the runtimeapplication.Our layoutsreducethe numberof cache
missesandimprove theoverall performance.

2 RELATED WORK

Cache-ef�cient algorithmshave received considerableattentionover
last two decadesin theoreticalcomputerscienceandin the compiler
literature. Thesealgorithmsinclude modelsof cachebehavior [28]
and compiler optimizationsbasedon tiling, strip-mining, and loop
interchanging;all of thesealgorithmshave shown to reducecache
misses[4]. Cache-ef�cient algorithmscanbe classi�ed ascomputa-
tion reorderinganddatalayoutoptimization.

2.1 Computation Reordering

Computationreorderingstrives to achieve a cache-coherentorderof
runtimeoperationsin orderto improveprogramlocalityandreducethe
numberof cachemisses.This is typically performedusingcompiler
optimizationsor application-speci�chandtuning.

At a high level, computationreorderingmethodscan be classi-
�ed as either cache-aware or cache-oblivious. Cache-aware algo-
rithms utilize knowledgeof cacheparameters,suchas cacheblock
size [28]. On the otherhand,cache-oblivious algorithmsdo not as-
sumeany knowledgeof cacheparameters[10]. Thereis a consider-
ableamountof literatureon developingcache-ef�cient computation
reorderingalgorithmsfor speci�c problemsandapplications,includ-
ing numericalprograms,sorting,geometriccomputations,matrixmul-
tiplication,FFT, andgraphalgorithms.Moredetailsaregivenin recent
surveys[2,28]. In visualizationandcomputergraphics,out-of-coreal-
gorithmsaredesignedto handlemassive modelsusing�nite memory,
typically by limiting accessto asmall,cachedsubsetof amodel.A re-
centsurvey of thesealgorithmsandtheirapplicationsis givenin [25].

2.2 Data Layout Optimization

The order in which dataelementsare storedcan have a major im-
pactonruntimeperformance.Therefore,therehavebeenconsiderable
efforts on computingcache-coherentlayoutsof the datato matchits
anticipatedaccesspattern.Thefollowing possibilitieshave beencon-
sidered.

Graph and Matrix Layouts: Graphandmatrix layoutproblems
fall in the classof combinatorialoptimizationproblems.Their main
goal is to �nd a linear layout of a graphor matrix that minimizesa
speci�c objective function. Well known minimization problemsin-
cludelineararrangement(sumof edgelengths,i.e. index differences
of adjacentvertices),bandwidth(maximumedgelength),pro�le (sum
of maximumper-vertex edgelength),andwavefront(maximumfront
size;seealso[14]). This work hasbeenwidely studiedandanexten-
sive survey is available[6]. While potentiallyimproving datacoher-
ence,theselayoutsarenot optimal—ornecessarilygood—forblock-
basedcaching,asweshallseelater.

Rendering Sequences: ModernGPUsmaintaina small buffer
to reuserecentlyaccessedvertices.In orderto maximizethebene�ts
of vertex buffers for fast rendering,triangle reorderingis necessary.
Thisapproachwaspioneeredby Deering[5]. Theresultingorderingof
trianglesis calleda trianglestripor a renderingsequence.Hoppe[13]
caststhe trianglereorderingasa discreteoptimizationproblemwith
a cost function dependenton a speci�c vertex buffer size. Several
techniquesimprove therenderingperformanceof view-dependental-
gorithmsby computingrenderingsequencesnottailoredto aparticular
cachesize[3,7,17,30].

Processing Sequences: Isenburg et al. [15] proposedprocess-
ing sequencesas an extensionof renderingsequencesto large-data
processing. A processingsequencerepresentsan indexed meshas
interleaved trianglesandverticesthat canbe streamedthroughmain
memory[14]. Globalmeshaccessis restrictedto a �x edtraversalor-
der; only localizedrandomaccessto thebufferedpartof themeshis
supportedasit streamsthroughmemory. Thisrepresentationis mostly
useful for of�ine applications(e.g., simpli�cation andcompression)
thatcanadapttheir computationsto the�x edordering.

Space-Filling Curves: Many algorithmsusespace-�lling curves
[24] to computecache-friendlylayoutsof volumetricgrids or height
�elds. Theselayoutsarewidely usedto improve the performanceof
imageprocessing[27] andterrainor volumevisualization[20,23]. A
standardmethodof constructinga meshlayoutbasedon space-�lling
curvesis to embedthemeshor geometricobjectin auniformstructure
thatcontainsthespace-�lling curve. GotsmanandLindenbauminves-
tigatedthe spatiallocality of space-�lling curves[12]. Motivatedby
searchingandsortingapplications,Wierum[29] proposedusingalog-
arithmicmeasureof edgelength,resemblingoneof our new metrics,
for analyzingspace-�lling curve layoutsof regulargrids. Our results,
however, indicatethat space-�lling curve embeddingdoesnot work
well for meshesthathaveanirregulardistributionof geometricprimi-
tives.Recently, Yoonet al. proposedmethodsfor cache-coherentlay-
out of polygonalmeshes[30] andboundingvolumehierarchies[31].
Thesemethodsare constructive in natureand requiremaking a se-
quenceof binary decisionswithout relying on a global measureof
locality. Hence,thesemethodsdependon a particularoptimization
framework andcannotbeusedto judgethequalityof a layout.

3 COMPUTATION MODELS

In this sectionwe describeanI/O modelfor our cacherepresentation.
We alsoproposebotha graphrepresentationandprobabilitymodelto
capturethelikelihoodof accessingmeshelements.

3.1 I/O Model

Mostmoderncomputersusehierarchiesof memorylevels,whereeach
level of memoryservesasa cache for the next level. Memory hier-
archieshave two main characteristics.First, lower levels are larger
in sizeandfartherfrom the processor, andhencehave slower access
times. Second,datais moved in blocksof many elementsbetween
differentmemorylevels. Data is initially storedin the lowestmem-
ory level, typically the disk. A transferis performedwhenever there
is a cachemissbetweentwo adjacentlevelsof thememoryhierarchy.
Dueto thisblock fetchingmechanism,cachemissescanbereducedby
storingin thesameblockdataelementsthatareaccessedtogether.

Weuseasimpletwo-level I/O-modelde�ned by Aggarwal andVit-
ter [1] that capturesthe two main characteristicsof a memoryhier-
archy. This modelassumesa fastmemorycalled“cache” consisting
of M blocksand a slower in�nite memory. The size of eachcache
block is B; therefore,thetotal cachesizeis M � B. Datais transferred
betweenthelevelsin blocksof consecutiveelements.

3.2 Graph Representation

Our layoutalgorithmrequiresthespeci�cationof adirectedgraphthat
representsthe anticipatedruntimeaccesspattern,andin which each
noderepresentsa dataelement(e.g.,meshvertex or triangle). A di-
rectedarc(i; j) betweentwo nodesindicatesanexpectationthatnode
j maybeaccessedimmediatelyafternodei. Wechosedirectedgraphs
to representaccesspatterns,in contrastto theundirectedgraphsused
in Yoonetal. [30], aswedonotnecessarilyassumesymmetryin node
accesspatterns.

Let G = (N;A) beadirectedgraph,whereN is asetof nodesandA
is asetof directedarcs.Thelayoutproblemreducesto computingthe
one-to-onemappingj : N ! f 1; :::; jNjg of nodesto positionsin the
layoutthatminimizestheexpectednumberof cachemisses.

Wealsorequireprobabilities(asweights)for eachnodeandarcthat
representthelikelihoodof accessingthemat runtime.Wederive these
probabilitiesherebasedon the graphstructureby consideringan in-
�nite randomwalk over the graph. For eachdirectedarc, (i; j) 2 A,
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let Pr( j ji) denotetheprobabilityof accessingnode j next, given that
i wasthe previously accessednode. We de�ne P to be a probability
transitionmatrix whose(i; j)th elementequalsPr( j ji). Furthermore,
let Pr(i) denotethe probability of accessingnodei amongall nodes
N, andlet x bethen-by-1 columnvectorwhoseith componentequals
Pr(i). Given an initial stateof nodeaccessprobabilities,we update
eachnode's probability in x by traversingthe node's outgoingarcs,
eachwith probability of accessPr( j ji). This updateis equivalent to
premultiplyingx by PT . If appliedrepeatedly, x will ultimatelycon-
vergeto astableequilibrium

x = PTx (1)

of nodeaccessprobabilities,andwe areinterestedin �nding this con-
�guration. It shouldbeclearthata vectorx thatsatis�esthis criterion
is aneigenvectorof PT with acorrespondingeigenvalueequalto one.

Finally, we de�ne Pr(i; j) to betheprobabilityof accessinga node
j from anothernodei in theequilibriumstate(i.e. theprobabilityof
accessingthearc(i; j) amongall arcsA):

Pr(i; j) = Pr(i) � Pr( j ji) (2)

Specialization for Meshes: We specializethe probability com-
putationsfor meshesby assumingthat given a meshvertex i we are
equallylikely to accessany of its neighboringverticesvia traversalof
an out-goingarc. Therefore,Pr( j ji) = 1

deg(i) if i and j areadjacent,

andequalszerootherwise. Heredeg(i) is the out-degreeof vertex i
(for meshesthein-degreeequalstheout-degree).Usingeigenanalysis
we canthenshow that Pr(i) = deg(i)

jAj (seeAppendixA). That is, the
probabilityof accessingavertex is proportionalto its degree.As a re-
sult, accordingto Eq. (2) we have Pr(i; j) = 1

jAj . In otherwords,each
edgein themeshis equallylikely to beaccessed.

A meshlayout consistsof a pair of independentlinear sequences
of verticesand cells. The vertex layout requiresa directedgraph,
G = (N;A), whereN is thesetof meshverticesandA is a setof arcs
representinga likely accesspattern.For simplicity, we chooseA to be
thesetof meshedgesin ourapplications.For applicationssuchascol-
lision detectionthat requiregeometriccoherence,we mayoptionally
includeadditionalarcsthatjoin spatiallynearbyelements.Thelayout
of cellscanbeconstructedin asimilarmanner, e.g.by consideringthe
edgesin thedualgraph.Fromhereon,weusethetermlayoutto refer
to thevertex layoutfor thesakeof clarity.

4 CACHE-AWARE LAYOUTS

In this sectionwe derive cache-awaremetricsbasedon our computa-
tion modelsanddescribeanef�cient layoutalgorithm.Our goal is to
computetheexpectednumberof cachemisseswhenaccessinganode
by traversinga singlearc. Sincein our framework arcsareequally
likely to beaccessed,thismeasuregeneralizestrivially to any number
of accesses.Weconsidertwo casesof thisproblem:thecacheconsists
of exactlyoneblock (M = 1), or of multipleblocks(M > 1).

4.1 Single Cache Bloc k, M = 1

Sincethecachecanonlyholdoneblock,acachemissoccurswhenever
a nodeis accessedthat is storedin a block differentfrom thecached
block. In other words, a cachemiss is observed when we traverse
an arc, (i; j), and the block containingnode j is different from the
block that holdsi. Therefore,the expectednumberof cachemisses,
ECMB

1 (j ), of a layout, j , for a single-blockcachewith block sizeB
nodescanbecomputedas:

ECMB
1 (j ) = å

(i; j)2A
j B(i)6= j B( j)

Pr(i; j) =
1

jAj å
(i; j)2A

S(jj B(i) � j B( j)j) (3)

wherej B(i) =
� j (i)

B

�
denotestheindex of theblockin whichi resides

andS(x) is theunit stepfunctionS(x) = 1 if x > 0 andS(x) = 0 other-
wise. Intuitively speaking,ECMB

1 (j ) is thenumberof arcswhosetwo
nodesarestoredin differentblocks,i.e. the cut, divided by the total
numberof arcsin thegraph.

Layout algorithm: Constructing a layout optimized for
ECMB

1 (j ) reducesto a k-way graph partitioning problem. Each
directedarc has a constantweight, 1

jAj , and we partition the input
graphinto k = dn

Bedifferentsetsof vertices. Sincegraphpartitioning
is an NP-hardproblem,we rely on heuristics. One good heuristic
is the multi-level algorithmimplementedin the METIS library [18].
Oncethedirectedgraphis partitioned,theorderingamongblocksand
theorderof verticeswithin eachblockdonotmatterin our I/O model.

4.2 Multiple Cache Bloc ks, M > 1

Wenow assumethatthecacheholdsmultipleblocks.As in thesingle-
blockcase,acachemisscanoccuronly whenwetraverseanarc,(i; j),
that crossesa block boundary, i.e., j B(i) = Bi 6= B j = j B( j). How-
ever, unlike thesingle-blockcase,block B j mayalreadybestoredin
thecachewhenweaccessj. Therefore,to computetheexpectednum-
berof cachemissesfor amulti-blockcache,wemustalsoconsiderthe
probability, Prcached(B j ), thatB j is cachedamongtheM blocks.

In theory, Prcached(B j ) canbecomputedby exhaustively generating
all possibleaccesspatternsfor which B( j) is alreadycachedwhen
we accessj from i. Such block accesspatternstake on the form
(B j ; : : : ;Bi ;B j ), whereat mostM differentblocksareaccessedbefore
B j is accessedthesecondtime. Then,theexpectednumberof cache
misses,ECMB

M(j ), for M > 1 cacheblocksof a layout,j , is:

ECMB
M(j ) = å

(i; j)2A
j B(i)6= j B( j)

Pr(i; j)(1� Prcached(j
B( j)) (4)

Approximation: Unfortunately, generatingall possibleblock ac-
cesspatternsis prohibitively expensive becauseof its exponential
combinatorialnature.Furthermore,we foundthat it is not feasibleto
approximatePrcached(B j ) within an error boundwithout considering
a very largenumberof accesspatterns.However, we conjecturethat
thereis strongcorrelationbetweenECMB

1 (j ) andtheobservednum-
berof cachemisses,OCMB

M , for multiple blocks,which ECMB
M(j ) is

designedto capture.To supportthis conjecture,we computedtendif-
ferentlayoutsof a uniform grid (Fig. 4) andmeasuredthenumberof
cachemissesincurredin aLRU-basedcacheduringarandomwalk be-
tweenneighboringnodes.We performedwalkslong enoughuntil the
observed numberof cachemisses,OCMB

1 , for a single-blockcache
correlatedwell (R2 > 0:99) with our estimateECMB

1 . In this case,
the correlationbetweenECMB

1 andOCMB
M , for a multi-block cache

(M = 5 andM = 52) wasobservedto beveryhigh (R2 = 0:97).
Note that thereis, however, a pathologicalcasethat suggeststhat

our conjectureis not alwaysvalid. To illustratethis,we �rst compute
a spectrallayout, j spectral , and a cache-aware layout, j aware, opti-
mized for a singleblock. We modify j aware to producea new lay-
out, j random, by performinga seriesof randomswapsof two adjacent
nodesfrom differentblocksuntil j random hastheexactsameedgecut
as j spectral . Although the two layouts, j spectral and j random, have
thesamevaluefor ECMB

1 , we observed that j random resultsin many
fewer cachemissesfor multi-block caches.We attributethis resultto
the fact that it doesnot take many local swapsto rapidly boostthe
edgecut. However, theseswapsdo not adverselyaffect locality since
they generallyincreaseonly theconnectivity betweenalreadyadjacent
cacheblocks(i.e. blocksspannedby crossingarcs)thatarelikely to
becachedtogetherin amulti-blockcache.

5 CACHE-OBLIVIOUS LAYOUTS

A cache-oblivious layout allows good performanceacrossa wide
rangeof blockandcachesizes,whichis importantdueto thehierarchi-
calnatureof mostcachesystems,aswell asfor portabilityacrossplat-
formswith differentcacheparameters.In this sectionwe presentour
cache-oblivious metric that measuresthe expectednumberof cache
missesfor any block sizeB. For a single-blockcache,we derive two
metrics:onewith no restrictionon B, andonethat restrictsB to bea
powerof two. Weconcludeby brie�y discussingmulti-blockcaches.
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5.1 Single Cache Bloc k, M = 1

We now relax the assumptionof B beinga particularblock sizeand
considermetrics optimized for many (even an in�nite numberof)
blocksizes.We �rst assumethatthecacheholdsonly asingleblock.

In Sec. 4.1, we derived a cache-awaremetric ECMB
1 for a single-

block cachewith �x ed block sizeB. We heregeneralizethis metric
by consideringall possibleblocksizesB, eachwith its own likelihood
w(B) of beingemployedin anactualcache.Clearlyw(B) is dif�cult to
estimatein practice,but wewill considersomereasonablechoicesbe-
low. Wethenexpressoursingle-blockcache-obliviousmetric,ECM1,
in termsof thecache-awaremetric,ECMB

1 :

ECM1(w; j ) =
t

å
B= 1

w(B) ECMB
1 (j )

=
1

jAj å
(i; j)2A

t

å
B= 1

w(B) S(jj B(i) � j B( j)j)
(5)

wheret is themaximumblocksizeconsidered.

Assumptions: For simplicity, we will assumethat a layout may
startanywherewithin a block with uniform probability.1 Hencewe
replacethebinarystepfunctionS(x) with theprobabilityPrcross(` i j ;B)
thatanarc(i; j) of length` i j = jj (i) � j ( j)j crossesablockboundary.
Wehave (seeAppendixB):

Prcross(` ;B) =
�

1 if B � `
`
B otherwise

(6)

Eq. (5) thenbecomes:

ECM1(w; j ) =
1

jAj å
(i; j)2A

 
` i j

å
B= 1

w(B) +
t

å
B= ` i j + 1

w(B)
` i j

B

!

�
1

jAj å
(i; j)2A

� Z ` i j

0
w(B) dB+

Z t

` i j

w(B)
` i j

B
dB

� (7)

wherewe have usedintegrals to approximatesummationsin order
to simplify the math. One can show that this approximationintro-
ducesa negligible error. Finally, we will attempt to presentour
metricsin their simplestform, e.g. scalingor additionof constants
canbe factoredout without affecting therelative rankingamonglay-
outs reportedby a metric. More generally, we considerECM and
f (ECM) equivalentmetricsaslong as f is monotonicallyincreasing,
i.e. ECM(j ) < ECM(j 0) ) f (ECM(j )) < f (ECM(j 0)) Note that
we make suchsimpli�cations only to the �nal metric valueof ECM
andnot to termslike ` andw thatmakeupametric.

5.2 Arithmetic Progression of Bloc k Size

Without further information,perhapsthemostnaturalchoicefor w is
to assumethateachblocksizeis equallylikely, i.e. wa(B) = 1

t . Stated
differently, we assumethattheblock sizeis drawn uniformly from an
arithmeticsequenceB 2 f kgt

k= 1. Wehave:

ECM1(wa; j ) �
1

jAj t å
(i; j)2A

� Z ` i j

0
dB+

Z t

` i j

` i j

B
dB

�

=
1

jAj t å
(i; j)2A

` i j (1+ logt � log` i j )
(8)

As t grows, 1+ logt � log` i j approacheslogt. After properscaling,
wearriveatourarithmeticcache-obliviousmetric, COMa:

COMa(j ) =
1

jAj å
(i; j)2A

` i j (9)

1This is not unrealistic;e.g. a call to malloc may returnan addressnot
alignedwith a memorypageor lower level cacheblock. Furthermore,we can
show thatthisassumptionis notneededif themeshis largeenough.
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Fig. 2. Arc Length Dependence of Cache-Oblivious Metrics: These curves
show the per-arc penalty as a function of arc length. Our geometric metric, COMg,
places a large premium on very short arcs while de-emphasizing small differences
in long arcs, whereas our arithmetic metric, COMa, prefers layouts with a more
uniform arc length.

NotethatCOMa is thearithmeticmeanarclength,or equivalentlythe
metricfor lineararrangement.Therefore,theoptimallayoutCOLa for
thismetricis thewell-known minimumlineararrangement(MLA) [6].

5.3 Geometric Progression of Bloc k Size

The assumptionthat all block sizesareequally likely andshouldbe
weigheduniformly is questionable.First, this diminishesthe impor-
tanceof smallblocksizessincewemayincludearbitrarilymany large
block sizesby increasingt. Second,thehierarchicalrelationshipbe-
tweennestedcachelevels is oftengeometric,which suggeststhatwe
shouldoptimizefor cacheblock sizesat differentscales,andnot par-
ticularly for every possibleblock size. Indeed,mostblock sizesem-
ployedin practiceareapower-of-two bytes(e.g.,32B for L1, 64B for
L2, 4KB for disk blocks). We thusconsiderblock sizesdrawn uni-
formly from ageometricsequenceB 2 f 2kglgt

k= 0:

ECM1(wg; j ) �
1

jAj lgt å
(i; j)2A

� Z lg ` i j

0
dk+

Z lgt

lg` i j

` i j

2k dk
�

=
1

jAj logt å
(i; j)2A

� Z ` i j

1

1
B

dB+
Z t

` i j

` i j

B2 dB
�

=
1

jAj logt å
(i; j)2A

�
log` i j + 1�

` i j

t

�

(10)

We note that our restrictionon block size is equivalent to using a
weightfunctionwg(B) = 1

B overall blocksizes.As t grows,we reach
ourgeometriccache-obliviousmetric, COMg:

COMg(j ) =
1

jAj å
(i; j)2A

log` i j = log

 
�

Õ
(i; j)2A

` i j

� 1
jAj

!

(11)

Theright-handsideexpressionis thelogarithmof thegeometricmean
arc length. Sincelogx is monotonic,we mayoptionallyusethegeo-
metric meandirectly ascache-oblivious metric, as is donein Fig. 1.
Fromhereon,wewill however includethelogarithmwhenevaluating
COMg. For simplicity of presentation,we hereconsideronly power-
of-two-byteblocksandsingle-bytenodes,however onecanshow that
any geometricsequenceB 2 f bk=mgk with baseb and nodesize m
leadsto thesamemetricCOMg.

5.4 Proper ties

Fig. 2 shows how themetricsCOMa andCOMg changeasa function
of arc length for a single arc. This graphshows that COMg puts a
big premiumon very short arcs,and doesnot excessively penalize
long arcs. This is justi�ed by the fact that oncean arc in a layout is
long enoughto causea cachemiss,lengtheningit will not drastically
increasetheprobabilityof cachemisses.

We note thatCOMg andCOMa are instancesof the power mean,

Mp = lim
q! p

� 1
jAj å (i; j)2A `q

i j

� 1=q, with p = 0 and p = 1, respectively.

Equivalently, our new measure,COMg, can be viewed as an exten-
sionof thewell-known p-sum[16] family of graphtheoreticmeasures
that includeslineararrangement(p = 1), discretespectralsequencing
(p = 2), andbandwidth(p = ¥ ) [6]. Althoughthecase0 < p < 1 is
consideredin [21], wearenotawareof prior work for which p = 0.
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Fig. 3. Cache Misses vs. Cache Bloc k Size: We simulated LRU-based caching
for several block sizes and measured the number of cache misses during random
walks between adjacent vertices of the dragon mesh using layouts optimized for
our two metrics. The arithmetic layout results in better performance for block sizes
between 196KB and 8MB, or 97%of the full range of block sizes considered here.
On the other hand, the geometric layout causes fewer cache misses in 73%of all
tested power-of-two-byte block sizes.

5.5 Validation

We derived two cache-obliviousmetricsfor differentassumptionson
cacheblock sizes. To determinewhetherthe two metricscorrelate
with the actualnumberof cachemisses,we performeda validation
teston the dragonmodel. First we computedtwo different layouts:
anarithmeticlayout,COLa, anda geometriclayout,COLg, optimized
for our two metrics.Then,we performedrandomwalkson themesh
andmeasuredthenumberof cachemissesfor a rangeof block sizes.
As canbe seenin Fig. 3, COLg resultsin fewer actualcachemisses
over most(73%)of thetestedpower-of-two block sizes,althoughthe
range of block sizesover whichCOLa performsbetteris muchwider
(97%). (This is not readilyevidentfrom Fig. 3 dueto thelogarithmic
scale.) Hence,whenconsideringalsoall possiblenon-power-of-two
block sizes,we expectCOLa to performbetteron average.Because
cacheblocksizesemployedin practiceareoftennestedpowers-of-two
bytes,a layoutoptimizedfor COMg is likely to beusefulin practice.

As an additional sanity check, we evaluatedour COMg metric
on several layouts of a uniform grid (Fig. 4). We computedbW-
indexing [29], Hilbert, Z-curve [24], H-order[22], MLA [9], row-by-
row, and diagonal-by-diagonallayoutsof a 256� 256 uniform grid
(seealso Fig. 1). We measuredthe actualnumberof cachemisses
duringrandomwalksfor a 4KB single-blockcache.We foundstrong
correlation,R2 = 0:98, betweenthevalueof COMg andtheobserved
numberof cachemissesfor thisexperiment.

Accordingto COMg, layoutswith increasingspace-�lling structure
havebetterlocality. Weexhaustively searchedfor thelayoutof a4� 4
grid thatminimizesCOMg andfoundthebWspace-�lling curve [29]
to betheoptimum,closelyfollowedby theHilbert curve, con�rming
conventionalwisdom.For an8� 8 grid, wehadto restrictourexhaus-
tive searchto recursive layoutsdueto combinatorialexplosionof the
searchspace.Hereagain we foundbWto beoptimal; for all 2n � 2n

grids investigatedwe have not found any other space-�lling layout
with lowerCOMg. By consideringnon-recursive layoutsproducedby
analternative(non-exhaustive)optimizationmethod,wehavehowever
foundlayoutsslightly betterthanbWfor 8� 8 andlargergrids.

5.6 Layout Algorithms

To constructlayoutsoptimizedfor COMa, we mayuseexisting MLA
layout algorithms. The MLA problemis known to be NP-hardand
its decisionversion is NP-complete[11]. However its importance
in many applicationshasinspireda wide variety of approximations
basedon heuristics,including spectralsequencing[16]. A moredi-
rect, multi-level algorithmfor MLA is presentedin [19]. Sincelay-
outsminimizingCOMa arenot practicallyusefulfor our purpose,we
donot furtherconsiderthemhere.

To minimize COMg, we proposeusing a minor variation on the
multi-level recursive layoutalgorithmfrom [30] thatis basedongraph
partitioningand local permutations.This algorithmrecursively par-
titions a meshinto k (e.g.,k = 4) vertex setsusingMETIS [18] and
computesthelocally bestorderingof thesek setsamongall k! permu-
tations.Theprocessis repeateduntil eachsetcontainsasinglevertex.

Notethatcontraryto thelayoutsin [30], which dependon a partic-
ularconstructivealgorithm,ourglobalmetricsallow usto applyother
optimizationmethods,e.g. basedon simulatedannealing,genetical-
gorithms,steepestdecent,etc. We have, however, found the multi-

COMg CMR, M=1 CMR, M=5 COMa
0

0.2

0.4

0.6

0.8

1

N
or

m
al

iz
ed

 v
al

ue
s Uni-diag

Bi-diag
Uni-row
Bi-row
MLA [21]
COLg
Z-curve [24]
H-order [22]
Hilbert [24]
BetaO [30]

Fig. 4. Correlation between Cache Misses and Our Metrics: We computed
ten layouts of a 256� 256 grid and measured the values of COMg and COMa and
the number of cache misses incurred during random walks on the grid. We found
that COMg and the number of cache misses for a single-block and multi-block
(M = 5) cache correlated well, with correlation coef�cients R2 = 0:98and R2 = 0:81,
respectively. COMa, on the other hand, did not predict cache misses well, with
R2 = � 0:19 and R2 = � 0:32, respectively. For this parallel-coordinates plot we
linearly mapped each quantity to the interval [0;1]. In the row-by-row and diagonal-
by-diagonal layouts, uni- indicates that we traverse each row/diagonal from left to
right; bi- indicates that we alternate direction. CMR denotes cache miss ratio.

level recursive methodto be quite effective for minimizing COMg,
whichcanbeexplainedby thismetric'sgoalto measurelocality atdif-
ferentscales.Thatis,optimallypartitioningameshintok setsamounts
to computinga cache-awarelayout for a block size n

k . Indeed,even
whennot applyingany local permutations,i.e. by randomlyordering
nodeswithin eachset,weobservedthattheresultinglayoutsyield only
5%morecachemissesthanlayoutslocally optimizedfor COMg.

5.7 Multiple Cache Bloc ks, M > 1

We canderive a multi-block cache-obliviousmetricECMM basedon
thecorrespondingcache-awaremetricECMB

M aswedid for thesingle-
blockcase.But sinceevaluatingECMB

M is computationallyinfeasible,
we again must resort to using the single-blockmetric ECM1 as an
approximation.As evidencedby Fig. 4, we obtaingoodcorrelation
(R2 = 0:81)betweenCOMg andtheobservednumberof cachemisses
whenusingacachewith multipleblocks.

6 EVALUATING LAYOUTS

In this sectionwe proposetwo simplewaysof evaluatingthequality
of layoutsusingour metrics. If a layout is deemedto begood,it can
be usedwithout expensive reordering,which is especiallyuseful for
massive mesheswith millions of vertices.While our cache-awareand
geometriccache-oblivious metricsallow rankingdifferent layoutsof
a graphor mesh,it is not obvious how to mapthe numericalvalues
they report for a single layout to somenotion of absolutequality or
closenessto optimality. If a tight lower boundfor eitherof thesetwo
metricsis known for agraph,wecancomparethisboundwith themet-
ric valueof thelayoutto determineits quality. Unfortunately, no such
boundfor generalgraphsor meshesis known. However, empiricalev-
idencesuggeststhatfor optimizedlayoutsof unstructuredtriangleand
tetrahedralmesheswith boundedvertex degrees,COMg dependsonly
on the averagevertex degreeandnot on meshsize. For ten bench-
mark trianglemeshes,spanning35K to 880K verticesandoptimized
for COMg, we observedthegeometricmeanedgelengthto fall in the
narrow range4:48–4:87. While pathologicalcasescanbeconstructed
for which this measureis unboundedwith respectto meshsize,we
hypothesizethatmeshlayoutswith geometricmeancloseto theaver-
agedegreearesuf�ciently nearoptimal to bequiteusefulin practice.
Futurework is neededto investigatethishypothesisin moredetail.

An alternative, albeit moreexpensive, approachto measuringlay-
outquality, is to compareagivenlayout,j , with theoptimizedlayout,
j � , constructedby our cache-awareor cache-oblivious layout meth-
ods. Sincethe goal of this comparisonis primarily to avoid lengthy
optimization,welimit theevaluationto asmallsubgraph,G0, extracted
from the input graph,G, andoptimizeonly the layout j � for G0. We
presentouralgorithmfor constructingG0below.

6.1 Algorithm

We computea small subgraph,G0= (N0;A0), of an input graph,
G = (N;A), with N0 � N andA0= f (i; j) 2 A : i; j 2 N0g. Our algo-

rithm requiresat mosttwo parameters:a ratio, p = jN0j
jNj , thatspeci�es
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(a) Spx tetrahedral mesh (b) Extracted isosurface

Fig. 5. Isosurface Extraction: We measured the performance of isosurface ex-
traction from unstructured tetrahedral meshes. Using our cache-oblivious layout of
the Spx volume mesh with 140K vertices, we were able to reduce cache misses by
5%–50% compared to other layouts. Moreover, our cache-oblivious layout yields
only less than 2% fewer cache misses compared to our cache-aware layout.

the target subgraphsizejN0j, andfor the cache-awarecasethe block
size,B. For ef�ciency, p shouldbesmall,e.g.,0:1%–1%.

Our evaluationalgorithmhastwo majorsteps:1) samplingthe in-
putgraphand2) constructinganoptimizedlayoutof thesampledsub-
graph.

1. Sampling the input graph: We �rst randomlyselecta start
nodein the input graphandaddit to thesubgraph.In orderto obtain
a subgraphthatwell re�ects thequality of thefull layout, j , andthat
allowscapturingthecachebehavior of aprobablesequenceof succes-
sive accessesto the graph,we constructconnectedsubsetsof G via
breadth-�rst region growing from the start nodeand add all visited
nodesto thesubgraph.We alsoaddto thesubgraphall thearcsfrom
A that join nodesin N0. We continuegrowing until the total number
of nodesin thesubgraphis aboutk times(e.g.,k = 5) theblock size,
B. If B is not speci�ed,asin thecache-obliviouscase,we simply set
B to be8KB, which is commonlyusedfor largepagesizesof virtual
memory.

Oncetheregiongrowing stops,weaddfor eachnodei 2 N0all other
nodesthatmapto thesamecacheblockasi. Wedothisto avoidhaving
to accountfor intra-block“holes” in thelayoutthatmightotherwisebe
unfairly utilized in theoptimizedlayout. This alsoensuresthatwe do
not accidentallymisscut edgesbetweensampledblockswith respect
to thecache-awaremetric.Wedo,however, allow for holesdueto un-
sampledblockssincefor incoherentlayoutstherecouldbearbitrarily
many suchblocks. We thenrepeatstep1, randomlyselectinga new
startnode,until thenumberof nodesjN0j is closeto pjNj.

2. Constructing an optimized layout of the subgraph: Weap-
ply our cache-awareor cache-oblivious layoutalgorithmto construct
a new layout, j � , of thesubgraphandevaluatethechosenmetric for
j � andj . We simply usethesenumbersto approximatetheexpected
numbersof cachemissesof theinput layoutandtheoptimizedlayout
for thefull graph.If thereis big differencebetweentheseestimatesfor
thesubgraph,it is likely bene�cial to computeanimprovedlayoutof
thefull graphusingour layoutalgorithm.

We usedthis approachto quickly evaluatethe original layoutsof
our benchmarkmodels.Evenfor thelargestmeshes,our approximate
methodtakeslessthan10 seconds.We foundthatwe areableto pre-
dict themetricvaluesof thesefull layoutswithin 15%errorusingsub-
graphsof only 6K–40Kvertices,eventhoughtheoriginalmesheshave
asmany astensof millions of vertices.

7 RESULTS

In this sectionwe highlight the performanceimprovementsobtained
using our cache-coherentlayoutsin two different applications: iso-
surfaceextraction and view-dependentrendering. We implemented
our layout computationalgorithm on a 2:8GHz Pentium-4PC with
1GB of RAM. We usedthe METIS graphpartitioning library [18]
to computeour cache-awareandcache-oblivious layouts. Also, our
metrichasbeenintegratedinto OpenCCL, anopensourcelibrary for
the layout computation.Our currentunoptimizedimplementationof
theout-of-corelayoutcomputation,basedin largeparton themethod
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Fig. 6. Comparison with Diff erent Layouts in Iso-Surface Extraction: We com-
pared our cache-aware (CAL) and cache-oblivious (COLg) layouts with breadth-�rst
(BFL), depth-�rst (DFL), Z-curve, spectral (SL), cache-oblivious mesh (COML),
and geometrically sorted layout along the X-axis. We simulated a LRU-based
cache with a block size of 4KB and measured cache misses during isosurface ex-
traction from the Spx model shown in Fig. 5. We also measured the out-of-core
running time of extracting the surface from disk (OoC) and a second time from
memory (IC). Due to the different scales, each quantity is normalized to the unit
interval. We observe that our geometric cache-oblivious metric has strong corre-
lation with both cache misses and running time. CMR indicates cache miss ratio.

in [30,32], processesabout15K trianglesper second,which is com-
parablein speedto otherout-of-corelayoutmethods[14,30].

Inducing a Layout: In order to reducethe layout computation
time, we computeonly oneof thevertex andtrianglelayoutsandin-
ducethe other layout rather than computingthe layoutsseparately.
First,we constructa vertex layoutsincethenumberof verticesis typ-
ically smaller than the numberof triangles. Hence,the processing
time of a vertex layout is smallerthanthatof a trianglelayout. Then,
aswe accesseachvertex of the vertex layout, we sequentiallystore
all trianglesincidenton thevertex thathavenotalreadybeenaddedto
thetrianglelayout.Wefoundthatusingtheinducedlayoutsatruntime
causesaminorruntimeperformanceloss—inourbenchmark,lessthan
5%—comparedto usinglayoutsthatarecomputedseparately.

7.1 Isosurface Extraction

Theproblemof extractinganisocontourfrom anunstructureddataset
frequentlyarisesin geographicinformationsystemsandscienti�c vi-
sualization.Many ef�cient isosurfaceextractionmethodsemploy seed
sets[26] to grow anisosurfaceby traversingonly thecellsintersecting
the isosurface. The runningtime of suchan algorithmis dominated
by the traversalof the cells intersectingthe contour. We ef�ciently
extract an isosurfacefrom a seedcell by makinga depth-�rst traver-
sal,therebyaccessingthevolumemeshin areasonablycache-coherent
manner.

7.1.1 Comparison with Other Layouts

We comparedtheperformanceof the isosurfaceextractionalgorithm
ontheSpxvolumemesh(Fig.5) consistingof 140Kverticesand820K
tetrahedra.We storedthe volumemeshusingeight different layouts
(seeFig. 6). We measuredcachemissesduringtwo invocationsof the
sameisosurfaceextraction.Duringthe�rst extraction,weensuredthat
no partof themodelwascachedin mainmemory;therefore,loading
the datafrom disk wasthe major bottleneck.During the secondex-
tractionof the sameisosurface,all the datawasalreadyloadedinto
mainmemory;therefore,L1 andL2 cachemissesdominated.As seen
in Fig.6,weobservestrongcorrelationsbetweenourgeometriccache-
obliviousmetricandbothcachemissesandrunningtimesof the iso-
surfaceextraction.Moreover, ourcache-obliviouslayoutyieldsonly a
slight performancedecreasecomparedto our cache-awarelayoutop-
timizedfor a block sizeof 4KB. Our layoutsfurthermoreresultin up
to two timesspeedupover theotherlayouts.

7.2 View-dependent rendering

View-dependentrenderingis frequentlyusedfor interactivedisplayof
massivemodels.Thesealgorithmsprecomputeamultiresolutionhier-
archy of alargemodel,andatruntimedynamicallysimplify themodel
aslong asthe desiredpixels of error (PoE)tolerancein imagespace
is met.Weusetheclusteredhierarchy of progressivemeshes(CHPM)
representationfrom [32] for view-dependentrendering.TheCHPM-
basedview-dependentmethodis fastandmostof the frame time is
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Fig. 7. View-Dependent Rendering of Bunn y Model: The ACMRs of our cache-
oblivious layout (COLg) are close to the lower bound on ACMR. COLg consistently
outperforms universal rendering sequences (URS), cache-oblivious mesh layout
(COML), and Hoppe's rendering sequences (HRS) at cache sizes 8 and 64; HRS
is optimized for a cache size in the range 12–16.

spentrenderingthesimpli�ed model. We precomputeddifferentlay-
outsandcomparedtheircacheperformancefor threedifferentmodels,
includinga CAD environmentof a power plantconsistingof 12 mil-
lion triangles,the Stanfordbunny model,anda subsetof the LLNL
Richtmeyer-Meshkov isosurfacemodelconsistingof 100Mtriangles.

To comparethecacheperformanceof differentlayoutsduringview-
dependentrendering,we usethe average cache missratio (ACMR),
which is de�ned astheratio of thenumberof vertex cachemissesto
thenumberof renderedtrianglesfor aparticularvertex cachesize[13].
To verify thecache-obliviousnatureof our layouts,wealsosimulated
a FIFO vertex cacheof con�gurablesizeandmeasuredtheACMR as
a functionof cachesize.

7.2.1 Comparison with Other Layouts

Wecomparedourcache-obliviouslayoutwith universal renderingse-
quences(URS) [3], Hoppe's renderingsequences(HRS) [13], em-
beddingusinga Z-orderspace-�lling curve, andYoon et al.'s cache-
oblivious meshlayouts(COML) [30]. HRS is considereda cache-
awarelayoutsinceit is optimizedfor a givencachesizeandreplace-
mentpolicy. On the otherhand,the Z-curve, URS, andCOML are
consideredcache-oblivious layoutssincethey do not take advantage
of any cacheparameters.

Fig. 7 showsACMRsof differentrenderingsequencesfor theStan-
ford bunny model. Since the numberof trianglesin the model is
roughlytwice thenumberof vertices,theACMR is within theinterval
[0:5;3]. Moreover, it is possibleto computea lowerbound0:5+ O( 1

k )
on the ACMR, wherek is the size of vertex cache[3]. As can be
seen,theACMRsof our layoutarecloseto thelower boundandcon-
sistentlylower thanthoseof URSandCOML amongall testedcache
sizes.Althoughour layoutyieldsmorecachemissesat cachesize16
thanHRS,which is optimizedfor this size,our layoutshows superior
performanceat cachesizes8 and64. This is greatlydueto thecache-
obliviousnatureof our layouts,whichachievegoodperformanceover
a wide spectrumof cachesizesratherthanoneparticularsize. These
observedresultsalsocorrelatewith cachemissestimatesreportedby
ourCOMg metric,which for thebunny modelpredictour layoutto be
5%, 17%,and31%betterthanCOML, HRS,andURS,respectively.
Weobservedsimilar resultson theisosurfacemodel.

Fig. 8 shows ACMRsfor renderingthepower plantmodel,which
hasaveryirregulargeometricdistribution,usingourlayoutandothers,
includingtheZ-curve. Sincespace-�llingcurvesmainlyretainlocality
betweenmeshelementsif their geometricdistribution is regular, we
would not expect the Z-curve layout to result in good performance
on this irregular mesh. As evidenced,our layout consistentlyyields
betterperformancethan the Z-curve and the other layouts. This is
correctlypredictedby our COMg metric, which estimatesour layout
to be5%, 29%,and241%betterthanCOML, HRS,andtheZ-curve,
respectively.

Finally, we measuredACMRsof COLg andHRSat a cachesizeof
32 aswe decreasedtheresolutionof themeshby “subsampling”ver-
ticesandtrianglesvia edgecollapseoperations.Therelativepositions
of surviving elementswereretainedin the simpli�ed meshes.Since
ourCOLg layoutmaintainslocality atmultiplescales,it is likely to be
coherentin thesimpli�ed mesh.As expected,Fig. 9 showsour layout
to bemorerobustto simpli�cation thanHRS,which is optimizedonly
for the�nest meshresolution.

8 16 32 64
1

1.2

1.4

1.6

1.8

Vertex cache size 

A
vg

. c
ac

he
m

is
se

s 
pe

r
tr

ia
ng

le
 (

A
C

M
R

)

Z-curve [24]
HRS [13]
COML [30]
COLg
Lower bound [3]

Fig. 8. View-Dependent Rendering of Power Plant Model: Our new cache-
oblivious layout (COLg) consistently performs better than the Z-curve, Hoppe's ren-
dering sequences (HRS), and Yoon et al.'s cache-oblivious mesh layout (COML)
on the power plant model, which has an irregular geometric distribution.
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Fig. 9. ACMRs of Diff erent Resolutions: These curves correspond to ACMRs for
our cache-oblivious layout and Hoppe's rendering sequences over several mesh
resolutions for a cache size of 32. The horizontal axis indicates the fraction of
triangles relative to the full resolution mesh.

7.3 Comparison with COML

The cache-oblivious mesh layouts (COML) proposedby Yoon et
al. [30] bearmany similaritieswith ours,in particularwith respectto
performance.Whereaswe consistentlyachieve modestperformance
improvementsover COML, our main motivation for extendingtheir
work wastheir lack of a global measureof layout coherence,which
manifestsitself asa numberof limitations. COML makesuseof a lo-
cal probabilisticmeasureof coherencethat allows makingdecisions
whethera local permutationof a smallnumberof verticesis likely or
not to reducethenumberof cachemisses.This measuredoesnot ex-
tendtoawholemesh,andit doesnotsatisfytransitivity. Supposethata
localpermutation,A, is deemedbetterthananotherlocalpermutation,
B, andB is betterthananothera permutation,C. However, according
to the COML measure,A is not necessarilybetterthanC. For these
two reasons,theCOML measurecannotbeusedto evaluateandcom-
parethe quality of layouts. On the otherhand,our new measureis
global andtransitive, andfurthermorecorrelateswith expectedcache
misses.And becausethismeasureis globalandeasyto compute,it can
beeasilyintegratedinto layoutcomputationframeworksotherthanthe
onepresentedhere.Finally, westartedfrom ageneralI/O modelfrom
which bothcache-awareandcache-obliviousmeasuresemerged. It is
notobviousthatCOML lendsitself to computingcache-awarelayouts
sinceit fundamentallydoesnot incorporatecacheparameters.

7.4 Limitations

While in many respectsan improvementover COML, our new ap-
proachstill hasseverallimitations.Our layoutqualityestimationtech-
niqueconsidersonly a subsetof a mesh,andmaynot beindicative of
quality for unsampledportions.Thegreedyandrecursive multi-level
methodweusefor meshlayoutis notlikely to �nd atrueoptimum,and
maynotevencomputealayoutbetterthantheinput layout.Moreover,
ourmulti-level methodreliesheavily ontheMETIS graphpartitioning
algorithm,which itself is basedonheuristics.Therefore,thepartition-
ing resultsmay be far from optimal,asevidencedfor examplewhen
appliedto a uniform grid. Herethecache-obliviouslayoutsproduced
with METIS andour metric result in up to 60% morecachemisses
than achieved by space-�lling curves, which in a senseprovide op-
timal partitionsof suchgrids. Our layoutsfurthermorehelp perfor-
manceprimarily in applicationswheretherunningtime is dominated
by dataaccess.Finally, we requirethespeci�cationof a graphto rep-
resenta typicalaccesspattern.Whereastheconnectivity structureof a
meshcanoftenbeusedto de�ne this graph,certainapplicationsmay
needa differentsetof nodes,arcs,or accessprobabilityassignments
thanthoseautomaticallygeneratedby ourmethod.
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8 CONCLUSION AND FUTURE WORK

Wehavepresentednovel cache-awareandcache-obliviousmetricsfor
evaluatingthe layoutquality of unstructuredgraphsandmeshes.We
basedour metricson a two-level I/O model. Our cache-awaremetric
is reducedto countingthe numberof arcswhosenodesarestoredin
differentcacheblocks. For thecache-obliviouscase,we derived two
differentmetricsbasedon differentassumptionson whatcacheblock
sizesmay be usedfor caching.Whenappliedequallyto all possible
block sizes,our cache-obliviousmetricreducesto thegraph-theoretic
metric for minimum linear arrangement.When only power-of-two
block sizesare considered,our cache-oblivious metric is a function
of logarithmic arc length. Equivalently, thesemetricscorrespondto
arithmeticandgeometricmeanarclength.Weshow thatthereis good
correlationbetweenour metricsand the numberof observed cache
missesfor two differentvisualizationapplications.Moreover, we im-
provetheperformanceof theseapplicationsby 5%–100%overseveral
othercommonlayouts.

Therearemany avenuesfor future work. In addition to address-
ing someof the limitations of our currentapproach,we areworking
on meshcompressionschemesto furtherreduceexpensive I/O access
time. One major challengeis to designa compressionmethodthat
bothpreservesthemeshlayoutandsupportsrandomaccessso thata
meshcanbeaccessedusinga coherentbut not predeterminedtraver-
sal. Another challengewould be to extend our currentapproachto
supportmaintainingcoherentlayoutsof non-staticmeshconnectivity,
e.g. dueto animation,simpli�cation, or re�nement. Thereis consid-
erableroomfor exciting theoreticalwork onthepropertiesof ournew,
simplecache-oblivious metric, suchasproving what layoutsareop-
timal for 2D and3D grids, andwhetherour metric producessimilar
“space-�lling” optimal layoutsfor unstructuredmeshes.Finally, we
expectourmetricto haveusesin applicationsotherthanvisualization,
suchasaccelerationof shortestpathandothergraphcomputations.

A EIGENANALYSIS FOR MESHES

Let x beacolumnvectorwith ith componentxi = Pr(i) = deg(i)
jAj . Then,

x is aneigenvectorof theprobabilitytransitionmatrix,PT , since:

(PT x) i = å
j2N

Pr( jji) Pr( j) = å
j : ( j ;i)2A

1
deg( j)

deg( j)
jAj

= å
j : ( j ;i)2A

1
jAj

=
deg(i)

jAj
= xi

Therefore,xi is thestationaryprobabilityPr(i) thatnodei is accessed.

B EXPECTED EDGE CUT

Consideranedgeof length` . The two nodesof theedgearealways
storedin differentblockswhenB � ` , irrespective of wherewithin a
block the layout starts. Now considerthe caseB > ` . Thereare `
differentpositionsfor which the edgecrossesa block boundary, and
B different positionsat which the layout may start. Therefore,the
probabilityPrcross(` ;B) thattheedgecrossesablockboundaryis `

B .
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