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Mark Jerrum Alistair Sinclair

In the area of statistical physics, Monte Carlo algorithms
based on Markov chain simulation have been in use for
many years. The validity of these algorithms depends cru-
cially on the rate of convergence to equilibrium of the
Markov chain being simulated. Unfortunately, the classical
theory of stochastic processes hardly touches on the sort of
non-asymptotic analysis required in this application. As a
consequence, it had previously not been possible to make
useful, mathematically rigorous statements about the qual-
ity of the estimates obtained.

Within the last ten years, analytical tools have been
devised with the aim of correcting this deficiency. As well
as permitting the analysis of Monte Carlo algorithms for
classical problems in statistical physics, the introduction of
these tools has spurred the development of new approxi-
mation algorithms for a wider class of problems in combi-
natorial enumeration and optimization. The “Markov chain
Monte Carlo” method has been applied to a variety of such
problems, and often provides the only known efficient (i.e.,
polynomial time) solution technique.
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INTRODUCTION

12.1

This chapterdiffersfrom theothersin beingconcernedmorewith problemsof count-
ing andintegration,andcorrespondinglylesswith optimization.Theproblemswe ad-
dressstill tendto becomplete,but now for thecomplexityclassof countingproblems
knownas#P, ratherthanfor themorefamiliar classNP of decisionproblems.It also
differsfrom mostof theothersin beingcentredarounda generalparadigmfor design-
ing approximationalgorithms,ratherthanarounda speci®cproblemdomain.We shall
refer to this paradigmastheªMarkov chainMonteCarlomethod.ºIt hasbeenwidely
usedfor manyyearsin severalapplicationareas,mostnotablyin computationalphysics
andcombinatorialoptimization.However, thesealgorithmshavebeenalmostentirely
heuristicin nature,in thesensethatno rigorousguaranteescouldbegivenfor thequal-
ity of theapproximatesolutionstheyproduced.Only relativelyrecentlyhaveanalytical
toolsbeendevelopedthatallowMarkovchainMonteCarloalgorithmsto beplacedona
®rmfoundationwith preciseperformanceguarantees.Thishasledtoanupsurgeof inter-
estin thisareain computerscience,andin thedevelopmentof the®rstprovablyef®cient
approximationalgorithmsfor severalfundamentalcomputationalproblems.Thischap-
teraimsto describethesenewtools,andgive thereadera ¯avor of themostsigni®cant
applications.

The Markov chainMonte Carlo methodprovidesan algorithmfor the following
generalcomputationaltask.Let 
 beaverylarge(but®nite)setof combinatorialstruc-
tures(suchasthesetof possiblecon®gurationsof a physicalsystem,or thesetof fea-
sible solutionsto a combinatorialoptimizationproblem),and let � be a probability
distributionon 
 . The taskis to sampleanelementof 
 at randomaccordingto the
distribution� .

In additionto their inherentinterest,combinatorialsamplingproblemsof thiskind
havemanycomputationalapplications.Themostnotableof thesearethefollowing:

I. Approximatecounting: i.e.,estimatethecardinalityof 
 . A naturalgeneraliza-
tion is discreteintegration, wherethegoal is to estimatea weightedsumof the
form

∑
x∈Ω w.x/, wherew is a positivefunctionde®nedon 
 .

II. Statisticalphysics: here
 is thesetof con®gurationsof astatisticalmechanical
system,and� is a naturalprobabilitydistributionon 
 (suchastheGibbsdis-
tribution),in whichtheprobabilityof acon®gurationis relatedto its energy. The
taskis to samplecon®gurationsaccordingto � , in orderto examinepropertiesof
a ªtypicalº con®gurationandto estimatetheexpectationsof certainnaturalran-
domvariables(suchasthemeanenergyof acon®guration).Computationsof this
kind aretypically knownasªMonteCarloexperiments.º

III. Combinatorialoptimization: here
 is the setof feasiblesolutionsto an opti-
mizationproblem,and� isadistributionthatassigns,in somenaturalway,higher
weightto solutionswith abetterobjectivefunctionvalue.Samplingfrom � thus
favorsbettersolutions.An exampleof thisapproachis thepopularoptimization
heuristicknownasªsimulatedannealing.º
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In all theaboveapplications,moreor lessroutinestatisticalproceduresareusedto infer
thedesiredcomputationalinformationfrom asequenceof independentrandomsamples
from thedistribution� . (Thispointwill beillustratedby exampleslaterin thechapter.)
In algorithmsof this kind, therefore,it is thesamplingitself which presentsthemajor
challenge.

TheMarkov chainMonteCarlomethodsolvesthe samplingproblemasfollows.
We constructa Markov chainhavingstatespace
 andstationarydistribution� . The
Markov chainis designedto be ergodic, i.e., the probabilitydistributionover 
 con-
vergesasymptoticallyto � , regardlessof theinitial state.Moreover, its transitionscor-
respondto simplerandomperturbationsof structuresin 
 , andhencearesimple to
simulate.Now wemaysamplefrom � asfollows: startingfrom anarbitrarystatein 
 ,
simulatetheMarkovchainfor somenumber, T, of steps,andoutputthe®nalstate.The
ergodicitymeansthat,by takingT largeenough,we canensurethatthedistributionof
theoutputstateis arbitrarilycloseto thedesireddistribution� .

In mostapplicationsit is not hardto constructa Markov chainhavingthe above
properties.Whatis notatall obvious,however, is howto choosethenumberof simula-
tionstepsT, whichis thecrucialfactorin therunningtimeof anyalgorithmthatusesthe
chain.Of course,if thealgorithmis to beef®cient,thenT mustbevery muchsmaller
thanthesizeof 
 ; equivalently, werequirethattheMarkovchainbecloseto its station-
arydistributionaftertakingaveryshortrandomwalk through
 . Loosely, weshallcall
aMarkovchainhavingthispropertyªrapidly mixing,º andthenumberof stepsrequired
for thedistributionto becomecloseto � theªmixing timeº of thechain.

In heuristicapplicationsof theMarkovchainMonteCarlomethod,T isusuallycho-
senby empiricalobservationof theMarkov chain,or by anappealto combinatorialor
physicalintuition. This meansthatnopreciseclaimcanbemadeaboutthedistribution
of thesamples,sonoperformanceguaranteecanbegivenfor theassociatedapproxima-
tion algorithms.Thisobservationholdsfor almostall existingMonteCarloexperiments
in physics,andfor almostall applicationsof simulatedannealingin combinatorialopti-
mization.It is a considerablechallengefor theoreticalcomputerscienceto analyzethe
mixing timein suchapplications,andhenceto placethesealgorithmsona®rmfounda-
tion.

Unfortunately, theclassicaltheoryof stochasticprocesseshardlytouchesuponthe
sortof non-asymptoticanalysisrequiredin thissituation.In recentyears,however,novel
analyticaltoolshavebeendevelopedthatallowthemixingtimeof Markovchainsof this
kind to bedeterminedquiteprecisely. This in turn hasled to the®rstrigorousanalysis
of the runningtime of variousapproximationalgorithmsbasedon the Markov chain
MonteCarlomethod,aswell asto thedesignof entirelynewalgorithmsof this type.
This chapteraimsto presentsomeof theseanalyticaltools,andto describetheir most
importantalgorithmicapplications.

Theremainderof thechapteris organizedasfollows. Section12.2illustrateshow
theMarkov chainMonteCarlomethodcanbeappliedto a combinatorialproblemthat
is very simpleto state,namelytheproblemof countingthenumberof solutionsto an
instanceof the Knapsackproblem.Section12.3describestwo tools for boundingthe
mixing time of Markovchainsthathaveprovedsuccessfulin a numberof applications
(thoughnotasyetin thecaseof theKnapsacksolutioncountingproblem).An illustration
of how thesetoolsmight beappliedis providedby a toy example,which is a radically
simpli®edversionof theKnapsackproblem.Section12.4introducesamoresubstantial
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andbettermotivatedapplicationdrawnfromthe®eldof statisticalphysics,namely, esti-
matingthepartitionfunctionof amonomer-dimersystem.Thiscomputationalproblem
includes,asaspecialcase,approximatelycountingmatchingsof all sizesin agraph.Sec-
tion12.5thencataloguesvariousotherproblemstowhichtheMarkovchainMonteCarlo
methodhasbeensuccessfullyapplied.TheconcludingSection12.6formulatesthesim-
ulatedannealingheuristicasaninstanceof theMarkovchainMonteCarlomethod,and
indicateshow thetechniquesdescribedin Sections12.3and12.4can,in certaincases,
giverigorousresultson theperformanceof theheuristic.

AN ILLUSTRATIVEEXAMPLE

12.2

To introduceandmotivatethe Markov chainMonte Carlo method,considerthe fol-
lowing problem:givena = .a0; : : : ; an−1/ ∈ Nn andb ∈ N, estimatethenumberN of
0,1-vectorsx ∈ {0; 1}n satisfyingthe inequalitya · x =∑n−1

i=0 ai xi ≤ b. If thevectora
givesthesizesof n itemsto bepackedinto a knapsackof capacityb, thequantityto be
estimatedcanbeinterpretedasthenumberof combinationsof itemsthatcanbe®ttedinto
theknapsack,which we shall refer to asªKnapsacksolutions.ºAlthoughthis problem
is perhapsnotof pressingpracticalimportance,it doesprovideaconvenientdemonstra-
tionof themethod.Noef®cientdeterministicalgorithmisknownfor accuratelycounting
Knapsacksolutionsandthereis convincingcomplexity-theoreticevidencethatnoneex-
ists.In thisregardatleast,thechosenexampleismorerealisticthanthefamiliarclassical
demonstrationof theMonteCarlomethod,whichinvolvesestimating� bycastinganee-
dleontoa ruledsurface[Usp37].

The natureof the ªconvincing evidenceºmentionedaboveis that the problem
of countingKnapsacksolutionsis completefor Valiant's complexityclass#P [GJ79,
Val79b] with respectto polynomial-timeTuringreductions.Theclass#P is thecounting
analogueof themorefamiliar classNPof decisionproblems.A #P-completeproblemis
computationallyequivalent(via polynomial-timeTuring reductions)to computingthe
numberof satisfyingassignmentsof a booleanformula in CNF, or the numberof ac-
ceptingcomputationsof a polynomial-timenondeterministicTuring machine.Obvi-
ously, computingthenumberof acceptingcomputationsis at leastashardasdeciding
whetheranacceptingcomputationexists,so#P certainlycontainsNP. Lessobviously,
as Toda [Tod89] has demonstrated,#P also essentially contains the entire
Meyer-Stockmeyerpolynomial-timehierarchy. Thus, in structuralterms,and maybe
in fact, a #P-completeproblemis computationallyevenharderthanan NP-complete
one[Jer94].

A classicalMonteCarloapproachto solvingtheKnapsackproblemwouldbebased
on anestimatorof thefollowing type.Selectuniformly at random(u.a.r.) a vectorx ∈
{0; 1}n from thecornersof then-dimensionalbooleanhypercube;if a · x ≤ b thenre-
turn2n, otherwisereturn0.Theoutcomeof thisexperimentis arandomvariablewhose
expectationis preciselyN, thevaluewearerequiredto estimate.In principle,we need
only performsuf®cientlymanytrialsandtakethemeanof theresultsto obtainareliable
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approximationto N within anydesiredaccuracy. In practice,themethodfails badly, as
we canseeby takinga = .1; : : : ; 1/ andb= n=3. Notethat,with thesevalues,theex-
pectednumberof trials beforethe®rstnon-zerooutcomeis exponentialin n. Thus,a
sequenceof trials of ªreasonableºlengthwill typically yield a meanof 0, eventhough
theactualnumberof Knapsacksolutionsis exponentiallylarge.Clearly, thevarianceof
theestimatoris far too largefor it to beof anypracticalvalue.

Beforeconsideringother, potentiallybetterapproaches,we shouldpauseto con-
siderwhatdistinguishesa goodalgorithmfrom a badone.In thetheoreticalcomputer
sciencetradition,weconsideranef®cientalgorithmto beonethatterminatesin anum-
berof stepsthat is boundedby a polynomialin thelengthof theinput.More formally,
supposef : � ∗→ N is a functionmappingprobleminstances(encodedaswordsover
someconvenientalphabet� ) to naturalnumbers.Forexample,in thecaseof theKnap-
sackproblem, f mightmap(encodingsof) thepair a ∈ Nn andb ∈ N to thenumberof
solutionsof a ·x ≤ b in thesetx ∈ {0; 1}n. It shouldbeclearthatanycombinatorialenu-
merationproblemcanbecastin this framework.A randomizedapproximationscheme
for f is a randomizedalgorithmthattakesasinputaword(instance)x ∈ � n and" > 0,
andproducesasoutputa numberY (a randomvariable)suchthat1

Pr
(
.1− " / f .x/ ≤ Y ≤ .1+ " / f .x/

)≥ 3
4: (12.1)

A randomizedapproximationschemeis saidto befully polynomial[KL83] if it runsin
timepolynomialin n (theinputlength)and"−1. Weshallabbreviatetheratherunwieldy
phraseªFully PolynomialRandomizedApproximationSchemeºto FPRAS.

Theaboveprovidesaclear-cutde®nitionof anªef®cientapproximationalgorithmº
thathasat leasta certaindegreeof intuitive appeal.ThenaiveMonteCarloalgorithm
describedearlieris not ef®cientin theFPRASsense,which is reassuring.On theother
hand,it is certainlydebatablewhetheranalgorithmwith runningtimen10 constitutesan
ef®cientsolutionin anythingotherthana theoreticalsense.In this chapter, we always
usetheFPRASasour notionof ef®cientapproximationalgorithm;while this hasthe
advantageof providingus with cleargoals,it is obviousthat in practicalapplications
somemoredemandingnotionof ªef®cientapproximationºwouldbenecessary.

Returningto theKnapsackproblem,wemighttry applyingtheMarkovchainMonte
Carlomethodasfollows.ConsidertheMarkovchainM Knap with statespace
 = {x ∈
{0; 1}n : a · x ≤ b}, i.e.,thesetof all Knapsacksolutions,andtransitionsfrom eachstate
x = . x0; : : : ; xn−1/ ∈ 
 de®nedby thefollowing rule:

I. with probability 1
2 let y= x; otherwise,

II. selecti u.a.r. from therange0≤ i ≤ n−1 andlet y′ =
. x0; : : : ; xi−1; 1− xi ; xi+1; : : : ; xn−1/ ;

III. if a · y′ ≤ b, thenlet y= y′, elselet y= x;

thenewstateis y. Informally, theprocessM Knap maybeinterpretedasa randomwalk
(with stationarymoves)onthebooleanhypercube,truncatedby thehyperplanea ·x= b.

1Thereis no signi®cancein the constant3
4 appearingin the de®nition,beyondits lying strictly

between1
2 and1. Any successprobabilitygreaterthan 1

2 maybeboostedto 1� δ for anydesiredδ > 0
byperformingasmallnumberof trialsandtakingthemedianof theresults;thenumberof trialsrequired
is O(lnδ−1) [JVV86].
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TheMarkovchainM Knap is ergodic,sinceall pairsof statesintercommunicatevia
thestate.0; : : : ; 0/, andthepresenceof loopsensuresaperiodicity;it is readilychecked
thatthestationarydistributionisuniformover
 .Thisobservationimmediatelysuggests
a procedurefor selectingKnapsacksolutionsalmostu.a.r.: startingin state.0; : : : ; 0/,
simulateM Knap for suf®cientlymanystepsthat the distributionover statesis ªcloseº
to uniform, thenreturnasresult the currentstate.Of course,samplingfrom 
 is not
quitethesameasestimatingthesizeof 
 (which is our goal),but thesecondtaskcan
berelatedto the®rstusinga simpletrick, whichwenowdescribe.2

We keep the vector a ®xed,but allow the boundb to vary, writing 
 .b/ and
M Knap.b/ to makeexplicit thedependenceof theMarkov chainon b. Assumewithout
lossof generalitythata0≤ a1≤ ·· · ≤ an−1, andde®neb0= 0andbi =min

{
b;
∑i−1

j=0 a j
}
,

for 1≤ i ≤ n. It mayeasilybeveri®edthat|
 .bi−1/ | ≤ |
 .bi / | ≤ .n+1/ |
 .bi−1/ |, for
1≤ i ≤ n, thekey observationbeingthatanyelementof 
 .bi / maybeconvertedinto
anelementof 
 .bi−1/ by changingtherightmost1 to a 0. Now write

|
 .b/ | = |
 .bn/ | = |
 .bn/ |
|
 .bn−1/ | ×

|
 .bn−1/ |
|
 .bn−2/ | × · · ·×

|
 .b1/ |
|
 .b0/ | × |
 .b0/ |;

(12.2)

where,of course,|
 .b0/ | = 1. Thereciprocals� i = |
 .bi−1/ |=|
 .bi / | of eachof the
ratiosappearingin (12.2)maybeestimatedby samplingalmostuniformly from 
 .bi /
usingtheMarkov chainM Knap.bi / , andcomputingthe fractionof thesamplesthat lie
within 
 .bi−1/ .

Considerthe randomvariableassociatedwith a singletrial Ð i.e., onerun of the
Markov chain M Knap.bi / Ð that is de®nedto be 1 if the ®nalstateis a memberof

 .bi−1/ , and0 otherwise.If we wereableto simulateM Knap.bi / ªto in®nity,º theex-
pectationof this randomvariablewould beprecisely� i . In reality, we mustterminate
thesimulationatsomepoint,therebyintroducingasmallthoughde®nitebiasthatought
to beaccountedfor. To avoidobscuringthemainideas,let usignorethis technicalcom-
plicationfor thetime being;detailsof this kind will beattendedto whenwe addressa
morerealisticexamplein Section12.4.With thesimplifying assumptionof zerobias,
theexpectationof anindividual trial is � i , andits variance,sinceit is a 0,1-variable,is
� i .1− � i / . Supposeweperformt = 17"−2n2 trials,andlet Xi denotethesamplemean.
In analyzingtheef®ciencyof MonteCarloestimators,thequantityto focusonis thera-
tio of thevarianceof theestimatorto thesquareof its expectation;in this instancewe
have

VarXi

� 2
i

= 1− � i

t� i
≤ n

t
= " 2

17n
;

where the inequality follows from earlier-noted bound � i = |
 .bi−1/ |=|
 .bi / | ≥
.n+1/−1.

Supposetheaboveprocessis repeatedfor eachof then ratiosin equation(12.2),and
denoteby Z therandomvariableZ = Xn Xn−1 : : : X1 whichis theproductof thevarious
samplemeans.Then,sincethe randomvariablesX i areindependent,the expectation

2For a moredetaileddiscussionof the problemof inferring informationfrom observationsof a
Markovchain,see[Ald87, Gill93, Kah94].
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of Z is EZ = � n � n−1 : : : � 1= |
 .b/ |−1, and

VarZ
.EZ/2

=
n∏

i=1

[
1+ VarXi

� 2
i

]
−1≤

[
1+ " 2

17n

]n

−1≤ " 2

16
;

assuming" ≤ 1. By Chebyshev's inequality, this impliesthat

Pr
(
.1− "=2/ |
 .b/ |−1≤ Z ≤ .1+ "=2/ |
 .b/ |−1) ≥ 3

4;

sotherandomvariableY = Z−1 satis®es(12.1),i.e., it yieldsarandomizedapproxima-
tionschemefor thenumberof Knapsacksolutions.Theideaof expressingthequantityto
beestimatedasaproductof smallfactorsin thestyleof (12.2)andthenestimatingeach
of the factorsby separateMonteCarloexperiments,is onethathasrepeatedlyproved
usefulin thisarea,sinceit providesageneraltool for reducingapproximatecountingto
sampling.

Observethat the total numberof trials (Markov chainsimulations)usedis nt =
17"−2n3, which is polynomialin n and"−1. Themethoddescribedaboveis therefore
an FPRASfor the numberof Knapsacksolutions,providedthe Markov chainM Knap

is ªrapidly mixing,º that is to say, is closeto stationarityafter a numberof stepsthat
is polynomialin n. This is a non-trivialcondition,sincethesizeof thestatespace
 is
exponentialin n. Giventherelativesimplicityof theMarkovchainM Knap, it ishumbling
thatthequestionof whetherM Knap is rapidlymixing is evennowunresolved.Thewider
questionof whetherthereexistsan FPRASof any kind for the Knapsackproblemis
alsounresolved,thoughtheMarkovchainsimulationapproachsketchedaboveseemsto
offer thebesthope.Usingit, Dyeretal. [DFKKPV93] wereableto obtainarandomized
approximationschemefor the numberof Knapsacksolutionswhoserunning time is
"−2 exp

(
O.
√

n.logn/5/2/
)
, andthis is asymptoticallythefastestknown.

OPEN PROBLEM 12.1 Is theMarkovchainM knap rapidlymixing (i.e., is its mixing
timeboundedby apolynomialin thedimensionn Ð seenextsection)for all choicesof
theboundb anditemsizesa?

TWO TECHNIQUESFORBOUNDING
THEMIXING TIME

12.3

It will beclearfrom Section12.2thatsuccessfulapplicationof theMarkovchainMonte
Carlomethodrestson obtaininggoodboundson thetime takenfor a Markov chainto
becomecloseto stationarity.

Therearea numberof waysof quantifyingªclosenessºto stationarity, but theyare
all essentiallyequivalentin thisapplication.Let M beanergodicMarkovchainonstate
space
 with transitionprobabilitiesP : 
 2→ [0; 1]. Let x ∈ 
 beanarbitrarystate,
anddenoteby Pt . x; · / thedistributionof thestateattimet giventhatx is theinitial state.
Denoteby � thestationarydistributionof M . Thenthevariationdistanceattimet with
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respectto theinitial statex is de®nedto be

� x . t/ =max
S⊆Ω

∣∣Pt . x; S/ − � . S/
∣∣= 1

2

∑

y∈Ω

∣∣Pt . x; y/ − � . y/
∣∣:

Note that the variationdistanceprovidesa uniform bound,over all eventsS⊆ 
 , of
thedifferencein probabilitiesof occurrenceof eventS underthestationaryandt-step
distributions.Therateof convergenceof M to stationaritymaythenbemeasuredby the
function

� x ." / =min{t : � x . t ′/ ≤ " for all t ′ ≥ t};
whichweshallreferto astheªmixing timeº of theMarkovchain.

The classicalapproachto bounding� x ." / is via a ªcouplingº argument.This ap-
proachis verysuccessfulin thecontextof highly symmetricMarkovchains(e.g.,those
associatedwith cardshuf̄ ing [Ald81, Dia88]), but seemsdif®cultto applyto thekind
of ªirregularº Markovchainsthatarisein theanalysisof MonteCarloalgorithms.Two
exceptionsaretheanalysesof Aldous[Ald90] andBroder[Bro89] for a Markovchain
on spanningtreesof a graph,andof Matthews[Mat91] for a Markov chainrelatedto
linearextensionsof a partialorder. A glanceat thelatterpaperwill give animpression
of thetechnicalcomplexitiesthatcanarise.3

Weshouldpointoutthatthecouplingmethodhasveryrecentlyshownsignsof stag-
ing a comeback.Jerrum[Jer95] haspresenteda simpleapplicationto samplingvertex
coloringsof a low-degreegraph.ProppandWilson [PW95] havesomenovelandat-
tractivethoughtson applyingcouplingwhenthestatespaceof theMarkovchainhasa
naturallatticestructure;theirideasareencouraging,andprovideoneof theingredientsin
Luby,Randall,andSinclair's[LRS95] analysisof aMarkovchainondimercoveringsof
certainplanar(geometric)latticegraphs.Also,Bubley, Dyer, andJerrum[BDJ96] have
appliedcouplingtodemonstraterapidmixingof acertainrandomwalk in aconvexbody,
a situationwe returnto in Section12.5.2.Finally, couplinghasbeenusedin a Markov
chainapproachto protocoltestingby Mihail andPapadimitriou[MP94]. Despitethis
activity, it is notyetclearhowfar thecouplingmethodcanbepushedin theanalysisof
complexMarkovchains.

In this sectionwe considertwo recentlyproposedalternativesto coupling,which
tend to give weakerboundsbut which areapplicablein a wider rangeof situations.
Historically [Sin93, SJ89],thesetwo methodswerenot separate,but weredeveloped
togetherin a compositeapproachto bounding� x ." / ; however, for practicalpurposes
it is betterto view themnow asdistinctapproaches.We describetheªcanonicalpathº
argument®rst,andcompletethesectionwith atreatmentof theªconductanceºargument.
For furtherdiscussionof theseapproaches,andvariousre®nementsof them,see,e.g.,
[DS91, Sin92, DSC93,Kah95].

We shallassumethroughouttherestof thesectionthatM is reversible, that is to
say, satis®esthedetailedbalancecondition:

Q.x; y/ = � . x/ P.x; y/ = � . y/ P. y; x/; for all x; y ∈ 
 ;
furthermore,weassumetheloopprobabilitiesP.x; x/ areat least1

2 for all x ∈ 
 . Since

3For a moredirectapproachto this problem,usinga conductanceargumentasdescribedbelow,
see[KK90].
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theMarkov chainM is a constructedone,it is not at all dif®cultto arrangethat these
two conditionsaremet.

12.3.1 CANONICAL PATHS

To describethecanonicalpathargument,we view M asanundirectedgraphwith ver-
tex set
 andedgesetE = {{x; y} ∈ 
 (2) : Q.x; y/ > 0

}
; thismakessensebecauseof

thereversibilitycondition.For each(ordered)pair .x; y/ ∈ 
 2, we specifya canonical
path
 xy from x to y in thegraph.
 ; E/; thecanonicalpath
 xy correspondsto a se-
quenceof legaltransitionsin M thatleadsfrom initial statex to ®nalstatey. Denoteby
� = {
 xy : x; y ∈ 
 } thesetof all canonicalpaths.Forthemethodto yieldgoodbounds,
it is importantto chooseasetof paths� thatavoidsthecreationof ªhot spots:ºedgesof
thegraphthatcarryaparticularlyheavyburdenof canonicalpaths.Thedegreeto which
anevenloadinghasbeenachievedis measuredby thequantity

Å� = Å� .� / =max
e

1
Q.e/

∑

γx y3e

� . x/� . y/ |
 xy|;

wherethemaximumis overorientededgese of .
 ; E/, and|
 xy| denotesthelengthof
thepath
 xy .

Intuitively, we might expecta Markov chainto berapidly mixing if it containsno
ªbottlenecks,ºi.e., if it admitsa choiceof paths0 for which Å� .0 / is not too large.This
intuition is formalizedin the following result from Sinclair [Sin92], which is a slight
modi®cationof a theoremof DiaconisandStroock[DS91].

PROPOSITION 12.1 Let M bea ®nite,reversible,ergodicMarkovchainwith loop
probabilitiesP.x; x/ ≥ 1

2 for all statesx.Let � beasetof canonicalpathswith maximum
edgeloading Å� = Å� .� / . Thenthe mixing time of M satis®es� x ." / ≤ Å� . ln � .x/−1+
ln"−1/ , for anychoiceof initial statex.4

Proof. CombineProposition1 of [Sin92] andTheorem5 of [Sin92].

We demonstratethecanonicalpathmethodby applyingit to a radicallysimpli®ed
versionof theKnapsackMarkovchainfrom Section12.2.Insteadof a randomwalk on
thetruncatedbooleanhypercube,weconsidera randomwalk on thethefull hypercube.
Thiscanbeviewedasthedegeneratecaseof theKnapsackMarkovchainwhichobtains
when

∑
i ai ≤ b, i.e., theknapsackis largeenoughto containall itemssimultaneously.

Let x = . x0; x1; : : : ; xn−1/ and y = . y0; y1; : : : ; yn−1/ be arbitrarystatesin 
 =
{0; 1}n. Thecanonicalpath
 xy from x to y is composedof n edges,0 to n− 1, where
edgei is simply

(
. y0; : : : ; yi−1; xi ; xi+1; : : : xn−1/; . y0; : : : ; yi−1; yi ; xi+1; : : : xn−1/

)
; i.e.,

we ¯ip thevalueof thei th bit from xi to yi . Notethatsomeof theedgesmaybeloops
(if xi = yi ). To computeÅ� , ®xattentiononaparticular(oriented)edge

e= .w ; w′/ = (.w0; : : : ; wi ; : : :wn−1/; .w0; : : : ; w′i ; : : :wn−1/
)
;

andconsiderthenumberof canonicalpaths
 xy thatincludee. Thenumberof possible

4ThisPropositionalsohasasuitablystatedconverse;seeTheorem8 of [Sin92].
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choicesfor x is 2i , asthe ®naln− i positionsaredeterminedby x j = w j , for j ≥ i ,
andby a similarargumentthenumberof possiblechoicesfor y is 2n−i−1. Thus,theto-
tal numberof canonicalpathsusinga particularedgee is 2n−1; furthermore,Q.e/ =
� .w / P.w; w′/ ≥ 2−n.2n/−1, andthelengthof everycanonicalpathis exactlyn. Plug-
gingall theseboundsinto thede®nitionof Å� yields Å� ≤ n2. Thus,by Proposition12.1,
themixing time for therandomwalk on thebooleanhypercubeis � x ." / ≤ n2

(
. ln2/n+

ln"−1
)
. We call this Markov chain ªrapidly mixingº becauseits mixing time grows

only polynomiallywith the input sizen (eventhoughthesizeof thestatespaceis ex-
ponentialin n). Theaboveboundis someway off theexactanswer[Dia88], which is
� x ." / =O

(
n.lnn+ ln"−1/

)
, andtheslacknessweseehereis typicalof themethod.

Onreviewingthecanonicalpathargument,weperceivewhatappearsto beamajor
weakness.In orderto computethekeyquantity Å� , weneededin turnto computequanti-
tiessuchasQ.e/ thatdependcruciallyonthesizeof thestatespace
 . In thehypercube
examplethis doesnot presenta problem,but in moreinterestingexampleswe do not
knowthesizeof thestatespace:indeed,ourultimategoalwill oftenbeto estimatethis
veryquantity. Fortunately, it is possibleto ®nessethisobstacleby implicit countingus-
ing a carefullyconstructedinjectivemap.Theideawill beillustratedby applicationto
thehypercubeexample.

Let edgee= .w ; w′/ beasbefore,anddenoteby cp.e/ = {. x; y/ : 
 xy 3 e} theset
of all (endpointsof) canonicalpathsthatuseedgee. De®nethemap� e : cp.e/→ 
 as
follows: if .x; y/ = (. x0; : : : ; xn−1/; . y0; : : : ; yn−1/

) ∈ cp.e/ then

� e. x; y/ = .u0; : : : ; un−1/ = . x0; : : : ; xi−1; wi ; yi+1; : : : ; yn−1/:

Thecrucialfeatureof themap� e is thatit is injective.To seethis,observethatx andy
maybeunambiguouslyrecoveredfrom .u0; : : : ; un−1/ = � e. x; y/ throughtheexplicit
expressions

x = .u0; : : : ; ui−1; wi ; wi+1; : : : ; wn−1/

and

y= .w0; : : : ; wi−1; w′i ; ui+1; : : : ; un−1/:

Usingtheinjectivemap� e it is possibleto evaluateÅ� without recourseto explicit
counting.Noting5 that� .x/� . y/ = � .w /� .� e. x; y// , wehave

1
Q.e/

∑

γx y3e

� . x/� . y/ |
 xy| = 1
� .w / P.w; w′ /

∑

γx y3e

� .w /� .� e. x; y// |
 xy|

= n
P.w; w′ /

∑

γx y3e

� .� e. x; y// ≤ n
P.w; w′/

≤ 2n2;

wherethepenultimateinequalityfollows from thefactsthat� e is injective,andthat� is
a probabilitydistribution.Sincetheaboveargumentis valid uniformly overthechoice
of e, wededuceÅ� ≤ 2n2. Thefactorof 2 ascomparedwith thedirectargumentwaslost
to slight redundancyin theencoding:themap� e wasnotquitea bijection.

5This is a trivial observationwhen the stationarydistribution is uniform, as it is here,but it is
sometimespossible,by judiciouschoiceof ηe, to contrivesuchan identity evenwhenthestationary
distributionis non-uniform.SeeSection12.4for anexample.
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12.3.2 CONDUCTANCE

Asadvertisedearlier, wenowconsideranalternativeªconductanceºapproachtobound-
ing � x ." / , whichhasprovedusefulin situationswheretheMarkovchaincanbegivena
geometricinterpretation[DFK91]. Theconductance[SJ89] of Markov chainM is de-
®nedby

� = � .M / = min
S⊂Ω

0<π(S)≤1/2

Q. S; S/
� . S/

; (12.3)

whereQ. S; S/ denotesthesumof Q.x; y/ overedges{x; y} ∈ E with x ∈ Sandy∈ S=

 −S. Theconductancemaybeviewedasaweightedversionof edgeexpansionof the
graph.
 ; E/ associatedwith M . Alternatively, thequotientappearingin (12.3)canbe
interpretedastheconditionalprobabilitythatthechainin equilibriumescapesfrom the
subsetS of thestatespacein onestep,giventhat it is initially in S; thus,� measures
the readinessof the chainto escapefrom anysmall enoughregionof the statespace,
andhenceto makerapidprogresstowardsequilibrium.Thisintuitive connectioncanbe
givenaprecisequantitativeformasfollows.(See[Ald87, Alon86, AM85, Che70, LS88]
for relatedresults.)

PROPOSITION 12.2 Let M bea ®nite,reversible,ergodicMarkovchainwith loop
probabilitiesP.x; x/ ≥ 1

2 for all statesx. Let � be the conductanceof M asde®ned
in (12.3).Thenthe mixing time of M satis®es� x ." / ≤ 2� −2. ln � .x/−1+ ln"−1/ , for
anychoiceof initial statex.

Proof. CombineProposition1 of [Sin92] andTheorem2 of [Sin92].

FromProposition12.2it will beapparentthatgoodlower boundson conductance
translateto goodupperboundsonthemixing time� x ." / . As weshallseepresently, it is
possibleto boundtheconductanceof therandomwalk onthehypercubeby considering
thegeometryof thehypercubeandapplyinganªisoperimetricinequality.º

For x ∈ 
 = {0; 1}n andS⊆ 
 , de®ne

C.x/ = {� = .� 0; : : : ; � n−1/ : |� i − xi | ≤ 1
2; for all i

}
;

andC. S/ =⋃x∈S C.x/. ObservethatthemappingC providesageometricinterpretation
of eachsetSof statesasabodyin n-dimensionalspace,andthatwithin thisinterpretation
theentirestatespace
 is a hypercubeK = C.
 / of side2. Eachpossibletransition
from a statein S to a statein S contributesoneunit of area(i.e., .n− 1/-dimensional
volume)to @C. S/ −@K, where@denotesboundary, andeachtransitionoccurswith
probability 1

2n ; thus,

Q. S; S/ = 1
2n|
 | voln−1.@C. S/ −@K/; (12.4)

wherevold denotesd-dimensionalvolume.
Intuitively, if voln C. S/ is large (but lessthan 1

2 voln K), then@C. S/ −@K must
alsobe large.It is this kind of intuition that is capturedandformalizedin an isoperi-
metric inequality. Ratherthanworking with theEuclideannormandusinga classical
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isoperimetricinequality, it is advantageousin this instanceto work with the l∞-norm
‖� ‖∞ =max{|� 0|; : : : ; |� n−1|} anditsdualthel1-norm‖� ‖∗∞ =‖� ‖1= |� 0|+· · ·+|� n−1|,
andinvokeaveryre®nedisoperimetricinequalityduetoDyerandFrieze[DF91], which
holdsfor arbitrarynorms.

Observethatvoln C. S/ = |S|, voln K = 2n , anddiamK = 2, wherediamdenotes
diameterin thel∞-norm.FromTheorem3 of [DF91], taking F to beidentically1, we
have,for |S| ≤ 1

2|
 |,
voln C. S/

voln−1.@C. S/ −@K/
≤ 1

2 diamK ;

it follows immediatelythatvoln−1.@C. S/−@K/ ≥ |S|. Combiningthis inequalitywith
equation(12.4)yields

Q. S; S/ ≥ |S|
2n|
 | =

� . S/
2n

:

Fromthede®nitionof conductance,� ≥ 1
2n , andhence,by Proposition12.2,� x ." / ≤

8n2
(
. ln2/n+ ln"−1

)
. It will beseenthatfor thisexamplethetwo boundsobtainedusing

theconductanceandcanonicalpathsargumentsdiffer by justa smallconstantfactor.

A MORECOMPLEXEXAMPLE:MONOMER-DIMER
SYSTEMS

12.4

In this sectionwe describea signi®cantcomputationalproblemto which the Markov
chainMonteCarlomethodhasbeensuccessfullyappliedto yield anef®cientapprox-
imationalgorithm,or FPRAS.(This is in contrastto theKnapsackproblemdiscussed
in Section12.2,which is still open.)Moreover, theMarkovchainMonteCarlomethod
is to datetheonly approachthatyieldsa provablyef®cientalgorithmfor this problem.
Thisapplicationwill illustratethefull powerof theanalysistechniquesdescribedin the
previoussection.Our presentationis an improvedversionof onewe originally gave
in [JS89, Sin93].

The problemin questionis a classicalonefrom statisticalphysics,known asthe
monomer-dimerproblem. In amonomer-dimersystem,theverticesof a®niteundirected
graphG = .V; E/ arecoveredby a non-overlappingarrangement,or con®gurationof
monomers(moleculesoccupyingonesite,or vertexof G) anddimers(moleculesoc-
cupyingtwo verticesthatareneighborsin G). Typically, G is a regularlatticein some
®xednumberof dimensions.Three-dimensionalsystemsoccurclassicallyin thetheory
of mixturesof moleculesof differentsizes[Gugg52] andin thecell-clustertheoryof the
liquid state[CdBS55];in two dimensions,thesystemis usedto modeltheadsorption
of diatomicmoleculeson a crystalsurface[Rob35]. Fora moredetailedaccountof the
historyandsigni®canceof monomer-dimersystems,thereaderis referredto theseminal
paperof HeilmannandLieb [HL72] andthereferencesgiventhere.
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It is convenientto identify monomer-dimercon®gurationswith matchingsin the
graphG; a matchingin G is a subsetM ⊆ E suchthat no two edgesin M sharean
endpoint.Thus,amatchingof cardinalityk, or ak-matching, correspondspreciselyto a
monomer-dimercon®gurationwith k dimersand2.n−k/ monomers,where2n= |V | is
thenumberof verticesin G.6 To eachmatchingM, a weightw. M/ = � |M| is assigned,
where� is apositiverealparameterthatre¯ectsthecontributionof adimerto theenergy
of thesystem.Thepartition functionof thesystemis de®nedas

Z.�/ ≡ ZG .�/ =
∑

M

w. M/ =
n∑

k=0

mk � k ; (12.5)

wheremk ≡mk .G/ is thenumberof k-matchingsin G (or equivalently, thenumberof
monomer-dimercon®gurationswith k dimers).For a physicalinterpretationof (12.5),
see[HL72].7

Thepartitionfunctionis acentralquantityin statisticalphysics,andcapturesessen-
tially everythingoneneedsto knowaboutthethermodynamicsof thesystem,including
quantitiessuchasthefreeenergy andthespeci®cheat,andthelocationof phasetransi-
tions.With this in mind, in theremainderof this sectionwe will developanalgorithm
for computingZG atanarbitrarypoint � ≥ 0. We shouldalsopointout that ZG .�/ is of
independentcombinatorialinterest,beingnothingotherthanthegeneratingfunctionfor
matchings,or matchingpolynomialof G [LP86]. Thus,for example,ZG .1/ enumerates
all matchingsin G, andthecoef®cientmk enumeratesmatchingsof cardinalityk. We
shallhavemoreto sayabouttheseconnectionsin Section12.5.1.

Ourstartingpoint is theobservationthatno feasiblemethodis knownfor comput-
ing Z exactlyfor generalmonomer-dimersystems;indeed,for any®xedvalueof � > 0,
theproblemof computingZG .�/ exactlyfor agivengraphG iscompletefor theclass#P
of enumerationproblems,which,aswe explainedin Section12.2,mayberegardedas
convincingevidencethat no polynomialtime exactalgorithmcanexist for this prob-
lem [Val79b].8 It is thereforepertinentto askwhetherthereexistsan FPRASfor this
problem.In thiscontext,byanFPRASwemeananalgorithmwhich,givenapair.G; �/ ,
anda parameter" > 0, outputsa numberY suchthat

Pr
(
.1− " / ZG.�/ ≤ Y ≤ .1+ " / ZG.�/

) ≥ 3
4;

andrunsin timepolynomialin n and� ′ =max{1; � }.9

6Theassumptionthatthenumberof verticesin G is evenis inessentialandis madefor notational
convenience.

7Moregenerally, theremaybeaweightλe associatedwith eachedgee 2 E , andtheweightof M is
thenw(M)D

Q
e∈M λe. Thealgorithmwepresenthereextendsin astraightforwardfashionto thismore

generalsetting.
8An ef®cientalgorithmdoesexist for computingthe leadingcoef®cientmn exactly, providedthe

graphG isplanar. Thisquantityhasaninterpretationasthepartitionfunctionof asystemof hard dimers,
in which no monomersare permitted.This algorithm,due independentlyto Fisher, Kasteleyn,and
Temperley[Fish61, Kast61, TF61] in 1961,is a landmarkachievementin thedesignof combinatorial
algorithms.Unfortunately, it doesnotseemto extendeithertonon-planargraphsor toothercoef®cients.

9By analogywith thede®nitiongivenin Section12.2,this assumesthat theedgeweightλ is pre-
sentedin unary. Thus,if therunningtimeof thealgorithmis tobepolynomialin thesizeof thesystem,n,
thentheedgeweightλ mustbepolynomiallyboundedin n. This is not a severerestrictionin practice
whencomputingthepartitionfunction.
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ForagivengraphG, wewill constructanFPRASfor ZG byMonteCarlosimulation
of a suitableMarkov chainM match.�/ , parameterizedon theedgeweight � . Thestate
space,
 , is thesetof all matchingsin G, andthetransitionsareconstructedsothatthe
chainis ergodicwith stationarydistribution� λ givenby

� λ. M/ = � |M|

Z.�/
: (12.6)

(SinceG is®xedfromnowon,wedropthesubscriptfrom Z.) In otherwords,thestation-
ary probabilityof eachmatching(monomer-dimercon®guration)is proportionalto its
weightin thepartitionfunction(12.5).TheMarkovchainM match.�/ , if simulatedfor suf-
®cientlymanysteps,providesamethodof samplingmatchingsfromthedistribution� λ.

Distributionsof thisformarenaturalin statisticalphysicsandareusuallyreferredto
ascanonicalorGibbsdistributions.Notethatanalternativeinterpretationof thepartition
functionis asthenormalizingfactorin thisdistribution.Samplingfrom thisdistribution
atvariousvaluesof � hasmanyapplications,suchasestimatingtheexpectationof certain
naturalquantitiesassociatedwith acon®guration(e.g.,themeannumberof monomers,
or themeandistancebetweena pair of monomersin a densecon®gurationof dimers).
As weshallseeshortly, it alsoallowsoneto approximatethepartitionfunctionitself.

It is not hard to constructa Markov chain M match.�/ with the right asymptotic
properties.Considerthe chain in which transitionsfrom any matchingM are made
accordingto thefollowing rule:

I. with probability 1
2 let M ′ = M; otherwise,

II. selectanedgee= {u; v} ∈ E u.a.r. andset

M ′ =





M −e if e∈ M;
M +e if bothu andv areunmatchedin M;
M +e−e′ if exactlyoneof u andv is matchedin M

ande′ is thematchingedge;
M otherwise;

III. go to M ′ with probabilitymin{1; � λ. M ′/=� λ. M/}.

It is helpful to view this chainasfollows. Thereis anunderlyinggraphde®nedon the
setof matchings
 in which the neighborsof matchingM areall matchingsM ′ that
differ from M via oneof thefollowing localperturbations:anedgeis removedfrom M
(a type 1 transition);an edgeis addedto M (a type 2 transition);or a new edgeis
exchangedwith anedgein M (atype0 transition).Transitionsfrom M aremadeby ®rst
selectinganeighborM ′ u.a.r., andthenactuallymaking,or acceptingthetransitionwith
probabilitymin{1; � λ. M ′/=� λ. M/}. Note that the ratio appearingin this expressionis
easytocompute:it is just� −1, � or 1 respectively, accordingto thetypeof thetransition.

As the readermayeasilyverify, this acceptanceprobability is constructedso that
thetransitionprobabilitiesP. M; M ′ / satisfythedetailedbalancecondition

Q. M; M ′/ = � λ. M/ P. M; M ′ / = � λ. M ′/ P. M ′; M/; for all M; M ′ ∈ 
 ;

i.e.,M match.�/ is reversiblewith respectto thedistribution� λ. This fact, togetherwith
theobservationthatM match.�/ is irreducible(i.e.,all statescommunicate,for example
via theemptymatching)andaperiodic(by step1, theself-loopprobabilitiesP. M; M/
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areall non-zero),ensuresthatM match.�/ is ergodicwith stationarydistribution� λ, as
required.10

Havingconstructeda family of Markovchainswith stationarydistribution� λ, our
nexttaskis toexplainhowsamplesfromthisdistributioncanbeusedtoobtainareliable
statisticalestimateof Z.�/ ataspeci®edpoint� = �̂ ≥ 0.Ourstrategyis toexpressZ. �̂ /
astheproduct

Z. �̂ / = Z.� r /
Z.� r−1/

× Z.� r−1/
Z.� r−2/

×·· · Z.� 2/
Z.� 1/

× Z.� 1/
Z.� 0/

× Z.� 0/; (12.7)

where0 = � 0 < � 1 < � 2 < · · · < � r−1 < � r = �̂ is a suitably chosensequenceof
values.Notethat Z.� 0/ = Z.0/ = 1. We will thenestimateeachfactor Z.� i /=Z.� i−1/
in thisproductby samplingfrom thedistribution� λi . Thisapproachis analogousto that
describedin Section12.2for theKnapsackproblem(seeEquation(12.2)).For reasons
thatwill becomeclearshortly, wewill usethesequenceof values� 1 = |E|−1 and� i =
.1+ 1

n / i−1� 1 for 1≤ i < r . Thelengthr of thesequenceis takento beminimalsuchthat
.1+ 1

n /r−1� 1 ≥ �̂ , sowehavethebound

r ≤ ⌈2n
(
ln �̂ + ln |E|)⌉+1: (12.8)

To estimatetheratio Z.� i /=Z.� i−1/ , we will expressit, or ratherits reciprocal,as
theexpectationof a suitablerandomvariable.Speci®cally, de®netherandomvariable
fi . M/ = ( λi� 1

λi

)|M|
, whereM is a matchingchosenfrom thedistribution� λi . Thenwe

have

E fi =
∑

M

(
� i−1

� i

)|M| � |M|i

Z.� i /
= 1

Z.� i /

∑

M

� |M|i−1 =
Z.� i−1/
Z.� i /

:

Thus,theratio � i = Z.� i−1/=Z.� i / canbeestimatedby samplingmatchingsfrom the
distribution� λi andcomputingthesamplemeanof fi . Following (12.7),ourestimator
of Z. �̂ / will betheproductof thereciprocalsof theseestimatedratios.Summarizingthis
discussion,ouralgorithmcanbewrittendownasfollows:

ALGORITHM A

Step1: Computethesequence� 1 = |E|−1 and� i =
(
1+ 1

n

)i−1
� 1 for 1≤ i < r ,

wherer is the leastintegersuchthat
(
1+ 1

n

)r−1
� 1 ≥ �̂ . Set � 0 = 0 and

� r = �̂ .
Step2: For eachvalue� = � 1; � 2; : : : ; � r in turn, computeanestimateXi of the

ratio � i asfollows:

(a) by performing S independentsimulations of the Markov chain
M match.� i / , eachof lengthTi , obtainanindependentsampleof sizeS
from (closeto) thedistribution� λi ;

10The deviceof performingrandomwalk on a connectedgraphwith acceptanceprobabilitiesof
this form is well knownin MonteCarlophysicsunderthenameof theªMetropolisprocessº[Met53].
Clearly, it canbeusedto achieveanydesiredstationarydistributionπ for which theratioπ(u)/π(v)
for neighborsu,v canbe computedeasily. It is also the standardmechanismusedin combinatorial
optimizationby simulatedannealing:seeSection12.6.
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(b) let Xi bethesamplemeanof thequantity
(
λi� 1
λi

)|M|.
Step3: OutputtheproductY =∏r

i=1 X−1
i .

To completethedescriptionof thealgorithm,we needto specifythesamplesizeS in
Step2, andthenumberof simulationstepsTi requiredfor eachsample.Our goal is to
showthat,with suitablevaluesfor thesequantities,AlgorithmA is anFPRASfor Z.�/ .

Theissueof thesamplesizeS is straightforward.Usingelementarystatisticalcal-
culations,wecanshowthefollowing:

PROPOSITION 12.3 In Algorithm A, supposethe samplesize S in Step2 is S=
d130e"−2r e, andthatthesimulationlengthTi is largeenoughthatthevariationdistance
of M match.� i / from its stationarydistribution � λi is at most "=5er . Then the output
randomvariableY satis®es

Pr
(
.1− " / Z. �̂ / ≤ Y ≤ .1+ " / Z. �̂ /

) ≥ 3
4:

Sincer is a relatively small quantity (essentiallylinear in n: see(12.8)), this result
meansthatamodestsamplesizeateachstagesuf®cesto ensureagood®nalestimateY,
providedof coursethatthesamplescomefrom adistributionthatis closeenoughto � λi .

It is in determiningthenumberof simulationsteps,Ti , requiredto achievethis that
themeatof theanalysislies: of course,this is tantamountto investigatingthemixing
timeof theMarkovchainM match.� i / . Ourmaintaskin thissectionwill beto show:

PROPOSITION 12.4 Themixing timeof theMarkovchainM match.�/ satis®es

� X ." / ≤ 4|E|n� ′
(
n.lnn+ ln � ′/ + ln"−1):

Theproof of this resultwill makeuseof thefull powerof themachineryintroducedin
Section12.3.NotethatProposition12.4is a very strongstatement:it saysthatwe can
samplefrom (closeto) thecomplexdistribution� λ overtheexponentiallylargespaceof
matchingsin G, by performinga Markovchainsimulationof lengthonly a low-degree
polynomialin thesizeof G.11

Accordingto Proposition12.3,we requirea variationdistanceof "=5er , soPropo-
sition12.4tellsusthatit suf®cesto take

Ti =
⌈
4|E|n� ′i

(
n.lnn+ ln � ′i / + ln.5er="/

)⌉
: (12.9)

Thisconcludesourspeci®cationof theAlgorithm A.
Beforeproceedingto prove the abovestatements,let us convinceourselvesthat

togethertheyimply thatAlgorithmA isanFPRASfor Z.�/ . Firstof all,Proposition12.3
ensuresthattheoutputof Algorithm A satis®estherequirementsof anFPRASfor Z. It
remainsonly toverify thattherunningtimeisboundedbyapolynomialin n, �̂ ′, and"−1.
Evidently, the runningtime is dominatedby thenumberof Markov chainsimulations

11Incidentally, we shouldpoint out thatProposition12.4 immediatelytells us thatwe cansample
monomer-dimercon®gurationsfrom thecanonicaldistributionπ� , in timepolynomialin n andλ′. This
is in itself aninterestingresult,andallowsestimationof theexpectationof manyquantitiesassociated
with monomer-dimercon®gurations.
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steps,whichis
∑r

i=1 STi ; sinceTi increaseswith i , this is atmostr STr . Substitutingthe
upperboundfor r from(12.8),andvaluesfor SfromProposition12.3andTr from(12.9),
weseethattheoverallrunningtimeof Algorithm A is boundedby12

O
(
n4|E|̂� ′. lnn̂� ′/3"−2);

whichgrowsonly polynomiallywith n, �̂ ′ and"−1. We havethereforeproved

THEOREM 12.1 Algorithm A is anFPRASfor thepartitionfunctionof anarbitrary
monomer-dimersystem.

WereturnnowtoproveProposition12.3andProposition12.4.The®rstof thesecan
bedispensedwith quickly. It restsonthestandardobservationthatthesamplesizeSre-
quiredateachvalue� = � i toensurethatour®nalestimateis goodwith highprobability
dependson thevariancesof therandomvariablesf i , or morepreciselyon thequanti-
ties.Var fi /=.E fi /2. Intuitively, if thesequantitiesarenot toolarge,asmallsamplewill
suf®ce.Since fi takesvaluesin therange[0; 1], it is clearthatVar f i ≤E fi = � i , sothat
.Var fi /=.E fi /2≤ � −1

i . Now, from thede®nitionof Z and� i wehavefor 1≤ i ≤ r ,

� −1
i =

Z.� i /
Z.� i−1/

=
∑

k mk � k
i∑

k mk � k
i−1

≤
(

� i

� i−1

)n

≤
(

1+ 1
n

)n

≤ e:
(12.10)

Also, it is easyto see(usingthefact thatmatchingsaresubsetsof E) thatZ
(|E|−1

)≤ e,
so(12.10)holdsfor i = 0also.Thus,wehave.Var f i /=.E fi /2≤ efor all i . Thisexplains
ourchoiceof valuesfor the� i .

Armedwith this boundon thevariancesof the f i , onecanproveProposition12.3
by a routinestatisticalcalculation.The detailsareunedifyingandaredeferredto the
Appendix.

We turn now to the morechallengingquestionof proving Proposition12.4.Our
strategywill betocarefullychooseacollectionof canonicalpaths0 = {
 XY : X; Y ∈ 
 }
in theMarkovchainM match.�/ for whichtheªbottleneckºmeasureÅ� .0 / of Section12.3
is small.Wecanthenappealto Proposition12.1to boundthemixing time.Speci®cally,
weshallshowthatourpathssatisfy

Å� .0 / ≤ 4|E|n� ′: (12.11)

Sincethenumberof matchingsin G is certainlyboundedaboveby .2n/!, thestation-
ary probability � λ. X/ of any matchingX is boundedbelow by � λ. X/ ≥ 1=.2n/!� ′n .
Using (12.11) andthe fact that lnn! ≤ nlnn, theboundon themixing time in Propo-
sition12.4cannowbereadoff Proposition12.1.

It remainsfor us to ®nda setof canonicalpaths0 satisfying(12.11). For a pair
of matchingsX; Y in G, we de®nethe canonicalpath 
 XY as follows. Considerthe
symmetricdifferenceX⊕Y. A moment'sre¯ectionshouldconvincethereaderthatthis
consistsof a disjoint collectionof pathsin G (someof which may be closedcycles),

12In derivingtheO-expression,wehaveassumedw.l.o.g.thatTr D O
�
jE jn2bλ′ lnnbλ′

�
. This follows

from (12.9)with theadditionalassumptionthat lnε−1 D O(n lnn). This latterassumptionis justi®ed
sincetheproblemcanalwaysbesolvedexactlyby exhaustiveenumerationin timeO(n(2n)!), whichis
O(ε−2) if lnε−1 exceedstheabovebound.
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eachof which hasedgesthat belongalternatelyto X andto Y. Now supposethat we
have®xedsomearbitraryorderingon all simplepathsin G, anddesignatedin eachof
thema so-calledªstartvertex,ºwhich is arbitraryif thepathis a closedcyclebut must
beanendpointotherwise.ThisorderinginducesauniqueorderingP1; P2; : : : ; Pm onthe
pathsappearingin X⊕Y. Thecanonicalpathfrom X to Y involvesªunwindingº each
of the Pi in turnasfollows. Therearetwo casesto consider:

(i) Pi is notacycle. Let Pi consistof thesequence.v0; v1; : : : ; vl / of vertices,with v0

thestartvertex.If .v0; v1/ ∈ Y, performasequenceof type0 transitionsreplacing
.v2 j+1; v2 j+2/ by .v2 j ; v2 j+1/ for j = 0; 1; : : : , and ®nishwith a single type 2
transitionif l isodd.If ontheotherhand.v0; v1/ ∈ X, beginwith atype1transition
removing.v0; v1/ andproceedasbeforefor thereducedpath.v1; : : : ; vl / .

(ii) Pi is a cycle. Let Pi consistof thesequence.v0; v1; : : : ; v2l+1/ of vertices,where
l ≥ 1,v0 is thestartvertex,and.v2 j ; v2 j+1/ ∈ X for 0≤ j ≤ l , theremainingedges
belongingto Y. Thenthe unwindingbeginswith a type 1 transitionto remove
.v0; v1/ . Weareleft with anopenpathO with endpointsv0; v1, oneof whichmust
be thestartvertexof O. Supposevk , k ∈ {0; 1}, is not thestartvertex.Thenwe
unwind O asin (i) abovebut treatingvk asthestartvertex.This trick servesto
distinguishpathsfrom cycles,aswill proveconvenientshortly.

Thisconcludesourde®nitionof thefamily of canonicalpaths0. Figure12.1will helpthe
readerpictureatypical transitiont onacanonicalpathfrom X to Y. ThepathPi (which
happensto beacycle)is theonecurrentlybeingunwound;thepathsP1; : : : ; Pi−1 to the
left havealreadybeenprocessed,while theonesPi+1; : : : ; Pm areyet to bedealtwith.

Wenowproceedto boundtheªbottleneckºmeasureÅ� .0 / for thesepaths,usingthe
injectivemappingtechnologyintroducedin Section12.3.Let t beanarbitraryedgein
theMarkovchain,i.e.,atransitionfrom M to M ′ 6=M, andletcp.t/ = {. X; Y/ : 
 XY 3 t}
denotethesetof all canonicalpathsthatuset. (Weusethenotationt in placeof ehereto
avoidconfusionwith edgesof G.) Justasin Section12.3,weshallobtainaboundonthe
totalweightof all pathsthatpassthrought byde®ninganinjectivemapping� t : cp.t/→

 . By analogywith thehypercubeexamplein Section12.3,whatwewouldlike to dois
to set� t . X; Y/ = X⊕Y⊕ . M ∪M ′/ ; theintuition for this is that� t . X; Y/ shouldagree
with X onpathsthathavealreadybeenunwound,andwith Y onpathsthathavenotyet
beenunwound(just as� e. x; y/ agreedwith x on positions1; : : : ; i − 1 andwith y on
positionsi +1; : : : ; n−1). However, thereis aminorcomplicationconcerningthepath
thatwe arecurrentlyprocessing:in orderto ensurethat� t . X; Y/ is indeeda matching,
wemayÐ asweshallseeÐ haveto removefrom it theedgeof X adjacentto thestart
vertexof thepathcurrentlybeingunwound:we shallcall this edgeeXY t . This leadsus
to thefollowing de®nitionof themapping� t :

� t . X; Y/ =
{X⊕Y⊕ . M ∪M ′/ −eXY t ; if t is type0 andthe

currentpathis a cycle;
X⊕Y⊕ . M ∪M ′/; otherwise.

Figure12.2illustratestheencoding� t . X; Y/ thatwould resultfrom thetransitiont on
thecanonicalpathsketchedin Figure12.1.

Letuscheckthat� t . X; Y/ isalwaysamatching.Toseethis,considerthesetof edges
A= X⊕Y⊕ . M ∪M ′/ , andsupposethatsomevertex,u say, hasdegreetwo in A. (Since
A⊆ X∪Y, novertexdegreecanexceedtwo.)ThenA containsedges{u; v1}; {u; v2} for
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P1 PiX: Pi−1 · · ·Pi+1

t

Startvertexof (closed)pathPi

M: · · · · · ·

M ′:

Y:

· · ·

· · · · · ·

· · ·

:::

:::

Pm· · ·

FIGURE 12.1

A transitiont in thecanonicalpathfrom X to Y.

P1 Pi· · · Pi−1 Pi+1 Pm· · ·

FIGURE 12.2

Thecorrespondingencoding� t . X; Y/.

distinctverticesv1; v2, andsinceA⊆ X∪Y, oneof theseedgesmustbelongto X and
theotherto Y. Hence,bothedgesbelongto X⊕Y, whichmeansthatneithercanbelong
to M ∪M ′. Followingtheform of M ∪M ′ alongthecanonicalpath,however, it is clear
thattherecanbeatmostonesuchvertexu; moreover, this happenspreciselywhenthe
currentpathis a cycle,u is its startvertex,andt is type0. Ourde®nitionof � t removes
oneof theedgesadjacentto u in thiscase,soall verticesin � t . X; Y/ havedegreeatmost
one,i.e., � t . X; Y/ is indeedamatching.

We nowhaveto checkthat� t is injective.It is immediatefrom thede®nitionof � t
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thatthesymmetricdifferenceX⊕Y canberecoveredfrom � t . X; Y/ usingtherelation

X⊕Y =




� t . X; Y/⊕ . M ∪M ′/ +eXY t ; if t is type0 andthe
currentpathis a cycle;

� t . X; Y/⊕ . M ∪M ′/; otherwise.

Notethat,oncewehaveformedtheset� t . X; Y/⊕ . M ∪M ′/ , it will beapparentwhether
thecurrentpathis a cycle from thesenseof unwinding.(Note thateXY t is theunique
edgethat forms a cycle whenaddedto the path.)Given X⊕Y, we canat onceinfer
thesequenceof pathsP1; P2; : : : ; Pm thathaveto beunwoundalongthecanonicalpath
from X to Y, andthe transitiont tells us which of these,Pi say, is the pathcurrently
beingunwound.The partition of X ⊕ Y into X andY is now straightforward:X has
thesameparity as� t . X; Y/ on pathsP1; : : : ; Pi−1, andthesameparity as M on paths
Pi+1; : : : ; Pm . Finally, thereconstructionof X andY iscompletedbynotingthatX∩Y=
M− . X⊕Y/, which is immediatefrom thede®nitionof thepaths.Hence,X andY can
beuniquelyrecoveredfrom � t . X; Y/, so� t is injective.

Wearealmostdone.However, thefactthat� t is injectiveisnotsuf®cientin thiscase
because,in contrastto thehypercubeexample,thestationarydistribution� λ is highly
non-uniform.Whatwerequirein additionis that� t beªweight-preserving,ºin thesense
that Q.t/� λ.� t . X; Y// ≈ � λ. X/� λ.Y/. Moreprecisely, wewill showin amomentthat

� λ. X/� λ.Y/ ≤ 2|E|� ′2Q.t/� λ.� t . X; Y//: (12.12)

First, let usseewhy weneeda boundof this form in orderto estimateÅ� . We have

1
Q.t/

∑

γXY3t

� λ. X/� λ.Y/ |
 XY | ≤ 2|E|� ′2
∑

γXY3t

� λ.� t . X; Y// |
 XY |

≤ 4|E|n� ′2
∑

γXY3t

� λ.� t . X; Y//

≤ 4|E|n� ′2 ; (12.13)

wherethesecondinequalityfollows from thefact thatthelengthof anycanonicalpath
is boundedby 2n, andthe last inequalityfrom thefactsthat � t is injectiveand� λ is a
probabilitydistribution.

It remainsfor usto proveinequality(12.12).Beforewedoso,it is helpful to notice
thatQ.t/ = .2|E|/−1min{� λ. M/; � λ. M ′/}, asmayeasilybeveri®edfrom thede®nition
of M match.�/ . We nowdistinguishfour cases:

(i) t is a type1 transition. SupposeM ′ = M −e. Then� t . X; Y/ = X⊕Y⊕M, so,
viewedasmultisets,M ∪ � t . X; Y/ andX∪Y areidentical.Hence,wehave

� λ. X/� λ.Y/ = � λ. M/� λ.� t . X; Y//

= 2|E|Q.t/
min{� λ. M/; � λ. M ′/} × � λ. M/� λ.� t . X; Y//

= 2|E|Q.t/ max{1; � λ. M/=� λ. M ′/}� λ. M/� λ.� t . X; Y//

≤ 2|E|� ′Q.t/� λ.� t . X; Y//;

from which (12.12)follows.
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(ii) t is a type2 transition. This is handledby a symmetricalargumentto (i) above,
with therolesof M andM ′ interchanged.

(iii) t is a type0 transitionandthecurrentpathis a cycle. SupposeM ′ = M+e−e′,
andconsiderthemultisetM∪ � t . X; Y/. Then� t . X; Y/ = X⊕Y⊕ . M+e/−eXY t ,
sothemultisetM∪ � t . X; Y/ differsfrom X∪Y only in thateandeXY t aremissing
from it. Thus,wehave

� λ. X/� λ.Y/ ≤ � ′2� λ. M/� λ.� t . X; Y//

= 2|E|� ′2Q.t/� λ.� t . X; Y//;

sincein this case� λ. M/ = � λ. M ′/ , andso Q.t/ = .2|E|/−1� λ. M/. Therefore,
(12.12)is againsatis®ed.

(iv) t isa type0transitionandthecurrentpathisnotacycle. Thisis identicalwith (iii)
above,exceptthattheedgeeXY t doesnotappearin theanalysis.Accordingly, the
boundis

� λ. X/� λ.Y/ ≤ 2|E|� ′Q.t/� λ.� t . X; Y//:

Thisconcludesourproofof (12.12).Wemaynowdeducefrom(12.13),that Å� .0 / ≤
4|E|n� ′2. However, oneadditionalobservationwill allow us to improvetheboundto
Å� .0 / ≤ 4|E|n� ′, whichiswhatweclaimedin (12.11).Lookingattheabovecaseanalysis
weseethat,in all casesexceptcase(iii), (12.12),andhence(12.13),actuallyholdwith
� ′2 replacedby � ′. But in case(iii) wecanarguethat� t . X; Y/ musthavesucharestricted
form that

∑
γXY3t � λ.� t . X; Y// is boundedaboveby � ′−1. Using this fact in the ®nal

inequalityin (12.13),wegettheimprovedupperboundof 4|E|n� ′ in thiscase,andhence
in all cases.Thiswill completeourveri®cationof thebound(12.11) on Å� .0 /.

To justify theaboveclaim,notethat� t . X; Y/ hasat leasttwo unmatchedvertices,
namelythe startvertexof the currentcycle andthe vertexthat is commonto both e
ande′. Moreover, in � t . X; Y/ ⊕M theseverticesarelinked by analternatingpaththat
startsandendswith anedgeof M. Sowe mayassociatewith eachmatching� t . X; Y/
anothermatching,say� ′t . X; Y/, obtainedby augmenting� t . X; Y/ alongthis path.But
this operationis uniquelyreversible,soall matchings� ′t . X; Y/ createdin this way are
distinct.Moreover, � λ.� t . X; Y// = �� λ.� t . X; Y// . Hencewe have

∑
� λ.� t . X; Y// =

� −1∑ � λ.� ′t . X; Y// ≤ � −1, so
∑

� λ.� t . X; Y// ≤ � ′−1 asclaimed.

MOREAPPLICATIONS

12.5

In this sectionwe reviewsomefurtherapplicationsof thetechniquesdescribedin Sec-
tion12.3toproblemsin combinatorialenumerationandintegration.In eachcase,aswith
the monomer-dimerproblemof Section12.4,the Markov chainMonteCarlomethod
providestheonly knownbasisfor anef®cientalgorithmin theFPRASsense.
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12.5.1 THE PERMANENT

Historically, the®rstmajorapplicationof themethodsof Section12.3wastotheapproxi-
mation of the permanentfunction. The permanentof an n × n integer matrix
A= .ai j : 0≤ i ; j ≤ n−1/ is de®nedby

perA=
∑

π

n−1∏

i=0

ai,π(i) ;

wherethesumis overall permutations� of [n] = {0; : : : ; n−1}. For convenience,we
takeA to bea0,1-matrix,in whichcasethepermanentof A hasasimplecombinatorial
interpretation:namely, perA is equalto thenumberof perfectmatchings(1-factors)in
thebipartitegraphG = .V1; V2; E/, whereV1 = V2 = [n], and.i ; j / ∈ E if f ai j = 1.
Valiant [Val79a] demonstratedthat evaluatingthe permanentof a 0,1-matrixis com-
pletefor theclass#P; thus,justasin thecaseof themonomer-dimerpartitionfunction,
we cannotexpectto ®ndan algorithmthat solvesthe problemexactly in polynomial
time.13 Interesthasthereforecenteredon ®ndingcomputationallyfeasibleapproxima-
tion algorithms.

It turnsout that the Markov chainMonte Carlo methodcanbe usedto construct
suchanalgorithm(in theFPRASsense)for almostall instancesof thisproblem.Tostate
theresultprecisely, we will usetheperfectmatchingformulation.Let G = .V1; V2; E/
bea bipartitegraphwith |V1| = |V2| = n. A specialrole will beplayedin theresultby
thenumberof near-perfectmatchingsin G, i.e.,matchingswith exactlytwo unmatched
vertices.Following the notationof the previoussection,let us write mk = mk .G/ for
the numberof k-matchingsin G. Then the numberof perfectmatchingsis mn , and
thenumberof near-perfectmatchingsis mn−1. JerrumandSinclair[JS89] showedthat
thereexistsarandomizedapproximationschemefor thenumberof perfectmatchingsmn

whoserunningtime is polynomialin n, "−1 andtheratiomn−1=mn.
Notethatthisalgorithmis notin generalanFPRAS,sincethereexist.n+n/-vertex

graphsG for which the ratio mn−1=mn is exponentialin n. However, it turnsout that
theseexamplesare wildly atypical in the sensethat the probability that a randomly
selectedG on n+ n verticesviolatestheinequalitymn−1=mn ≤ 4n tendsto 0 asn→
∞.14 Thus,theabovealgorithmconstitutesanFPRASfor almostall graphs;moreover,
theconditionthattheratiomn−1=mn beboundedby a speci®edpolynomialin n canbe
testedfor anarbitrarygraphin polynomialtime [JS89]. It is alsoknown[Bro86] that
everysuf®cientlydensegraph(speci®cally, thosein which everyvertexhasdegreeat
least1

2n) satis®esmn−1=mn =O.n2/ . Moreover, it hasrecentlybeenshownby Kenyon,
Randall,andSinclair [KRS96] that the ratio mn−1=mn is guaranteedto besmall for a
wideclassof homogeneousgraphsG, includingtheimportantcaseof geometriclattice
graphsin anynumberof dimensions.We shouldalsopointout that,althoughtheabove
descriptionhasbeencouchedin termsof matchingsin bipartitegraphsbecauseof the
connectionwith thepermanent,everythingextendsto general2n-vertexgraphs.

13In contrast,as is well known, the determinantof an n � n matrix can be evaluatedin O(n3)

arithmeticoperationsusingGaussianelimination.
14Formorere®nedresultsalongtheselines,seeFrieze[Friez89] or Motwani [Mot89].
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It wasBroder[Bro86, Mih89a] who ®rstproposeda Markov chainMonte Carlo
approachto approximatingthepermanentvia Markovchainsimulation.His ideawasto
sampleperfectmatchingsin a bipartitegraphG almostu.a.r. by simulatinga Markov
chainwhosestatesareperfectandnear-perfectmatchingsin G; then,usinga reduction
similar in spirit to the one describedin Section12.2 for the Knapsackproblem,the
numberof perfectmatchingscouldbecounted.Broder'sMarkovchainwas®rstproved
to berapidly mixing (undertheaboveconditionon G) by JerrumandSinclair [JS89],
usinga canonicalpathsargumentasin Section12.3.

An alternative,morenaturalapproximationalgorithmfor the permanentfollows
quitepainlesslyfrom our resultsaboutthemonomer-dimerproblemderivedin thepre-
vious section.Note that mn is preciselythe leadingcoef®cientof the partition func-
tion ZG .�/ of themonomer-dimersystemassociatedwith G (see(12.5)).In theprevious
section,wesawhowto samplematchingsin G from thedistribution

� λ. M/ = � |M|

ZG .�/
= � |M|∑n

k=0 mk � k
(12.14)

for any desired� > 0, in time polynomial in n and� ′ = max{� ; 1}, by Monte Carlo
simulationof theMarkov chainM match.�/ . We alsosawhow this fact canbeusedto
computeZG .�/ to goodaccuracyin time polynomial in n and� ′. Supposethenthat
wehavecomputeda goodestimatêZG .�/ of ZG .�/ . Thenwecangeta goodestimator
for mn by samplingmatchingsfrom thedistribution� λ andcomputingtheproportion,
X, of thesamplethatareperfectmatchings;sinceEX =mn � n=ZG .�/ , ourestimatoris
Y = X� −n ẐG .�/ .

Thesamplesizerequiredto ensurea goodestimatedependson thevarianceof a
singlesample,or morepreciselyon the quantity.EX/−1. Clearly, by making� large
enough,we canmakethis quantity, andhencethesamplesize,small: this corresponds
to placingvery largeweight on the perfectmatchings,so that their proportioncanbe
estimatedwell by randomsampling.How largedoes� havetobe?Thisanalysisis eased
by thebeautifulfact thatthesequencem0; m1; : : : ; mn is log-concave, i.e.,mk−1mk+1 ≤
m2

k for k= 1; 2; : : : ; n−1.(Thisis well known[HL72]; adirectcombinatorialproofmay
befoundin [JS89].) Asaconsequence,it followsthatmk−1=mk ≤mn−1=mn for all k, and
hencethatmk=mn ≤ .mn−1=mn/n−k . Thismeansthat,if we take� ≥mn−1=mn, weget

EX = mn � n

ZG .�/
= mn � n

∑n
k=0 mk � k

≥ 1
n+1

; (12.15)

whichimpliesthatthesamplesizerequiredgrowsonly linearlywith n. Thus,it isenough
to take� aboutaslargeastheratiomn−1=mn. Sincethetimerequiredto generateasin-
glesamplegrowslinearlywith � (seeProposition12.4),therunningtimeof theoverall
algorithmis polynomialin n, "−1 andtheratiomn−1=mn , asclaimed.

OPEN PROBLEM 12.2 Is therean FPRASfor the permanentof a general0,1 ma-
trix? Note that this problemis not phrasedasa questionaboutthe mixing time of a
speci®cMarkovchain,andcertainlythechainM match.�/ describedhereis not directly
applicable:aswehaveseen,it seemsto beusefulonly whentheratiomn−1=mn for the
associatedbipartitegraphis polynomiallybounded.However, theMarkovchainMonte
Carlomethodseemsto offer thebesthopefor apositiveresolutionof thisquestion.Es-
sentially, the issueis whetherthe Markov chainM match.�/ canbe suitablyadaptedto
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providea generalsolution,or perhapsusedasa ªblack boxº following someingenious
preprocessingof theinputmatrix.(Thislatterideahasbeenusedin aweakerwaybyJer-
rumandVazirani[JV92] to obtaina randomizedapproximationschemefor thegeneral
0,1permanentwhoserunningtime,while still notpolynomial,is asymptoticallysignif-
icantly fasterthanthatof morenaÈõvemethods.)

Weconcludeourdiscussionof thepermanentby mentioningsomeextensions.First
of all, it is not hardto see,againusingthelog-concavityproperty, thattheabovetech-
niquecanbeextendedto approximatetheentiresequence.mk / , or equivalentlyall the
coef®cientsof themonomer-dimerpartitionfunction[JS89].Therunningtime perco-
ef®cientis no worsethanfor mn . Secondly, manyotherapproximateenumeration(and
sampling)problemscanbereducedto enumerationof perfectmatchings;examplesin-
cludecountingHamiltoniancyclesin denseor randomgraphs(Dyer, Frieze,andJer-
rum [DFJ94], FriezeandSuen[FS92]), countinggraphswith given degreesequence
(JerrumandSinclair[JS90a], Jerrum,McKay, andSinclair[JMS92]), andcountingEu-
lerianorientationsof anundirectedgraph(Mihail andWinkler [MW91]).

12.5.2 VOLUME OF CONVEX BODIES

A problemthathasattractedmuchattentionin thecontextof theMarkov chainMonte
Carlomethodis that of estimatingthe volumeof a convexbody in high-dimensional
space.Computingthevolumeof apolytopein n= 3dimensionsisnotacomputationally
demandingtask,buttheeffort requiredrisesdramaticallyasthenumbern of dimensions
increases.Thisempiricalobservationis supportedby aresultof DyerandFrieze[DF88]
to theeffect thatevaluatingthevolumeof a polytopeexactlyis #P-hard.

In contrast,by applyingtheMarkovchainMonteCarlomethod,Dyer, Frieze,and
Kannan[DFK91] wereableto constructanFPRASfor thevolumeof aconvexbodyin
Euclideanspaceof arbitrary dimension.Theconvexbody K in questionis presented
to the algorithmusinga very generalmechanismcalleda membershiporacle: given
a point x, the membershiporaclesimply revealswhetheror not x ∈ K. Otherways
of specifyingthe body K Ð for exampleasa list of verticesor .n− 1/-dimensional
facetsÐ canberecastin theoracleformulation.Thealgorithmmustalsobeprovided
with a guaranteein the form of two balls,onecontainedin K andof non-zeroradius,
andtheothercontainingK . Thisseeminglytechnicalconditionis essential,for without
sucha guaranteethetaskis hopeless.

Thereareseveraldif®culttechnicalpointsin the constructionandanalysisof the
volumeapproximationalgorithmof Dyeretal.,but,atahighenoughlevelof abstraction,
themethodis quitesimpleto describe.The ideais to divide spaceinto n-dimensional
(hyper)cubesof side� , andto performa randomwalk on thecubesthat lie within the
bodyK . Supposetherandomwalk is atcubeC at timet. A cubeC ′ thatis orthogonally
adjacentto C is selecteduniformly at random;if C′ ∈ K thenthe walk movesto C′,
otherwiseit staysat C. It is easyto checkthat the walk (or somethingcloseto it) is
ergodic,andthatthestationarydistributionis uniformoncubesin K . Thecubesize� is
selectedsoasto provideanadequateapproximationto K , while permittingtherandom
walk to ªexploreº thestatespacewithin a reasonabletime.Rapidmixing (i.e., in time
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polynomialin n) isprovedvia theconductanceargumentof Section12.3,byconsidering
thegeometryof thestatespaceof therandomwalk andapplyingclassicalisoperimetric
inequalities.

Oncethesamplingproblemhasbeensolved,thevolumeof K canbecomputedby
thetechniqueof Section12.2.Let B0⊂ B1⊂ ·· · ⊂ Bm beasequenceof concentricballs
chosensothatB0⊆ K ⊆ Bm andthevolumeof Bi exceedsthatof Bi−1 by (say)afactor
of 2. Considerthesequenceof convexbodies

B0= K ∩ B0 ⊆ K ∩ B1⊆ ·· · ⊆ K ∩ Bm = K: (12.16)

Thevolumeof the®rstis known,while theratiosof volumesof successivebodiescan
beestimatedby MonteCarlosamplingusingsimulationof therandomwalk described
earlier. Randomsamplingis effective in this contextbecausethe volumesof adjacent
bodiesin sequence(12.16)differ by a factorof atmost2. By multiplying theestimates
for thevariousratios,thevolumeof the®nalbodyK ∩Bm = K maybecomputedto any
desireddegreeof approximation.

Althoughtherearemanysituationsin which a sourceof randombits seemsto aid
computation,the currentexampleis particularly interestingin that randomnessis of
provablevalue.It hasbeenshownby Elekes[Elek86] thatadeterministicalgorithmthat
is restrictedto a subexponentialnumberof oraclecalls is unableto obtaina good(say,
to within a ratioof 2) approximationto thevolumeof a convexbody.

The closerelationshipof volumeestimationto (approximate)multi-dimensional
integrationhasprovidedstrongpracticalimpetusto researchin this area.Sincetheap-
pearanceof theoriginal paperof Dyer et al., mucheffort hasgoneinto extendingthe
algorithmtoawiderclassof problems,andintoreducingits runningtime,which,though
polynomialin n, is still ratherhigh in practicalterms.ApplegateandKannan[AK91]
havegeneralizedthealgorithmto theintegrationof log-concavefunctionsoverconvex
regionsin arbitrarydimensionalspace,while Dyer andFrieze[DF91], andLovÂaszand
Simonovits[LS93] havedevisedmanyimprovementsthathavesuccessivelyreducedthe
timecomplexityof thealgorithm.Thesuccessof thelatterpursuitmaybejudgedfrom
thedramaticimprovementin thedependenceof thetime-complexityonthedimensionn:
from O.n27/ for theoriginal algorithmof Dyer et al., to Õ.n7/ asclaimedrecentlyby
Kannan,LovÂasz,andSimonovits[KLS94a].15 Someof theideasthathaveled to these
improvementsaresketchedbelow;for moredetailthereaderis referredtoKannan'ssur-
veyarticle[Kan94], andthereferencestherein.

Onesourceof inef®ciencyin the early approachwasthat the randomwalk in K
could,in principle,getstuckfor longperiodsnearªsharpcornersºof K . Indeed,in the
®rstalgorithm,Dyeretal. foundit necessaryto ªroundoff º thecornersof K beforesim-
ulatingtherandomwalk. ApplegateandKannanobtainedasubstantialimprovementin
ef®ciencyby providingtherandomwalk with afuzzyboundary. Ratherthanestimating
thevolumeof K directly, theirversionof thealgorithmestimatestheintegralof a func-
tion F that takesthevalue1 on K , anddecaysto 0 gracefullyoutsideK . Therandom
walkoncubesismodi®edsothatitsstationarydistributionisapproximatelyproportional

15TheeO( ) notationhidesnot merelyconstants,but alsoarbitrarypowersof logn. Kannanet al.'s
algorithmrequiresjust eO(n5) oraclecalls,but thecostof effectinga singlestepof their randomwalk
maybeashighasO(n2).
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to the function F. As we sawin Section12.4,in thecontextof thematchingMarkov
chainM match.�/ , thisendiseasilyachievedbyusingaMetropolis-styleruletodetermine
transitionprobabilities.ProvidedF decayssuf®cientlyrapidly outsideK , the integral
of F overthewholeof Rn will bea closeapproximationto thevolumeof K .

Anotherstrategythathasbeenemployedin thepursuitof ef®ciencyis to attempt
to reducethelengthm of sequence(12.16),whichamountsto arrangingfor theextreme
balls B0 andBm to beascloseaspossiblein volume.In theearlierpapers,thebody K
is subjectedto a linear transformationthat allows the transformedconvexbody to be
sandwichedbetweenballswhoseradii differ by a factorO.n3/2/ . By contentingthem-
selveswith a lessdemandingnotionof ªapproximatesandwiching,ºKannan,LovÂasz,
andSimonovits[KLS94b] haverecentlyreducedthis factor to O.

√
n/, which is best

possible.Observethatthis improvementin thesandwichingratio reducesthelengthof
sequence(12.16)roughlyby a factorn.

Finally, muchthoughthasgoneinto potentiallymoreef®cientrandomwalks for
samplingfrom within K . This is an attractiveline of inquiry, as the original ªcubes
walk,º which only evermakesshortsteps,intuitively seemsratherinef®cient.LovÂasz
andSimonovits[LS93] considerinsteadaªball walkº with continuousstatespace,which
operatesasfollows. Supposex ∈ K is thepositionof thewalk at time t, anddenoteby
B.x; � / the ball with centrex andradius� . The probabilitydensityof the positionof
thewalk at time t +1, conditionalon its positionat time t beingx, is uniform overthe
regionK ∩ B.x; � / , andzerooutside.Theparameter� is chosento exploit thetrade-off
discussedbrie¯y in the contextof the cubeswalk. The conductanceargumentcanbe
extendedto thecontinuouscasewithoutessentialchange.Theball walk savesafactorn
in thenumberof oraclecalls;unfortunately, asthemovesof therandomwalk arenow
morecomplexthanbefore,thereis no savingin net time complexity(i.e., excluding
oraclecalls).

An interestingproblemrelatedtovolumeestimationis thatof approximatelycount-
ing contingencytables:given m+ n positive integersr1; : : : ; rm andc1; : : : ; cn , com-
pute an approximationto the numberof m× n non-negativeintegermatriceswith
row-sumsr1; : : : ; rm andcolumn-sumsc1; : : : ; cn . This problemarisesin the interpre-
tationof theresultsof certainkindsof statisticalexperiment;see,for example,Diaconis
andEfron [DE85].

It is easyto seethat thecontingencytableswith givenrow- andcolumn-sumsare
in 1-1 correspondencewith integerlatticepointscontainedin anappropriatelyde®ned
polytopeof dimensionnm−n−m. We mighthopethatasuf®cientlyuniformdistribu-
tion onlatticepointscouldbeobtainedby samplingfrom the(continuous)convexpoly-
topeandroundingto a nearbylatticepoint.Dyer, Kannan,andMount [DKM95] show
that this canbe done,providedthat the row- andcolumn-sumsaresuf®cientlylarge;
speci®cally, thateachsumis at least.n+m/nm. Thecaseof small row- andcolumn-
sumsremainsopen.Thereis nohopeof anFPRASfor unrestricted3-dimensionalcon-
tingencytables(unlessNP=RP), asIrving andJerrum[IJ94] haveshownthatdeciding
feasibility (i.e, whetherthereis at leastonerealizationof thecontingencytable)is NP-
completein 3-dimensions,evenwhentherow-column-and®le-sumsareall either0or1.

OPEN PROBLEM 12.3 An elegantdirect approachto samplingcontingencytables
hasbeenproposedby Diaconis.Considerthe Markov chainM CT, whosestatespace
is the setof all matriceswith speci®edrow and columnsums,andwhosetransition
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probabilitiesarede®nedasfollows. Let thecurrentstate(matrix) be A= .ai j / . Select
a pair of rows .i ; i ′/ with i 6= i ′, anda pair of columns. j ; j ′/ with j 6= j ′, bothu.a.r.
Form a new matrix A′ from A by incrementingby one the array elementsai j ; ai0j0,
anddecrementingby onethe elementsai j0; ai0j . Note that A′ hasthe samerow- and
column-sumsas A. If A′ is non-negativethenwe acceptit asthenextstate;otherwise
the chain remainsat stateA. It is easyto verify that M CT is ergodic and reversible
with uniform stationarydistribution.Moreover, it appearsto work well in practiceas
a uniform samplingprocedurefor contingencytables.However, its mixing time is not
knownto beboundedby anypolynomialin thesizeof theinput. (Forobviousreasons,
we mustassumethat therow- andcolumn-sumsareexpressedin unarynotationwhen
de®ningtheinputsize.)

12.5.3 STATISTICAL PHYSICS

We havealreadyseen,in Section12.4,a detailedexampleof the useof the Markov
chainMonteCarlomethodin statisticalphysics.It wasin fact in this areathatthe®rst
computationaluseof the techniquewas made,and today Markov chain simulations
relatedto physicalsystemsaccountfor vastquantitiesof CPUtimeonhighperformance
machines.Thesemethods,while ofteningenious,arehardlyeverstatisticallyrigorous,
so the numericalresultsobtainedfrom themhaveto be treatedwith somedegreeof
caution.Oneof the mostexciting applicationsof the analyticaltechniquespresented
hereis the potentialtheyopenup for the rigorousquanti®cationof thesemethods.In
thissubsection,wesketchtheprogressthathasbeenmadein thisdirectionto date.

Themostintensivelystudiedmodelin statisticalphysicsis theIsing model, intro-
ducedin the1920sby LenzandIsingasa meansof understandingthephenomenonof
ferromagnetism.An instanceof theIsingmodelis speci®edby giving a setof n sites, a
setof interactionenergiesVi j for eachunorderedpair of sitesi ; j , a magnetic®eldin-
tensityB, andaninversetemperature� . A con®gurationof thesystemde®nedby these
parametersis oneof the2n possibleassignments� of±1 spinsto eachsite.Theenergy
of a con®guration� is givenby theHamiltonianH.� / , de®nedby

H.� / =−
∑

{i, j}
Vi j � i � j − B

∑

k

� k :

Themoreinterestingpartof H .� / is the®rstsum,whichconsistsof acontributionfrom
eachpair of sites.The contributionfrom the pair i ; j is dependenton the interaction
energy Vi j , andwhetherthespinsat i and j areequalor unequal.Thesecondsumhasa
contributionfromeachsitei whosesigndependsonthesignof thespinati . In physically
realisticapplications,thesitesarearrangedin a regularfashionin 2- or 3-dimensional
space,andVi j is non-zeroonly for ªadjacentºsites.Fromacomputationalpointof view,
thisspecialstructureseemsdif®cultto exploit.Formoredetailonthisandothermodels
in statisticalphysics,viewedfrom a computationalperspective,consultthesurveyby
Welsh[Wel90].

A central problem in the theory is evaluating the partition function Z =∑
σ exp.−� H .� // , wherethesumis overall possiblecon®gurations� . This is analo-

gousto themonomer-dimerpartitionfunctionin Section12.4,which is alsoaweighted
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sumovercon®gurations.Thesigni®canceof Z is thatit is thenormalizingfactorin the
Gibbsdistribution, which assignsprobabilityexp.−� H .� //= Z to eachstate(con®gu-
ration)� in thesteadystate.Otherproblemsrelateto theevaluationof theexpectation
of certainrandomvariablesof � , when� is sampledaccordingto theGibbsdistribution:
themeanmagneticmomentandmeanenergyaretwo such.

Whentheinteractionenergiesareunconstrained(thiscorrespondstoaso-calledspin
glass) thepartitionfunctionis hardevento approximate[JS93], sowerestrictattention
to theimportantferromagneticcase,whereVi j ≥ 0 for all pairs{i ; j } of sites.Evenhere,
exactcomputationof thepartitionfunction is #P-complete[JS93], so it is againnatu-
ral to askwhetheranFPRASexists.JerrumandSinclair[JS93] answeredthisquestion
in theaf®rmative,andin additionpresentedanFPRASfor themeanmagneticmoment
andmeanenergy. Applying theMarkov chainMonteCarlomethodto theIsing model
requiredanadditionaltwist, astheªnaturalº randomwalk on con®gurations,in which
two con®gurationsareadjacentif theydiffer in just onespin, is not rapidly mixing.16

Thetwist is to simulateanapparentlyunrelatedMarkovchainonadifferentsetof con-
®gurationsÐ basedonedgesratherthanverticesÐ whichhappensto haveessentially
thesamepartitionfunctionasthe Ising modelproper. Usingthecanonicalpathsargu-
ment,it canbe shownthat the new, edge-basedMarkov chainis rapidly mixing. The
twist justdescribedis onefactorthatmakesthisapplicationoneof themostintricateso
far devised.

In additionto the Ising modelandmonomer-dimersystems,othermodelsin sta-
tistical physicsthat havebeensolvedin the FPRASsensearethe six-pointice model
[MW91] andtheself-avoidingwalk modelfor linearpolymers[BS85, RS94]. Thefor-
merproblemis againconnectedwith matchingsin a graph,but ratherremotely, anda
fair amountof work is requiredto establishandverify the connection[MW91]. The
lattermakesuseof a Markov chainthat is muchsimplerin structureto thoseconsid-
eredhere[BS85], andwhoseanalysisrequiresafar lesssophisticatedapplicationof the
canonicalpathsapproach.Theanalysisin fact relieson a famousconjectureregarding
thebehaviorof self-avoidingwalks:theresultingalgorithmis somewhatnovelin thatit
eitheroutputsreliablenumericalanswers,or producesa counterexampleto theconjec-
ture[RS94].

12.5.4 MATROID BASES: AN OPEN PROBLEM

A particularlyappealingopenproblemin this area,andonethatwould bevery rich in
termsof consequences,is to determineusefulboundson themixing time of thebasis-
exchangeMarkovchainfor a generalmatroid.(A matroidis analgebraicstructurethat
providesan abstracttreatmentof the conceptof linear independence.)The statesof
this Markov chainarethebases(maximumindependentsets)of a givenmatroid,and
a transitionis availablefrom baseB to baseB′ if thesymmetricdifferenceof B andB′
consistsof preciselytwoelementsof thegroundset.All transitionprobabilitiesareequal,
sothechainis ergodicandreversiblewith uniformstationarydistribution.

16A moreelaboraterandomwalk on spincon®gurationsproposedby SwendsenandWang[SW87]
mayberapidlymixing, butnothingrigorousis known.
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A concreteexampleis providedby the graphicmatroid associatedwith an undi-
rectedgraphG. In this case,the basesarespanningtreesof G, anda transitionfrom
a giventreeT is effectedby addinga singleedge(selectedu.a.r.) to T, thuscreatinga
cycle,andthenbreakingthecyclebydeletingoneof itsedges(selectedu.a.r.).Thebasis-
exchangeMarkovchainis knownto berapidlymixing for graphicmatroids,and,some-
whatmoregenerally, for matroidssatisfyingacertainªbalanceconditionº(seeFederand
Mihail [FM92]). A proofof rapidmixing in thegeneralcasewould imply theexistence
of anFPRASfor a numberof importantproblemsin combinatorialenumeration,all of
which are#P-complete,includingcountingconnectedspanningsubgraphsof a graph
(networkreliability), forestsof givensizein agraph,andindependentsubsetsof vectors
in asetof n-vectorsoverGF.2/.

THEMETROPOLISALGORITHM AND
SIMULATEDANNEALING

12.6

We concludethis surveywith a ratherdifferentapplicationof theMarkovchainMonte
Carlomethod.Like theapplicationswehavediscussedsofar, Markovchainsimulation
will againbeusedto samplefrom a largecombinatorialsetaccordingto somedesired
probabilitydistribution.However, whereasup to now we haveusedthis randomsam-
pling to estimatetheexpectationsof suitablyde®nedrandomvariablesovertheset,we
will nowuseit to optimizea function.This is thekey ingredientof severalrandomized
searchheuristicsin combinatorialoptimization,themostcelebratedof which is known
assimulatedannealing.

As usual,let 
 bea largecombinatorialset,which we think of now asthesetof
feasiblesolutionsto someoptimizationproblem.Let f : 
 →R+ beanobjectivefunc-
tion de®nedon 
 ; our goal is to ®nda solutionx ∈ 
 for which the value f .x/ is
maximum(or, symmetrically,minimum).Asanillustrativeexample,letustakethemax-
imum cut problem.Here
 is thesetof partitionsof theverticesof a givenundirected
graphG = .V; E/ into two setsS andS= V − S. Our goal is to ®nda partition that
maximizesthenumberof edgesbetweenSandS.

Hereis a very generalapproachto problemsof this kind. First, we de®nea con-
nected,undirectedgraphH on vertexset
 : this graphis oftenreferredto asa neigh-
borhoodstructure. Typically, theneighborsof asolutionx ∈ 
 arecloseto x undersome
measureof distancethatis naturalto thecombinatorialstructuresin question:for exam-
ple,in themaximumcutproblem,theneighborsof aparticularpartition. S; S/ mightbe
all partitionsof theform. S−s; S+s/ and. S+ t; S− t/ obtainedbymovingoneelement
acrossthepartition.Next we constructa Markovchainin theform of a biasedrandom
walk onthegraphH of aspecialform.Let d.x/ denotethedegreeof vertexx in H, and
let D beanupperboundonthemaximumdegree.Thentransitionsfrom anystatex ∈ 

aremadeasfollows:

I. with probability 1
2 let y= x; otherwise,
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II. selecty ∈ 
 accordingto thedistribution

Pr. y/ =




1
D if y is aneighborof x;
1− d(x)

D if y= x;
0 otherwise;

III. go to y with probabilitymin{1; � f (y)− f (x)}.

Here� ≥ 1 is a ®xedparameterwhoserolewill becomeclearshortly. We shallreferto
thisMarkovchainasMC.� / . NotethatMC.� / alwaysacceptstransitionsto neighbors
with bettervaluesof f , butrejectstransitionsto poorerneighborswith aprobabilitythat
dependson � .17

Let us observesomegeneralpropertiesof this Markov chain.First, since H is
connected,thechainis irreducible,andsinceall self-loopprobabilitiesarenon-zeroit is
aperiodic;henceit is ergodic.Now de®ne

� α . x/ = � f (x)

Z.� /
; for x ∈ 
 ; (12.17)

whereZ.� / is a normalizingfactorto make� α a probabilitydistribution.Thenit is an
easymatterto checkthat thechainis reversiblewith respectto � α, i.e., the transition
probabilitiesP.x; y/ satisfythedetailedbalancecondition

� α. x/ P.x; y/ = � α. y/ P. y; x/; for all x; y ∈ 
 :

All this implies that the Markov chainconvergesto the stationarydistribution� α . A
Markov chainof this form is known asa Metropolis process, in honorof oneof its
inventors[Met53].

Now let usexaminethestationarydistributionmoreclosely. From(12.17)it is clear
that,for anyvalueof � ≥ 1, � α is amonotonicallyincreasingfunctionof f .x/ . Henceit
favorsbettersolutions.Moreover, theeffect of this biasincreaseswith � : as� →∞,
the distributionbecomesmoresharplypeakedaroundoptimal solutions.At the other
extreme,when� = 1 thedistributionis uniformover
 .

Our optimizationalgorithmis now immediate:simply simulatetheMarkov chain
MC.� / for somenumber, T, of steps,startingfrom anarbitraryinitial solution,andout-
put thebestsolutionseenduringthesimulation.We shall referto this algorithmasthe
Metropolis algorithm at � . How shouldwe choosethe parameter� ? For suf®ciently
large T, we canview thealgorithmasessentiallysamplingfrom thestationarydistri-
bution� α . If wewantto bereasonablysureof ®ndingagoodsolution,wewantto make
� smallsothat� α is well concentrated.Ontheotherhand,intuitively, as� increasesthe
chainbecomeslessmobileandmorelikely to getstuckin local optima:indeed,in the
limit as� →∞, MC.� / simplybecomesaverynaÈõveªrandomizedgreedyºalgorithm.
This tradeoff suggeststhatweshoulduseanintermediatevalueof � .

To preciselyquantifytheperformanceof theMetropolisalgorithmatagivenvalue
of � , wewouldneedto analyzetheexpectedhitting timefrom theinitial solutionto the
setof optimal(or near-optimal)solutions.However, we cangetanupperboundon the
timetakento ®ndagoodsolutionby analyzingthemixing time.Certainly, if MC.� / is
closeto stationarityafterT steps,thentheprobabilitythatwe®nda goodsolutionis at

17In thecasewherewewishto minimise f , everythingwesaycarriesoverwith α replacedby α−1.
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leasttheweightof suchsolutionsin thestationarydistribution� α. Weshallillustratethis
approachby adaptingthematchingexampleof Section12.4,for whichwehavealready
developedall thenecessarytechnology.

Considerthe classicaloptimizationproblemof ®ndinga matchingof maximum
cardinalityin agraph.Thus
 is thesetof all matchingsin agraphG= .V; E/, andwe
aretrying to maximizethefunction f : 
 →R givenby f . M/ = |M|. It is well known
thatthis problemcanbesolvedin polynomialtime,but thealgorithmfor non-bipartite
graphsis far from trivial [Edm65]. We shall showthat the muchsimplerMetropolis
algorithmsolvestheproblemfor mostgraphs,and®ndsagoodapproximatesolutionfor
all graphs,with highprobabilityin polynomialtime.Thekeyto thealgorithm'ssuccess
is a carefullychosenvalueof theparameter� .

We havein fact alreadyde®neda suitableMetropolisprocessfor the maximum
matchingproblem:it is the Markov chainM match.�/ from Section12.4.A glanceat
thede®nitionof this chainrevealsthat it is a Metropolisprocesswhoseneighborhood
structureis de®nedby edgeadditions,deletions,and exchanges,and with D = |E|
and � = � . We saw in Section12.4 that M match.�/ getsvery closeto its stationary
distribution,� λ, in timepolynomialin � andthenumberof verticesin G.

Let us®rstconsiderthecaseof 2n-vertexgraphsG for which theratio mn−1=mn

is polynomially bounded,i.e., mn−1=mn ≤ q.n/ for some®xedpolynomialq.18 (Of
course,for suchgraphsmaximummatchingsareperfectmatchings.)As we haveseen
in Section12.5.1,this actuallycoversalmostall graphs,aswell asseveralinteresting
specialfamiliessuchasdensegraphs.Wealsosawin Section12.5.1that,if wetake� =
q.n/ ≥mn−1=mn, thentheweightof perfectmatchingsin thestationarydistribution� λ
is at least 1

n+1 (seeequation(12.15)).Hence,by runningtheMetropolisalgorithmO.n/
times(or, alternatively, by increasing� by a constantfactor),we canbealmostcertain
of ®ndingaperfectmatching.Therunningtimefor eachrunis polynomialin n and� =
q.n/, andhencepolynomialin n. Thesameresultholdsmoregenerallyfor graphswith
a maximummatchingof sizek0, providedthatmk0−1=mk0 is polynomiallybounded.

Theaboveanalysisbreaksdownfor arbitrarygraphsbecausethevalueof � required
to ®nda maximummatchingcould be very large.However, for arbitrarygraphs,we
canprovethe weakerresult that the Metropolisalgorithmwill ®ndan approximately
maximummatchingin polynomialtime. Let G beanarbitrarygraph,andsupposewe
wish to ®nda matchingin G of sizeat leastk = d.1− " /k0e, wherek0 is the sizeof
a maximummatchingin G and " ∈ .0; 1/. We claim that, if we run the Metropolis
algorithmfor a polynomialnumberof stepswith � = |E|(1−ε)/ε, thenwith probability
at least 1

n+1 we will ®ndsucha matching.(Note, however, that the running time is
exponentialin theaccuracyparameter"−1.) Onceagain,thesuccessprobabilitycanbe
boostedby repeatedtrials,or by increasing� by a smallconstantfactor.

To justify theaboveclaim,weusethelog-concavitypropertyof matchingsandthe
fact thatmk0 ≥ 1 to deducethat

mk−1 = mk0

k0∏

j=k

m j−1

m j
≥
(mk−1

mk

)k0−k+1
: (12.18)

Butsincej -matchingsin G aresubsetsof E of size j , thereisalsothecrudeupperbound

18Recallthatmk denotesthenumberof k-matchingsin G.
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mk−1 ≤ |E|k−1. Hence,from (12.18)weconcludethat
mk−1

mk
≤ |E|(1−ε)/ε = � :

Now we use log-concavityagain to argue that, for 0 ≤ i < k, we havemi=mk ≤
.mk−1=mk / k−i ≤ � k−i . It follows that the weightof i -matchingsin the stationarydis-
tribution� λ is boundedaboveby theweightof thek-matchings.Hence,theprobability
of beingata matchingof sizek or moreis at least 1

n+1, asweclaimed.
Rigorousresultslike this aboutthe performanceof the Metropolisalgorithmon

non-trivialoptimizationproblemsarefew andfar between.Theaboveresultonapprox-
imating maximummatchingswasobtainedvia a morecomplexargumentby Sasaki
andHajek [SH88], who alsoshowthat this resultis bestpossiblein thesensethat the
Metropolisalgorithmcannotbeexpectedto ®ndatruly maximummatchingin arbitrary
graphsin polynomialtime,evenif thealgorithmis allowedto vary theparameter� in
anarbitrarily complicatedfashion.Negativeresultsof a similar ¯avor for otherprob-
lemscanbe found in [Sas91] and[Jer92]. JerrumandSorkin [JS93] provea positive
resultfor thegraphbisectionproblemanalogousto theoneabovefor ®ndingamaximum
matchingin randomgraphs:theyshowthat,for almosteveryinput graphin a suitable
randomgraphmodel,the Metropolisalgorithmrun at a carefully chosenvalueof the
parameter� will ®nda minimumbisectionof thegraphin polynomialtime with high
probability. Their approachis differentfrom theonepresentedhere,in that theyargue
directly aboutthehitting time ratherthananalyzingthemixing time aswe havedone.
Finally, arecentpaperof Kannan,Mount,andTayur[KMT94] showshowtheMetropo-
lis algorithmcanbeusedto ef®ciently®ndapproximatesolutionsto a classof convex
programmingproblems.

Weclosewith abriefdiscussionof thepopularoptimizationheuristicknownassim-
ulatedannealing,®rstproposedin [KGV83]. This heuristicis widely usedin combina-
torialoptimization:for acomprehensivesurveyof experimentalresults,seefor example
[JAMS88, JAMS91]. Essentially, theideais to simulatetheMetropolisprocesswhile at
thesametime varyingtheparameter� accordingto a heuristicscheme.Thus,a simu-
latedannealingalgorithmis speci®edby aMetropolisprocessMC.� / , togetherwith an
increasingfunction� : N→ [1;∞/ . At timet, theprocessmakesatransitionaccording
to MC.� . t// ; we canthereforeview it asa time-inhomogeneousMarkov chainon 
 .
After somespeci®ednumberof steps,thealgorithmterminatesandreturnsthebestso-
lution encounteredsofar.

Thefunction� is usuallyreferredto asa coolingschedule, in accordancewith the
interpretationof � −1 asa ªtemperature.ºIncreasing� thuscorrespondsto decreasing
temperature,or cooling.Thetermªsimulatedannealingºderivesfrom theanalogywith
thephysicalannealingprocess,in which a substancesuchasglassis heatedto a high
temperatureandthengraduallycooled,therebyªfreezingº into a statewhoseenergy is
locally minimum.If thecoolingis donesuf®cientlyslowly, this statewill tendto bea
globalenergy minimum,correspondingto maximumstrengthof thesolid.

Thismorecomplexprocessis evenharderto analyzethantheMetropolisalgorithm
itself.SincetheMarkovchainisnottime-homogeneous,eventhequestionof asymptotic
convergenceis non-trivial.HolleyandStroock[HS88] provedtheexistenceof acooling
schedulethatguaranteesconvergenceto aglobaloptimum:however, thescheduleis so
slowthatthetimetakento convergeis comparablewith thesizeof 
 , whichmakesthe
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algorithmuncompetitivewith naÈõveexhaustivesearch.It remainsanoutstandingopen
problemto exhibitanaturalexamplein whichsimulatedannealingwith anynon-trivial
coolingscheduleprovablyoutperformstheMetropolisalgorithmat a carefullychosen
®xedvalueof � .
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APPENDIX

Proof of Proposition 12.3. The proof essentially hinges on the bound
.Var fi /=.E fi /2≤ e,whichweestablishedfor therandomvariablef i . However, thisran-
domvariableis de®nedwith respectto thedistribution� λi , whereasoursamplescome
from a distribution�̂ λi obtainedfrom a ®nite-lengthsimulationof the Markov chain,
whosevariationdistancefrom � λi satis®es

‖�̂ λi − � λi‖ ≤
"

5er
: (A.1)

We shall thereforework with the randomvariable f̂i , de®nedanalogouslyto fi ex-
ceptthatthematchingM is selectedfrom thedistribution�̂ λi ratherthan� λi . Since f̂i

takesvaluesin .0; 1], its expectationE f̂i = �̂ i clearlysatis®es|�̂ i − � i | ≤ "=5er , which
by (12.10)implies

(
1− "

5r

)
� i ≤ �̂ i ≤

(
1+ "

5r

)
� i : (A.2)

Moreover, againusing(12.10),thevarianceof f̂i satis®es

.Var f̂i /=.E f̂i /2≤ �̂ i
−1 ≤ 2� −1

i ≤ 2e; (A.3)

wherewehavealsoused(A.2) crudelyto deducethat�̂ i ≥ 1
2 � i .

We cannow computethesamplesizeneededto ensurea good®nalestimate.Let
X(1)

i ; : : : ; X(S)
i beasequenceof Sindependentcopiesof therandomvariable f̂i obtained

by samplingS matchingsfrom thedistribution�̂ λi , andlet X i = S−1∑S
j=1 X( j)

i bethe
samplemean.Clearly, EX i = E f̂i = �̂ i , and VarXi = S−1 Var f̂i . Our estimatorof
� = Z. �̂ /−1 is therandomvariableX =∏r

i=1 Xi . Theexpectationof this estimatoris
EX =∏r

i=1 �̂ i = �̂ , whichby (A.2) satis®es
(
1− "

4

)
� ≤ �̂ ≤

(
1+ "

4

)
� : (A.4)

Also, by (A.3), thevariancesatis®es

VarX
.EX/2

=
r∏

i=1

(
1+ VarXi

.EXi /2

)
−1

≤
(

1+ 2e
S

)r

−1

≤ exp.2er=S/ −1

≤ " 2=64;

providedwe choosethesamplesizeS= d130e"−2r e. (Herewe areusingthe fact that
exp.x=65/ ≤ 1+ x=64for 0≤ x ≤ 1.)Now Chebyshev's inequalityappliedto X yields

Pr. |X− �̂ | > ." =4/ �̂ / ≤ 16
" 2

VarX
.EX/2

≤ 1
4

;
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sowehave,with probabilityat least3
4,

(
1− "

4

)
�̂ ≤ X ≤

(
1+ "

4

)
�̂ : (A.5)

Combining(A.4) and(A.5) weseethat,with probabilityat least3
4, Y= X−1 lieswithin

ratio1± " of � −1 = Z. �̂/ , whichcompletestheproof.


