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Abstract - This paper studies the longest pattern 
subsequence problem based on the dynamic programming 
algorithm. An )( 2nO  time algorithm for the problem is 
firstly presented. Then the presented algorithm is improved 
further by generalizing the RSK algorithm and the 
standard Young tableau. When 1|| =σ , the time required 
by the algorithm is improved to )log( knO . When 

2|| =σ , the time required by the algorithm is improved 
to )(nO , an optimal algorithm.  
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1 Introduction 
  Both LIS and LCS are fundamental combinatorial 

problems which have been well studied in the computer 

science community [2][3][5][6][7][8]. Among a large 

number of important applications of both of the problems, 

we highlight a few that arise in computational biology. The 

BLAST (Basic Local Alignment Search Tool) [1] database 

supports queries of the following form: for a sequence σ  of 

amino acids, for example, what segments of known proteins 

have high local similarity to σ ?  An LIS step is also part 

of the MUMmer system for aligning entire genomes [4], 

and a straightforward LCS computation gives the value of 

the optimal alignment of two sequences of DNA. Based on 

these fundamental problems, a more general longest pattern 

subsequence problem was proposed [9][10][11]. In the 

general cases, the length of the longest pattern subsequence 

of a permutation in the symmetric group nS  is still an open 

problem [9]. In this paper we presented a dynamic 

programming algorithm for the longest pattern subsequence 

problem. The presented algorithm is improved further by 

generalizing the RSK algorithm and the standard Young 

tableau. When 1|| =σ , the time required by the algorithm 

is improved to )log( knO . When 2|| =σ , the time 

required by the algorithm is improved to )(nO , an optimal 

algorithm. 

The longest pattern subsequence problem can be formulated 

as follows. 

Let σ  be a finite word in the letters U and D, e.g. 

UUDUD=σ .Let ∞σ  denote the infinite word Lσσσ , 

e.g., ( ) LUUDUDUUDUDUUDUD =∞ . 

For this example, we have for instance that UUDUDUU  

is a prefix of ∞σ  of length 7. 

Let 110 −= mττττ L  be a word of length m-1 in the letters 

U and D. A sequence mvvvv L10=  of integers is said to 

have descent word τ  if 1+> ii vv  whenever Di =τ , and 

1+< ii vv  whenever Ui =τ . Thus v is increasing if and 

only if mU=τ . 

Now let nS  denote the symmetric group of permutations of 

1, 2,…, n, and let na ω∈  and define )(alenσ  to be the 

length of longest subsequence of a whose descent word is a 

prefix of ∞σ . The longest pattern subsequence problem is 



defined to compute )(alenσ  , the length of longest 

subsequence of a whose descent word is a prefix of ∞σ  for 

a given pattern σ . 

2 Dynamic Programming Algorithm  
 Let σ  be the given pattern, and )(kσ a prefix of ∞σ  of 

length k.  

Let nnaaaa ω∈= −110 L  be a permutation of 1, 2,…, n. 

All the σ  pattern subsequences ending with ia  is denoted 

as )(iaσ ， ni <≤0 . Thus for any )(iav σ∈ ，

110 −= mvvvv L ,we have, mv =|| , im av =−1 ,and the 

descent word of v is )1( −mσ ,a prefix of ∞σ of length m-

1. 

If for any ij > ,the descent word of 

jmj avvvav 110 −=+ L  is )(mσ , a prefix of ∞σ of 

length m, then jav +  is defined as an extension of v, 

denoted as jav p . 

Let 110)( −= mwwwiw Lσ  be the longest σ  pattern 

subsequences of )(iaσ , then im aw =−1 . Its length is 

denoted as mbi = . That is )}(||max{| iavvbi σ∈= , 

ni <≤0 . Therefore, { }ini
balen

<≤
=

0
max)(σ . The problem 

is then reduced to compute ib , ni <≤0 . 

It is not difficult to see that the problem satisfies the optimal 

substructure property. In fact, if mbi = ,and 

110)( −= mwwwiw Lσ ， km aw =−2 ， im aw =−1 ，then 

1−= mbk . Otherwise, 1−≥ mbk , since 210 −mwww L  

is a σ  pattern subsequence of v ending with ka . If 

1−> mbk , then there exists a σ  pattern subsequence of 

v ending with ka  of length larger than m-1, and then iva  

is a σ  pattern subsequence of v ending with ka  of length 

larger than m. Therefore mbi > , a contradiction.  

From the optimal substructure property of the problem, ib  

can be computed recursively as follows: 
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The dynamic programming algorithm according to above 

formula can be described as follows. 

Dynamic Programming Algorithm: 

1: 10 ←b ; 

2: for i ← 1 to n-1 do 

3:   0←k ; 

4:   for j ← 0 to i-1 do 

5:     if ( iajw p)(σ  and jbk < ) then 

 jbk ← ; 

6:   1+← kbi ; 

7: { }ini
blen

<≤
←

0
max . 

In the algorithm above , the length of )( jwσ  is jb .It can 

be decided in )1(O  time  whether ia  is an extension of 

)( jwσ . The two for loops imply that the time required by 

the algorithm is )( 2nO . 

The above algorithm computes the length of 

the longest pattern subsequence only. If we 

also want to construct the longest pattern 

subsequence, the algorithm can be modified as 

follows. For each j , the algorithm maintains 

the subsequences )( jwσ . When we update 

1+← ji bb , we reset iajwiw ),()( σσ ← . This 

adds only a constant amount of extra running 



time per update, so the time required by the 

algorithm remains )( 2nO . 

3 An Improvement 
3.1   The case of 1|| =σ  
 Let ),,( 21 Lλλλ =  be a partition of 0≥n , denoted 

naλ  or n=|| λ . Thus 021 ≥≥≥ Lλλ ， and 

ni =∑λ . The Young diagram of a partition λ  is a left 

justified array of squares with iλ  squares in the ith row. For 

instance, the Young diagram of (3, 2, 2) is given by figure 1. 

  
Fig. 1. The Young diagram of (3, 2, 2) 

 
A standard Young tableau (SYT) of shape naλ  is 

obtained by placing the integers 1, 2,…, n (each appearing 

once) into the squares of the diagram of λ  (with one 

integer in each square) such that every row and column is 

increasing. For example, an SYT of shape (3, 2, 2) is given 

by figure 2. 

 
Fig. 2. An SYT of shape (3, 2, 2) 

 
The RSK（ Robinson– Schensted– Knuth） algorithm 

gives a bijection between nω  and the SYT of shape 

naλ . For any given nnaaaa ω∈= −110 L ，the basic 

operation of the RSK algorithm is row insertion, i.e., 

inserting an integer i into a tableau T with distinct entries 

and with increasing rows and columns. (Thus T satisfies the 

conditions of an SYT except that its entries can be any 

distinct integers, not just 1, 2, … , n.) The process of row 

inserting i into T produces another tableau, denoted iT ← , 

with increasing rows and columns. If S is the set of entries 

of T , then S∪{i} is the set of entries of iT ← . We define 

iT ←  recursively as follows.  

(1) If the first row of T is empty or the largest entry of the 

first row of T is less than i, then insert i at the end of the 

first row.  

(2) Otherwise, i replaces (or bumps) the smallest element j 

in the first row satisfying j > i. We then insert j into the 

second row of T by the same procedure. 

For instance, if 4271536=a , then the process of row 

inserting of the RSK algorithm is given by figure 3. 

 

4  2  27  17  15  13  136 

  4  4  2  27  25  25 

      4  4  47  4 

Fig. 3. The row inserting of the RSK algorithm 

The length of the first row of an SYT is of special 

importance. It is equal to the length of the LIS for the given 

sequence nnaaaa ω∈= −110 L . Furthermore the LIS of 

a  can be constructed from the first row of the SYT 

corresponding to a . This is the special case of the longest 

σ  pattern subsequence problem when U=σ . It is easy to 

see that if D=σ  an algorithm can be derived similarly. 

This implies an improved algorithm for the longest σ  

pattern subsequence problem when 1|| =σ  as follows. 

Algorithm of 1|| =σ : 

1:  b[1] ← e[0] ← 0 

2:  j ← k ← f ← 1 

3:  for i ← 1 to n-1 do 

4:    x ← b[k] 

5:    if iaxw p)(σ  then j ← k ← k+1 

6:    else j← binary(i,f,k) 

7:    b[j] ← i 

8:    e[i]← b[j-1] 

9:  construct(k) 

10: return k 



In the algorithm above , the length of )( jwσ  is b[j]. It can 

be decided in )1(O  time  whether ia  is an extension of 

)( jwσ . The position in the first row of the SYT between 

b[f]  an b[k] for ia  to be inserted into is computed by a 

binary search of binary(i,f,k). When ia  is inserted into the 

first row of the SYT, its left element is stored in e[i] which 

is used to construct the longest pattern subsequence by 

construct(k) later. If the length of the longest pattern 

subsequence is k, then each binary search costs )(logkO  

time in the worst case. The total time of the algorithm is 

clearly )log( knO  which is a significant improvement. 

 

3.2   The case of 2|| =σ  

When 2|| =σ , there are two cases DU=σ  and 

UD=σ  to be distinguished.  

For any given permutation nnaaaa ω∈= −110 L , if 

11 +− <> iii aaa , then ia  is called a local minimum of a . 

Similarly, if 11 +− >< iii aaa ,then ia  is called a local 

maximum of a .It is easy to see that the local minimum and 

the local maximum of a  is occurred alternatively in a . If 

we use a 1 denote a local maximum and a 0 denote a local 

minimum, then for any given permutation 

nnaaaa ω∈= −110 L , the descent pattern of a  must be 

L0101  or L1010 .  For instance, the descent pattern of 

4326517=a  is 10101 as shown in figure 4. 

 
Fig. 4. The descent pattern of 4326517=a  

 
When 2|| =σ , the σ  pattern subsequence is called 

alternating subsequence. For the longest alternating 

subsequences, we have follow theorem. 

 
Theorem 1: For the given permutation 

nnaaaa ω∈= −110 L , the alternating subsequence 

formed by its local minimum and local maximum is a 

longest alternating subsequence of a . 

Let the alternating subsequence formed by the local 

minimum and local maximum of a  be 110 −= kvvvv L , 

then  

(1) In the case of DU=σ , if the descent pattern of 

110 −= kvvvv L  is L0101 , then the subsequence 

11 −kvv L  is a longest alternating subsequence of a . If the 

descent pattern of 110 −= kvvvv L  is L1010 , then the 

subsequence 110 −kvvv L  is a longest alternating 

subsequence of a .  

(2) In the case of UD=σ , if the descent pattern of 

110 −= kvvvv L  is L0101 , then the subsequence 

110 −kvvv L  is a longest alternating subsequence of a . If 

the descent pattern of 110 −= kvvvv L  is L1010 , then 

the subsequence 11 −kvv L  is a longest alternating 

subsequence of a .  

Proof: 

The proof is by induction on n . The theorem can be 

verified easily if 3≤n . We now assume that the theorem is 

true when the length of a  is less than n . 

(1) In the case of DU=σ , it can be proved that there 

exists a longest alternating subsequence of 

110 −= naaaa L  containing the first local maximum of a . 

In fact, if the descent pattern of 110 −= kvvvv L  is 

L1010 , then 00 av =  is the first local maximum of a . 



Let L10uuu =  be a longest alternating subsequence of a  

and 00 vu ≠ . There are two cases to discuss. Firstly, if 

00 vu ≤  we can replace 0u  with 0v  in the subsequence 

u getting another longest alternating subsequence of a  

which contains 0v , the first local maximum of a . Secondly, 

if 00 vu >  then it is easy to see that 0u  must lie behind 1v  

and 100 vvu >> . Therefore, L1010 uuvv  is a longer 

alternating subsequence of a , a contradiction. 

Similarly, if the descent pattern of 110 −= kvvvv L  is 

L0101 , then 1v  is the first local maximum of a . Let 

L10uuu =  be a longest alternating subsequence of a . If 

0u  lies between 0v  and 1v  or between 1v  and 2v , we can 

replace 0u  with 1v  in the subsequence u getting another 

longest alternating subsequence of a  which contains 1v , 

the first local maximum of a . If 0u  lies behind 2v , a 

contradiction can be conducted similarly.  

When we get the first local maximum of a , the problem of 

finding a longest alternating subsequence of a  in pattern 

DU=σ  is reduced to the problem of finding a longest 

alternating subsequence of a subsequence of a  in pattern 

UD=σ . By the induction hypothesis, the part (1) of the 

theorem follows. 

The proof for the part (2) of the theorem is similar. ◆ 

From theorem 1, we can generalize the standard Young 

tableau and the RSK algorithm as follows. The two basic 

operations of the RSK algorithm are replace and insert at 

the end. When 2|| =σ , the rules for the operations replace 

and insert at the end can be changed to: if the descent 

pattern changes, then performs insert at the end, otherwise 

performs replace. For instance, the  process of the 

generalized RSK algorithm for permutation 4326517=a  

in pattern DU=σ  is given by figure 5.  

 
4  43  42  426  4265  4261  42617 

    3  3  3  35  35 

 
Fig. 5. The generalized RSK algorithm 

 
It is easy to see that the first row of the generalized standard 

Young tableau is a longest alternating subsequence of a  in 

pattern DU=σ . 

The algorithm description for the generalized RSK 

algorithm is very simple. Only one extra statement added to 

the algorithm for the case of 1|| =σ  as follows. 

Algorithm of 1|| =σ : 

1:  b[1] ← e[0] ← 0 

2:  j ← k ← f ← 1 

3:  for i ← 1 to n-1 do 

4:    x ← b[k] 

5:    if iaxw p)(σ  then j ← k ← k+1 

6:    else j← binary(i,f,k) 

7:    b[j] ← i 

8:    e[i]← b[j-1] 

9:    if(k<n-1 and kk σσ ≠−1 ) then f ← k   

10:  construct(k) 

11:  return k 

The new statement if(k<n-1 and kk σσ ≠−1 ) then f ← k, 

makes the length of search range for the binary search 

become 1. Thus no binary search performed. Therefore the 

time complexity of the algorithm for the case of 2|| =σ  is 

)(nO , an optimal algorithm. 

 

4  Open Problems 

We proposed an )( 2nO  time dynamic programming 

algorithm for the longest pattern subsequence problem. 

Then the presented algorithm is improved further by 

generalizing the RSK algorithm and the standard Young 



tableau. When 1|| =σ , the time required by the algorithm 

is improved to )log( knO . When 2|| =σ , the time 

required by the algorithm is improved to )(nO , an optimal 

algorithm. 

The following problems are still open. 

(1) Can the RSK algorithm and the standard Young tableau 

be generalized to solve the longest pattern subsequence 

problem when 3|| ≥σ ? 

(2) What is the lower bound of the computing time for the 

longest pattern subsequence problem in general cases? 
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