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Abstract

Long a matter of folklore, the \small-world phenomenon"| the principle that
we are all linked by short chains of acquairtances| was inaugurated as an area
of experimental study in the scocial sciencesthrough the pioneering work of Stanley
Milgram in the 1960's. This work was among the rst to make the phenomenon
quartitativ e, allowing peopleto speak of the \six degreesof separation” between any
two peoplein the United States. Sincethen, a number of network models have been
proposedas frameworks in which to study the problem analytically. One of the most
re ned of these models was formulated in recert work of Watts and Strogatz; their
framework provided compelling evidencethat the small-world phenomenonis pervasive
in a range of networks arising in nature and technology, and a fundamenal ingredient
in the ewlution of the World Wide Web.

But existing models are insu cien t to explain the striking algorithmic componernt
of Milgram's original ndings: that individuals using local information are collectively
very e ectiv e at actually constructing short paths betweentwo points in a sccial net-
work. Although recertly proposednetwork models are rich in short paths, we prove
that no decentralized algorithm, operating with local information only, can construct
short paths in these networks with non-negligible probability. We then de ne an in -
nite family of network modelsthat naturally generalizeghe Watts-Strogatz model, and
show that for one of thesemodels, there is a decenralized algorithm capableof nding
short paths with high probability. More generally, we provide a strong characterization
of this family of network models, shawing that there is in fact a unique model within
the family for which deceriralized algorithms are e ectiv e.
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1 Intro duction

The Small-W orld Phenomenon. A sccial network exhibits the small-world phenomenon
if, roughly speaking, any two individuals in the network are likely to be connectedthrough
a short sequencef intermediate acquairtances. This haslong beenthe subject of anecdotal
obsenation and folklore; often we meeta strangerand discover that we have an acquairtance
in common. It has since grown into a signi cant area of study in the social sciences,n
large part through a seriesof striking experimerts conductedby Stanley Milgram and his
co-workers in the 1960's[13 18, 12]. Recen work has suggestedthat the phenomenonis
pervasive in networks arising in nature and technology, and a fundamertal ingrediert in the
structural ewlution of the World Wide Web [17, 19, 2].

Milgram's basicsmall-world experimert remainsoneof the most compelling ways to think
about the problem. The goal of the experimert wasto nd short chains of acquairtances
linking pairs of peoplein the United States who did not know one another. In a typical
instanceof the experimert, a source personin Nebrasla would be given a letter to deliver to
atargetpersonin Massatwsetts. The sourcewould initially betold basicinformation about
the target, including his addressand occupation;the sourcewould then beinstructed to send
the letter to someonesheknewon a rst-name hasisin an e ort to transmit the letter to the
target as e caciously as possible. Anyone subsequetly receivingthe letter would be given
the sameinstructions, and the chain of communication would cortinue until the target was
readhed. Over mary trials, the averagenumber of intermediate stepsin a successfukhain
was found to lie between v e and six, a quantity that has sinceertered popular culture as
the \six degreesof separation” principle [7].

Mo deling the Phenomenon. Naturally, the empirical validation of the phenomenorhas
led to a rash of analytical work aimed at answering the following generalquestion:

( ) Why shouldthere exist short chains of acquairtanceslinking together
arbitrary pairs of strangers?

Most of the early work on this issue, beginning with analysis of Pool and Kochen that
pre-dated Milgram's experimerts [16], was basedon versionsof the following explanation:
random networks have low diameter. (Seefor examplethe book of surveysedited by Kochen
[11].) That is, if ewery individual in the United States were to have a small number of
acquairtancesselecteduniformly at random from the population | and if acquairtanceship
weresymmetric| then two random individuals would be linked by a short chain with high
probability. Eventhis early work recognizedhe limitations of a uniform random model; if A
and B aretwo individuals with a commonfriend, it is much morelikely that they themsehes
are friends. But at the sametime, a network of acquairtanceshipsthat is too \clustered"
will not have the low diameter that Milgram's experimerts indicated.

Recerly, Watts and Strogatz proposeda model for the small-world phenomenorbasedon
a classof random networks that interpolatesbetweenthesetwo extremes,in which the edges
of the network are divided into \lo cal" and \long-range" corntacts [19]. The paradigmatic
example they studied was a \re-wired ring lattice," constructed roughly as follows. One
starts with a setV of n points spaceduniformly on a circle, and joins ead point by an edge
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to ead of its k nearestneighbors, for a small constart k. Theseare the \lo cal cortacts” in
the network. Onethen intro ducesa small number of edgesn which the endpoints are chosen
uniformly at randomfrom V | the \long-range cortacts". Watts and Strogatz arguedthat
sud a model capturestwo crucial parametersof sccial networks: thereis a simpleunderlying
structure that explainsthe presenceof mostedgeshut a fewedgesare producedby arandom
processthat doesnot respect this structure. Their networks thus have low diameter (like
uniform random networks), but alsohave the property that many of the neighbors of a node
u are themsehesneighbors (unlike uniform random networks). They shaved that a number
of naturally arising networks exhibit this pair of properties(including the connectionsamong
neuronsin the nematode speciesC. elegans and the power grid of the WesternU.S.); and
their approad has beenapplied to the analysisof the hyperlink graph of the World Wide
Web aswell [1].

Networks that areformedfrom a superposition of a\structured subgraph”anda\random
subgraph” have beeninvestigatedin the areaof probabilistic combinatorics. In a fundamen-
tal instance of sud an approad), Bollobas and Chung [5] gave bounds on the diameter of
the random graph obtained by adding a random matching to the nodesof a cycle. (Seealso

[6].)

The Present Work. Let us return to Milgram's experimert. We claim that it really
contains two fundamertally surprising discoveries: rst, that sud short chains should exist
in the network of acquairtanceships;and second,that peopleshould be ableto nd these
chains knowing so little about the target individual. From an analytical point of view, the
rst of thesediscoveriesis existertial in nature, the secondalgorithmic | it reveals that
individuals who know only the locations of their direct acquairtancescan still, collectively,
construct a short path betweentwo points in the network. We therefore proposeto study
the following natural companionto Question( ) above:

() Why should arbitrary pairs of strangers be able to nd short chains of
acquairtancesthat link them together?

It is important to note that Question( ) raisesissuesthat lie truly beyond the scope of
Question ( ): one can imagine networks in which short chains exist, but no medanism
basedon purely local information is ableto nd them. The succes®f Milgram's experimert
suggestsa sourceof latent navigational \cues" embeddedin the underlying sacial network,
by which a messageould implicitly be guided quickly from sourceto target. It is natural to
ask what properties a sacial network must possessn order for it to exhibit sud cues,and
enableits menbersto nd short chains through it.

In this work, we study \decentralized" algorithms by which individuals, knowing only
the locations of their direct acquairtances,attempt to transmit a messagdrom a sourceto
a target along a short path. Our certral ndings are the following.

First, we shav that existing models are insu cient to explain the successof sud
decettralized algorithms in nding short paths through a sccial network. In a classof
networks generatedaccordingto the model of Watts and Strogatz, we prove that there
is no decertralized algorithm capableof constructing paths of small expected length
(relative to the diameter of the underlying network).
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Figure 1: (A) A two-dimensionalgrid network with n = 6, p= 1, andg= 0. (B) The
cortacts of a node u with p= 1and q= 2. v and w are the two long-rangecoracts.

We then de ne an in nite family of random network models that naturally gener-
alizesthe Watts-Strogatz model. We show that for one of these models, there is a
decettralized algorithm capableof nding short paths with high probability.

Finally, we prove the stronger statemer that there is in fact a unique model within
the family for which decertralized algorithms are e ective.

The Mo del: Networks and Decentralized Algorithms. We now give precisede ni-
tions for our network model and our notion of a decetralized algorithm; we then provide
formal statemerts of the main results.

In designing our network model, we seeka simple framework that encapsulatesthe
paradigm of Watts and Strogatz | rich in local connections,with a few long-range con-
nections. Rather than using a ring as the basic structure, howewer, we begin from a two-
dimensional grid and allow for edgesto be directed. Thus, we begin with a set of nodes
(represeting individuals in the sccial network) that are idertied with the set of lattice
points in ann n square,f(i;j) ;12 f1,2;:::;ng;j 2 f1,2;:::;ngg, and we de ne the
lattice distane betweentwo nodes(i; j) and (k; ) to be the number of \lattice steps" sep-
arating them: d((i;j);(k;)) = jk ij+j jj: For auniversalconstart p 1, the nodeu
has a directed edgeto ewery other node within lattice distancep | theseare its local con-
tacts. For universalconstartis @ Oandr 0, we alsoconstruct directed edgesfrom u to g
other nodes(the long-rangecontacts) usingindependen random trials; the i!" directed edge
from u hasendpoint v with probability proportional to [d(u; V)] '. (To obtainpa probability
distribution, we divide this quartity by the appropriate normalizing constart ~ ,[d(u; V)] *;
we will call this the inverse r™"-power distribution.)

This model hasa simple\geographic” interpretation: individuals live on a grid and know
their neighbors for somenumber of stepsin all directions; they also have somenumber of
acquairtancesdistributed more broadly acrossthe grid. Viewing p and g as xed constarts,
we obtain a one-parameterfamily of network models by tuning the value of the exponert
r. Whenr = 0, we have the uniform distribution over long-rangecortacts, the distribution
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usedin the basic network model of Watts and Strogatz | one's long-range cortacts are
chosenindependertly of their position on the grid. As r increasesthe long-rangecortacts of
a node becomemore and more clusteredin its vicinity on the grid. Thus, r senesasa basic
structural parametermeasuringhow widely \networked" the underlying scciety of nodesis.

The algorithmic componert of the model is basedon Milgram's experimert. We start
with two arbitrary nodesin the network, denoteds and t; the goalis to transmit a message
from s to t in as few steps as possible. We study decentralized algorithms medanisms
wherely the messageés passedsequetially from a current messagénolder to oneof its (local
or long-range)cortacts, using only local information. In particular, the messageolder u in
a given step has knowledgeof

(i) the setof local cortacts amongall nodes(i.e. the underlying grid structure);
(i) the location, on the lattice, of the target t; and

(iif) the locations and long-rangecontacts of all nodesthat have comein contact with the
message.

Crucially, u does not have knowledge of the long-range cortacts of nodes that have not
touched the message. Given this, u must choose one of its cortacts v, and forward the
messageo this cortact. The expected deliverytime of a decertralized algorithm | aprimary

gure of merit in our analysis| is the expected number of stepstaken by the algorithm to
deliver the messag@ver a network generatedaccordingto an inverser " -power distribution,

from a sourceto a target chosenuniformly at random from the set of nodes. Of course,
constraining the algorithm to useonly local information is crucial to our model; if one had
full global knowledge of the local and long-rangecortacts of all nodesin the network, the
shortest chain betweentwo nodescould be computed simply by breadth- rst seard.

The reader may worry that assumption (iii) above gives a deceitralized algorithm too
much power. Howewer, it only strengthensour results: our lower boundswill hold even for
algorithms that are given this knowledge,while our upper bounds make useof decertralized
algorithms that only require assumptions(i) and (ii).

Statemen t of Results.  Our resultsexplorethe way in which the structure of the network
a ects the ability of a decenralized algorithm to construct a short path.

Whenr = 0| the uniform distribution over long-rangecortacts | standard results
from random graph theory can be usedto shav that with high probability there exist paths
betweenewery pair of nodeswhoselengths are boundedby a polynomial in logn, exponen-
tially smallerthan the total number of nodes. Howeer, there is no way for a decettralized
algorithm to nd thesechains:

Theorem 1 There is a constant o, degending on p and g but independent of n, so that
whenr = 0, the expected delivery time of any decentralized algorithm is at least (n?=3,
(Hence exmpnential in the expected minimum path length.)

As the parameterr increasesa decertralized algorithm can take more advantage of the
\geographic structure” implicit in the long-range cortacts; at the sametime, long-range
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corntacts becomelessuseful in moving the messagea large distance. There is a value of r

wherethis trade-o can be best exploited algorithmically; this isr = 2, the inverse-square
distribution.

Theorem 2 There is a decentralized algorithm A and a constant ,, independentof n, so
that whenr = 2 and p= q= 1, the expected delivery time of A is at most ,(logn)?2.

This pair of theoremsre ects a fundamertal consequencef our model. When long-range
corntacts are formedindependerily of the geometryof the grid, short chainswill exist but the
nodes, operating at a local level, will not be ableto nd them. When long-rangecortacts
areformed by a processhat is related to the geometryof the grid in a speci ¢ way, howewer,
then short chains will still form and nodesoperating with local knowledge will be able to
construct them.

We now commen on the ideasunderlying the proofs of theseresults; the full details are
givenin the subsequensections. The decertralized algorithm A that achievesthe bound of
Theorem2 is the following simplerule: in ead step, the current message-holden choosesa
contact that is ascloseto the target t aspossible,in the senseof lattice distance. Note that
algorithm A makesuse of even lessinformation than is allowed by our generalmodel: the
current messagéholder doesnot needto know anything about the set of previous message
holders. To analyzean executionof algorithm A, we say that it is in phasej if the lattice
distancefrom the current messagdiolderto the target is between2 and 2 *'. We show that
in phasej, the expectedtime beforethe current messageholder has a long-rangeconact
within lattice distance? of t is bounded proportionally to logn; at this point, phasej will
cometo an end. As there are at most 1+ logn phases,a bound proportional to (logn)?
follows. Interestingly, the analysismatchesour intuition, and Milgram's description, of how
a short chain is found in real life: \The geographicmovemer of the [messagefrom Nebrasla
to Massatwusettsis striking. There is a progressie closingin on the target areaasead new
personis addedto the chain" [13].

The impossibility result of Theorem 1 is based, fundamernally, on the fact that the
uniform distribution preverts a decertralized algorithm from using any \clues" provided by
the geometryof the grid. Roughly, we considerthe setU of all nodeswithin lattice distance
n%= of t. With high probability, the sources will lie outside of U, and if the messagds
newer passedfrom a node to a long-rangecortact in U, the number of stepsneededto reach
t will be at least proportional to n>=3. But the probability that any messageholder has a
long-rangecortact in U is roughly n 23, sothe expectednumber of stepsbeforea long-range
cortact in U is found is at least proportional to n?= aswell.

More generally we can show a strong characterization theoremfor this family of models:
r = 2 is the only value for which there is a decetralized algorithm capable of producing
chains whoselength is a polynomial in logn:

Theorem 3 (a) LetO r < 2. Thereisaconstant ., degendingonp, g, r, butindependent
of n, sothat the expected delivery time of any decentralized algorithm is at least ,n@® =3,

(b) Letr > 2. Thereis a constant ., degendingon p, g, r, but independentof n, sothat
the expected delivery time of any decentralized algorithm is at least ,n( 2= 1):
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Figure 2: The lower bound implied by Theorem3. The x-axis is the value of r; the y-axisis
the resulting exponert on n.

The complete proof of this theoremis given in Section3. The proof of (a) is analogous
to that of Theorem 1. The proof of (b), on the other hand, exposesa \dual" obstaclefor
decettralized algorithms: with a largevalueof r, it takesa signi cant amourt of time before
the messagaeadiesa node with a long-rangecortact that is far away in lattice distance.
This e ectively limits the \speed" at which the messagean travel from s to t.

Although we have focusedon the two-dimensionalgrid, our analysiscan be applied more
broadly. We cangeneralizeour resultsto k-dimensionallattice networks, for constart values
of k, aswell aslessstructured graphswith analogousscalingproperties. In the k-dimensional
case,a decettralized algorithm can construct paths of length polynomial in logn if and only
if r = k.

The resultssuggesta fundamenal network property, distinct from diameter, that helpsto
explain the succesof small-world experimerts. One could think of it asthe \transmission
rate" of a classof networks: the minimum expected delivery time of any deceitralized
algorithm operating in arandom network drawn from this class. Thuswe seethat minimizing
the transmissionrate of a network is not necessarilythe sameas minimizing its diameter.
This may seemcourter-intuitiv e at rst, but in fact it formalizesa notion raisedinitially |
in addition to having short paths, a network should cortain latent structural cuesthat can
be usedto guide a messagdowards a target. The dependenceof long-rangeconnectionson
the geometryof the lattice is providing preciselysud implicit information.

Indeed, the proofs of the theoremsreveal a generalstructural property that implies the
optimality of the exponert r = 2 for the two-dimensionallattice: it is the unique exponert
at which a node's long-range cortacts are nearly uniformly distributed over all \distance
scales." Speci cally, given any node u, we can partition the remaining nodesof the lattice



between2 and 2*'. Thesesetsnaturally correspnd to di erent levelsof \resolution" aswe
move away from u; all nodesin ead A; are at appraximately the samedistance (to within
a factor of 2) from u. At exponert r = 2, eat long-rangecortact of u is nearly equally
likely to belongto any of the setsA;; whenr < 2, there is a bias toward setsA; at greater
distances,and whenr > 2, there is a bias toward setsA; at nearerdistances.

Other Related Work. There hasbeenwork aimedat modelingthe way in which individ-
ualsin Milgram's experimerts choserecipierts for their letters. Someof this work is related
in spirit to what we do here,though using very di erent perspectivesand models. Killw orth
and Bernard [10, in their \reversesmall-world experimerts,” asked a set of responderts to
explain how they choseto sendletters in a run of the small-world experimert, and usedthis
information to look for commonprinciplesat an empirical level. At an analytical level, White
[20]investigatedthe probability that a chain would \die out" through an individual's failure
to participate, and Hunter and Shotland [8] studied the passageof a chain through di erent
sccial \categories." In the cortext of a \referral system" for the World Wide Web, Kautz,
Selman,and Shah [17] ran simulations of commnunication in an abstract sccial network in
which ead individual was given pre-de ned accuracy and respnsivenesgarameters. The
distinction betweenthe mereexistenceof short paths linking points on the World Wide Web,
and the ability of agenis to nd them, hasalsobeenraisedrecenly in work of Alb ert, Jeong,
and Barabasi[2, 9].

2 Upp er Bound for the Inverse-Square Distribution

We now presen proofs of the theoremsdiscussedn the previoussection. When we analyze
a decertralized algorithm, we can adopt the following equivalert formulation of the model,
which will make the exposition easier. Although our model considersall long-rangecortacts
as being generatedinitially , at random, we invoke the \Principle of Deferred Decisions” |
a common medanism for analyzing randomized algorithms [14] | and assumethat the
long-rangecortacts of a node v are generatedonly whenthe messagerst readesv. Sincea
decertralized algorithm doesnot learn the long-rangecontacts of v until the messageeades
v, this formulation is equivalent for the purposesof analysis.

A commert on the notation: logn denotesthe logarithm base?2, while In n denotesthe
natural logarithm, basee.

Pro of of Theorem 2. Sincep = q = 1, we have a network in which ead node u is
connectedto its four nearestneighbors in the lattice (two or three neighbors in the case
of nodeson the boundary), and has a single Iora,g-rangecortact v. The probability that u
choosesv asits long-rangecortact is d(u;v) 2= g, d(u;v) 2, and we have

xR 2
d(u;v) 2 )i %

véu j=1



xR 2
= 4 J 1
j=1
4+ 4In(2n  2) 4In(6n):

Thus, the probability that v is chosenis at least [4In(6n)d(u; v)?] 1.

The decerralized algorithm A is de ned as follows: in ead step, the currernt message-
holder u choosesa cortact that is as closeto the target t as possible,in the senseof lattice
distance. For j > 0, we sa that the executionof A is in phasej when the lattice distance
from the currert nodeto t is greaterthan 2 and at most2*1. We say A is in phase0 when
the lattice distanceto t is at most 2. Thus, the initial value of j is at most logn. Now,
becausethe distance from the messageo the target decreasesstrictly in ead step, eah
node that becomesthe messageholder has not touched the messagebefore; thus, we may
assumethat the long-rangecortact from the messagéiolder is generatedat this momert.

Supposewe are in phasej, log(logn) j < logn, and the current messagéolder is u.
What is the probability that phasej will end in this step? This requiresthe messageo
erter the set B; of nodeswithin lattice distance2 of t. There are at least

>@ji_1 1

1+ 24+ 2 +1>28 1
2 2

i=1
nodesin Bj, eat is within lattice distance2** + 21 < 2*2 of u, and henceeath has a
probability of at least (4In(6n)22*4) 1 of beingthe long-rangecortact of u. If any of these

nodesis the long-rangecortact of u, it will be u's closestneigtbor to t; thus the message
erters B; with probability at least

24 1 1
4In(6n)22+4 ~ 128In(6n)°

Let X; denotetotal number of stepsspert in phasej, log(logn) j < logn. We have

R :
EXJ' = Pr[X,- I]
i=1 |
N i1
1
i=1 128In(6n)
= 128In(6n):

An analogousset of boundsshows that EX;  128In(6n) for j = logn aswell. Finally, if
0 log(logn), then EX; 128In(6n) holds for the simple reasonthat the algorithm
canspendat mostlogn stepsin phase] evenif all nodespassthe messagéo a local cortact.
Now, if X denotesthe total number of stepsspert by the algorithm, we have

I%;n

X = Xj;
j=0

and so by linearity of expectation we have EX (1 + logn)(128In(6n)) »(logn)? for a
suitable choiceof ».



3 Lower Bounds for Other Distributions

We rst expand our model of a decenralized algorithm slightly; it will correspndingly
strengthenthe result to shav a lower bound for this new model. An algorithm initially has
knowledgeof the grid structure, all the local cortacts, and the locationsof s and t. In step
i, somesetS; of nodeshastouchedthe messageAt this point, the algorithm hasknowledge
of all long-rangecorntacts of all nodesin S;. (Following our style of analysis,the long-range
contacts of other nodeswill be constructedonly asthe messageeahesthem.) Basedon this
information, it choosesany cortact v of any nodein S; that hasnot yet received the message
| v neednot be a cortact of the current messagéholder| and it sendsthe messageo v.
The setS;;; thusconains oneelemem morethan S;, and the algorithm iterates. This is the
sameasour initial model of a decertralized algorithm, exceptthat we do not court stepsin
which the algorithm \backtracks" by sendingthe messagehrough a node that hasalready
receiwed it.

For technical reasonswe will add one additional feature to the algorithms we consider.
An algorithm will run for an in nite sequenceof steps; initially it behases as above, and
oncethe messageeadest, the messageemainsat t in all subsequensteps. Thus, whenwe
considerthe i step of a given algorithm, we neednot worry that it hasalready terminated
by this step.

We now prove the two parts of Theorem 3; note that part (a) implies Theorem 1 by
setting r = 0. As in Section2, we will invoke the Principle of DeferredDecisions[14] in the
analysis.

Pro of of Theorem 3a. We consideran arbitrary deceitralized algorithm of the type
described above, and considerthe expected number of stepsrequired for the messageo
travel from s to t, for nodess and t generateduniformly at random from the grid.

Note that becausewe have the freedomto choosethe constart ,, we may alsoassume
that n is at least aslarge as some xed absolute constart no. The probability that a node
u choosesv asits i out of g long-rangecortacts is d(u;v) "= ,e,d(u;v) ", and we have

952
d(u;v) ' )i n

v u j=1
2
- J1 r

j=1

VA n=2
xt " dx

1

2 ) *(n=2" 1)
1 2r

S | :

(2 23"

wherethe last line follows if we assumen? " 28 ' Let = (2 r)=3.
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Let U denotethe set of nodeswithin lattice distancepn of t. Note that

wherewe assumen is largeenoughthat pn 2. Dene = (28 "qp?) . Let E°bethe event
that within n steps,the messagaeadesa node other than t with a long-rangecortact
in U. Let E° be the ewvert that in step I, the messagaeades a node other than t with a
long-rangecortact in U; thus E®= E°. Now, the node readed at stepi hasq long-range

I n
cortacts that are generatedat random whenit is encounered; sowe have

quj
1
(2 r)2sr
(2 )23 'q 4p°n?
n2 r
(2 r)2° "gp’n?
n2 r :

PrE]

n2I’

Sincethe probability of a union of ewverts is boundedby the sum of their probabilities,
X
Pr[EY Pr[E]
i n
(2 r)2° "gp’n
n2 r

1
— 5r 2 .
= (2 n2'gp 3
We now de ne two further everts. Let F denotethe ewert that the chosensources and
target t are sepgratedby a Iaii];lice disltanceof at leastn=4. One can verify that Pr[F] %
SincePr F_E° i+iprF B L
Finally, let X denote the random variable equal to the number of stepstaken for the
messagédo read t, and let E denotethe ewert that the messageeadest within n steps.
We claim that if F occursand E° doesnot occur, then E cannot occur. For supposeit does.
Sinced(s;t) n=4> pn ,in any s-t path of at most n steps,the messagenust be passed
at leastoncefrom a nodeto a long-rangecortact. Moreover, the nal time this happens,the
long-rangecgrtact must lie in U. This gortradicts jour assumptionthat E° doesnot occur.
Thus,Pr EjF~E® = 0,henceE X jF*E® n . Since
h i h i 1
EX E XjFA"E® Pr FANEO Z,n

part (a) of the theorem follows.

Pro of of Theorem 3b. We now turn to part (b) of the theorem,whenr > 2. Again we
consideran arbitrary decertralized algorithm; and again, as necessarywe may assumethat
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n is larger than some xed absoluteconstart no. We write " = r 2. Considera node u,
and let v be a randomly generatedlong-rangecornact of v. The normalizing constart for
the inverser ™ -power distribution is at least 1, and sofor any m, we have

x2
Pr[d(u;v) > m] “4)a "
j=m+1
2)( 2
= 4 jl r
j=m+1
z 1
xt " dx
m
r 2)m2"="1m"’
Weset = 1w, = 1o, and %= ™D We will assumen has beenchosenlarge

enoughthat n p. Let E° be the ewert that in stepi, the mess?gerea(hesa nodeu 6 t
that hasa long-rangecorntact v satisfying d(u;v) > n . Let E°= E° be the ewvert that
i On

this happensin the rst % steps. We have

X
Pr[E9 Pr[E]
h g n’
— no 1 1
= 9 ot

Asin part (a), wede ne F to hethe gwert that s andt are separatedby alattice distance
of at least n=4. Obsene that Pr F ~ E? %1: Let X denotethe random variable equalto
the number of stepstaken for the messageo read t, and let E denotethe ewent that the
messagaeadest within % steps. We claim that if F occursand E° doesnot occur, then
E cannot occur. For if E°doesnot occur, then the messagean move a lattice distanceof at
mostn in eah ofits rst % steps. This is a total lattice distanceof at most

h* = h<n=

and sothe messagewill; not read t given that F occurs.
Thusg X jF " E° % . Since

h i h i

EX E XjFAE" PrFAE0 h ;

1
4
part (b) of the theoremfollows.

4 Conclusion

Algorithmic work in di erent settingshasconsideredhe problem of routing with local infor-
mation; seefor examplethe problem of designingcompactrouting tablesfor comnunication
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networks [15] and the problem of robot navigation in an unknown ervironmernt [3]. Our re-
sults are technically quite di erent from these;but they sharethe generalgoal of idertifying
gualitativ e properties of networks that makesrouting with local information tractable, and
o ering a model for reasoningabout e ectiv e routing schemesin sud networks. While we
have deliberately focusedon a very clean model, we believe that a more generalconclusion
can be drawn for small-world networks: that the correlation between local structure and
long-range connectionsprovides fundamertal cuesfor nding paths through the network.
When this correlation is near a critical threshold, the structure of the long-rangeconnec-
tions forms atype of \gradient" that allows individuals to guide a message cien tly toward
a target. As the correlation drops below this critical value and the sccial network becomes
more homogeneousthesecuesbeginto disappear;in the limit, whenlong-rangeconnections
are generateduniformly at random, our model descritesa world in which short chains exist
but individuals, facedwith a disorierting array of sccial cortacts, are unableto nd them.

Acknowledgements. We thank Stewe Strogatz for many valuable discussionson this
topic.

References

[1] L. Adamic, \The small world Web," Proceedings of the European Conf. on Digital Li-
braries, 1999.

[2] R. Albert, H. Jeong, A.-L. Barabasi,\The diameter of the World Wide Web," Nature
401,130(1999).

[3] P. Berman, \On-line searting and navigation,” On-Line Algorithms: The State of the
Art, A. Fiat and G. Woeginger,Eds., Springer, 1998.

[4] B. Bollobas, Random Graphs(Academic Press,London, 1985).

[5] B. Bollobas, F.R.K. Chung, \The diameter of a cycle plus a random matching," SIAM
J. Discrete Math. 1, 328(1988).

[6] F.R.K. Chung, M.R. Garey, \Diameter boundsfor altered graphs,” J. Graph Theory 8,
511(1984).

[7] J. Guare, Six Degrees of Semration: A Play (Vintage Books, New York, 1990).

[8] J. Hunter and R. Shotland, \T reating data collected by the small world method as a
Markov process,"Saial Forces52,321(1974).

[9] J. Kaiser, Ed., \It's a small Web after all,” Sciene 285,1815(1999).

[10] P. Killw orth and H. Bernard, \Reversesmall world experimert,” Scacial Networksl, 159
(1978).

[11] M. Kochen, Ed., The Smal World (Ablex, Norwood, 1989).

13



[12] C. Korte and S. Milgram, \Acquaintance networks betweenracial groups: Application
of the small world method," J. Personality and Sccial Psych, 15,101(1978).

[13] S. Milgram, \The small world problem," Psycholgy Today 1, 61 (1967).

[14] R. Motwani and P. Raghavan, Randomiza& Algorithms (Cambridge University Press,
Canmbridge, 1995).

[15] D. Peleg,E. Upfal, \A trade-o betweensizeand e ciency for routing tables," Journal
of the ACM 36(1989).

[16] I. de SolaPool and M. Kochen,\Contacts and in uence," Sccial Networks1, 5 (1978).

[17] H. Kautz, B. Selman,M. Shah,\ReferralWeb: Combining Sccial Networks and Collab-
orative Filtering,” Communiations of the ACM, 30, 3 (March 1997).

[18] J. Travers and S. Milgram, \An experimertal study of the small world problem,” So-
ciometry 32, 425(1969).

[19] D. Watts and S. Strogatz, \Collectiv e dynamics of small-world networks,” Nature 393,
440(1998).

[20] H. White, \Search parametersfor the small world problem," Sccial Forces 49, 259
(1970).

14



