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Abstract—Symmetric Boolean functions with even variables
2k and maximum algebraic immunity AI(f) = k have been
constructed in A. Braeken’s thesis [3]. In this correspondence we
show more constructions of such Boolean functions including the
generalization of a result in [3] and prove a conjecture raised in
3]

Index Term: Symmetric Boolean functions, algebraic immunity.

I. INTRODUCTION

In recent years algebraic attack has become an important
method in cryptographic analyzing stream and block cipher
systems, see [1,2,6,7,8]. A new cryptographic property for
designing Boolean functions to resist this kind of attack,
called algebraic immunity, has been introduced and studied
n [3,4,5,9,10,11,12].

Let B, and SB,, be the rings of the Boolean functions and
the symmetric Boolean functions respectively with n variables
1,%2,...,2,. For f € B,, the algebraic immunity of f,
denoted by AI(f), is defined to be the smallest degree of
non-zero g € B, such that fg = 0 or (1+ f)g = 0. It is
proved in [8,11] that AI(f) < [n/2] for all f € B,. One of
the interesting problems is to determine the Boolean functions
with maximum algebraic immunity. In this paper, we present
some symmetric Boolean functions with maximum AJ.

A symmetric Boolean function f € SB,, can be character-
ized by a vector

vy = (Uf(o)’ Uf(1)7 ey Uf(n)) €

where vf(i) = f(z) for « € F3' with Hamming weight
w(x) = . Itis proved in [12] that for odd n = 2k+1 > 3, there
are only two symmetric Boolean functions f and 1+ f in SB,,

with maximal AI(= k+1) where vy = (1,1, ...,1,0,0,...,0).
—_——— ——

n+1
F2

k+1 k+1
On the other hand, there exists plenty of symmetric Boolean

functions f € SB,, with maximum AI(f) =k when n = 2k
is even. At first we have the following general fact which
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says that the algebraic immunity is an invariant under affine
transformations.

Lemma 1.1: Let f, f' € B, be Boolean functions with n
variables x = (1, ..., Zn), f(x) = f(x A+ ¢), where ¢ € F}
and A is an invertible n X n matrix over Fy. Then AI(f) =
AI(f).

For n = 2k, there are four affine transformations in SB,,:

(T1, ey Tp) — (T1, oy Tp);

(X1 ey @) — (X1 + 01, ey Ty + 01);

(21, .. ,:vn) (x1+1,...,z, + 1);

(1,0, xp)— (1 + 01+ 1, .,y + 01+ 1).

where 01 = x1 + ... + x,,.Thus we have the following result:
Lemma 1.2: Let f € SB,,,n = 2k, and

fl(xla ,$n> = f(xl +1,..,z, + 1)7

fa(w1, ) = f(x1 + 015000 Tn + 01);

fg(.’tl, ,L'n) = f(l’l + 01 + ]., ey Iy -+ 01 -+ 1)
Then f17f2af3 € SBna AI(fl) = AI(fZ) = AI(f?)) =
AI(f), and for each 0 < i < n, we have:

vp, (i) = vp(n —i);

N N ove(d), if 2|4
vfs(n Z) = 'Uf2(l) = { Uf(n—i), if 2 /{/’L

Also, for each f € SB,,, we have 1+ f € SB,, and AI(1+
f) = AI(f). Since v¢(i) = viyf(i) +1 (0 < i < n), from
now on we may assume that v;(0) = 1.

In A. Braeken’s thesis [3](also see [4]) the following sym-
metric Boolean functions with maximum algebraic immunity
have been constructed.

Lemma 1.3: Let n = 2k > 4 and f € SB,. We denote
Sk—i = ex—; + ep4; where e; (0 < j < n) is a vector in

FQ”+1 such that its " position is 1 and the other positions
are 0. Then AI(f) = k under one of the following conditions:
(1) ([3]Theorem4.1.30) vy = (11...1a00...0), a € Fy;
k k
(2) ([3]Theorem4.1.31) vy = (11...100...01);
k k
(3) ([3]Theorem4.1.32) vy = (11...100...0) + Si—4a
kE+1 K

and 4 < k <11,
(4) ([3]Theorem4.1.33) vy = (11...100...0) + so

k+1 &
and <2kk> =2 mod 4.



Remark: It is well-known that for each positive integer m and
a > 0 satisfying 2%|m! and 2°* fm!, we have a = ) [2].
i>1

From this fact and(Qkk) = (,3!]2)!!, we can see that the condition
that (Qkk) =2 mod 4 in Lemma 1.3(4) is equivalent to k = 2!
for some [ > 0.

Based on computation, A. Braeken raised the following
conjecture in [3]:

Conjecture 1.4: Let f € SB,,n =2k >4,1<i< [k/2].
If ("7 =1 mod 2 forallt,1<t<i, and

vp = (11...100...0) + €
k k+1

then AI(f) = k.

In the next section we will present more symmetric Boolean
functions f € S By with maximum AI(f)(= k). Particularly
we generalize Lemma 1.3(3) and prove Conjecture 1.4. It is
not hard to see that our approach in next section can be used
to prove all results in Lemma 1.3 in an uniform way.

II. RESULTS AND PROOFS

Firstly we introduce a combinatorial result given by Wilson
[13] which we need to prove our results.
For each ¢, 0 <7 < n, we define
T, ={a € F}|lw(a) =i}
where w(a) is the Hamming weight of a. For a = (ay, ..., ay),
b= (b1,....,b,) and d = (dy, ..., d,) € F}, we define
a<bsa; <b, (1<i<n)
a<bsa=<banda#b
d=aVb<&d; =max{a; b}, (1<i<n)

Lemma 2.1: (Wilson[13]) Suppose that ¢ < min{j,n — j}
and M = (Mpa)aer, per, be the (?) x (") matrix over Fj

where
] 1, ifa=xd
Mba =1 0, otherwise

()62

mod 2

Then the F5 rank of M is

where we assume (") = 0. Particularly, rank(M) = (%) if

and only if (Z:f) =1 mod2forall¢, 0 <t<i. O
To determine the value of (Z) mod 2, Lucas formula is a

powerful tool. Let

l l
n= anQj,k = Zk‘j?j, (nj,kj S {O, 1})
=0 =0

k < n means that for all j(0 < j <), kj <n;. Then Lucas
formula says

n no ni ny
= d 2
(k) <k0> (k) <kz) "
_ 1 mod?2, ifk<n
- 0 mod 2, otherwise

Each Boolean function g(z) = g(x1, ...
expressed by

g@) = cyla)a”

acFy

,Tn) € By, can be

(cq(a) € Fy)

% is defined as z® =

,bn) €

where for a = (ay,...,a,) € FI', x
x{'...x% If we assume 0° = 1, then for any b = (b, ...
F3, we have a < b < b* = 1. Therefore

gy = > la)

a€F3',a=b

For f,g € By, fg = 0 if and only if for each a € F7,
fla)=1=g(a) =0.If f € SB,, then fg = 0 if and only
if for each i, (0 < i < n), v;(i) =1 = g(a) = 0 for all
a €T,

After these preliminary observations,we show our first result
which is a generalization of Lemma 1.3(3).

Theorem 2.2: Let f € SB,, n = 2k > 4 such that 2! <
k <3-2¢—1 forsome i > 0.If vy = (11...L 2 00...0) + 55, _2:

o=

(o € Fy), then AI(f) = k. * *

Proof: Suppose that fg = 0 for some g € B,, and deg(g) <

k — 1, so we have that

>

a€F}, w(a)<k—1

g(x) = c(a)z

From fg = 0 we know that g(b) = 0 for all b € F}}’ such
that

w(b) €{0,.... k=20 =1,k —2"+1,.... k—1,k+2"}

We need to show g = 0.

Firstly we claim that ¢(a) = 0 for all @ € F3* such that
w(a) < k—2"—1. We prove this claim by induction on w(a).

From 0 = ¢(0) = ¢(0) we know that ¢(a) = 0 for w(a) = 0.

Assume that for some [ < k — 2° — 1 we have c(a) = 0 for
all @ € F3 such that w(a) < I. Now consider b € F}' with
w(b) =1+ 1. Because [ +1 < k — 2" — 1, we have g(b) = 0,
then we have

2

0=g(b) = c(a) = c(b) +
w(a)<k—1, a=b

w(a)<l, a<b

This completes the proof of the claim. Therefore

>

k—2'<w(a)<k—1

g(x) = c(a)z

Next we claim that for all b € Fi' such that k — 2° + 1 <

w(b) <k-1,
>

w(a)=k—2%,a<b

c(b) = c(a) (1

We also prove this claim by induction on w(b). If w(b) =

k — 2t +1, then

0=yg() =

k—2'<w(a)<k—1, a=b

= c(b) + Z

w(a)=k—2%,a<b



therefore ¢(b) = >
w(a)=k—2%,a<b
w(b) =k —2°+ 1. Suppose k —2° +1 <1 < k — 1 and the
claim is true for all b € F3 such that k — 2° + 1 < w(b) < L.
Now let w(b) =1+ 1. Then
>

k—2'<w(a)<l, a<b

c(a), so the claim is true for

0=g(b) =c(b) + c(a)

Therefore

c(b) =

>

w(a)=k—2%, a<b

c(a) +

>

k—2+1<w(a)<l, a<b

c(a)

and by induction hypothesis,

Z c(a)

k—2i4+1<w(a)<l, a<b

= >

kE—2i+1<w(a)<l, a<b w(a’)=k—2%, a’<a

= Z c(a’) Z 1

w(a’')=k—2%, a’<b a: a’<a<b

— Z c(a/)(zw(b)—w(a’) _

w(a’)=k—2%, a’<b

Therefore c(b) = >
w(a)=k—2%, a<b
proof of the claim.
At last, for w(b) = k + 2¢, we have similarly

g9(b) = > c(a)
k—2i<w(a)<k—1, a<b

= 2.

c(a’)
k—2'<w(a)<k—1, a<b w(a’)=k—2%, a’<a

= Z c(a’) Z 1

w(a')=k—2%, a’<b k—2t<w(a)<k—1, a’<a<b

c(a’)

2)=0 mod 2

c(a). This completes the

0 =

and

> 1

k—2t<w(a)<k—1, a’<a<b

- klg(a) (w(b) —)\w(a’)) _ iz__%l (21'/—\0—1>

i 1 /20
= 22+—2<21)El mod 2

Therefore for all b € F3' such that w(b) = k + 27,

>

w(a)=k—2%, a<b

c(a) =0, 2
which are (%) = (.2,
with (,?%,) variables {c(a)
coefficient matrix is

) homogenous linear equations
a € F, w(a) = k — 2'}. The

M = (Mpa)w(a)=k—2¢ w(b)=k+2i

where

E— 1, ifa<b
%=1 0, otherwise

Let I = k — 2%, then 0 < | < 2¢*! For any t such that
0<t<Il,wehave 0 <[] —t<[< 2! and

k+2t—¢ A A
(A T G B

Then by Lemma 2.1 we know M is full rank and the linear
equations (2) has only zero-solution: c(a) = 0 for all a €
F}, w(a) = k—2". Thus g = 0 since all coefficients of g are

zero by (1).
If (14 f)g = 0 for some g € B,,, deg(g) < k—1, consider
f(x, .y ) flar+1, .z, +1)+ 1,
g (@1, wn) = gl +1,. 2, +1)

Then f'g’ =0, ¢’ € B, deg(¢’) =deg(g) < k-1, f' €
SB,, and

vpo= (11...1(a + 1) 00...0) + sg_o:
k k

By the proof above we get ¢’ = 0 so that g = 0. In summary,
we have AI(f) = k. O
Next result is a proof of Conjecture 1.4.
Theorem 2.3: Letn = 2k > 4,1 > 1,k = 2! - s+ for
some s > 0 and 1 < i < 2! — 1. Then for f € SB,, with
vy = (&/—1/@/—9) + eak—i, we have AI(f) = k.

ko k+1
Remark: It is easy to see by Lucas formula that the condition

k=2 .5+ i, 1 <i< 2 — 1 in this theorem is equivalent
to the condition (k+f_i) =1 mod 2 for1 < ¢ < iin the
Conjecture 1.4.
Proof of Theorem 2.3: If s = 0, then k = ¢ and by Lemma
1.3(1) we know AI(f) = k. From now on we can assume
s> 1.

Suppose that fg = 0 where g € B,, and deg(g) < k — 1.
From vy(i) =1 for 0 <4 < k — 1, we know that g(a) = 0
for all a € F} such that w(a) < k — 1. Then we can show

that all coefficients c¢(a) in g(z) = >  c(a)z® are zero
w(a)<k—1
by the same argument in the proof of Theorem 2.2. Therefore
g=0.
Next we suppose that (1 + f)g = 0 where g € B,, and
deg(g) < k — 1. Consider

flxy,xy) =

g (1) =

flar+1, .z, +1)+ 1,
g1+ 1,.,xn+1)

Then f'¢g’ =0, deg(g’) < k—1, so we can write ¢’ as ¢'(z) =
> cla)z®and f' € SB, withvy = (11...100...0) +e;.

w(a)sk—1 k+1 k

By similar argument in the proof of Theorem 2.2, we can show

that:

(1) ¢(a) =0, when w(a) <i—1;

Z ¢(a), when i+ 1 <w(b) <k -—1;
w(a)=t, a<b
(3) Z c(a) =0, when w(b) =k

w(a)=t, a<b

Condition (3) presents (Qkk) homogenous equations over Fy

with () variables {c(a)|a € F}',w(a) =i} with coefficient



matrix M = (Mpq )w(b)=k,w(a)=i» Where

mba:{

From the assumption k = 2/ - s +iand 1 <i < 2! — 1, we
know that for 0 <t <1,

() = G- ()
= (igt)a mod 2

As min{k,2k — k} = k > i, so by Lemma 2.1, the rank of
M over I3 is (%’“), so that ¢(a) = 0 for all @ € F* such that
w(a) = i. Then we have ¢ = 0 and g = 0. This completes
the proof of AI(f) = k. O

At the end of this paper, we present a new construction
of symmetric Boolean functions f € SBg; with maximum
algebraic immunity.

Theorem 2.4: Let n = 2k with 4-2° < k < 5-2° for some
s > 0. For the function f € SB,, defined by

1, ifa<bd
0, otherwise

v =(11...1a00...0) + Sg_3.25 + Sk—2=  (a € Fy)

k k

we have AI(f) = k.

Proof: For s = 0, we have k = 4. It can be verified directly
that this theorem is true for s = 0. So from now on we assume
s>1.Let k=25t2 4, then 0 < d < 25.

Suppose that fg = 0 for some g € B,, such that deg(g) <
k — 1. We will show that g = 0 no matter a = 0 or 1. Let

g(x) =
w(a)<k—1

Firstly, we can prove the following two results by similar
arguments used in the proof of Theorem 2.2:

(1) For 0 <w(a) < k—3-2° we have c(a) = 0;

(2) For k —3-2° < w(a) < k — 2%, we have

c(a) = c(B)

2.

w(B)=k—3-25, B<a

Now we claim that

(3) For k—2° < w(a) < k-1, c(a) = c(B).
w(B)=k—2%, B<a

In fact, for w(a) = k — 2% 4+ 1, we have f(a) = 1, so that

0=g(a) = Y ¢(B). Therefore

B=a
clay=" Y B
k—3-28<w(B)<k—2°
= > B+ > dp)

w(B)=k—3-25 or k—28 k—3-25 <w(B)<k—28
B<a B<a

= 2, p)
w(B)=k—3-2% or k—2°%
B=a

D> by

k—3-25 <w(B)<k—25 w(y)=k—3.28
B<a ¥=B

= > c(B)
w(B)=k—3-25 or k—29
B=a

>

w(y)=k—3-25
y<a

()

> 1

k—3-25 <w(B)<k—29
Y=<pB<a

()

But

> 1

k—3-25 <w(B)<k—25
y<B=<a

s s+1_
_ s (w(a) —w(v)) Uy <2s+1 + 1)
i=k—3.254+1 i —w(v) j=1 J
= 227 11— (2T 4+ 1)=1 mod?2
Therefore c¢(a) = ¢(B) for w(a) =k —2°+1.

w(B)=k—25

B=<a
Now we assume that for some [ < k — 1, Claim (3) is true
for all a such that k —2° + 1 < w(a) <1 - 1. If w(a) =1,
then

cla) = DR (6)
k—3425%$((1,8)§l—1
= > c(B)+A+B

w(B)=k—3-25 or k—2%
B=<a

where
A= oo e, B= Y. P
k—3-25<w(B)<k—29 k—25<w(B)<l—1
B<a B<a

By Claim (2) we have

A = ) > ()
k—3-25<w(B)<k—25 w(y)=k—3.28
B=<a y=B
= > c(v) ) 1
w(y)=k—3.28 k—3.25 <w(B)<k—29
y=<a y=<B<a
Because
k—2°—1
SRR SHN G
k=325 <w(f)<k—29 imk—gas41 N T w(v)

y=<B=<a

25+l _q

-3

j=1



and k—2°4+1 <1< k—2,wehave 2571 +1 <[—k+3-2° < Therefore A = 0. Similarly,

25t1 4 25 — 2. By Lucas formula

2st+l_1

=1 J
S N N e
=1+ 3 | )
i=0 J
2511
l—k+2°
= 1+ Z ( . ) =1 mod?2
i=0 J
Therefore we have A = > ().
w(vy)=k—3-28
y<a

On the other hand, by assumption, we have

B = > > e

k=25 <w(B)<l—1 w(y)=k—2%
B=a =B

Yooty Dt

w(y)=k—29 k—28<w(B)<l—1
< a y=<B<a

= Z c(y)(2v@=v() _2) =0 mod 2

w(y)=k—2%
¥y< a

Thus, Claim (3) is true for w(a) = I.
Now we claim that
(4) For w(a) =k +2° and w(a) =k + 3 - 2° we have

Yooodp+ D>,

w(B)=k—3-25 w(B)=k—25
B=<a B=<a

c(8) =0

Assume that w(a) = k + 2°. From f(a) =1 we know that

0=g(a) = > )

k—3-25<w(B)<k—1
B=<a

- ¥

w(B)=k—3-25,0r k—2%
B<a

cf)+A+B

where

A = > c(B)

k—3-25<w(B)<k—2%
B=<a

= > S ey

k—3-25<w(B)<k—2% w(y)=k—3-29%
B<a ~¥=<B

= > > 1

w(y)=k—3.29 k—3-25 <w(B)<k—2%
y=<a y=<B<a

By Lucas formula we can compute

S o1y (w(a)—w(w)

k—3-25<w(B)<k—2% i=k—3-254+1 L= w(v)
y=<B<a
271 9s+2
= E < . > =0 mod2
=1 N

B = ooodp= Y > e

k—28<w(B)<k—1 k=28 <w(B)<k—1 w(vy)=k—2%
B<a <a y¥=<pB

I C) N W

w(y)=k—29 k=25 <w(B)<k—1

y=<a Y=<B=<a
2% -1
25+1
= Z c(’y)Z( >O mod 2
w(y)=k—2% j=1 J
y=a

Therefore we know that Claim (4) is true for w(a) = k + 2°.
Now we assume that w(a) = k+3-2°. From f(a) =1 we
know that

0=g(a) = Z c(B)

k—3-25<w(B)<k—1
B=<a

= > c(f)+A+B

w(B)=k—3-25,or k—2%
B=a

where

A = > c(B)

k—3:25 <w(B)<k—2%
B<a

= > S el

k—3-25<w(B)<k—2% w(y)=k—3.25
B=a y=<B

= > > 1

w(y)=k—3.28 k—3.25 <w(B)<k—2%
y<a y=<B<a

By Lucas formula we can compute

SRS (w(a)—w(v))

T —w
1673.2&<<uza(5)<k—2S i=k—3-25+4+1 (’Y)
vy a
+1 s+1
2511 <3 ) 2S+1> 27T -1 <3 .95+l 28+1>
j=1 J j=1 J
25+l _q

23+2
< ) ) =0 mod 2
= N

Therefore A = 0. Similarly,

B = Y. dn= Y Y. )

k—25<w(B)<k—1 k—25<w(B)<k—1 w(y)=k—2%
B<a B<a y=<B

= > D 1

w(y)=k—28 k—28 <w(B)<k—1

y<a y=<B=<a
2°—1
2s+2
- ¥ X ()=
w(y)=k—2¢ j=1 J

y<a

Therefore B = 0 and we know that Claim (4) is also true for
w(a) =k+3-25.

Recall that T; is the set of a € ' with Hamming weight :.
Then Claim (4) provides N = (k f3k 25) + (ki];) homogenous
linear equations over Fy for ( k_%f 25) + ( ki’;) = N variables

{c(B)| B € Ty_3.2: UTy_2s}. The coefficient matrix is

M = (ma,g) €Ty 05 UTK  3.98
€Ty _osUTy_3.9s



where
- 1, if B<a
8= 0, otherwise

We need to show that det(M) = 1 € F,. Namely, M is an
invertible matrix over Fy. For doing this we denote by MT
the transpose of the matrix M and consider

Thr _ X Y
M M_(nﬁ,ﬁ’)_(yT A

kz’;) X (,ﬁ’;) matrix and Z is a

(kf:f_ 25) matrix. It is easy to see that

Zmaw@ma,g/

a
= #{a € Thyos UTp 3.0
We claim that
() Z=0,X =12 YYT =1 2 ).
Let Z = (zp,5), Y = (yﬁ ), X = (23,45). Then
#{a € F3'| w(a) =k+2° or k+3-2°%
B<a, B <a}

for 6 = (Bl? "'7/671)7 61 = (/6;_’ 7ﬁ1/'7,) S Tk—3-25~
By the definition of 3V 3, we know that

B=<a, B <a < (BVE)=<a

and w(BVE)=k—-3-254X0<A<k—-3-25=2°+4d.
Therefore

where X is a ( (520 X

ng,pr

B<a, 3 <a}

BB =

—(k—3-2°+))
23,8’

2k
<k+23—(k—3-2$+)\)
2k —(k—3-2°4+))
<k:+3-28—(k—3-23+)\))
B k+3-2°—X\ k+3-2°—X\
B < k—2s )+( k—3~2s>
(2Rt 2s 4 d— )
B ( 251 425 +d >
2512 4 25 425 4 d— X
+( 2 4 d )
From 0 < A < 25+d, we know 0 < 25+ d— X < 25F!, Thus
by Lucas formula one can get

(BN (2= _
8=\ 95 44 % 4d )

which means z3 3 = 0 for all 3,3 € Ty_3.9-. Thus we get

Z =0.
Next we prove X = I( 2 )
k—28

0 mod 2

. For 3," € Ty_2s we have

wBVE)=k—2"4+XN0< A<k —2%5=2T1 425 4+ 4,
Therefore

B 2k — (k—2°+ \)
oo = (k+28—(k—28+>\)>

E—(k—2°+))
+(k+3-23—(k—23+)\))
 (k+28 =) k+2°—\
N ( k—2s )+(k—3-25)
(P2 rd - 257242 +d— A
- ( 2s+1_|_23_|_d ) ( 25 +d )

Then
2512 425 1 d— )\
=1 d 2
( 25t1 425 +d > o
& 272425 d— =251 42°1p
for some b, b>=d, 0 <b < 2°
& A=2"4rd—b (b=d, 0<b<2%)
Moreover,
2572 425 4 d — A
=1 d 2
( o ) mo

& T2 425 pd - Ne {252 425 4 4,25 £ 25 b,
2° + b} for some b, b= d, 0<b<2°

e Ae {0,257 +d—b,2°"2 +d— b}

& A€ {0,254 d — b}(Since A < 2°T! 4 2% 4 d)

From this we know that
x@7ﬁr=1<:>)\=0<:>ﬁ=ﬁ/

Thus X :I( 2k )
k—28

At last we prove that YTY = I 2 . For € Tp_o,

5/ € Tr_3.95, w(ﬂ\/ﬁ’) = 28 -|- )\ where 0 < A\ <
k—3-2°%=2%4d. Then

% — (k—2° + \)
Ys.pr = s _ (L _9s

k25— (k— 25+ A)

2k —(k—2°+ )

(k+3 25—(k—25+)\)>

k+ 2° k+2°—X

- ()0
25%2 125 1 d— A 2512 125 1 d— A
< 5+1+25+d >+< 23+d )

25 4+d— A 2°+d— M\

= 0+ ( 9 1 d >:< 9 1 d ) mod 2

Therefore
ysp =1leoA=0sp3 <0
Let YTY = (b8,,8,)> B1, P2 € T,—3.2s. Then
bg, .8, = F#{0 € Th—as | B> (B1V f2)}

Letw(81VB2) =k—3-2°4+ X then0 < A\ < k—3-2° =2+
and

b B 2k—(E—3-2°4+ 1) k+3-2°—= A
oot = k20— (k—3-2°+ ) k+ 2
7 28+2+2S+1+25+d A
B 2572 425 4d
d— A
= ( + > mod 2
Therefore

b,317ﬁ2:1<:>)‘:0<:>ﬁ1:ﬁ2

which means that YTY = I, 2 .
k—3.28
This completes the proof of Claim (5).



From Claim (5) we get

X Y 1Y

Tar —

MM_(YT Z)_(YT 0)

Then from Y'Y = I we know that M is invertible. So the
equations in Claim (4) has only zero-solution, and then by
Claim (2) and Claim (3) all the coefficients of g are zero,
which means g = 0.

On the other hand, if (1 4+ f)h = 0 for some h € B,
deg(h) <k —1, let

f/(l‘l,...
h/(fEl,

fler+1,..,z, +1)+ 1,
hzy+ 1, 2, + 1)

+Tn)
axn)

then f'h' = 0, deg(h’) < k —1 and vy is the same as vy
except a being changed to a+ 1. Thus A’ = 0 and then h = 0.
This means that AI(f) = k. O
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