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1 Analysis of Multiplicative Weights with Restricted Distributions

Recall our special variant of Hedge: we are allowed to uses only distributions p(t) from some fixed
convex subset P of the simplex of all distributions. The goal then is to minimize regret relative to
an arbitrary distribution p ∈ P . Such a version of Hedge is given in Figure 1, and a statement of its
performance below. This algorithm is implicit in the work of [4, 6].

Algorithm MW(P)
Initialization: An arbitrary probability distribution p(1) ∈ P on the experts, and some η > 0.
For t = 1, 2, . . . , T :

1. Choose distribution p(t) over experts, and observe the cost vector `(t).
2. Compute the probability vector p̂(t + 1) using the following multiplicative update rule:

for every expert i,
p̂i(t+ 1) = pi(t) exp(−η`i(t))/Z(t) (1)

where Z(t) =
∑
i pi(t) exp(−η`i(t)) is the normalization factor.

3. Set p(t + 1) to be the projection of p̂(t + 1) on the set P using the RE as a distance
function, i.e. p(t+ 1) = argminp∈P RE(p ‖ p̂(t+ 1)).

Figure 1: The Multiplicative Weights Algorithm with Restricted Distributions

Theorem 1.1. Assume that η > 0 is chosen so that for all t and i, η`i(t) ≥ −1. Then algorithm
MW(P) generates distributions p(1), . . . ,p(T ) ∈ P , such that for any p ∈ P ,

T∑
t=1

`(t) · p(t)− `(t) · p ≤ η

T∑
t=1

(`(t))2 · p(t) + RE(p ‖ p(1))
η

.

Here, (`(t))2 is the vector that is the coordinate-wise square of `(t).

Proof. We use the relative entropy between p and p(t), RE(p ‖ p(t)) :=
∑
i pi ln(pi/pi(t)) as a

“potential” function. We have

RE(p ‖ p̂t+1)−RE(p ‖ p(t)) =
∑
i

pi ln
pi(t)

p̂i(t+ 1)

=
∑
i

pi ln
Z(t)

exp(−η`i(t))

= η(`(t) · p) + lnZ(t).
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Next, we have

lnZ(t) = ln[
∑
i

pi(t) exp(−η`i(t))]

≤ ln[
∑
i

pi(t)(1− η`i(t) + η2(`i(t))
2)] ∵ exp(−x) ≤ 1− x+ x2 for x ≥ −1

= ln[1− η`(t) · p(t) + η2(`(t))2 · p(t)]
≤ −η`(t) · p(t) + η2(`(t))2 · p(t). ∵ ln(1 + x) ≤ x for x > −1

Thus, we get

RE(p ‖ p̂t+1)−RE(p ‖ p(t)) ≤ η`(t) · p− η(`(t) · p(t)) + η2(`(t))2 · p(t).

Now, projection on the set P using the relative entropy as a distance function is a Bregman projec-
tion, and thus it satisfies the following Generalized Pythagorean inequality (see, e.g. [4]), for any
p ∈ P:

RE(p ‖ p(t+ 1)) +RE(p(t+ 1) ‖ p̂(t+ 1)) ≤ RE(p ‖ p̂(t+ 1)).

Since RE(p(t+ 1) ‖ p̂(t+ 1)) ≥ 0, we get the following bound:

RE(p ‖ p(t+ 1))−RE(p ‖ p(t)) ≤ η`(t) · p− η(`(t) · p(t)) + η2(`(t))2 · p(t).

Summing up from t = 1 to T , and using the fact that RE(p ‖ p(T + 1)) ≥ 0, and simplifying, we
get

T∑
t=1

`(t) · p(t) ≤
T∑
t=1

`(t) · p+ η

T∑
t=1

(`(t))2 · p(t) + RE(p ‖ p(1))
η

.

2 The Convex Hull of Subpermutation Matrices

Recall that we represent an ordered slate π by the subpermutation matrix Mπ ∈ Rs×K which is
defined as follows: for i = 1, 2, . . . , s, we have Mπ

i,π(i) = 1, and all other entries are 0. In [2, 5],
it is shown that the convex hull M of all the Mπ matrices is the convex polytope defined by the
following linear constraints:

∀i : 1 ≤ i ≤ s :
K∑
j=1

Mij = 1

∀j : 1 ≤ j ≤ K :
s∑
i=1

Mij ≤ 1

∀ij : 1 ≤ i ≤ s, 1 ≤ j ≤ K : Mij ≥ 0.

Clearly, all subpermutation matrices Mπ ∈M.

Given a matrix M ∈M, we now wish to express it as a convex combination of s×K subpermutation
matrices. For this, we complete the matrix M into a K ×K doubly stochastic matrix M̃ by filling
out the bottom K − s rows as follows: for all i, j such that s+ 1 ≤ i ≤ K and 1 ≤ j ≤ K, set

M̃ij =
1

K − s

(
1−

s∑
i′=1

Mi′j

)
.

I.e., for every column, divide up the “defect” 1 −
∑s
i′=1Mi′j equally in the bottom K − s rows.

Clearly, the columns of M̃ sum up to 1. Next, for any rows i such that s+ 1 ≤ i ≤ K, we have

∑
j

M̃ij =
∑
j

1

K − s

(
1−

s∑
i′=1

Mi′j

)
=

1

K − s

K − s∑
i′=1

K∑
j=1

Mi′j

 = 1,

since
∑s
i′=1

∑K
j=1Mi′j = s.
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Now, since M̃ is a doubly stochastic matrix, it is a convex combination of permutation matrices
by Birkhoff’s theorem [1]. Using the greedy algorithm described in [3] (Algorithm 1), we can de-
compose M̃ into a sum of at most K2 (actually, even at most K2 − 2K + 2) permutation matrices.
Now, by truncating the permutation matrices to the top s rows, we obtain (at most K2) subpermuta-
tion matrices whose convex combination (with the same weights as in the decomposition of M̃) is
exactly M, as required.
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