
1

���������	��
��

���������������
����

� �"!$#%�&� ')(+*-, .0/	1 2�. �4365-7&365-7�8

Plan for Today
9 3
!;:61 <>=@?�*BA�?6*DCE!DF&2G.�H�<+.I?EJLKM.B<GNG*-, OQP+<+.I?EJGR

SUTLV WXV Y%Z\[^]>_D`DV Y&Z�a4b;`4c$ZX`;dfeGV dXb
9 H�?6g-?6*D<61 !DF&2+.hH�<+.I?EJLKji�, .I<GNG*-, OQP+<+.I?EJ-R

SBW;]\`DV ]-W�]\k�l&Z\bDmLn>o\p>Vqa V rGc4V pXY
9 :E*DC�C+sLC+st?+O%, J>Nf?
g-u-?�C+swvx<GJGy{z
|E2@,}1~,qi
*-, <

S�pDb\V W;e��Gc ]\p\�
d-c;� b�k-V [Gd>����_D]-V W;`�`4mfd>]fc d>Y
9�� C��@�	z
J�<GN^?
g �"�~� �

test material
not test material

2-Playe r Z e ro-S u m  g am e s
�t� �
]U_Ga ZD�Xd-c;b)��Z-W��^������d>c ]f��b;pXY�Y&d\Z-W�b�`�mfZX`���m>Z\` � b
eX]\]X�BkD]fc�]-W;d�V b�rfZf�BkD]fc�`;m-d�]X`;m-d-c4�

�L� ZfY%dB�GdXk>V W;d>�LrX�BY%Z\`�c\V [���V `�mxZxc ]X��kD]fc&d\ZX�Xm�]Xk���� b
]f_D`DV ]-W;b�Z-W��IZU�4]�a pXY)W�kD]fc�d\ZX�\mx]Xk���� b)]X_\`\V ]-W;bX�
TxZ\`4c4V [I`�d+a a b)��m>]���V W�b)m>]X�QY�p\�Dm��

� nE� e-� �XY�Z\`4�Dm+V W;ex_\dGW\W\V d>b��U_\dGW;Z�a ` ��b4m>]X`��Um�V �-d-��Zf���4]�V Wf�

� �$� � ��  � �;� �$�� 
� � � �$��  � �$� � �� 

¡ dXkD`
��V eXm>`

¡ dfkD`¢�
V eXm-`

£q¤¦¥}¥¨§¨©¦ª« ¥¬£~©¦£4­¯®¬°± ¥¬­ « ² ©f³ ² ®¨£
£¨¤¦¥¬¥¬§q©´ª³ ² ®¨£4­¯®¬°± ¥¬­ « ² © « ¥}£~©´£

A n alg ori t h m i c  e x am p leF%C�*DN�,qgfPµN-y�*D?@?�, Nf?�.BJLKj'B¶¨/	¶ ��R�·
9 ��CE.L¸><@*\?�N>¹&CµC+stN>y�?�. �µº y�?�gLu>CE.L¸><@*\?�86»}¼�NfC

1 <@*4PE?
*�C+s½�M¾¦¿"N>¹&C �tÀ st¹�?EÁ *\?Â1 2�uEÃ\=Â, NfÁ J�1 <@*DPE?
*G¶
?�1 J-?Qg>?@? � C�g>?½.BC�*\?wu-CE.L¸-<@*>, JfC6g �

ÄÅÅ

ÅÄÅ

ÅÅÄKj'B¶q/
R&s@,q*DJfN
Kj'B¶ ��R&s@,q*DJfN
K;/	¶ ��R&s@,q*DJfN

Kj¸-<>=EC+sGsLNXC
< � (>?
*4J><@*�=�R

ZX�-Æ;d-c b;Zfcj�Ç È É¦ÊjË�ÌMÍ"Î ÌjÏ � / '

M i ni m ax -op t i m al s t rat e g i e s
9LÐ ,¨g+, .B<GO�C�¸-N�,~.B<61GJfN�*4<GN>?�P�=�, J�<�Kj*4<@g � CE.t,qÑG? � R
J>NG*D<GNf?+PG=�N>y@<GN�y@<GJLN>y�?Âi@?+J>NÒ¹&C6*4J>N>!�u><GJ>?
?EO	¸G?@u>N>? � P+<�,¨g ��Ó .B<GO%, .t,¨Ñ-?EJ^N-y�?½.t,qg+,~.^2�.LÔ

9�À
� ? � ¶@, NXÁ J�N-y�?�N>y�,¨gfP�NfC½¸�1 <>=Õ, s�=ECE2@*�C�¸+¸-C�g>?
gfN
Ã+gfC+¹�JI=EC@2L¹�?�1¨1 �

9 F%<+.I?�<GJ�CE2E*�gfC�N�, C�g^C+st<�*D<@g � CE.t,qÑG? �J>NG*D<GNf?+PG=w¹U, N>yw<µP+C�C � ¹&C�*DJ>N>!4u><GJ>?�i@CE2Eg �"�

M i ni m ax -op t i m al s t rat e g i e s
F%C�*DN�,qgfPµN-y�*D?@?�, Nf?�.BJLKj'B¶¨/	¶ ��R�·���CE.L¸><@*\?�N>¹&C�C+s
N-y�?@. ��º y�?
gLu-CE.L¸-<@*D?�8 »}¼ N>CÂ1 <@*4PE?
*�C+s½� ¾¦¿
N>¹&C ��Ð ,¨g+, .I<GOÂC�¸>N+, .B<61+u>C�J>N�, J�3�Ö>K 3�5@8
R �

ÄÅÅ

ÅÄÅ

ÅÅÄKj'B¶¨/6R&s@,q*DJfN
Kj'I¶ ��R&s@,q*DJfN
K;/�¶ ��R&s@,q*DJfN

Ç È É¦Ê Ë;ÌMÍ"Î ÌjÏ � / '

Kj¸-<>=EC+sGsLNXC
< � (>?
*4J><@*�=�R

ZX�-Æ;d-c;b Zfcj�



2

M i ni m ax -op t i m al s t rat e g i e s
9 z � P � ¶�.B<GN-uGy�,qg>P½¸G?6g+g+, ?EJ�5w¸-?
gf<61 N\=�JGy@C�N�5
y�, � ?�!j<+!�u>C6,qg

� �$�;� ��  � � � �$�� 
� � � �$��  � �$�;� �� 

¡ dfkD`
�6V efmf`

¡ dXkD`×�
V efm-`

Ð ,qg+,~.B<GO�C�¸>N+, .B<61Gs-C�*LiEC�N-yÂ¸�1 <>=@?
*DJ�, JL��7	5��
7 �HU, (-?+J�?EO	¸G?@u>N>? � P+<�,¨g�C+s�7 � 'Ug\=�C�N-y�?6*�, JL¹�C�*DJ>? �

M i ni m ax -op t i m al s t rat e g i e s
9 z � P � ¶E¸G?6gf<61 ND=�J-y6C�N�¹U, N>ywP+C+<61~, ?w¹�y@C�Á Jt¹�?E<�Ã>?
*
C6gIN-y�?Õ1 ?@s-N �

�¯Ø � Ø   � � � �j�� 
� � � �$��  � �$�;� �� 

¡ dfkD`
�6V efmf`

¡ dXkD`×�
V efm-`

Ð ,qg+,~.B<GO�C�¸>N+, .B<61Gs-C�*LiEC�N-yÂ¸�1 <>=@?
*DJ�, JLK 365@8	¶¨�j5@86R �HU, (-?+J�?EO	¸G?@u>N>? � P+<�,¨gw�j5@8 � 'xg\=�C�N-y�?6*�, JL¹�C�*DJ>? �

Ù�Ú¨Û�Ú}ÜµÝ
Þ�ßIà"á�â�ã-á%Ü¢ä�å@â�ÛçæQá"è�Ü�Ý�Û
Û�é\êUë�ì�í
9 z
(-?6*�=Â36!D¸@1 <>=@?�*^ÑG?6*DCµJ-2+.�PE<E.I?wy@<GJ^<�2EgE, |E2G?
(><61 2G?Âî �

9LÐ ,¨g+, .B<GO�C�¸-N�,~.B<61GJfN�*4<GN>?�P�=�s-C6*^ïQP�2-<@*4<@g>Nf?@?+J
ï
Á J�?EO	¸-?�u>Nf? � P+<�,¨gI<GNw1 ?+<GJ>Nµî �

9LÐ ,¨g+, .B<GO�C�¸-N�,~.B<61GJfN�*4<GN>?�P�=�s-C6*x�QP@2-<@*D<@gfNf?@?EJ
ï
Á J�?EO	¸-?�u>Nf? � P+<�,¨gI<GNt.BC�J>Nµî �

��CE2EgfN>?6*-,qgfN-2@, N+, (-?�·+<-P+<�,qgfJ>NI<@g�C�¸-N�, .I<61GC�¸+¸-C�g>?
gfNE¶
, N � C+?EJ�gfÁ N�y62E*DNINXCQ*\?E(>?E<61f=ECE2@*�*4<@g � CE.t,qÑG? �J>NG*D<GNf?+PG= � K /�C�*\?�1Gy@< � ¸E*4C+(>? � s-C�*�JX=�.^.I?ENG*-, ut�
O"�
i�2GNIN>y@CE2>P�y@N�¹&<+J�s-<61 J-?ws-C�*L1 <�*�P@?6*UPE<+.I?+JGR

M at ri x  g am e s  and A lg ori t h m s
9 H�, (>?EJ^<�2-J>?@s�2�1�¹�<>=�C+s�NGy�,qgEÃ+,¬gXP�<@i@CE2-N
P@2-<@*D<@gfNf?@?+J�C�g^<61 P+C�*-, N-y6.BJ �

9�º y�,¨g+Ã^C+sw*4CE¹&JL<GJ � , sGsG?
*\?6gfNI<61 P+C�*-, N>y6.IJ@¶
u>C
1 2�.Lg>J^<GJ � , sGsG?6*\?
gfNt¸>C�J>JE,qi"1 ?�,qg�¸�2-NXJ �

9�Ð K ,¯¶ ð\R�ñLu>CEJfNIC+st<61 P@C�*-, N>y6.ò,+C6gµ,¨g�¸G2GNUð �
ó k��4]XpXc b�dBY�Zf`�cDV [�V b�ô�õ � nE�>�-pD`�mfdEa _Dk\pGa�4]-W��4d>_\`;p4Z�a a �G�

M at ri x  g am e s  and A lg s
9�ö y@<GNµ, J�< � ?+N>?6*X.t,¨g+, J>N�,~u^<61 P ¹�, N>yw<

P+C�C � ¹&C�*DJ>N>!�u><GJ>?�P@2-<@*D<@gfNf?@?+÷
øtù É´ú ûxÍ�ü�È$Í
ý4ú$Ë;Ì6ûGË\Ç ÇjÈ$ÊjÈ�Î þ�Ì�Í6È�Ç Ç;ÿMú�Ç ����þ�Ì��

9�ö y@<GNµ, J�<�1 C+¹�?6*LiECE2Eg � s-C6* � ?ENf?
*\.µ,qg+, JfN+, u
<61 P+C6*>, N>y6.BJ>÷

ø�� ü4ú$û@Î þ�Ê"Í�ü�È$Í���ú É@Ë È ÿMü�É´újû�ÎjÍ�ü�Ë�É´Ë�Ë
	fÎ Ì�Í�Ì6È�ÿMú�Ç ����þ��Ì
�jÿMü%Í�ü�ÈMÍ����}Î � ����Î Ì��;È ý��
9�� C+¹�N>CµP
, (>?{1 C+¹�?6*LiECE2Eg � s-C
*^*4<@g � CE.t,¨Ñ-? �<61 P+J>÷

ø�� Î ��Ë%É¦È�þ$ý4ú���Î �$Ë�ý%Ì�ÍMÉ¦ÈjÍ�Ë Ê
���Mú É@È ý ��Ë�É�Ì�È É!�%Í�ü�ÈjÍ�Î Ì��;È ý�Mú É@È�Ç Ç4Î �

" « ±$# « ­&%}©´ª
" °('~©´ªq£q­¯ª % E . g . ,  h as h i ng

� �+]X��b&Zfc dx�EV kDk\d-cjd�W;`)mXZfb�mBkDp>W��4`\V ]-W;bX�
� ��]�a b&Zfc dx�EV kDk\d-cjd�W;`�b�df`;b�]\kBV `�d>Y�b�` ]�mfZXb4m+�
� T � Vq� )  �*,+x�4]�a a V b\V ]-W�bUV W��4pXc�c;df��r>��Z�a eBV\]-W�b�d>`�)D�- Z�a eBV b)`�c$��V W;eU`;]�Y�V W\V Y)V .\d0/
�21 ]fc�Z-W;�xcj]f�%�\��Z-W)c dfÆ�d>c;b�d>��dGW�eGV W;d>d>c%ZxrfZf�I�4]�a pXY�W\�
� õ�WXV Æ�d>c;b;Z�aDmXZfb�m+V W;eIV b�ZxcjZ-W��-]fY�V .Dd>�Ib;`4c$Zf` d>e4��kD]fc
c ]X�w_Ga Z4�fd-c4�

" « ±$# « ­&%}©´ª
" °!'q©¦ª¨£q­¯ª %



3

O ne  m ore  e x am p le� !�u><@* � ¸>C
Ã>?
*�,qg^<½86!�u><@* ��� ?6uEÃ43(576 8�6:9�;�<
- 1$= � 1>= � ����/ - 1?= � � = � ����/ - 1 ��� 1>= � ���@/ - 1 �@� � = � ����/

Ó :6��¶ :6��¶ :��	Ô
Ó :��"¶ :��"¶q/�Ô

Ó :6��¶ :��&¶ :��	Ô
Ó :��"¶ :G��¶q/�Ô
Ó /�¶ :6��¶ :��	Ô
Ó /�¶ :��"¶q/�Ô

Ó /�¶ :��&¶ :��	Ô
Ó /�¶ :G��¶q/�Ô

M i ni m ax -op t i m al s t rat e g y
9LÐ ,qgE, .B<GO�C�¸-N�, .I<61-s-C6*t�M¾¦¿%¸61 <>=@?
*�, JE·

SBA\k�m>]�a �4C	�D`;m-d�WED-��F = ZXb�b 1 ]�a �BZ-W4�t����F��GdX`D�
SBA\k�m>]�a �HGµ�D`�m>d�WBI = Z\b�b 1 ]�a �BZ-W��JI = Zfb;b4�-Z�a a �
SBA\k�m>]�a ��K+�D`4m>dGWBI = Z\b;bD�-Z�a a�Z-W��JI��GdX`\�

9 vBC�Nf?�N-y�?�i�1 2GsGs@,qgXP�<@g � 2@g � ?
*fi�, �
� ,¨gXP�L
K Ð ,qg+,~.B<GOÂs-C�*�3�M}¼U¸@1 <>=�?6*By@<GJLN>y�, J^NXC�C@R

9LÐ ,qgE, .B<GO�(><61 2G?�C+sLP+<+.^?�, J�NG� 5�� OQs-C�*L�M¾¦¿
¸�1 <>=@?
*�<@g � �j5�� OQs-C�*�3 M}¼ �

9 F&?@?���y@(><GNX<61¨¶�PRQ&S0T�U>VXWYV?Z�[\V?U>]X]�Q:S�[ � ��y@<@¸½� � �Kjï�?@.^?@.Li�?6*Bu><@g^J>C
1 (-?ws-C�*I.t,qg+,~.B<GOÂ¹�, N>y_^@:�R

G e ne ral-s u m  g am e s
9�À gBP@?6g>?
*D<61 !jJG2�. Kji�, .I<GNG*-, O�R�PE<+.I?EJ@¶�u><@g
y@<G(-?�¹�,¨g-!;¹�,¨g�<@g � 1 C�J-?@!X1 C�J-?�J@, N>2-<GN+, C�gfJ �

9 z � P � ¶0`j¹)y@<GN^J+, � ?�C+sw*DC�< � NXC � *-, (-?�C�g>÷ba ·

� � � ��  � �$� � � �� 
� �$�;� �j��  � � � �� 

¡ dfkD`
�6V eXm>`

¡ dXkD`×�
V efm-`

G e ne ral-s u m  g am e s
9�À gBP@?6g>?
*D<61 !jJG2�. Kji�, .I<GNG*-, O�R�PE<+.I?EJ@¶�u><@g
y@<G(-?�¹�,¨g-!;¹�,¨g�<@g � 1 C�J-?@!X1 C�J-?�J@, N>2-<GN+, C�gfJ �

9 z � P � ¶0`j¹)y�,~uGyQ.BC+(E, ?�J-y�C@2�1 � ¹�?�P+C�NXC+÷ba ·

�2c � Ä   �¯Ø � Ø  
�¯Ø � Ø   � Ä � c  

TxZ\`4�+dXÆ
a ]\Æ�d\ZX�4`�p4Z�a a �

TxZ\`��EdXÆ a ]\Æ4d\ZX�\` p4Z�a a �

vBC�1 C�gXP@?6*�<�2EgE, |E2G?d`$(f<61 2G?Ra�NfCtN-y�?�P+<+.^? �

G e ne ral-s u m  g am e s
9 z�u>C�gfCE.µ, J>NXJL2-J-?�<GJt.BC � ?�1 J�C@s�,¨gfNf?
*D<+u>N�, C6g �
9 z � P � ¶E¸>C
1¬1 2-N+, C�g�5w¸+*-, J>C�g>?
*4Á J � ,¬1 ?�.^.B<6·

S � V Y%Z\eGV W;dB_D]�a a pD`\V ]-W)�4]-W;`�c ]�a b��4]\b4`,ebf�Z-W��
V Y�_Xc ]\Æ4d�dfÆ�d-cj�X]-W;dX� b)dGW;ÆXV cj]GW4Y�dGW;`�rf�ge Å  

� �$�;� �$��  � Ä � � Ä  
� � Ä � Ä   � � � �� 

_D]�a a pD`�d
�-]-W;� `)_D]�a a pD`�d

_D]�a a pD` d �-]-W�� `)_D]�a a pD`;d

h Ë Ë4ý%Í�ú�ÈjýDý%Ë
	4Í�É´È%Î þMÿ�ËDþMÍMÎ ��Ë Ì�Í�ú�ÊjË;Í6ý�Ë�ÌjÎ É¦Ë4ýi�;Ë;ü�È��jÎ ú Éj�

N as h  E q u i li b ri u m9 ' vB<GJ-yÕz
|E2@,}1~,qi�*>,~2�.ò, J^<µJ>NX<�i�1 ?Q¸><�,¨*�C+s
J>NG*D<GNf?+P
, ?+J KMu>CE2�1 � i�?�*D<@g � CE.t,¨Ñ-? � R �

9 F%Nf<@i�1 ?½.^?+<@gfJ�N>y@<GNµg>?�, N-y�?6*�¸@1 <>=@?
*By@<GJ
,¨g-u-?
gfN�, (>?�NfC � ?+(E, <GN>?�C�g^N-y�?
,¬*�C+¹�g �

9 z � P � ¶0`j¹)y@<GN^JE, � ?�C+sw*4C�< � NfC � *>, (>?�C�gka ·

� � � ��  � �$� � � �� 
� �$�;� �j��  � � � �� 

¡ dfkD`
�6V eXm>`

¡ dXkD`×�
V efm-`

vLzQ<@*\?�·
iEC�N-y{1 ?Es-N@¶EiEC�NGy�*-, P@y6NE¶-C�*^i@C�N>y���7"5���7 �



4

N as h  E q u i li b ri u m9 ' vB<GJ-yÕz
|E2@,}1~,qi�*>,~2�.ò, J^<µJ>NX<�i�1 ?Q¸><�,¨*�C+s
J>NG*D<GNf?+P
, ?+J KMu>CE2�1 � i�?�*D<@g � CE.t,¨Ñ-? � R �

9 F%Nf<@i�1 ?½.^?+<@gfJ�N>y@<GNµg>?�, N-y�?6*�¸@1 <>=@?
*By@<GJ
,¨g-u-?
gfN�, (>?�NfC � ?+(E, <GN>? �

9 z � P � ¶0`j¹)y�,quGy½.BCE(+, ?�NXCµP@CµNXCba�·

vLzQ<@*\?�·
iEC�N-y Ð ï&¶@iEC+N>y�1 <
¶-C6*IK
O67	5@3@7�¶~3�7"5kO67	R

�2c � Ä   �¯Ø � Ø  
�¯Ø � Ø   � Ä � c  

TxZ\`4�+dXÆ
a ]\Æ�d\ZX�4`�p4Z�a a �

TxZ\`��EdXÆ a ]\Æ4d\ZX�\` p4Z�a a �

E x i s t e nc e  of N E
9 vB<GJ-yQK;��l���7	R)¸+*DC�(-? � ·+<@g\=�PE?
g>?6*D<61 ! J-2+.�PE<+.I?
.^2GJfN�y@<G(-?�<GN�1 ?E<GJ>N^C�g>?�JG2�uGyQ?E|E2@,¬1q,qi
*-, 2�. �
SUTLV e>m>`�c;dXo\p>V c;dxcjZ-W��-]-Y)V .4d-�Ib�`�cjZ\`;dfe-V dXb � ��Z�a a df�m Y�V [Gd-�Bb4`�cjZ\`;dfe-V dXbon´ 

9Lº y�, J^<�1 JfCL=�, ?�1 � Jt.t,¨g+, .I<GOQN-y
.h<GJ^<�u>C�*DC
1¨1 <@*�= �
S = V �?p�b�]fY�dBlUnxZ-W���a dX`Bq�*�Æ;Z�a pDdx`�]�cj]f�w_Ga ZD�fd-c)V W`;mfZ\`�d>oDp-Vqa V rGc4V pXY��
Sgr�V W��4d�V `;� b�ZxlUn��>W;dGV `�m-d>c�_Ga Z4�fd>c��4Z-W)�-]xr>d>` `�d>cdXÆ�dGWsp\W;]X��V W�e�`�m>d � c$Z-W4�-]fY�V .4d>�G wb;`4c$Z\`�dXe\��`;m-d�V c]X_\_D]-W4dGW;`UV b�_Ga ZD�GV W;e-�
Sgr@]��4`4mfdX�X� c;dxd\ZX�\mI_�a Z4�GV W4e�Y)V W\V Y%ZX[I]>_D`DV Y%Z�a �

E x i s t e nc e  of N E
9 :E*DC�C+st¹U,¬1q1@i@?�g>C�g-!�u>C�gfJ>NG*X2�u>N+, (-? �
9ut gE1~,¨Ã-?½u><GJ-?�C+s�Ñ-?
*DCE!jJG2�.�P+<E.^?+J�¶G¹�?ÂÃ�gfC@¹�C+s

gfC½¸-C
1 =
gfC@.t, <61 ! N�,~.I?�<61 P+C�*-, N>y�.hs-C6*xs@,qg � ,qgXP
vB<GJ-yÂz
|E2@,¬1q,qi
*-, <½,qg^PE?
g>?
*4<61 !jJ�2�.�P+<+.I?EJ �

9 vBC�NX<GN+, C�gE·
Swv"b;b�pXY�dUZ-W�W�[@W)Y�Zf`�cDV [@�
SBõ�b;d � _yx¯� � � � � _yz¯ 
` ]U�Gd�W;]\`�dxY�V [�df�^b�`4c$Z\`;dfe\�UkD]fc�cj]X�
_Ga Z4�fd>cX��Z-W�� � o x � � � � � o z  6`;]��Gd�W;]\` d^Y�V [Gd>�Bb4`�cjZ\`�dXeD�
kD]fc&�4]+a pXY�W)_�a Z4�>d>cD�

Proof
9µö ?EÁ 1q1GJ>NX<@*DN^¹�, N>y�/�*4CE2�¹�?
*4Á J�s6, O�? � ¸>C6,¨gfN
N-y�?+C�*\?�. �
S ¡ d>`{rwr-dUZU�4]-Y&_DZX�D`��D]GW;Æ;df[Lc;dXe-V ]GW�V W)� z Z-W4�µa dX`
k-� r}|~r�r>d�Z��4]-W�`DV W;pD]XpDb)kDp>W��4`\V ]GW\�

S � m>dGW�`�m-d>c;dxY�pDb�`�d>[@V b4`�[u�Jr�b4pX�Dmx`�mfZ\`�k � [� !*4[@�
S�[tV b���Z�a a df�BZ m k>V [Gd>��_D]-V W;` n�]\k�k>�

9 F�, .t¸@1 ?wu><GJ-?"·6F , J�N-y�?�,qg>Nf?
*4(-<61 Ó 7�¶¨��Ô �
9µö ?w¹�,}1¨1+u><@*\?�<@iECE2-NE·

Sgr�*�� � _G� o\ M�>_G� o�Zfc;d�a dfe\Z�a\_Xcj]>rfZ>r+Vqa V `j�x�EV b4`�cDV r>p\`DV ]-W;b
]-WU� � � � � � W��M��A-� dG� �sr�* bXV Y�_Ga dX[Yz��Bb\V Y�_Ga dX[0z

Proof ( c ont )
9 F ñH� Kj¸�¶ |ER;·�¸�¶ |t<@*\?w.t, O�? � J>NG*D<GNf?+P
, ?+J$� �
9µö <@g>NINXC � ?@s@,qg>?�s�Kj¸6¶ |ER�ñLKj¸>Á~¶ |GÁ R%J-2+uGy�N-y@<GNE·

S�kxV b)�D]-W�`DV W;pD]XpDbX� � m+V b�Y�dXZ-W;b)`;mfZX`��Dm>Z-W�e-V W;e�_
]fc%o�Z^a V `�`Xa dIr+V `&bDm>]\pGa �EW;� `���ZXpDb4dx_\� ]fc�o\�;` ]
�DmXZ-W�e\dUZ^a ]f`D�

Swv&Wj�Uk>V [�df�L_D]-V W;`�]\k�kxV b&ZBl�Z\b�mtnGoDp>Vqa V rGc4V pfY��

Try # 1
9µö y@<GNI<@i@CE2-N^s�Kj¸6¶ |ER�ñLKj¸>Á~¶ |�Á R%¹)y�?6*\?Q¸>Á+, Jµi�?+J>N

*\?EJ�¸-C�gfJ-?�NXCµ|�¶-<@g � |�Á+, J�i@?+J>Nµ*\?+J+¸>C6gfJ>?�NXC½¸>÷
9 :@*4C�i"1 ?@.�·�gfC�NLu>C6gfN�,¨g-2-CE2-J@·

SBn+� e-� �XY%Z\`��Dm+V W;eB_DdGWXW\V dfbX�{AXkU_B* �´Ø � D@� � Ø � f@�+ �`�m-dGW
oD�
* � � � Ø  ��EAXkU_E* �¯Ø � f@��� Ø � D@�� 6`�m-d�W�oD� * �¯Ø � �� ��

� �$� � ��  � �;� �$�� 
� � � �$��  � �$� � �� 

¡ dXkD`
��V eXm>`

¡ dfkD`¢�
V eXm-`



5

Try # 1
9µö y@<GNI<@i@CE2-N^s�Kj¸6¶ |ER�ñLKj¸>Á~¶ |�Á R%¹)y�?6*\?Q¸>Á+, Jµi�?+J>N

*\?EJ�¸-C�gfJ-?�NXCµ|�¶-<@g � |�Á+, J�i@?+J>Nµ*\?+J+¸>C6gfJ>?�NXC½¸>÷
9 :@*4C�i"1 ?@.�·�<61 J>C½g>C�Ntg>?�u-?EJfJ><@*>,}1 =w¹�?�1q1 ! � ?@s@,qg-? � ·

SBn+� e-� �>V kU_E* �¯Ø � D�� Ø � DG �`�m>d�W�oD�4�4]\pGa �^r-d�Z-Wj�f`;m+V W;e-�

� �$� � ��  � �;� �$�� 
� � � �$��  � �$� � �� 

¡ dXkD`
��V eXm>`

¡ dfkD`¢�
V eXm-`

I ns t e ad w e  w i ll u s e . . .
9 s�Kj¸�¶ |+R&ñtKj¸>Á~¶ |�Á R%J-2�uGywN>y@<GNE·

S�oD��Y%ZX[@V Y)V .\dXb - � dX[E_\df�4`�df�^eDZ-V W)��c `)_\ 
�w�j� oX��oD�&���:�
/
SU_D�4Y%Z\[@V Y�V .4dfb - � d>[�_\d>�4`;d>�IeDZGV W��"c `�o\ ��w��� _f��_\�&���:��/

¸0¸-Á
vBC�Nf?�·�|E2-< � *4<GN+, uLÖ�1~,qg-?+<@*BñL|�2-< � *D<GN�, u �

I ns t e ad w e  w i ll u s e . . .
9 s�Kj¸�¶ |+R&ñtKj¸>Á~¶ |�Á R%J-2�uGywN>y@<GNE·

S�oD��Y%ZX[@V Y)V .\dXb - � dX[E_\df�4`�df�^eDZ-V W)��c `)_\ 
�w�j� oX��oD�&���:�
/
SU_D�4Y%Z\[@V Y�V .4dfb - � d>[�_\d>�4`;d>�IeDZGV W��"c `�o\ ��w��� _f��_\�&���:��/

¸
vBC�Nf?�·�|E2-< � *4<GN+, uLÖ�1~,qg-?+<@*BñL|�2-< � *D<GN�, u �

¸-Á

I ns t e ad w e  w i ll u s e . . .
9 s�Kj¸�¶ |+R&ñtKj¸>Á~¶ |�Á R%J-2�uGywN>y@<GNE·

S�oD��Y%ZX[@V Y)V .\dXb - � dX[E_\df�4`�df�^eDZ-V W)��c `)_\ 
�w�j� oX��oD�&���:�
/
SU_D�4Y%Z\[@V Y�V .4dfb - � d>[�_\d>�4`;d>�IeDZGV W��"c `�o\ ��w��� _f��_\�&���:��/

¸
vBC�Nf?�·�|E2-< � *4<GN+, uLÖ�1~,qg-?+<@*BñL|�2-< � *D<GN�, u �

¸>Á

I ns t e ad w e  w i ll u s e . . .
9 s�Kj¸�¶ |+R&ñtKj¸>Á~¶ |�Á R%J-2�uGywN>y@<GNE·

S�oD��Y%ZX[@V Y)V .\dXb - � dX[E_\df�4`�df�^eDZ-V W)��c `)_\ 
�w�j� oX��oD�&���:�
/
SU_D�4Y%Z\[@V Y�V .4dfb - � d>[�_\d>�4`;d>�IeDZGV W��"c `�o\ ��w��� _f��_\�&���:��/

9 sw, J�¹�?"1q1 ! � ?@s@,qg>? � <@g � u>C�gfN�,¨gG2-C@2-J^JE,qg-u-?
|E2G< � *4<GN+, uty@<GJL2Eg+, |E2G?w.I<GO�, .I2�.h<@g � JG.B<61q1
uGy@<@gXP@?�NfC½¸6¶ |µC�gE1 =Q.IC�(>?EJ^NGy�, J�<Q1q, NXNE1 ? �

9 'B1 JfC�s@, O�? � ¸GC6,qg>N�ñ�vLz � K�?+(-?�gµ, s�N+,qg\=
,¨g-u-?6g>N�, (-?�NfC�.IC�(>?"¶�¹U,¬1¬1G.IC�(>?{1~, NfN+1 ?Âi�, N-R �

9 F%C�¶-N-y@<GNXÁ J�, N0�


