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Abstract. We consider the problem of designing truthful auctions, when
the bidders’ valuations have a public and a private component. In partic-
ular, we consider combinatorial auctions where the valuation of an agent
i for a set S of items can be expressed as vif(S), where vi is a private
single parameter of the agent, and the function f is publicly known. Our
motivation behind studying this problem is two-fold: (a) Such valuation
functions arise naturally in the case of ad-slots in broadcast media such as
Television and Radio. For an ad shown in a set S of ad-slots, f(S) is, say,
the number of unique viewers reached by the ad, and vi is the valuation
per-unique-viewer. (b) From a theoretical point of view, this factorization
of the valuation function simplifies the bidding language, and renders the
combinatorial auction more amenable to better approximation factors.
We present a general technique, based on maximal-in-range mechanisms,
that converts any α-approximation non-truthful algorithm (α ≤ 1) for
this problem into Ω( α

log n
) and Ω(α)-approximate truthful mechanisms

which run in polynomial time and quasi-polynomial time, respectively.

1 Introduction

A central problem in computational mechanism design is that of combinatorial
auctions, in which an auctioneer wants to sell a heterogeneous set of items J
to interested agents. Each agent i has a valuation function vi(.) which describes
her valuation vi(S) for every set S ⊆ J of items. In its most general form,
the entire valuation function is assumed to be private information which may
not be revealed truthfully by the agents. Maximizing the social welfare in a
combinatorial auction with an incentive-compatible mechanism is an important
open problem. However, recent results [5, 4] have established polynomial lower
bounds on the approximation ratio of maximal-in-range mechanisms - which
account for a majority of positive results in mechanism design - even when all
the valuations are assumed to be submodular. On the other hand, in the non-
game-theoretic case, if all the agents’ valuations are public knowledge and hence
truthfully known, then we can maximize the social welfare to much better factors
[6, 7, 17], under varying degree of restrictions on the valuations. In this paper,
we introduce a model that lies in between these two extremes.

We wish to explore the setting when some inherent property of the items
induces a common and publicly known partial information about the valuation



function of the buyers. For instance, in position auctions in sponsored search,
the agents’ valuation for a position consists of a private value-per-click as well as
a public click-through rate, that is known to the auctioneer. Another situation
where such private/public factorization of valuations arises is advertisements in
broadcast media such as Television and Radio. Suppose we are selling TV ad-
slots on a television network. There are m ad-slots and n advertisers interested
in them. Let us define a function f : 2[m] → Z+, such that for any set S of
ad-slots f(S) is the number of unique viewers who will see the ad1 if the ad is
shown on each slot in S. If an advertiser i is willing to pay vi dollars per unique
viewer reached by her ad, then her total valuation of the set S is vif(S).

With this background, we define the following class of problems which we call
single-parameter combinatorial auctions with partially public valuations: We are
given a set J of m items and a global public valuation function2 f : 2J → R.
The function f can either be specified explicitly or via an oracle which takes a
set S as input and returns f(S). In addition, we have n agents each of whom
has a private multiplier vi such that the item set S provides vif(S) amount of
utility to agent i. The goal is to design a truthful mechanism which maximizes∑

i vif(Si), where S1 · · ·Sn is a partition of J .

One can think of this model as combinatorial auctions with simplified bid-
ding language. The agents only need to specify one parameter vi as their bid.
Moreover, our problem has deeper theoretical connections to the area of single-
parameter mechanism design in general. For single-parameter domains such as
ours, it is known that monotone allocation rules characterize the set of all truth-
ful mechanisms. An allocation rule or algorithm is said to be monotone if the
allocation parameter of an agent (f(Si) in our case) is non-decreasing in his
reported bid vi. Unfortunately, often it is the case that good approximation al-
gorithms known for a given class of valuation functions are not monotonic. It is
an important and well-known open question in algorithmic mechanism design to
resolve whether the design of monotone algorithms is fundamentally harder than
the non-monotone ones. In other words, it is not known if, for single-parameter
problems, we can always convert any α-approximation algorithm into a truth-
ful mechanism with the same factor. We believe that our problem is a suitable
candidate to attack this question as it gives a lot of flexibility in defining the com-
plexity of function f . From this discussion, it follows that the only lower bound
known for the approximation factor of a truthful mechanism in our setting is
the hardness of approximation of the underlying optimization problem.

1 For a single ad-slot j, the function f({j}) is nothing but the television rating for that
slot as computed by rating agencies such as Nielsen. In fact, their data collection
through set-top boxes results in a TV slot-viewer bipartite graph on the sample
population, from which f(S) can be estimated for any set S of ad slots.

2 We do not make any explicit assumptions such as non-negativity or free disposal
about the function f . We provide a method to convert any non-truthful black-box
algorithm into a truthful mechanism. This black-box algorithm may make some
implicit assumptions about f .



Our Results and techniques We give a general technique which accepts any
(possibly non-truthful) α-approximation algorithm for our problem as a black-
box and uses it to construct a truthful mechanism with an approximation factor
of Ω

(
α

log n

)
. We also give a truthful mechanism with factor Ω(α) which runs in

time O
(
nlog log n · poly(m)

)
. Both these results are corollaries obtained by setting

parameters appropriately in Theorem 1 to achieve desired trade-off between the
approximation factor and the running time. Our results can also be interpreted
as converting non-monotone algorithms into monotone ones for the above model.

Our mechanisms are maximal-in-range, i.e., they fix a range R of alloca-
tions and compute the allocation S ∈ R that maximizes the social welfare. The
technical core of our work lies in careful construction of this range.

While the black-box algorithm may be randomized, our mechanism does not
introduce any further randomization. Depending upon whether the black-box
algorithm is deterministic or randomized, our mechanism is deterministically
truthful or universally truthful respectively (See [8] for definitions). The ap-
proximation factor of our mechanism is deterministic (or with high probability
or in expectation) if the black-box algorithm also provides the approximation
guarantees deterministically (or with high probability or in expectation).

Note that we don’t need to worry about how the public valuation function
f is specified. This is plausible since the function is accessed only from within
the black-box algorithm. Hence, our mechanism can be applied to any model of
specification - whether it is specified explicitly or through a value or demand
oracle - using the corresponding approximation algorithm from that model.

Submodular valuations arise naturally in practice from economies of scale or
the law of diminishing returns. Hence, we make a special note of our results when
the public valuation is submodular. Using the algorithm of [17] as black-box,
our results imply a Ω (1/ log n) and Ω(1) approximation factors in polynomial
time and quasi-polynomial time, respectively. We would like to note that the
standard greedy algorithm for submodular welfare maximization is not monotone
(See [8] for a simple example) and hence, not truthful. Similarly, the optimal
approximation algorithm of [17] is also not known to be non-monotone. The
best known truthful mechanism for combinatorial auctions with entirely private
submodular valuations [6] has Ω(1/

√
m) approximation factor.

Future Directions As shown in [5, 4], it seems that designing a truthful mech-
anism with good approximation factor for maximizing social welfare is a difficult
problem. In light of this, our work suggests an important research direction to
pursue in combinatorial auctions- to divide the valuation function into a part
which is common among all the agents and can be estimated by the auctioneer
and a part which is unique and private to individual agents.

Also, it would be interesting to see if for submodular public functions (or
even more specifically, for coverage functions), which have concrete motivation
in TV ad auctions, one can design a constant factor polynomial time truthful
mechanism.



Related Work When agents have a general multi-parameter valuation func-
tion, the best known truthful approximation of social welfare in the value oracle
model is Ω(

√
log m/m) [10]. Under subadditive valuation functions, [6] gave

Ω(1/
√

m)-approximate truthful mechanism. It is known that no maximal-in-
range mechanism making polynomially many calls to the value oracle can have
an approximation factor better than Ω(1/m1/6)[5] even for the case of submodu-
lar valuation functions. A similar Ω(1/

√
m) hardness result for maximal-in-range

algorithms based on NP * P/poly appears in [4]. See [3] for a comprehensive
survey of the results, and [16, 4] for other more recent work. Previous work on the
single-parameter case of combinatorial auctions have primarily focused on the
single-minded bidders. In this setting, any bidder i is only interested in single set
Si and has a valuation vi for it. Lehmann et al. [12] gave a truthful mechanism
which achieves an essentially best-possible approximation factor of Ω(1/

√
m).

For other results in single-minded combinatorial auction, see [14, 1]. When the
desired set is publicly known and only the valuation is private, [2] gave a general
technique which converts any α-approximation algorithm into a truthful mech-
anism with factor α/ log(vmax). This result is very much in spirit to our work,
however the model and the techniques used in the two papers are very differ-
ent. Similarly, [11] present a general framework which uses a gap-verifying linear
program as black-box to construct mechanisms that are truthful in expectation.

For the non-truthful optimization, we note that our problem is hard up to a
constant factor (see [13]) even when all the agents have private value equal to
1 and with common valuation function being submodular. For designing mono-
tone algorithms from non-monotone algorithms in the Bayesian setting, see [9].
We also note that TV ad auctions are in use by Google Inc. (see [15]), although
currently they treat the valuations for a set of ad-slots as additive with budget
constraints, which yields a multi-parameter auction.

Organization: The full version of this paper [8] provides preliminary section
containing a brief introduction to mechanism design with a few concepts rele-
vant to our work, such as different notions of truthfulness and maximal-in-range
mechanisms. In Section 2 in which we state some basic properties and assump-
tions about single parameter combinatorial auctions. Section 3 introduces our
vector-fitting technique and presents our main result, a vector-fitting mechanism
formalized by Theorem 1. Due to space constraints, we omit the proofs of Ob-
servation 3 and 4, as well as Lemma 1 here. These proofs follow largely from the
definitions and can be found in the full version of this paper [8].

2 Notations and Basic Properties

By boldface v, we will denote a vector of private multipliers of the agents, where
vi is the multiplier of agent i. For a constant β ≥ 0, let βv = (βv1, βv2, ..., βvn).
By boldface S, we will denote the vector of allocations, where Si is the set of
items allocated to agent i. We will overload the function symbol f to express



the social welfare as: f(v,S) =
∑

i vif(Si). An allocation S is optimal for a
multiplier vector v if it maximizes f(v,S).

We begin by observing two simple properties of our problem and its solutions:
symmetry and scale-freeness. Our problem and its solutions are symmetric, i.e.,
invariant under relabeling of agents in the following sense: Let v be any multiplier
vector, S be any allocation and π be any permutation of [n]. Let u and T be such
that ui = vπ(i) and Ti = Sπ(i). Then clearly, f(v,S) = f(u,T). The problem and
its solutions are also invariant under scaling, since we have f(βv,S) = β·f(v,S).

The above properties lead us to:

Observation 1. Without loss of generality, every multiplier vector v has non-
increasing entries v1 ≥ v2 ≥ ... ≥ vn such that

∑
i vi = 1.

Given a multiplier vector v, let A(v) be the optimal allocation for v and
OPT(v) = f(v,A(v)). Moreover, if f(v,S) ≥ α ·OPT(v) for some α ≤ 1 then
the allocation S is said to be α-optimal or α-approximate for v.

We note a simple property of A(v): Let v be a multiplier vector with v1 ≥
v2 ≥ ... ≥ vn. Let S be any allocation. If T is a permutation of S such that
f(T1) ≥ f(T2) ≥ ... ≥ f(Tn), then f(v,T) ≥ f(v,S). In particular, if S = A(v)
then f(S1) ≥ f(S2) ≥ ... ≥ f(Sn).

Finally, we assume the existence of a poly-time black-box algorithm that
computes an α-approximate allocation B(v) for the multiplier vector v. We
express the performance guarantees of our truthful mechanisms in terms of α
and other parameters of the problem. Although the output allocation S of such
an algorithm may not obey f(S1) ≥ f(S2) ≥ ... ≥ f(Sn), it is easy to construct
a non-decreasing permutation of S which only improves the objective function
value, as discussed above.

Observation 2. Without loss of generality, any allocation S output by the
black-box algorithm obeys f(S1) ≥ f(S2) ≥ ... ≥ f(Sn).

Henceforth, we enforce assumptions from Observation 1 and 2.

Definition 1 (u dominates w). We say that a multiplier vector u dominates
w if there exists an index i such that for k < i, uk ≥ wk and for k ≥ i, uk ≤ wk.

Lemma 1. If u dominates w, then f(u,S) ≥ f(w,S) for any allocation S
satisfying f(S1) ≥ f(S2) ≥ ... ≥ f(Sn).

Proof. Refer to the full version of this paper [8].

Staircase Representation: Suppose we represent a multiplier vector v as a
histogram, which consists of n vertical bars corresponding to v1, ..., vn, in that
order from left to right. Since multiplier vectors have non-increasing components,
such a histogram looks like a staircase descending from left to right (Refer to
Figure 1 for an example). We will refer to it as the staircase representation of v
and use it mainly as a visual tool.
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Fig. 1. The staircase representation of v = (v1, ..., vn).

3 A Vector-Fitting Mechanism

Consider the following candidate approach to single parameter combinatorial
auctions with partially public valuations: Fix a set U of some multiplier vectors.
Using the black-box algorithm, compute an α-approximate allocation B(v) for
each vector v ∈ U and populate the range R = { B(v) : v ∈ U }. Run
the maximal-in-range mechanism which given a multiplier vector v, chooses the
allocation S ∈ R that maximizes f(v,S).

Let’s consider the merits and demerits of this mechanism. If the input multi-
plier vector happens to be in U , then the mechanism will indeed return an output
allocation that is at least α-approximate. But we have no guarantees otherwise.
If U consisted of all possible vectors, we would have an α-approximate truthful
mechanism that could be computationally infeasible due to the size of U . We
handle this trade-off with vector-fitting. The intuition behind vector-fitting is
as follows: If two multiplier vectors u and v are ‘very similar’ to each other,
then B(u) and B(v) should be ‘similar’ as well. In particular, B(u) should be a
reasonably good allocation for v and vice versa.

Our mechanism will be the same as the candidate mechanism outlined above,
except that we will construct the set of vectors U very carefully. For any input
vector of multipliers v, we will guarantee that a reasonably similar vector v′ can
be found in U , and hence and allocation S′ is in the range R with provably large
objective value f(v,S′). We will prove the following theorem:

Theorem 1. There exists a truthful mechanism for maximizing welfare in a
single parameter combinatorial auction with partially public valuations that runs
in time O((loga n)logb n ·poly(m,n)) and produces an allocation with total welfare
at least 3α

4ab · OPT(v) - where α is the approximation factor of the black-box
optimization algorithm and a, b > 1 are parameters of the mechanism.

Setting a = b = 2 we get: (Henceforth, all logarithms are to base 2)

Corollary 1. There exists a 3α
16 -factor truthful mechanism running time

O
(
nlog log n · poly(m)

)
, i.e. quasi-polynomial time.

Similarly, setting a = 2 and b = log n we get:



Corollary 2. There exists a truthful mechanism with factor Ω
(

α
log n

)
and poly-

nomial running time.

When the public valuation f is submodular, we have α =
(
1− 1

e

)
and the

above corollaries yield factors Ω(1) and Ω
(

1
log n

)
respectively.

3.1 Constructing the Range R

Overview: Recall the staircase representation of a multiplier vector v, such as
in Figure 1. Depending upon the entries of v, the steps of the staircase may have
varying heights. We can construct a discretization of the space of all multiplier
vectors by restricting the values the height of any step can take. That is, we
populate the initial set U with all vectors whose components take values of the
form b−k for some constant b > 1 and for all k ≥ 0. Now given any input vector
v, we can find a vector u ∈ U such that ui is at most a multiplicative factor b
away from vi. Thus, u can serve as a vector ‘similar’ to v. We need more complex
machinery to ensure that the size of U does not blow up, and that the vectors
in U still have unit norm.

Let a, b > 1 be suitably chosen parameters of the mechanism. Let Q = { b−k :
0 ≤ k < logb n } be a set of values discretizing the interval ( 1

n , 1] and q be the
minimum element of Q. For a multiplier vi ≥ q, we define bvic to be the largest
element of Q that is no greater than vi. For a multiplier vector v we define the
floor of v, bvc as follows:

Definition 2 (Floor bvc). The floor bvc of a multiplier vector v is the vector
u constructed by Algorithm 1.

In short, to find the ‘floor’ of a multiplier vector, we successively round down
the ‘large’ components into elements of Q, until we need to set all the remaining
components equal due the monotonicity and unit norm requirement or only
‘small’ components are remaining. When represented as a staircase (Refer Figure
2), all the steps of bvc except the last one must have height that belongs to Q.

Observation 3. The floor of a vector v is a valid multiplier vector itself, i.e. it
has non-increasing components and unit l1 norm. Moreover, v dominates bvc.

Proof. Refer to the full version of this paper [8].

Intuitively, the floor of a vector is (in a sense formalized by Lemma 2) ‘similar’
to the vector, and the similarity is parametrized by b.

Lemma 2. For any multiplier vector v and allocation S, f(bvc,S) ≥ 3
4b ·f(v,S).

Proof. Refer to Appendix A.

We will construct our preliminary set of vectors U ′ as

U ′ = { u : u = bvc for some multiplier vector v }



Algorithm 1: ConstructFloor
for i = 1 to n do

r ←

(
1−

∑i−1
k=1 uk

)
(n− i + 1)

;

/* r is the minimum

permissible value of

ui due to

monotonicity. */

if vi ≥ q and bvic > r
then

ui ← bvic;
else

for j = i to n do
uj ← r;

break

Algorithm 2: ConstructCore
i1 ← 1; j1 ← 1;
while i1 ≤ n do

r ←
(
1−

∑j1−1
i=1 ui

)
/(n− j1 +1);

if vi1 > r then
Find the largest index i2 such
that vi1 = vi2 ;

Find largest integer k such
that dake ≤ (i2 − j1 + 1);
for i = j1 to j1 + dake − 1
do

ui ← vi1 ;
i1 ← i2 + 1;
j1 ← j1 + dake;

else
for i = j1 to n do

ui ← r;
break

It turns out that U ′ is too large for our purposes. Hence we construct a subset
U ⊆ U ′, which is small enough. Referring back to the staircase representation of
a multiplier vector (Figure 2), we constructed U ′ by discretizing the ‘height’ of
each step - by fitting the vectors vertically. Since rounding down the components
of v might lead to many components of u = bvc having the same value, u also
looks like a staircase, perhaps with ‘wider’ steps. Each step of u may have any
integral width - at most n.

We construct U from U ′ by further restricting how wide a step can be -
by horizontal fitting (See Figure 3). We allow each step (except the last) to
be of width dake for some integer k ≥ 0 - where a > 1 is a suitably chosen
parameter of the mechanism. To this end, we need to slightly formalize the
staircase representation of a multiplier vector, which till now we only used as

1

b−1

b−2

q

1/n

v1 v2 vn

v
bvc

Rounded down

Equalized

Fig. 2. Vertical fitting of v.

1

b−1

b−2

q

1/n

v1 v2 vn

Last step

←−v
v

Fig. 3. Horizontal fitting of v.



a visual aid. By a step of the staircase of v, we will mean a maximal interval
[i1, ..., i2] ⊆ [1, ..., n] such that vi1 = vi2 . All the indices i1 ≤ i ≤ i2 will be said
to belong to the step, whereas i1 and i2 and the first and last indices of the step.
The height of the step is given by vi1 and the width by i2 − i1 + 1.

Remark: Notice that just as a multiplier vector can be specified by the n-
tuple (v1, ..., vn), it can also be identified by specifying the height and width of
each step of its staircase representation. In fact, specifying all but the last step
of a staircase fixes the last step due to the unit norm requirement.

For a multiplier vector v, we define the core ←−v of v as:

Definition 3 (Core ←−v ). The core ←−v of a multiplier vector v is the vector u
constructed by Algorithm 2.

Operation of Algorithm 2: Each iteration of the while loop processes one
step of v and u. i1 and j1 hold the first index of the current step of v and u
respectively. r is the minimum height of the current step of u by monotonicity.
If r ≥ vi1 , then the requirement for unit l1 norm forces us to introduce the last
step of the staircase of u. Otherwise, [i1, ..., i2] is the current step of v and we
set the width of the current step of u to be dake.

Observation 4. The core of a vector v is a multiplier vector itself, i.e. it has
non-increasing components and unit l1 norm. Moreover, v dominates ←−v .

Proof. Refer to the full version of this paper [8].

Lemma 3. For any multiplier vector v and allocation S, f(←−v ,S) ≥ f(v,S)/a.

Proof. Refer to Appendix B.

We now define our set of vectors U as follows: U = { ←−v : v ∈ U ′ }. We
populate the range R of allocations as R = { B(v) : v ∈ U } where B(v) is
the α-approximate allocation returned by the black box algorithm.

3.2 Proof of Theorem 1

We run the following maximal-in-range mechanism: Given an input multiplier
vector v we return the allocation T ∈ R that maximizes f(v,T). We need to
prove that f(v,T) ≥ 3α

4ab ·OPT(v)

Let S = A(v) be the optimal allocation for v and
←−
bvc be the core of the floor

of v. Combining Lemmas 2 and 3, we conclude that f(
←−
bvc,S) ≥ 3

4ab ·OPT(v).

Since
←−
bvc ∈ U , there exists an allocation X ∈ R such that

f(
←−
bvc,X) ≥ α ·OPT(

←−
bvc) ≥ α · f(

←−
bvc,S) ≥ 3α

4ab
·OPT(v) (1)

Since v dominates bvc which in turn dominates
←−
bvc (Refer to Observation 3

and 4), application of Lemma 1 yields:

f(v,X) ≥ f(bvc,X) ≥ f(
←−
bvc,X) (2)



Using equations (1) and (2),

f(v,T) ≥ f(v,X) ≥ f(
←−
bvc,X) ≥ 3α

4ab
·OPT(v)

The running time of the mechanism is established by Lemma 4, which finishes
the proof of Theorem 1.

Lemma 4. |R| = O
(
(loga n)logb n

)
Proof. |R| is bounded by |U|. U consists of only those vectors which are cores of
floors of some multiplier vectors. We have seen that each step of the staircase of
v ∈ U except the last must be of width w = dake for some integer k. Moreover,
there can be only |Q| = O(logb n) such steps and at most one of each height.
We have also remarked that specifying all but the last step of a staircase fixes
it. Therefore there can be at most O

(
(loga n)logb n

)
distinct staircases in U .
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A Proof of Lemma 2

Define u = bvc. Let p be the highest index such that vp is rounded down by
the procedure that constructs u, i.e. up = bvpc and up > r = up+1. Since,∑p

i=1 ui ≤
∑p

i=1 vi, it is clear that p < n. Now for i ≤ p, we have ui = bvic ≥
vi/b. Consider two cases about vp+1:

Case 1 - vp+1 ≥ q: In this case, up+1 = r ≥ bvp+1c ≥ vp+1/b. For
i ≥ p + 1, we have vi ≤ vp+1 and ui = up+1 implying ui ≥ vi/b. Therefore,

f(u,S) =
n∑

i=1

uif(Si) ≥
1
b

n∑
i=1

vif(Si) =
1
b
· f(v,S)

Case 2 - vp+1 < q: Let h =
p∑

i=1

vi and H =

(
p∑

i=1

vif(Si)

)
/f(v,S). From

the monotonicity of S, we conclude that

H · f(v,S) =
p∑

i=1

vif(Si) ≥ h · f(v,S)

and hence H ≥ h.



Since ui ≤ vi for all i ≤ p, and both u and v must have unit l1 norm, we
have

∑
i>p ui ≥

∑
i>p vi = (1− h). Hence, ui ≥ 1−h

n for i > p. By definition,
vi < q ≤ b

n for i > p. Together, these imply ui ≥ (1 − h)vi/b. Finally, using
H ≥ h, we conclude

∑
i>p

uif(Si) ≥
1− h

b

∑
i>p

vif(Si)

 ≥ 1−H

b
[(1−H)f(v,S)]

Combining these pieces together, we get:

f(bvc, S) =
p∑

i=1

uif(Si) +
∑
i>p

uif(Si)

≥ 1
b

p∑
i=1

vif(Si) +
(1−H)2

b
· f(v,S)

=
H + (1−H)2

b
· f(v,S) ≥ 3

4b
· f(v,S)

B Proof of Lemma 3

Suppose the staircase of v has s1 steps and that of u = ←−v has s2 steps. Then
the following four properties follow directly from the algorithm:

1. s2 ≤ s1

2. For 1 ≤ i < s2, the i’th step of v is at most a times as wide as the i’th step
of u and both have the same height.

3. For 1 ≤ i ≤ s2, let i1 and j1 be the first indices of the i’th steps of v and u
respectively. Then i1 ≥ j1.

4. If [j, ..., n] is the last step of u then ui ≥ vi for i ≥ j.

To prove the lemma, we will compare the the contributions of corresponding
steps of the staircases of v and u to the objective functions.

For i < s2, let [i1, ..., i2] be the i’th step of v, [j1, ..., j2] be the i’th step of u
and h = vi1 = uj1 be their common height. We have

j2∑
k=j1

ukf(Sk) = h

j2∑
k=j1

f(Sk) ≥ h

ii+j2−j1∑
k=i1

f(Sk)

by the third property. The monotonicity of S and the second property then imply
j2∑

k=j1

ukf(Sk) ≥ 1
a

i2∑
k=i1

vkf(Sk)

So the i’th step of v contributes at most a times value to f(v,S) as the i’th step
of u contributes to f(u,S), where i < s2.

Finally by the fourth property, the step s2 of u contributes more to f(u,S)
than the corresponding contribution of steps s2, ..., s1 of v to f(v,S) combined.
The result therefore follows.


