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Constructing Symmetric Boolean Functions with
Maximum Algebraic Immunity

Keqin Feng, Feng Liu, Longjiang Qu, Lei Wang

Abstract—Symmetric Boolean functions with even variables
2k and maximum algebraic immunity AI(f) = k have been
constructed in A. Braeken’s thesis [3]. In this correspondence we
show more constructions of such Boolean functions including the
generalization of a result in [3] and prove a conjecture raised in
[3].
Index Term: Symmetric Boolean functions, algebraic immunity.

I. INTRODUCTION

In recent years algebraic attack has become an important
method in cryptographic analyzing stream and block cipher
systems, see [1, 2, 6, 7, 8]. A new cryptographic property for
designing Boolean functions to resist this kind of attack,
called algebraic immunity, has been introduced and studied
in [3, 4, 5, 9, 10, 11, 12].

Let Bn and SBn be the rings of the Boolean functions and
the symmetric Boolean functions respectively with n variables
x1, x2, ..., xn. For f ∈ Bn, the algebraic immunity of f ,
denoted by AI(f), is defined to be the smallest degree of
non-zero g ∈ Bn such that fg = 0 or (1 + f)g = 0. It is
proved in [8, 11] that AI(f) ≤ dn/2e for all f ∈ Bn. One of
the interesting problems is to determine the Boolean functions
with maximum algebraic immunity. In this paper, we present
some symmetric Boolean functions with maximum AI .

A symmetric Boolean function f ∈ SBn can be character-
ized by a vector

vf = (vf (0), vf (1), ..., vf (n)) ∈ Fn+1
2

where vf (i) = f(x) for x ∈ Fn
2 with Hamming weight

w(x) = i. It is proved in [12] that for odd n = 2k+1 ≥ 3, there
are only two symmetric Boolean functions f and 1+f in SBn

with maximal AI(= k+1) where vf = (1, 1, ..., 1︸ ︷︷ ︸
k+1

, 0, 0, ..., 0︸ ︷︷ ︸
k+1

).

On the other hand, there exists plenty of symmetric Boolean
functions f ∈ SBn with maximum AI(f) = k when n = 2k
is even. At first we have the following general fact which
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says that the algebraic immunity is an invariant under affine
transformations.

Lemma 1.1: Let f, f ′ ∈ Bn be Boolean functions with n
variables x = (x1, ..., xn), f ′(x) = f(xA + c), where c ∈ Fn

2

and A is an invertible n × n matrix over F2. Then AI(f) =
AI(f ′).

For n = 2k, there are four affine transformations in SBn:

(x1, ..., xn) 7−→ (x1, ..., xn);
(x1, ..., xn) 7−→ (x1 + σ1, ..., xn + σ1);
(x1, ..., xn) 7−→ (x1 + 1, ..., xn + 1);
(x1, ..., xn) 7−→ (x1 + σ1 + 1, ..., xn + σ1 + 1).

where σ1 = x1 + ... + xn.Thus we have the following result:
Lemma 1.2: Let f ∈ SBn, n = 2k, and

f1(x1, ..., xn) = f(x1 + 1, ..., xn + 1);
f2(x1, ..., xn) = f(x1 + σ1, ..., xn + σ1);
f3(x1, ..., xn) = f(x1 + σ1 + 1, ..., xn + σ1 + 1).

Then f1, f2, f3 ∈ SBn, AI(f1) = AI(f2) = AI(f3) =
AI(f), and for each 0 ≤ i ≤ n, we have:

vf1(i) = vf (n− i);

vf3(n− i) = vf2(i) =
{

vf (i), if 2|i
vf (n− i), if 2 6 |i 2

Also, for each f ∈ SBn, we have 1+f ∈ SBn and AI(1+
f) = AI(f). Since vf (i) = v1+f (i) + 1 (0 ≤ i ≤ n), from
now on we may assume that vf (0) = 1.

In A. Braeken’s thesis [3](also see [4]) the following sym-
metric Boolean functions with maximum algebraic immunity
have been constructed.

Lemma 1.3: Let n = 2k ≥ 4 and f ∈ SBn. We denote
sk−i = ek−i + ek+i where ej (0 ≤ j ≤ n) is a vector in
Fn+1

2 such that its jth position is 1 and the other positions
are 0. Then AI(f) = k under one of the following conditions:

(1) ([3]Theorem4.1.30) vf = (11...1︸ ︷︷ ︸
k

a 00...0︸ ︷︷ ︸
k

), a ∈ F2;

(2) ([3]Theorem4.1.31) vf = (11...1︸ ︷︷ ︸
k

00...0︸ ︷︷ ︸
k

1);

(3) ([3]Theorem4.1.32) vf = (11...1︸ ︷︷ ︸
k+1

00...0︸ ︷︷ ︸
k

) + sk−4

and 4 ≤ k ≤ 11;
(4) ([3]Theorem4.1.33) vf = (11...1︸ ︷︷ ︸

k+1

00...0︸ ︷︷ ︸
k

) + s0

and
(

2k

k

)
≡ 2 mod 4.
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Remark: It is well-known that for each positive integer m and
a ≥ 0 satisfying 2a|m! and 2a+1 6 |m!, we have a =

∑
i≥1

bm
2i c.

From this fact and
(
2k
k

)
= (2k)!

k!k! , we can see that the condition
that

(
2k
k

)
≡ 2 mod 4 in Lemma 1.3(4) is equivalent to k = 2l

for some l ≥ 0.
Based on computation, A. Braeken raised the following

conjecture in [3]:
Conjecture 1.4: Let f ∈ SBn, n = 2k ≥ 4, 1 ≤ i ≤ bk/2c.

If
(
k+t−i

t

)
≡ 1 mod 2 for all t, 1 ≤ t ≤ i, and

vf = (11...1︸ ︷︷ ︸
k

00...0︸ ︷︷ ︸
k+1

) + en−i

then AI(f) = k.
In the next section we will present more symmetric Boolean

functions f ∈ SB2k with maximum AI(f)(= k). Particularly
we generalize Lemma 1.3(3) and prove Conjecture 1.4. It is
not hard to see that our approach in next section can be used
to prove all results in Lemma 1.3 in an uniform way.

II. RESULTS AND PROOFS

Firstly we introduce a combinatorial result given by Wilson
[13] which we need to prove our results.

For each i, 0 ≤ i ≤ n, we define

Ti = {a ∈ Fn
2 |w(a) = i}

where w(a) is the Hamming weight of a. For a = (a1, ..., an),
b = (b1, ..., bn) and d = (d1, ..., dn) ∈ Fn

2 , we define

a � b ⇔ ai ≤ bi, (1 ≤ i ≤ n)
a ≺ b ⇔ a � b and a 6= b

d = a ∨ b ⇔ di = max{ai, bi}, (1 ≤ i ≤ n)

Lemma 2.1: (Wilson[13]) Suppose that i ≤ min{j, n − j}
and M = (mba)a∈Ti,b∈Tj be the

(
n
j

)
×

(
n
i

)
matrix over F2

where

mba =
{

1, if a � b
0, otherwise

Then the F2 rank of M is

rank(M) =
∑

0≤t≤i, (j−t
i−t)≡1 mod 2

[
(

n

t

)
−

(
n

t− 1

)
]

where we assume
(

n
−1

)
= 0. Particularly, rank(M) =

(
n
i

)
if

and only if
(
j−t
i−t

)
≡ 1 mod 2 for all t, 0 ≤ t ≤ i. 2

To determine the value of
(
n
k

)
mod 2, Lucas formula is a

powerful tool. Let

n =
l∑

j=0

nj2j , k =
l∑

j=0

kj2j , (nj , kj ∈ {0, 1})

k � n means that for all j(0 ≤ j ≤ l), kj ≤ nj . Then Lucas
formula says(

n

k

)
≡

(
n0

k0

)(
n1

k1

)
· · ·

(
nl

kl

)
mod 2

≡
{

1 mod 2, if k � n
0 mod 2, otherwise

Each Boolean function g(x) = g(x1, ..., xn) ∈ Bn can be
expressed by

g(x) =
∑

a∈F n
2

cg(a)xa (cg(a) ∈ F2)

where for a = (a1, ..., an) ∈ Fn
2 , xa is defined as xa =

xa1
1 ...xan

n . If we assume 00 = 1, then for any b = (b1, ..., bn) ∈
Fn

2 , we have a � b ⇔ ba = 1. Therefore

g(b) =
∑

a∈F n
2 ,a�b

cg(a)

For f, g ∈ Bn, fg = 0 if and only if for each a ∈ Fn
2 ,

f(a) = 1 ⇒ g(a) = 0. If f ∈ SBn, then fg = 0 if and only
if for each i, (0 ≤ i ≤ n), vf (i) = 1 ⇒ g(a) = 0 for all
a ∈ Ti.

After these preliminary observations,we show our first result
which is a generalization of Lemma 1.3(3).

Theorem 2.2: Let f ∈ SBn, n = 2k ≥ 4 such that 2i ≤
k ≤ 3 ·2i−1 for some i ≥ 0. If vf = (11...1︸ ︷︷ ︸

k

α 00...0︸ ︷︷ ︸
k

)+sk−2i

(α ∈ F2), then AI(f) = k.
Proof: Suppose that fg = 0 for some g ∈ Bn and deg(g) ≤
k − 1, so we have that

g(x) =
∑

a∈F n
2 , w(a)≤k−1

c(a)xa

From fg = 0 we know that g(b) = 0 for all b ∈ Fn
2 such

that

w(b) ∈ {0, ..., k − 2i − 1, k − 2i + 1, ..., k − 1, k + 2i}

We need to show g = 0.
Firstly we claim that c(a) = 0 for all a ∈ Fn

2 such that
w(a) ≤ k−2i−1. We prove this claim by induction on w(a).
From 0 = g(0) = c(0) we know that c(a) = 0 for w(a) = 0.
Assume that for some l < k − 2i − 1 we have c(a) = 0 for
all a ∈ Fn

2 such that w(a) ≤ l. Now consider b ∈ Fn
2 with

w(b) = l + 1. Because l + 1 ≤ k− 2i − 1, we have g(b) = 0,
then we have

0 = g(b) =
∑

w(a)≤k−1, a�b

c(a) = c(b) +
∑

w(a)≤l, a≺b

c(a) = c(b)

This completes the proof of the claim. Therefore

g(x) =
∑

k−2i≤w(a)≤k−1

c(a)xa

Next we claim that for all b ∈ Fn
2 such that k − 2i + 1 ≤

w(b) ≤ k − 1,

c(b) =
∑

w(a)=k−2i,a≺b

c(a) (1)

We also prove this claim by induction on w(b). If w(b) =
k − 2i + 1, then

0 = g(b) =
∑

k−2i≤w(a)≤k−1, a�b

c(a)

= c(b) +
∑

w(a)=k−2i,a≺b

c(a)
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therefore c(b) =
∑

w(a)=k−2i,a≺b

c(a), so the claim is true for

w(b) = k − 2i + 1. Suppose k − 2i + 1 ≤ l < k − 1 and the
claim is true for all b ∈ Fn

2 such that k − 2i + 1 ≤ w(b) ≤ l.
Now let w(b) = l + 1. Then

0 = g(b) = c(b) +
∑

k−2i≤w(a)≤l, a≺b

c(a)

Therefore

c(b) =
∑

w(a)=k−2i, a≺b

c(a) +
∑

k−2i+1≤w(a)≤l, a≺b

c(a)

and by induction hypothesis,∑
k−2i+1≤w(a)≤l, a≺b

c(a)

=
∑

k−2i+1≤w(a)≤l, a≺b

∑
w(a′)=k−2i, a′≺a

c(a′)

=
∑

w(a′)=k−2i, a′≺b

c(a′)
∑

a: a′≺a≺b

1

=
∑

w(a′)=k−2i, a′≺b

c(a′)(2w(b)−w(a′) − 2) ≡ 0 mod 2

Therefore c(b) =
∑

w(a)=k−2i, a≺b

c(a). This completes the

proof of the claim.
At last, for w(b) = k + 2i, we have similarly

0 = g(b) =
∑

k−2i≤w(a)≤k−1, a≺b

c(a)

=
∑

k−2i≤w(a)≤k−1, a≺b

∑
w(a′)=k−2i, a′�a

c(a′)

=
∑

w(a′)=k−2i, a′≺b

c(a′)
∑

k−2i≤w(a)≤k−1, a′�a≺b

1

and ∑
k−2i≤w(a)≤k−1, a′�a≺b

1

=
k−1−w(a′)∑

λ=0

(
w(b)− w(a′)

λ

)
=

2i−1∑
λ=0

(
2i+1

λ

)
= 22i+1

− 1
2

(
2i+1

2i

)
≡ 1 mod 2

Therefore for all b ∈ Fn
2 such that w(b) = k + 2i,∑

w(a)=k−2i, a≺b

c(a) = 0, (2)

which are
(

2k
k+2i

)
=

(
2k

k−2i

)
homogenous linear equations

with
(

2k
k−2i

)
variables {c(a)|a ∈ Fn

2 , w(a) = k − 2i}. The
coefficient matrix is

M = (mba)w(a)=k−2i,w(b)=k+2i

where

mba =
{

1, if a ≺ b
0, otherwise

Let l = k − 2i, then 0 ≤ l < 2i+1. For any t such that
0 ≤ t ≤ l, we have 0 ≤ l − t ≤ l < 2i+1 and(

k + 2i − t

k − 2i − t

)
=

(
2i+1 + l − t

2i+1

)
≡ 1 mod 2

Then by Lemma 2.1 we know M is full rank and the linear
equations (2) has only zero-solution: c(a) = 0 for all a ∈
Fn

2 , w(a) = k−2i. Thus g = 0 since all coefficients of g are
zero by (1).

If (1+f)g = 0 for some g ∈ Bn, deg(g) ≤ k−1, consider

f ′(x1, ..., xn) = f(x1 + 1, ..., xn + 1) + 1,

g′(x1, ..., xn) = g(x1 + 1, ..., xn + 1)

Then f ′g′ = 0, g′ ∈ Bn, deg(g′) = deg(g) ≤ k − 1, f ′ ∈
SBn and

vf ′ = (11...1︸ ︷︷ ︸
k

(α + 1) 00...0︸ ︷︷ ︸
k

) + sk−2i

By the proof above we get g′ = 0 so that g = 0. In summary,
we have AI(f) = k. 2

Next result is a proof of Conjecture 1.4.
Theorem 2.3: Let n = 2k ≥ 4, l ≥ 1, k = 2l · s + i for

some s ≥ 0 and 1 ≤ i ≤ 2l − 1. Then for f ∈ SBn with
vf = (11...1︸ ︷︷ ︸

k

00...0︸ ︷︷ ︸
k+1

) + e2k−i, we have AI(f) = k.

Remark: It is easy to see by Lucas formula that the condition
k = 2l · s + i, 1 ≤ i ≤ 2l − 1 in this theorem is equivalent
to the condition

(
k+t−i

t

)
≡ 1 mod 2 for 1 ≤ t ≤ i in the

Conjecture 1.4.
Proof of Theorem 2.3: If s = 0, then k = i and by Lemma
1.3(1) we know AI(f) = k. From now on we can assume
s ≥ 1.

Suppose that fg = 0 where g ∈ Bn and deg(g) ≤ k − 1.
From vf (i) = 1 for 0 ≤ i ≤ k − 1, we know that g(a) = 0
for all a ∈ Fn

2 such that w(a) ≤ k − 1. Then we can show
that all coefficients c(a) in g(x) =

∑
w(a)≤k−1

c(a)xa are zero

by the same argument in the proof of Theorem 2.2. Therefore
g = 0.

Next we suppose that (1 + f)g = 0 where g ∈ Bn and
deg(g) ≤ k − 1. Consider

f ′(x1, ..., xn) = f(x1 + 1, ..., xn + 1) + 1,

g′(x1, ..., xn) = g(x1 + 1, ..., xn + 1)

Then f ′g′ = 0, deg(g′) ≤ k−1, so we can write g′ as g′(x) =∑
w(a)≤k−1

c(a)xa and f ′ ∈ SBn with vf ′ = (11...1︸ ︷︷ ︸
k+1

00...0︸ ︷︷ ︸
k

)+ei.

By similar argument in the proof of Theorem 2.2, we can show
that:

(1) c(a) = 0, when w(a) ≤ i− 1;

(2) c(b) =
∑

w(a)=i, a≺b

c(a), when i + 1 ≤ w(b) ≤ k − 1;

(3)
∑

w(a)=i, a≺b

c(a) = 0, when w(b) = k

Condition (3) presents
(
2k
k

)
homogenous equations over F2

with
(
2k
i

)
variables {c(a)|a ∈ Fn

2 , w(a) = i} with coefficient
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matrix M = (mba)w(b)=k,w(a)=i, where

mba =
{

1, if a ≺ b
0, otherwise

From the assumption k = 2l · s + i and 1 ≤ i ≤ 2l − 1, we
know that for 0 ≤ t ≤ i,

(
k − t

i− t

)
=

(
k − t

k − i

)
=

(
2l · s + (i− t)

2l · s

)
≡

(
i− t

0

)
≡ 1 mod 2

As min{k, 2k − k} = k > i, so by Lemma 2.1, the rank of
M over F2 is

(
2k
i

)
, so that c(a) = 0 for all a ∈ Fn

2 such that
w(a) = i. Then we have g′ = 0 and g = 0. This completes
the proof of AI(f) = k. 2

At the end of this paper, we present a new construction
of symmetric Boolean functions f ∈ SB2k with maximum
algebraic immunity.

Theorem 2.4: Let n = 2k with 4 · 2s ≤ k < 5 · 2s for some
s ≥ 0. For the function f ∈ SBn defined by

vf = (11...1︸ ︷︷ ︸
k

a 00...0︸ ︷︷ ︸
k

) + sk−3·2s + sk−2s (a ∈ F2)

we have AI(f) = k.

Proof: For s = 0, we have k = 4. It can be verified directly
that this theorem is true for s = 0. So from now on we assume
s ≥ 1. Let k = 2s+2 + d, then 0 ≤ d < 2s.

Suppose that fg = 0 for some g ∈ Bn such that deg(g) ≤
k − 1. We will show that g = 0 no matter a = 0 or 1. Let

g(x) =
∑

w(a)≤k−1

c(a)xa

Firstly, we can prove the following two results by similar
arguments used in the proof of Theorem 2.2:

(1) For 0 ≤ w(a) < k − 3 · 2s, we have c(a) = 0;

(2) For k − 3 · 2s < w(a) < k − 2s, we have

c(a) =
∑

w(β)=k−3·2s, β≺a

c(β)

Now we claim that

(3) For k−2s < w(a) ≤ k−1, c(a) =
∑

w(β)=k−2s, β≺a

c(β).

In fact, for w(a) = k − 2s + 1, we have f(a) = 1, so that

0 = g(a) =
∑

β�a

c(β). Therefore

c(a) =
∑

k−3·2s≤w(β)≤k−2s

β≺a

c(β)

=
∑

w(β)=k−3·2s or k−2s

β≺a

c(β) +
∑

k−3·2s<w(β)<k−2s

β≺a

c(β)

=
∑

w(β)=k−3·2s or k−2s

β≺a

c(β)

+
∑

k−3·2s<w(β)<k−2s

β≺a

∑
w(γ)=k−3·2s

γ≺β

c(γ)

=
∑

w(β)=k−3·2s or k−2s

β≺a

c(β)

+
∑

w(γ)=k−3·2s

γ≺a

c(γ)
∑

k−3·2s<w(β)<k−2s

γ≺β≺a

1

But ∑
k−3·2s<w(β)<k−2s

γ≺β≺a

1

=
k−2s−1∑

i=k−3·2s+1

(
w(a)− w(γ)

i− w(γ)

)
=

2s+1−1∑
j=1

(
2s+1 + 1

j

)
= 22s+1+1 − 1− 1− (2s+1 + 1) ≡ 1 mod 2

Therefore c(a) =
∑

w(β)=k−2s

β≺a

c(β) for w(a) = k − 2s + 1.

Now we assume that for some l ≤ k − 1, Claim (3) is true
for all a such that k − 2s + 1 ≤ w(a) ≤ l − 1. If w(a) = l,
then

c(a) =
∑

k−3·2s≤w(β)≤l−1
β≺a

c(β)

=
∑

w(β)=k−3·2s or k−2s

β≺a

c(β) + A + B

where

A =
∑

k−3·2s<w(β)<k−2s

β≺a

c(β), B =
∑

k−2s<w(β)≤l−1
β≺a

c(β)

By Claim (2) we have

A =
∑

k−3·2s<w(β)<k−2s

β≺a

∑
w(γ)=k−3·2s

γ≺β

c(γ)

=
∑

w(γ)=k−3·2s

γ≺a

c(γ)
∑

k−3·2s<w(β)<k−2s

γ≺β≺a

1

Because ∑
k−3·2s<w(β)<k−2s

γ≺β≺a

1 =
k−2s−1∑

i=k−3·2s+1

(
w(a)− w(γ)

i− w(γ)

)

=
2s+1−1∑

j=1

(
l − k + 3 · 2s

j

)
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and k−2s +1 ≤ l ≤ k−2, we have 2s+1+1 ≤ l−k+3 ·2s ≤
2s+1 + 2s − 2. By Lucas formula

2s+1−1∑
j=1

(
l − k + 3 · 2s

j

)

≡ 1 +
2s+1−1∑

j=0

(
l − k + 3 · 2s − 2s+1

j

)

≡ 1 +
2s+1−1∑

j=0

(
l − k + 2s

j

)
≡ 1 mod 2

Therefore we have A =
∑

w(γ)=k−3·2s

γ≺a

c(γ).

On the other hand, by assumption, we have

B =
∑

k−2s<w(β)≤l−1
β≺a

∑
w(γ)=k−2s

γ≺β

c(γ)

=
∑

w(γ)=k−2s

γ≺ a

c(γ)
∑

k−2s<w(β)≤l−1
γ≺β≺a

1

=
∑

w(γ)=k−2s

γ≺ a

c(γ)(2w(a)−w(γ) − 2) ≡ 0 mod 2

Thus, Claim (3) is true for w(a) = l.
Now we claim that
(4) For w(a) = k + 2s and w(a) = k + 3 · 2s we have∑

w(β)=k−3·2s

β≺a

c(β) +
∑

w(β)=k−2s

β≺a

c(β) = 0

Assume that w(a) = k + 2s. From f(a) = 1 we know that

0 = g(a) =
∑

k−3·2s≤w(β)≤k−1
β≺a

c(β)

=
∑

w(β)=k−3·2s,or k−2s

β≺a

c(β) + A + B

where

A =
∑

k−3·2s<w(β)<k−2s

β≺a

c(β)

=
∑

k−3·2s<w(β)<k−2s

β≺a

∑
w(γ)=k−3·2s

γ≺β

c(γ)

=
∑

w(γ)=k−3·2s

γ≺a

c(γ)
∑

k−3·2s<w(β)<k−2s

γ≺β≺a

1

By Lucas formula we can compute

∑
k−3·2s<w(β)<k−2s

γ≺β≺a

1 =
k−2s−1∑

i=k−3·2s+1

(
w(a)− w(γ)

i− w(γ)

)

=
2s+1−1∑

j=1

(
2s+2

j

)
≡ 0 mod 2

Therefore A = 0. Similarly,

B =
∑

k−2s<w(β)≤k−1
β≺a

c(β) =
∑

k−2s<w(β)≤k−1
β≺a

∑
w(γ)=k−2s

γ≺β

c(γ)

=
∑

w(γ)=k−2s

γ≺a

c(γ)
∑

k−2s<w(β)≤k−1
γ≺β≺a

1

=
∑

w(γ)=k−2s

γ≺a

c(γ)
2s−1∑
j=1

(
2s+1

j

)
≡ 0 mod 2

Therefore we know that Claim (4) is true for w(a) = k + 2s.
Now we assume that w(a) = k + 3 · 2s. From f(a) = 1 we

know that

0 = g(a) =
∑

k−3·2s≤w(β)≤k−1
β≺a

c(β)

=
∑

w(β)=k−3·2s,or k−2s

β≺a

c(β) + A + B

where

A =
∑

k−3·2s<w(β)<k−2s

β≺a

c(β)

=
∑

k−3·2s<w(β)<k−2s

β≺a

∑
w(γ)=k−3·2s

γ≺β

c(γ)

=
∑

w(γ)=k−3·2s

γ≺a

c(γ)
∑

k−3·2s<w(β)<k−2s

γ≺β≺a

1

By Lucas formula we can compute∑
k−3·2s<w(β)<k−2s

γ≺β≺a

1 =
k−2s−1∑

i=k−3·2s+1

(
w(a)− w(γ)

i− w(γ)

)

=
2s+1−1∑

j=1

(
3 · 2s+1

j

)
≡

2s+1−1∑
j=1

(
3 · 2s+1 − 2s+1

j

)

≡
2s+1−1∑

j=1

(
2s+2

j

)
≡ 0 mod 2

Therefore A = 0. Similarly,

B =
∑

k−2s<w(β)≤k−1
β≺a

c(β) =
∑

k−2s<w(β)≤k−1
β≺a

∑
w(γ)=k−2s

γ≺β

c(γ)

=
∑

w(γ)=k−2s

γ≺a

c(γ)
∑

k−2s<w(β)≤k−1
γ≺β≺a

1

=
∑

w(γ)=k−2s

γ≺a

c(γ)
2s−1∑
j=1

(
2s+2

j

)
= 0

Therefore B = 0 and we know that Claim (4) is also true for
w(a) = k + 3 · 2s.

Recall that Ti is the set of a ∈ Fn
2 with Hamming weight i.

Then Claim (4) provides N =
(

2k
k+3·2s

)
+

(
2k

k+2s

)
homogenous

linear equations over F2 for
(

2k
k−3·2s

)
+

(
2k

k−2s

)
= N variables

{c(β)| β ∈ Tk−3·2s ∪ Tk−2s}. The coefficient matrix is

M = (ma,β) a∈Tk+2s∪Tk+3·2s

β∈Tk−2s∪Tk−3·2s
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where

ma,β =
{

1, if β ≺ a
0, otherwise

We need to show that det(M) = 1 ∈ F2. Namely, M is an
invertible matrix over F2. For doing this we denote by MT

the transpose of the matrix M and consider

MTM = (nβ,β′ ) =
(

X Y
Y T Z

)
where X is a

(
2k

k−2s

)
×

(
2k

k−2s

)
matrix and Z is a

(
2k

k−3·2s

)
×(

2k
k−3·2s

)
matrix. It is easy to see that

nβ,β′ =
∑

a

ma,βma,β′

= #{a ∈ Tk+2s ∪ Tk+3·2s | β ≺ a, β′ ≺ a}

We claim that
(5) Z = 0, X = I( 2k

k−2s), Y Y T = I( 2k
k−3·2s).

Let Z = (zβ,β′), Y = (yβ,β′), X = (xβ,β′). Then

zβ,β′ = #{a ∈ Fn
2 | w(a) = k + 2s or k + 3 · 2s,

β ≺ a, β′ ≺ a}

for β = (β1, ..., βn), β′ = (β′1, ..., β
′
n) ∈ Tk−3·2s .

By the definition of β ∨ β′, we know that

β ≺ a, β′ ≺ a ⇔ (β ∨ β′) ≺ a

and w(β ∨ β′) = k− 3 · 2s + λ, 0 ≤ λ ≤ k− 3 · 2s = 2s + d.
Therefore

zβ,β′ =
(

2k − (k − 3 · 2s + λ)
k + 2s − (k − 3 · 2s + λ)

)
+

(
2k − (k − 3 · 2s + λ)

k + 3 · 2s − (k − 3 · 2s + λ)

)
=

(
k + 3 · 2s − λ

k − 2s

)
+

(
k + 3 · 2s − λ

k − 3 · 2s

)
=

(
2s+2 + 2s+1 + 2s + d− λ

2s+1 + 2s + d

)
+

(
2s+2 + 2s+1 + 2s + d− λ

2s + d

)
From 0 ≤ λ ≤ 2s +d, we know 0 ≤ 2s +d−λ < 2s+1. Thus
by Lucas formula one can get

zβ,β′ ≡
(

2s + d− λ

2s + d

)
+

(
2s + d− λ

2s + d

)
≡ 0 mod 2

which means zβ,β′ = 0 for all β, β′ ∈ Tk−3·2s . Thus we get
Z = 0.

Next we prove X = I( 2k
k−2s). For β, β′ ∈ Tk−2s we have

w(β ∨ β′) = k − 2s + λ, 0 ≤ λ ≤ k − 2s = 2s+1 + 2s + d.
Therefore

xβ,β′ =
(

2k − (k − 2s + λ)
k + 2s − (k − 2s + λ)

)
+

(
2k − (k − 2s + λ)

k + 3 · 2s − (k − 2s + λ)

)
=

(
k + 2s − λ

k − 2s

)
+

(
k + 2s − λ

k − 3 · 2s

)
=

(
2s+2 + 2s + d− λ

2s+1 + 2s + d

)
+

(
2s+2 + 2s + d− λ

2s + d

)

Then (
2s+2 + 2s + d− λ

2s+1 + 2s + d

)
≡ 1 mod 2

⇔ 2s+2 + 2s + d− λ = 2s+1 + 2s + b

for some b, b � d, 0 ≤ b < 2s

⇔ λ = 2s+1 + d− b (b � d, 0 ≤ b < 2s)

Moreover,(
2s+2 + 2s + d− λ

2s + d

)
≡ 1 mod 2

⇔ 2s+2 + 2s + d− λ ∈ {2s+2 + 2s + d, 2s+1 + 2s + b,

2s + b} for some b, b � d, 0 ≤ b < 2s

⇔ λ ∈ {0, 2s+1 + d− b, 2s+2 + d− b}
⇔ λ ∈ {0, 2s+1 + d− b}(Since λ ≤ 2s+1 + 2s + d)

From this we know that

xβ,β′ = 1 ⇔ λ = 0 ⇔ β = β′

Thus X = I( 2k
k−2s).

At last we prove that Y TY = I( 2k
k−3·2s). For β ∈ Tk−2s ,

β′ ∈ Tk−3·2s , w(β ∨ β′) = k − 2s + λ, where 0 ≤ λ ≤
k − 3 · 2s = 2s + d. Then

yβ,β′ =
(

2k − (k − 2s + λ)
k + 2s − (k − 2s + λ)

)
+

(
2k − (k − 2s + λ)

k + 3 · 2s − (k − 2s + λ)

)
=

(
k + 2s − λ

k − 2s

)
+

(
k + 2s − λ

k − 3 · 2s

)
=

(
2s+2 + 2s + d− λ

2s+1 + 2s + d

)
+

(
2s+2 + 2s + d− λ

2s + d

)
≡ 0 +

(
2s + d− λ

2s + d

)
≡

(
2s + d− λ

2s + d

)
mod 2

Therefore

yβ,β′ = 1 ⇔ λ = 0 ⇔ β′ ≺ β

Let Y TY = (bβ1,β2), β1, β2 ∈ Tk−3·2s . Then

bβ1,β2 = #{β ∈ Tk−2s | β � (β1 ∨ β2)}

Let w(β1∨β2) = k−3·2s+λ, then 0 ≤ λ ≤ k−3·2s = 2s+d
and

bβ1,β2 =
(

2k − (k − 3 · 2s + λ)
k − 2s − (k − 3 · 2s + λ)

)
=

(
k + 3 · 2s − λ

k + 2s

)
=

(
2s+2 + 2s+1 + 2s + d− λ

2s+2 + 2s + d

)
≡

(
2s + d− λ

2s + d

)
mod 2

Therefore

bβ1,β2 = 1 ⇔ λ = 0 ⇔ β1 = β2

which means that Y TY = I( 2k
k−3·2s).

This completes the proof of Claim (5).
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From Claim (5) we get

MTM =
(

X Y
Y T Z

)
=

(
I Y

Y T 0

)
Then from Y TY = I we know that M is invertible. So the
equations in Claim (4) has only zero-solution, and then by
Claim (2) and Claim (3) all the coefficients of g are zero,
which means g = 0.

On the other hand, if (1 + f)h = 0 for some h ∈ Bn,
deg(h) ≤ k − 1, let

f ′(x1, ..., xn) = f(x1 + 1, ..., xn + 1) + 1,

h′(x1, ..., xn) = h(x1 + 1, ..., xn + 1)

then f ′h′ = 0, deg(h′) ≤ k − 1 and vf ′ is the same as vf

except a being changed to a+1. Thus h′ = 0 and then h = 0.
This means that AI(f) = k. 2
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