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THE MARKOV CHAIN MONTE CARLO
METHOD: AN APPROACH
TO APPROXIMATE COUNTING
AND INTEGRATION

Mark Jerrum Alistair Sinclair

In the area of statistical physics, Monte Carlo algorithms
based on Markov chain simulation have been in use for
many years. The validity of these algorithms depends cru-
cially on the rate of convergence to equilibrium of the
Markov chain being simulated. Unfortunately, the classical
theory of stochastic processes hardly touches on the sort of
non-asymptotic analysis required in this application. As a
consequence, it had previously not been possible to make
useful, mathematically rigorous statements about the qual-
ity of the estimates obtained.

Within the last ten years, analytical tools have been
devised with the aim of correcting this deficiency. As well
as permitting the analysis of Monte Carlo algorithms for
classical problems in statistical physics, the introduction of
these tools has spurred the development of new approxi-
mation algorithms for a wider class of problems in combi-
natorial enumeration and optimization. The “Markov chain
Monte Carlo” method has been applied to a variety of such
problems, and often provides the only known efficient (i.e.,
polynomial time) solution technique.
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INTRODUCTION
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This chapterdiffersfrom the othersin beingconcernednorewith problemsof count-
ing andintegration,andcorrespondinglyesswith optimization.The problemswe ad-
dressstill tendto be complete put now for the complexityclassof countingproblems
known as#P, ratherthanfor the morefamiliar classNP of decisionproblems.t also
differsfrom mostof the othersin beingcentredarounda generaparadigmfor design-
ing approximatioralgorithms ratherthanarounda speci®@roblemdomain.We shall
referto this paradigmasthe®Markov chainMonte Carlomethod.°lt hasbeenwidely
usedfor manyyearsin severabpplicationareasmostnotablyin computationaphysics
andcombinatorialoptimization.However thesealgorithmshavebeenalmostentirely
heuristicin nature,in thesensehatno rigorousguaranteesould be givenfor thequal-
ity of theapproximatesolutionstheyproducedOnly relativelyrecentlyhaveanalytical
toolsheendevelopedhatallow Markov chainMonteCarloalgorithmsto beplacedona
®rmfoundationwith precisgperformancguaranteed hishasledto anupsugeof inter-
estin thisareain computeiscienceandin thedevelopmentf the®rstprovablyef®cient
approximatioralgorithmsfor severafundamentatomputationaproblemsThis chap-
teraimsto describehesenewtools,andgive thereadera avor of themostsigni®cant
applications

The Markov chain Monte Carlo methodprovidesan algorithmfor the following
generatomputationalask.Let  beaverylarge (but®nite)setof combinatoriaktruc-
tures(suchasthe setof possiblecon®gurationsf a physicalsystemor the setof fea-
sible solutionsto a combinatorialoptimizationproblem),andlet  be a probability
distributionon . Thetaskis to sampleanelementof  atrandomaccordingto the
distribution

In additionto theirinherentinterest,combinatoriakamplingproblemsof this kind
havemanycomputationaapplicationsThe mostnotableof thesearethefollowing:

|. Approximatecounting i.e., estimatehe cardinalityof . A naturalgeneraliza-
tion is discreteintegration wherethe goalis to estimatea weightedsumof the
form )" _,w.x/, wherew is apositivefunctionde®nean

Il. Statisticalphysicshere isthesetof con®gurationef astatisticalmechanical
systemand is anaturalprobabilitydistributionon  (suchasthe Gibbsdis-
tribution),in whichthe probabilityof acon®guratiois relatecto its enegy. The
taskis to samplecon®gurationaccordingo |, in orderto examingoropertieof
adtypical® con®guratiomndto estimatehe expectationsf certainnaturalran-
domvariablegsuchasthemearenegy of acon®guration}Computationsf this
kind aretypically knownas2Monte Carloexperiments.®

I11. Combinatorialoptimization here s the setof feasiblesolutionsto an opti-
mizationproblemand isadistributionthatassignsin somenaturalway, higher
weightto solutionswith abetterobjectivefunctionvalue.Samplingfrom  thus
favorsbettersolutions An exampleof this approachs the popularoptimization
heuristicknownas?simulatedannealing.®
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In all theaboveapplicationsmoreor lessroutinestatisticaproceduregreusedto infer
thedesiredccomputationainformationfrom asequencef independentandomsamples
from thedistribution . (Thispointwill beillustratedby exampledaterin thechapter)
In algorithmsof this kind, thereforejt is the samplingitself which presentghe major
challenge.

The Markov chainMonte Carlo methodsolvesthe samplingproblemasfollows.
We constructa Markov chainhavingstatespace andstationarydistribution . The
Markov chainis designedo be ergodic, i.e., the probability distributionover  con-
vergesasymptoticallyto , regardles®f theinitial state.Moreover its transitionscor-
respondto simplerandomperturbationsof structuresin , and henceare simpleto
simulate Now we maysamplefrom  asfollows: startingfrom anarbitrarystatein
simulatethe Markov chainfor somenumber T, of stepsandoutputthe®nalstate.The
ergodicity meanghat, by taking T largeenoughwe canensurehatthedistributionof
the outputstateis arbitrarily closeto the desireddistribution

In mostapplicationst is not hardto constructa Markov chainhavingthe above
propertiesWhatis notatall obvious,howeveris howto choosehenumberof simula-
tion stepsT, whichis thecrucialfactorin therunningtime of anyalgorithmthatuseghe
chain.Of course|f the algorithmis to be ef®cientthenT mustbe very muchsmaller
thanthesizeof ;equivalentlywerequirethatthe Markovchainbeclosetoits station-
ary distributionaftertakingavery shortrandomwalk through . Loosely we shallcall
aMarkovchainhavingthis property?rapidly mixing,® andthenumberof stepsequired
for thedistributionto becomecloseto  the2mixing time® of the chain.

In heuristicapplication®f theMarkovchainMonteCarlomethod,T isusuallycho-
senby empiricalobservatiorof the Markov chain,or by anappeako combinatorialbr
physicalintuition. This meanghatno preciseclaim canbe madeaboutthedistribution
of thesamplessono performancguaranteeanbegivenfor theassociatedpproxima-
tion algorithms This observatiorholdsfor almostall existingMonte Carloexperiments
in physicsandfor almostall applicationf simulatedannealingn combinatoriabpti-
mization.lt is a considerablehallengdor theoreticacomputerscienceto analyzethe
mixing timein suchapplicationsandhenceto placethesealgorithmson a®rmfounda-
tion.

Unfortunatelythe classicatheoryof stochastigprocessebardlytoucheaiponthe
sortof non-asymptotianalysigequiredn thissituationIn recentyearshowevernovel
analyticatoolshavebeendevelopedhatallowthemixing time of Markovchainsof this
kind to be determinedjuite precisely This in turn hasled to the ®rstrigorousanalysis
of the runningtime of variousapproximationalgorithmsbasedon the Markov chain
Monte Carlo method,aswell asto the designof entirely new algorithmsof this type.
This chapteraimsto presensomeof theseanalyticaltools,andto describetheir most
importantalgorithmicapplications.

Theremainderof the chaptelis organizedasfollows. Section12.2illustrateshow
the Markov chainMonte Carlomethodcanbe appliedto a combinatoriaproblemthat
is very simpleto state,namelythe problemof countingthe numberof solutionsto an
instanceof the Knapsackproblem.Section12.3 describesdwo tools for boundingthe
mixing time of Markov chainsthathaveprovedsuccessfuin a numberof applications
(thoughnotasyetin thecaseof theKnapsaclsolutioncountingproblem) An illustration
of how thesetools might be appliedis providedby atoy example whichis aradically
simpli®edversionof theKnapsackproblem.Section12.4introducesamoresubstantial
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andbettermotivatedapplicationdrawnfrom the®eldof statisticalphysicshamely esti-

matingthe partitionfunctionof amonomerdimersystemThis computationaproblem
includesasaspeciakaseapproximatelcountingmatching®of all sizesn agraph Sec-
tion 12.5thencataloguesariousothemproblemsowhichtheMarkovchainMonteCarlo

methodhasbeensuccessfullapplied. TheconcludingSectionl2.6formulateghe sim-

ulatedannealindheuristicasaninstanceof the Markov chainMonte Carlomethodand

indicateshow the techniqueslescribedn Sectionsl2.3and12.4can,in certaincases,
giverigorousresultson theperformancef the heuristic.

—
AN ILLUSTRAIVEEXAMPLE

3

To introduceand motivatethe Markov chain Monte Carlo method,considerthe fol-
lowing problem:givena = .ap;:::;ay,_1/ € N" andb € N, estimatethe numberN of
0,1-vectorsx € {0; 1}" satisfyingthe inequalitya - x = Zi”;ola;xi < b. If thevectora
givesthesizesof n itemsto be packednto a knapsaclof capacityb, the quantityto be
estimatedanbeinterpretedsthenumbeinf combination®f itemsthatcanbe®ttednto
theknapsackwhich we shallreferto as@Knapsacksolutions.Althoughthis problem
is perhapsotof pressingracticalimportanceijt doesprovidea convenientlemonstra-
tion of themethod No ef®cientdeterministialgorithmis knownfor accuratelycounting
Knapsaclsolutionsandthereis convincingcomplexity-theoretievidencehatnoneex-
ists.In thisregardatleastthechoserexamplas morerealisticthanthefamiliar classical
demonstrationf theMonteCarlomethodwhichinvolvesestimating by castinganee-
dleontoaruledsurfacgUsp37.

The natureof the 2convincing evidence®mentionedaboveis that the problem
of countingKnapsacksolutionsis completefor Valiant's complexity class#P [GJ79
Val794 with respecto polynomial-timeTuringreductionsTheclass#P isthecounting
analoguef themorefamiliar classNP of decisionproblemsA #P-completeproblemis
computationallyequivalent(via polynomial-timeTuring reductions)o computingthe
numberof satisfyingassignmentsf a booleanformulain CNF, or the numberof ac-
ceptingcomputationsof a polynomial-timenondeterministicTuring machine.Obvi-
ously, computingthe numberof acceptingcomputationss atleastashardasdeciding
whetheranacceptingcomputatiorexists,so#P certainlycontainsNP. Lessobviously
as Toda [Tod89 has demonstrated,#P also essentially contains the entire
MeyerStockmeyeipolynomial-timehierarchy Thus, in structuralterms,and maybe
in fact, a #P-completeproblemis computationallyevenharderthanan NP-complete
one[Jer94.

A classicaMonteCarloapproacho solvingtheKnapsackroblemwouldbebased
on an estimatorof the following type. Selectuniformly at random(u.a.r) a vectorx e
{0; 1}" from the cornersof the n-dimensionabooleanhypercubejf a- x < b thenre-
turn 2", otherwisereturn0. Theoutcomeof this experiments arandomvariablewhose
expectatioris preciselyN, thevaluewe arerequiredto estimateln principle,we need
only performsuf®cientlymanytrials andtakethe meanof theresultsto obtainareliable
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approximatiorto N within anydesiredaccuracyln practice the methodfails badly, as
we canseeby takinga = .1;:::; 1/ andb = n=3. Notethat,with thesevaluesthe ex-
pectednumberof trials beforethe ®rstnon-zerooutcomeis exponentiain n. Thus,a
sequencef trials of @reasonabletengthwill typically yield a meanof 0, eventhough
theactualnumberof Knapsaclksolutionsis exponentiallylarge.Clearly, the varianceof
the estimatoiis far too largefor it to be of anypracticalvalue.

Before consideringother potentially betterapproachesye shouldpauseto con-
siderwhatdistinguishes goodalgorithmfrom a badone.In the theoreticalcomputer
sciencdradition,we consideranef®cientalgorithmto beonethatterminatesn anum-
ber of stepsthatis boundedby a polynomialin the lengthof the input. More formally,
supposef :  * — N is afunctionmappingprobleminstancegencodediswordsover
someconvenientlphabet ) to naturalnumbersForexamplejn thecaseof the Knap-
sackproblem, f might map(encoding®of) thepaira € N" andb € N to the numberof
solutionsof a- x < binthesetx € {0; 1}". It shouldbeclearthatanycombinatoriaknu-
merationproblemcanbe castin this framework.A randomizedapproximationscheme
for f isarandomizedlgorithmthattakesasinputaword (instancex € " and" > 0,
andproducesasoutputanumberY (arandomvariable)suchthatt

Pri1—"/f.x/ <Y <.1+"/f.x/)>%: (12.1)

A randomizedpproximatiorschemas saidto befully polynomial[KL83] if it runsin
time polynomialin n (theinputlength)and" —*. We shallabbreviat¢heratherunwieldy
phraseéFully PolynomialRandomized\pproximationSchemeto FPRAS.

Theaboveprovidesa clearcutde®nitiorof an®ef®cientapproximatioralgorithm®
thathasat leasta certaindegreeof intuitive appeal The naive Monte Carlo algorithm
describeckarlieris notef®cientin the FPRASsensewhich is reassuringOn the other
handit is certainlydebatablavhetheranalgorithmwith runningtime n*C constitutesn
ef®cientsolutionin anythingotherthana theoreticalsenseln this chapterwe always
usethe FPRASasour notion of ef®cientapproximationalgorithm;while this hasthe
advantagef providing us with cleargoals,it is obviousthatin practicalapplications
somemoredemandingotionof 2ef®cientapproximationiwould be necessary

Returningo theKnapsaclproblemwe mighttry applyingtheMarkovchainMonte
Carlomethodasfollows. Considetthe Markov chainM knap With statespace = {x e
{0; 1}" : a-x < b}, i.e.,thesetof all Knapsaclsolutionsandtransitionsfrom eachstate
X =.Xo;:::;Xn_1/ € de®nedy thefollowing rule:

I. with probability% let y = x; otherwise,
I1. select u.a.r fromtherange0 <i <n—1andlety’ =
X0yt Xim L= Xy Xiqas i Xl
1. if a-y <b, thenlety =y, elselety = x;

the newstateis y. Informally, the processM knap may beinterpretecasa randomwalk
(with stationarymoves)ntheboolearhypercubetruncatedy thehyperplana-x = b.

1Thereis no signi®cancén the constant?1 appearingn the de®nition,beyondits lying strictly
between% andl. Any success;;:robabiIitygreaterthan3—2L maybeboostedo1 § for anydesireds > 0
by performingasmallnumberof trialsandtakingthemedianof theresultsthenumberof trialsrequired
is O(Ins~1) [JvVv8e].
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TheMarkov chainM knap is ergodic,sinceall pairsof stategntercommunicateia
thestate.0; :::; 0/, andthe presencef loopsensuresperiodicity;it is readilychecked
thatthestationandistributionis uniformover . Thisobservatiommmediatelysuggests

simulateM knap for suf®cientlymany stepsthat the distributionover statesis 2close®
to uniform, thenreturnasresultthe currentstate.Of course samplingfrom  is not
quitethe sameasestimatinghesizeof  (whichis our goal),butthe secondaskcan
berelatedto the®rstusinga simpletrick, which we now describe?

We keepthe vector a ®xed,but allow the boundb to vary, writing .b/ and
M knap. b/ to makeexplicit the dependencef the Markov chainon b. Assumewithout
lossof generalitythatag < a; < --- < an_1, andde®néyy = 0andb; = min{b; Z'j;% aj},
for1 <i <n.It mayeasilybeveri®edhat| .bj_i/|<| .bi/|<.n+1/| .b_4/|,for
1 <i < n, thekey observatiorbeingthatanyelementof .b;/ maybe convertednto
anelemenbf .b;_;/ by changingherightmostl to a 0. Now write

| .bll=| .b|= L O L e O BT x| .boll;
| -bn—1/| | -bn—2/| | -b0/| (12_2)
where,of course,| .bo/| = 1. Thereciprocals i =| .bj_1/|=| .bj/| of eachof the

ratiosappearingn (12.2)may be estimatedy samplingalmostuniformly from .b;/
usingthe Markov chainM knap. bi/, andcomputingthe fraction of the sampleghatlie
within  .bj_1/.
Considertherandomvariableassociatedvith a singletrial B i.e., onerun of the
Markov chainM knap. bi/ B thatis de®nedo be 1 if the ®nalstateis a memberof
.bi_1/, and0 otherwiseIf we wereableto simulateM knap. bi/ 2to in®nity° the ex-
pectationof this randomvariablewould be precisely . In reality, we mustterminate
thesimulationat somepoint, therebyintroducinga smallthoughde®nitebiasthatought
to beaccountedor. To avoidobscuringhemainideas/et usignorethistechnicalcom-
plicationfor thetime being;detailsof this kind will be attendedo whenwe addressa
morerealisticexamplein Section12.4.With the simplifying assumptiorof zerobias,
theexpectatiorof anindividualtrial is , andits variance sinceit is a 0,1-variablejs
i.1— /. Supposave performt = 17" ~?n? trials, andlet X; denotethe samplemean.
In analyzingtheef®ciencyof Monte Carloestimatorsthe quantityto focusonis thera-
tio of the varianceof the estimatorto the squareof its expectationjn this instancewe
have

varX; 1- i_n_ "2
20ty Tto1m
where the inequality follows from earliernotedbound ; = | .bj_i/|H .bi/| >

n+171

Supposeheaboveprocesss repeatedor eachof then ratiosin equatior(12.2),and
denoteby Z therandomvariableZ = X, X_1::: X_lwhich is theproductof thevarious
samplemeans.Then,sincethe randomvariablesX; areindependentthe expectation

2For a more detaileddiscussiorof the problemof inferring informationfrom observationsf a
Markov chain,se€[Ald87, Gill93, Kah94.
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of ZISEZ= , n_1::: 1=] .b/|7% and

varz f varX; 2 q" "2
— = 1 —-1<|14+—| —-1<—;
EZ/? E[ T2 } —[ +17n:| =16

assuming < 1. By Chebyshewsinequality thisimpliesthat
Pr(1-"=2| .b/I"t<Z<.14"=2| b/ =%

sotherandomvariableY = Z~! satis®egl12.1),i.e.,it yieldsarandomizedipproxima-
tion schemdor thenumbernf KnapsacksolutionsTheideaof expressinghequantityto
be estimatedisa productof smallfactorsin the styleof (12.2)andthenestimatingeach
of the factorsbhy separatéMionte Carlo experimentsis onethathasrepeatedlyproved
usefulin thisareasinceit providesa generatool for reducingapproximatecountingto
sampling.

Observethat the total numberof trials (Markov chain simulations)usedis nt =
17'—2n®, whichis polynomialin n and" ~1. The methoddescribedaboveis therefore
an FPRASfor the numberof Knapsacksolutions,providedthe Markov chainM knap
is @rapidly mixing,° thatis to say is closeto stationarityaftera numberof stepsthat
is polynomialin n. Thisis a non-trivial condition,sincethe sizeof the statespace is
exponentiain n. Giventherelativesimplicity of theMarkovchainM knap, it ishumbling
thatthequestiorof whetheM n,p is rapidly mixing is evennowunresolvedThewider
guestionof whetherthereexistsan FPRASof any kind for the Knapsackproblemis
alsounresolvedthoughthe Markov chainsimulationapproactsketchedboveseemdo
offerthebesthope .Usingit, Dyeretal. [DFKKPV93] wereableto obtainarandomized
approximationschemefor the numberof Knapsacksolutionswhoserunningtime is
"~2exp(0./n.logn/*?/), andthisis asymptoticallythe fastesknown.

OPEN PROBLEM 12.1 s theMarkovchainM ynap rapidly mixing (i.e., is its mixing
time boundedy apolynomialin thedimensiom B seenextsection)for all choicesof
theboundb anditem sizesa?

—
TWO TECHNIQUESFORBOUNDING
THEMIXING TIME

8

It will beclearfrom Section12.2thatsuccessfuhpplicationof theMarkovchainMonte
Carlomethodrestson obtaininggoodboundson the time takenfor a Markov chainto
becomecloseto stationarity

Therearea numberof waysof quantifying2closenessto stationaritybuttheyare
all essentiallyequivalenin thisapplicationLetM beanergodicMarkovchainon state
space with transitionprobabilitiesP : 2 — [0;1]. Letx € beanarbitrarystate,
anddenoteby Pt.x; -/ thedistributionof thestateattimet giventhatx is theinitial state.
Denoteby thestationandistributionof M . Thenthevariationdistanceattimet with
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respecto theinitial statex is de®nedo be

t - 1 t - .
.t/ =21§2X|P X9 —- 9= §Z|P Xyl — Lyl
yes
Note that the variationdistanceprovidesa uniform bound,overall eventsS < , of
thedifferencein probabilitiesof occurrencef eventS underthe stationaryandt-step
distributionsTherateof convegenceof M to stationaritymaythenbemeasuredby the
function

xl=min{t: .t/ <" forallt’' >t};

whichwe shallreferto asthe2mixing time® of the Markov chain.

The classicalapproachto bounding «."/ is via a 2coupling® argument.This ap-
proachis very successfuin the contextof highly symmetricMarkov chains(e.g.,those
associateavith cardshufing [Ald81, Dia8§), but seemdif®cultto applyto the kind
of dirregular Markov chainsthatarisein the analysisof Monte Carloalgorithms.Two
exceptionsarethe analyse®f Aldous[Ald90] andBroder[Bro89 for a Markov chain
on spanningreesof a graph,andof Matthews[Mat91] for a Markov chainrelatedto
linearextension®f a partialorder A glanceatthelatter papermwill give animpression
of thetechnicalcomplexitieghatcanarise3

We shouldpointoutthatthecouplingmethochasveryrecentlyshownsignsof stag-
ing a comebackJerrum[Jer93 haspresentec simpleapplicationto samplingvertex
coloringsof a low-degreegraph.Proppand Wilson [PW95] havesomenovel and at-
tractivethoughtson applyingcouplingwhenthe statespaceof the Markov chainhasa
naturalatticestructuretheirideasareencouragingandprovideoneof theingredientsn
Luby, RandallandSinclair s[LRS95 analysisof aMarkovchainondimercoveringsof
certainplanar(geometric)atticegraphsAlso, Bubley, Dyer, andJerrumBDJ9§ have
appliedcouplingto demonstrateapidmixing of acertainrandomwalkin aconvexbody,
asituationwe returnto in Section12.5.2.Finally, couplinghasbeenusedin a Markov
chainapproacho protocoltestingby Mihail and PapadimitriofMP94]. Despitethis
activity, it is notyet clearhowfar thecouplingmethodcanbepushedn theanalysisof
complexMarkov chains.

In this sectionwe considenwo recentlyproposedalternativego coupling,which
tendto give weakerboundsbut which are applicablein a wider rangeof situations.
Historically [Sin93 SJ89],thesetwo methodswere not separatebut were developed
togetherin a compositeapproachto bounding «."/; however for practicalpurposes
it is betterto view themnow asdistinctapproachesNe describethe 2canonicalpath®
argument®rstandcompletehesectiorwith atreatmenbf the2conductanceargument.
For further discussiorof theseapproachesandvariousre®nementsf them,see.e.g.,
[DS91, Sin92 DSC93,Kah94.

We shallassumehroughouthe restof the sectionthatM is reversible thatis to
say satis®ethe detailedbalancecondition:

Qx;yl= XIP.x;yl= .yIP.y;xl; forallx;ye ;

furthermorewe assumeheloop probabilitiesP. x; x/ areatleast% forallx e .Since

3For a moredirectapproachto this problem,usinga conductancargumentas describedbelow
see[KK90].
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the Markov chainM is a constructedne, it is not at all dif®cultto arrangethatthese
two conditionsaremet.

12.3.1 CANONICAL PATHS

To describehe canonicapathargumentwe view M asanundirectedyraphwith ver-
texset andedgesetE = {{x;y}e @ :Q.x;y/ > 0}; thismakessensebecausef
thereversibility condition.For each(ordered)pair . x; y/ € 2, we specifya canonical
path ,, from x to y in thegraph. ; E/; thecanonicalpath , correspondso a se-
guenceof legaltransitiondn M thatleadsfrom initial statex to ®nalstatey. Denoteby
={ x:X;ye }thesetofall canonicapathsForthemethodo yield goodbounds,
it isimportantto choosea setof paths thatavoidsthecreationof 2hot spots:®edgeof
thegraphthatcarrya particularlyheavyburdenof canonicapaths Thedegreeo which
anevenloadinghasbeenachieveds measuredby the quantity

1
A= A /:mgxmz Xyl wyl;

Yxy>€

wherethemaximumis overorientededgese of . ; E/, and| yy| denoteshelengthof
thepath y.

Intuitively, we might expecta Markov chainto be rapidly mixing if it containsno
apottlenecks,d.e.,if it admitsa choiceof pathsO for which A0/ is nottoo large.This
intuition is formalizedin the following resultfrom Sinclair [Sin92, which is a slight
modi®catiorof atheoremof DiaconisandStroock|[DS91].

PROPOSITION 12.1 LetM bea®nite reversible ergodic Markov chainwith loop
probabilitiesP. x; x/ > %forall statex.Let beasetof canonicapathswith maximum
edgeloading A= A /. Thenthe mixing time of M satis®es,."/ < Aln .x/~1+
In"~1/, for anychoiceof initial statex.4

Proof. CombinePropositionl of [Sin92 andTheoren®b of [Sin97. [ ]

We demonstrat¢éhe canonicalpathmethodby applyingit to aradically simpli®ed
versionof the KnapsackMarkov chainfrom Section12.2.Insteadof arandomwalk on
thetruncatedoolearypercubewe considera randomwalk onthethefull hypercube.
This canbeviewedasthedegenerateaseof the KnapsackMarkov chainwhich obtains
when}; a < b, i.e.,theknapsacks largeenoughto containall itemssimultaneously

Let X = .Xo;X1;:::; Xn—1/ @andy = .Vo; y1;:::; Y¥n_1/ be arbitrarystatesin =
{0; 1}". The canonicalpath , from x to y is composewf n edges0to n— 1, where
edgei is simply ( Yoi i Vica Xis Xieas i Xn—al; SYor it Yiea, yi;xi+1;:::xn,1/); i.e.,
we ip thevalueof theith bit from x; to y;. Notethatsomeof the edgesmaybeloops
(if xi = y;). To computeA ®xattentionon a particular(oriented)edge

e=.w;w/ = (.wo;::: TWil i Whot/; Wt ;W{;:::Wn_ll);
andconsiderthe numberof canonicapaths ,y thatincludee. The numberof possible

4This Propositionalsohasa suitablystatedconverseseeTheorems of [Sin92.
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choicesfor x is 2', asthe ®naln — i positionsaredeterminedy x; = wj, for j > i,
andby a similar agumentthe numberof possiblechoicesfor y is 2", Thus,theto-
tal numberof canonicalpathsusinga particularedgee is 2"*; furthermore,Q.e/ =
Ww/P.w;w'/ > 2-".2n/~1, andthelengthof everycanonicapathis exactlyn. Plug-
ging all theseboundsinto the de®nitiorof Ayields A< n2. Thus,by Proposition12.1,
themixing time for therandomwalk ontheboolearhypercubds ."/ < nz(. In2/n+
In"‘l). We call this Markov chain@rapidly mixing® becauseéts mixing time grows
only polynomiallywith theinput sizen (eventhoughthe size of the statespaceis ex-
ponentialin n). The aboveboundis someway off the exactanswerDia8§], which is
x| = O(n. Inn+In" ‘1/), andtheslacknessve seehereis typical of the method.

Onreviewingthecanonicapathargumentwe perceivevhatappears$o beamajor
weaknessn orderto computethekey quantity A we neededn turnto computequanti-
tiessuchasQ. e/ thatdepencruciallyonthesizeof thestatespace . Inthehypercube
examplethis doesnot presenta problem,but in moreinterestingexamplesve do not
knowthesizeof thestatespaceindeed,our ultimategoalwill oftenbeto estimatethis
very quantity Fortunatelyit is possibleto ®ness¢his obstacleby implicit countingus-
ing a carefully constructednjective map.Theideawill beillustratedby applicationto
thehypercubeexample.

Let edgee = .w; W'/ beasbefore,anddenoteby cp.e/ = {.x;y/ : »y > €} theset
of all (endpointf) canonicabathsthatuseedgee. De®nehemap .:cp.e/ — as
follows:if .x;y/ = (.xo; DU Xneals Yo ;yn_ll) € cp.€/ then

e X; Y/ = .Uy il Un_a/ = . Xo; 11 Xi—s Wiy Viga; i Yol
Thecrucialfeatureof themap . isthatit is injective.To seethis, observahatx andy

may be unambiguouslyecoveredrom .ug;::: ;uUn_1/ = &.X;Yy/ throughthe explicit
expressions

X =.Ug; i1 Ui—g; Wi Wig1; 0l Wnoq/
and
Y = .Wo; il Wi—1; Wi Ui 15 Unoal:

Usingtheinjectivemap . it is possibleto evaluate Awithout recourseo explicit
counting.Noting° that .x/ .y/= w/ . o.X;y//,wehave

1 1

Yxy>€ Yxyd€
n n
=— e Xyl < ——— < 2n?
P.w;w/ 2 - exiyll < Pw;w/ ~
YxyS€
wherethepenultimaténequalityfollows from thefactsthat ¢ isinjective,andthat is
a probability distribution.Sincethe aboveargumentis valid uniformly overthe choice
of e, we deduceA< 2n?. Thefactorof 2 ascomparedvith thedirectargumentwaslost
to slightredundancyn theencodingthemap . wasnotquitea bijection.

S5This is a trivial observatiorwhenthe stationarydistributionis uniform, asit is here,but it is
sometimegpossible by judiciouschoiceof ne, to contrive suchan identity evenwhenthe stationary
distributionis non-uniform.SeeSection12.4for anexample.
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12.3.2 CONDUCTANCE

As advertisecabarlier we now considemanalternative®conductance@pproacho bound-
ing x."/, whichhasprovedusefulin situationswvherethe Markov chaincanbegivena
geometridnterpretatiofDFK91]. The conductancgSJ89 of Markov chainM is de-
®nedby

_ _ _ Q.SS/.
= .M/= 21C|Q Ch (12.3)
0<m(9=<1/2

whereQ. S; S/ denoteshesumof Q. x; y/ overedgegx; y} € E with x € Sandy € S=

— S. Theconductancenaybeviewedasaweightedversionof edgeexpansiorof the
graph. ; E/ associateavith M . Alternatively thequotientappearingn (12.3)canbe
interpretedasthe conditionalprobabilitythatthe chainin equilibriumescapefrom the
subsetS of the statespacen onestep,giventhatit is initially in S; thus, measures
the readines®f the chainto escapdrom any small enoughregionof the statespace,
andhenceto makerapidprogressowardsequilibrium.Thisintuitive connectiorcanbe
givenaprecisequantitativeform asfollows. (SedAld87, Alon86, AM85, Che7QLS8§
for relatedresults.)

PROPOSITION 12.2 LetM bea®nitereversible ergodic Markov chainwith loop

probabilitiesP.x; x/ > % for all statesx. Let  bethe conductancef M asde®ned
in (12.3). Thenthe mixing time of M satis®esy."/ <2 ~2.In .x/~t+In"~Y, for

anychoiceof initial statex.

Proof. CombinePropositionl of [Sin92 andTheoren? of [Sin97. ]

FromProposition12.2it will be apparenthatgoodlower boundson conductance
translateo goodupperboundsonthemixingtime ."/. As we shallseepresentlyit is
possibleto boundtheconductancef therandomwalk onthehypercubdyy considering
the geometryof the hypercubeandapplyingan@isoperimetricdnequality®

Forxe ={0;1}"andS< ,de®ne

Cxl={ =.0:; /1] i—X| <3 foralli};

andC. ¥ =J,.sC.x/. ObservehatthemappingC providesageometridnterpretation
of eachsetSof statessabodyin n-dimensionaspaceandthatwithin thisinterpretation
the entirestatespace is ahypercubeK = C. / of side2. Eachpossibletransition
from a statein Sto a statein S contributesoneunit of area(i.e., .n — 1/-dimensional
volume)to @.S — @, where @denoteshoundary and eachtransitionoccurswith
probability & ; thus,

Q.SS/ =

| vol,_1.@C. 9 — @/; (12.4)

wherevoly denotesd-dimensionalrolume.

Intuitively, if vol,C. S is large (but Iessthan%voln K), then@C.S — @ must
alsobelarge. It is this kind of intuition thatis capturedandformalizedin anisoperi-
metric inequality Ratherthanworking with the Euclideannorm andusinga classical
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isoperimetricinequality it is advantageous this instanceto work with thel,,-norm
I lloo=maxX] ol;:::;| n-1l} anditsdualthel;-norm|| |5, =1l lli=1 ol+---+] n-al,
andinvokeaveryre®nedsoperimetridnequalitydueto DyerandFrieze[DF91], which
holdsfor arbitrarynorms.

Observethatvol,C. 9 = |9, vol, K = 2", anddiamK = 2, wherediam denotes
diameterin thel.-norm.From Theorem3 of [DF91], taking F to beidentically1, we
havefor |S| < 3| |,

vol,C. & I
5 diamK;
Voh_.@.§ —@/ — 20amt
it follows immediatelythatvol,_;.@C. S — @/ > |S|. Combiningthis inequalitywith
equation(12.4)yields
S| 9

.S,S/ > =
Q —2n | 2n

Fromthe de®nitionof conductance, > 2—1n andhence by Proposition12.2, ,."/ <
8n?(.In2/n+In"~1). It will beseerthatfor thisexamplethetwo boundsbtainedising
theconductancandcanonicapathsargumentsliffer by justa smallconstanfactor.

—
A MORECOMPLEXEXAMPLEMONOMER-DIMER
SYSTEMS

- E

In this sectionwe describea signi®@cantomputationaproblemto which the Markov
chainMonte Carlo methodhasbeensuccessfullyappliedto yield an ef®cientapprox-
imationalgorithm,or FPRAS.(This is in contrastto the Knapsaclkproblemdiscussed
in Section12.2,whichis still open.)Moreover the Markov chainMonte Carlomethod
is to datethe only approactthatyields a provablyef®cientalgorithmfor this problem.
Thisapplicationwill illustratethefull powerof theanalysigechniqueslescribedn the
previoussection.Our presentations animprovedversionof onewe originally gave
in [JS89 Sin93.

The problemin questionis a classicalone from statisticalphysics,known asthe
monomeidimerproblem In amonomerdimersystemtheverticesof a®niteundirected
graphG = .V; E/ arecoveredby a non-overlappingrrangementyr con®guratiorof
monomergmoleculesoccupyingonesite, or vertexof G) anddimers(moleculesoc-
cupyingtwo verticesthatareneighbordn G). Typically, G is aregularlatticein some
®xednumberof dimensionsThree-dimensionaystem®ccurclassicallyin thetheory
of mixturesof moleculef differentsizeGugg52 andin thecell-clustettheoryof the
liquid state[CdBS55];in two dimensionsthe systemis usedto modelthe adsorption
of diatomicmoleculeson a crystalsurfacglRob33. Fora moredetailedaccountof the
historyandsigni®cancef monomerdimersystemsthereadeiis referrecdto theseminal
paperof HeilmannandLieb [HL72] andthereferencegiventhere.
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It is conveniento identify monomerdimer con®gurationsvith matchingsin the
graphG; a matchingin G is a subsetM C E suchthatno two edgesn M sharean
endpoint.Thus,amatchingof cardinalityk, or ak-matching correspondgreciselyto a
monomerdimercon®guratiomith k dimersand2.n—k/ monomerswhere2n = |V| is
the numberof verticesin G.6 To eachmatchingM, aweightw. M/ = Ml is assigned,
where isapositiverealparametethatre” ectsthecontributionof adimertotheenegy
of thesystem Thepatrtition functionof the systemis de®neds

n
2.0 =Ze.l =) wM/ =) "m ¥ (12.5)
M k=0

wheremy = my. G/ is the numberof k-matchingdn G (or equivalentlythe numberof
monomerdimercon®gurationwith k dimers).For a physicalinterpretatiorof (12.5),
see[HL72].7

Thepatrtitionfunctionis acentralquantityin statisticaphysicsandcapturegssen-
tially everythingoneneedgo know aboutthethermodynamicsf thesystemjncluding
guantitiessuchasthefreeenegy andthespeci®heat,andthelocationof phasdransi-
tions. With thisin mind, in the remainderof this sectionwe will developanalgorithm
for computingZg atanarbitrarypoint > 0. We shouldalsopointoutthatZ¢. / is of
independentombinatorialnterestpeingnothingotherthanthegeneratingunctionfor
matchingspr matchingpolynomialof G [LP8€]. Thus,for exampleZs.1l/ enumerates
all matchingsn G, andthe coef®cientm, enumeratesnatchingsof cardinalityk. We
shallhavemoreto sayabouttheseconnectionsn Section12.5.1.

Our startingpoint is the observatiorthatno feasiblemethodis knownfor comput-
ing Z exactlyfor generamonomerdimersystemsindeedfor any®xedvalueof > 0,
theproblemof computingZg. / exactlyfor agivengraphG is completefor theclass#P
of enumeratiomproblemswhich, aswe explainedn Section12.2,mayberegardedhs
convincingevidencethat no polynomialtime exactalgorithmcanexist for this prob-
lem [Val794.8 It is thereforepertinentto askwhetherthereexistsan FPRASfor this
problem.n thiscontextpy anFPRASwe meananalgorithmwhich,givenapair.G; / ,
andaparametel > 0, outputsanumberY suchthat

Pr(1-"/Ze.l <Y <.14"Zc.1)>%;

andrunsin time polynomialin n and ' =max1; }.9

6The assumptiorthatthe numberof verticesin G is evenis inessentiahndis madefor notational
convenience.

"More geberallytheremaybeaweightAe associatedvith eachedgee 2 E, andtheweightof M is
thenw(M) D = ..\, 2e- Thealgorithmwe presenhereextendsn astraightforwardashionto thismore
generaketting.

8An ef®cientalgorithmdoesexistfor computingthe leadingcoef®cientm, exactly providedthe
graphG is planar Thisquantityhasaninterpretatiorasthepartitionfunctionof asystenof hard dimers
in which no monomersare permitted.This algorithm, due independentlyto Fisher Kasteleyn,and
Temperley[Fish61, Kast61 TF61] in 1961,is alandmarkachievemenin the designof combinatorial
algorithmsUnfortunatelyit doesnotseento extenceitherto non-planagraphsor to othercoef®cients.

9By analogywith the de®nitiongivenin Section12.2,this assumeshatthe edgeweight A is pre-
sentedn unary Thus,if therunningtime of thealgorithmis to bepolynomialin thesizeof thesystemp,
thenthe edgeweighti mustbe polynomiallyboundedn n. Thisis notasevererestrictionin practice
whencomputingthe partitionfunction.
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ForagivengraphG, wewill construcanFPRASfor Z¢ by MonteCarlosimulation
of a suitableMarkov chainM maicn / , parameterizedn the edgeweight . The state
space, , isthesetof all matchingsn G, andthetransitionsareconstructesgothatthe
chainis ergodicwith stationarnydistribution ; givenby
M|

zZ.l

(SinceG is®xedromnowon,wedropthesubscripfrom Z.) In otherwords thestation-
ary probability of eachmatching(monomerdimercon®gurationjs proportionalto its
weightin thepartitionfunction(12.5).TheMarkovchainM match / , if simulatedor suf-
®cientlymanystepsprovidesamethodof samplingnatchingfromthedistribution ;.

Distributionsof thisform arenaturalin statisticaphysicsandareusuallyreferredo
ascanonicalor GibbsdistributionsNotethatanalternativanterpretatiorof thepartition
functionis asthenormalizingfactorin this distribution.Samplingfrom this distribution
atvariousvaluesof hasmanyapplicationssuchasestimatingheexpectatiorf certain
naturalquantitiesassociateavith a con®guratiorfe.g.,the meannumberof monomers,
or the meandistancebetweenra pair of monomersn a densecon®guratiomf dimers).
As we shallseeshortly it alsoallowsoneto approximatehe partitionfunctionitself.

It is not hardto constructa Markov chain M matcr / With the right asymptotic
properties.Considerthe chainin which transitionsfrom any matchingM are made
accordingo thefollowing rule:

WM/ = (12.6)

1
2
I1. selectanedgee = {u;Vv} € E u.a.r andset

I. with probability 5 let M’ = M; otherwise,

M—e if ee M;
M+e if bothu andv areunmatchedn M;
M =1 M+e—¢€ if exactlyoneof u andv is matchedn M
ande’ is thematchingedge;
M otherwise;

I11. goto M’ with probabilitymin{l; ;.M’/= ;.M/}.

It is helpful to view this chainasfollows. Thereis anunderlyinggraphde®nedn the
setof matchings in which the neighborsof matchingM areall matchingsM’ that
differ from M via oneof thefollowing local perturbationsanedgeis removedrom M
(a type 1 transition);an edgeis addedto M (a type 2 transition);or a new edgeis
exchangedvith anedgein M (atype0 transition).Transitiondrom M aremadeby ®rst
selectinganeighborM’ u.a.r, andthenactuallymaking,or acceptinghetransitionwith
probabilitymin{1; ,.M’/= ,.M/}. Notethatthe ratio appearingn this expressions
easyto computeit isjust ~%, or1respectivelyaccordingo thetypeof thetransition.
As thereademay easilyverify, this acceptanc@robabilityis constructedso that
thetransitionprobabilitiesP. M; M’/ satisfythedetailedbalancecondition

QM;M/= ,.M/IP.M;M'/ = ,.M/P.M’;M/; forall M;M’ e

i.e.,M match /IS reversiblewith respecto thedistribution ;. This fact, togethemwith
theobservatiorthatM macn /IS irreducible(i.e., all statescommunicatefor example
via the emptymatching)andaperiodic(by stepl, the self-loopprobabilitiesP. M; M/
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areall non-zero)ensureghatM maicn /IS ergodicwith stationarnydistribution ;, as
requiredi®

Having constructed family of Markov chainswith stationarydistribution , our
nexttaskis to explainhowsamplesrom thisdistributioncanbeusedo obtainareliable

statisticakestimateof Z. / ataspeci®egoint = > 0.Ourstrategyistoexpres<. 7
astheproduct
-~ Z. r/ Z. r_]_/ Z. 2/ Z. 1/
Z. | = Z. o 12.7
Zol Z ool a0 (12.7)
where0= < 1< 2< ...< ;1< = s a suitably chosensequencef

values.NotethatZ. o/ = Z.0/ = 1. We will thenestimateeachfactorZ. /=Z. i_1/
in this productby samplingirom thedistribution ;,. Thisapproaclis analogouso that
describedn Section12.2for the Knapsackproblem(seeEquation(12.2)).For reasons
thatwill becomeclearshortly, we will usethesequencef values | = |E|~*and | =
A4+1/-1 fori<i<r. Thelengthr of thesequences takento beminimal suchthat
A+ >, sowe havethebound

r<[an(in” +In|E[)]+1: (12.8)

To estimateheratio Z. ;/=Z. i_1/, we will expresst, or ratherits reciprocal,as
the expectatiorof asmtablerandomvanable Speci®callyde®ndhe randomvariable
fi.M/ = (*'Ail)”v|| whereM is a matchingchoserfrom the distribution ;,. Thenwe
have

MM I i—1/
Ei=3 (_) S Z z i,
Thus,theratio | = Z. _1/=Z. ./canbeestlmated)ysamplmgmatchings‘romthe
distribution ;; andcomputingthe samplemeanof f;. Following (12.7),our estimator
of Z.”/ will betheproductof thereciprocal®f theseestimatedatios.Summarizinghis
discussionpur algorithmcanbewritten downasfollows:

ALGORITHM A

Stepl: Computethesequence; = |[E|~tand ; = (1+%)i_1 (forl<i<r,
wherer is the leastintegersuchthat (1+ %)r_l 1> .Set y=0and

P =
Step2: Foreachvalue = 1; »;:::; | inturn,computean estimateX; of the
ratio ; asfollows:

(a) by performing S independentsimulations of the Markov chain
M matech i/, €achof lengthT;, obtainanindependensampleof size S
from (closeto) thedistribution ;,;

10The deviceof performingrandomwalk on a connectedyraphwith acceptancerobabilitiesof
this form is well knownin Monte Carlo physicsunderthe nameof the2Metropolis process{Met53].
Clearly it canbe usedto achieveany desiredstationarydistributions for which theratio 7 (u) /7 (v)
for neighborsu, v canbe computedeasily It is alsothe standardnechanisnusedin combinatorial
optimizationby simulatedannealingseeSection12.6.
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(b) let X; bethesamplemeanof thequantity(*}‘x—il)'M'.
Step3: OutputtheproductY = [T_; X, ™.

To completethe descriptionof the algorithm,we needto specifythe samplesize Sin
Step2, andthe numberof simulationstepsT; requiredfor eachsample Our goalis to
showthat,with suitablevaluesfor thesequantities Algorithm A isanFPRASfor Z. / .

Theissueof thesamplesize S is straightforwardUsing elementanstatisticalcal-
culationswe canshowthefollowing:

PROPOSITION 12.3 In Algorithm A, supposehe samplesize S in Step2is S =
[130¢ —?r ], andthatthesimulationlengthT; is largeenouglthatthevariationdistance
of M maen i/ from its stationarydistribution ;, is at most"=5er. Thenthe output
randomvariableY satis®es

Pr(.1-"/1Z1<Y<.14"12. )= %

Sincer is a relatively small quantity (essentiallylinear in n: see(12.8)), this result
meanghatamodessamplesizeat eachstagesuf®cedo ensureagood®nalestimatey,,
providedof coursethatthesamplesomefrom adistributionthatis closeenougho ;.
It is in determininghenumberof simulationsteps,T;, requiredto achievethisthat
the meatof the analysislies: of course this is tantamounto investigatingthe mixing
time of theMarkov chainM matc /. Our maintaskin this sectionwill beto show:

PROPOSITION 12.4 Themixing time of the Markov chainM pach /| Satis®es
x." <4E[n '(n.Inn+1In "/ +In"71):

The proof of this resultwill makeuseof the full powerof the machineryintroducedn
Section12.3.Notethat Propositionl2.4is a very strongstatementit saysthatwe can
sampldrom (closeto) thecomplexdistribution ; overtheexponentialljargespaceof
matchingsn G, by performinga Markov chainsimulationof lengthonly alow-degree
polynomialin thesizeof G.11

Accordingto Propositionl2.3,we requirea variationdistanceof " =5er, soPropo-
sition 12.4tells usthatit suf®cedo take

T =[4EIn {(n.Inn+In {/+In.5e="/)]: (12.9)

This concludesour speci®cationf the Algorithm A.

Before proceedingo prove the abovestatementslet us convinceourselveghat
togethetheyimply thatAlgorithm A isanFPRASfor Z. / . Firstof all, Propositioril2.3
ensureshattheoutputof Algorithm A satis®etherequirementsf anFPRASfor Z. It
remainonly to verify thattherunningtimeis boundedy apolynomialin n, 7, and" 1.
Evidently, the runningtime is dominatedby the numberof Markov chainsimulations

ncidentally we shouldpoint out that Proposition12.4 immediatelytells us thatwe cansample
monomerdimercon®gurationfom thecanonicalbistributions , in time polynomialin n and’. This
isin itself aninterestingresult,andallowsestimationof the expectatiorof manyquantitiesassociated
with monomerdimercon®gurations.
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stepswhichis Zir=1 ST;; sinceT; increasesvith i, thisis atmostr ST, . Substitutinghe
upperboundforr from(12.8),andvaluedor SfromPropositiorl2.3andT, from(12.9),
we seethatthe overallrunningtime of Algorithm A is boundedoy2

o(n’| E[ .Inn /3" -2);

which growsonly polynomiallywith n, "7 and" 1. We havethereforeproved

THEOREM 12.1 Algorithm A is anFPRASfor the partitionfunctionof anarbitrary
monomesdimersystem.

We returnnowto provePropositiorl2.3andPropositiorl2.4. The®rstof thesecan
bedispensedvith quickly. It restsonthestandardbservatiorthatthesamplesizeSre-
quiredateachvalue = ; toensurghatour®nalestimatds goodwith highprobability
dependn the variancesof therandomvariablesf;, or morepreciselyon the quanti-
ties. Var fi/=.E f;/2. Intuitively, if thesequantitiesarenottoo large,a smallsamplewill
suf®ceSince f; takesvaluesin therang€[0; 1], it is clearthatVar f; <E f; = ;, sothat
Narfi/=.Efj/?< i‘l. Now, from thede®nitiorof Z and ; wehavefor1 <i <r,

k n n
= 2l _ Z"mkki < (—') < <1+}> <e
Zoiah o 3ame iy T\ n (12.10)
Also, it is easyto see(usingthefactthatmatchingsaresubsetsf E) thatZ (|[E| 1) <e,
so0(12.10)holdsfori = 0also.Thus,wehave. Var f;/=.E f;/?> < efor alli. Thisexplains
our choiceof valuesfor the ;.

Armedwith this boundon the variancef the f;, onecanproveProposition12.3
by a routine statisticalcalculation.The detailsare unedifyingand are deferredto the
Appendix.

We turn now to the more challengingquestionof proving Proposition12.4. Our
strategywill beto carefullychooseacollectionof canonicapathsd ={ xv: X;Ye }
in theMarkovchainM maic, / for whichthe®bottleneck®measurel0 / of Section12.3
is small.We canthenappeato Propositionl2.1to boundthemixing time. Speci®cally
we shallshowthatour pathssatisfy

Ro/ <4E|n (12.11)

Sincethe numberof matchingsn G is certainlyboundedaboveby . 2n/!, the station-
ary probability ,.X/ of any matchingX is boundedbelowby ,.X/ > 1=.2n/! ",
Using (12.11) andthe factthatIinn! < nilnn, the boundon the mixing time in Propo-
sition 12.4cannow be readoff Propositionl2.1.

It remainsfor usto ®nda setof canonicalpathsO satisfying(12.11). For a pair
of matchingsX;Y in G, we de®nethe canonicalpath xy asfollows. Considerthe
symmetriadifferenceX @Y. A momentsre ectionshouldconvincethereadethatthis
consistsof a disjoint collectionof pathsin G (someof which may be closedcycles),

12| derivingthe O-expressionye haveassumedv.l.o.g.thatT, D O jEjn® In®’ . Thisfollows
from (12.9)with the additionalassumptiorthatins=1 D O(ninn). This latter assumptioris justi®ed
sincethe problemcanalwaysbesolvedexactlyby exhaustivenumeratiorn time O(n(2n)!), whichis
O(e7?) if Ine~1 exceedsheabovebound.
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eachof which hasedgeghatbelongalternatelyto X andto Y. Now supposehatwe
have®xedsomearbitraryorderingon all simplepathsin G, anddesignatedn eachof
thema so-callecstartvertex,°whichis arbitraryif the pathis a closedcycle but must
beanendpoinbtherwiseThisorderinginducesauniqueorderingPy; P,;::: ; Py onthe
pathsappearingn X @Y. Thecanonicapathfrom X to Y involves®unwinding® each
of the P, in turn asfollows. Therearetwo casego consider:

(i) P isnotacycle Let P consisfthesequencevy;vs;:::; v/ of verticeswith vg
thestartvertex.If .vp;va/ € Y, performasequencef typeO transitiongeplacing
Vojt1; Vojqof by Voj;voj44/ for j = 0;1;:::, and ®nishwith a single type 2
transitionif | isodd.If ontheotherhand.vg; vi/ € X, beginwith atypeltransition
removing.vo; vi/ andproceedasbeforefor thereducedpath.vy;:::;v/.

(i) P isacycle Let P consistof thesequencevo;vy;::: ;Va.1/ of verticeswhere
| > 1,vpisthestartvertex,and.vy;j; v2j11/ € X for 0 < j <I, theremainingedges
belongingto Y. Thenthe unwindingbeginswith a type 1 transitionto remove
.Vo; v1/. We areleft with anopenpathO with endpoints/g; vi, oneof whichmust
bethe startvertexof O. Supposes, k € {0; 1}, is not the startvertex. Thenwe
unwind O asin (i) abovebut treatingvk asthe startvertex.This trick servesto
distinguishpathsfrom cycles,aswill proveconvenienshortly

Thisconcludesurde®nitiorof thefamily of canonicapaths) . Figurel2.1will helpthe
readempictureatypicaltransitiont onacanonicapathfrom X to Y. ThepathP; (which
happenso beacycle)is theonecurrentlybeingunwoundthepathsPy;::: ; P,_; tothe
left havealreadybeenprocessedyhile theonesP, ,1; ::: ; Py areyetto bedealtwith.
We now proceedo boundthe2bottleneck?measureA0 / for thesepaths usingthe

injective mappingtechnologyintroducedn Section12.3.Lett beanarbitraryedgein
theMarkovchain,i.e.,atransitionfrom M to M’ =£ M, andletcp.t/ ={. X; Y/ : xy >t}
denotethesetof all canonicapathghatuset. (We usethenotationt in placeof e hereto
avoidconfusionwith edgef G.) Justasin Sectionl2.3,we shallobtainaboundonthe
totalweightof all pathghatpasghrought by de®ningninjectivemapping  : cp.t/ —

. By analogywith thehypercubexamplen Section12.3,whatwewouldlike to dois
toset (. X;Y/ = X®dY @.MUM’'/; theintuition for thisis that ;. X; Y/ shouldagree
with X on pathsthathavealreadybeenunwoundandwith Y on pathsthathavenotyet
beenunwound(justas .X;y/ agreedwith x on positionsl;::: ;i — 1 andwith y on
positions +1;:::;n—1). However thereis aminor complicationconcerninghe path
thatwe arecurrentlyprocessingin orderto ensurethat ;. X; Y/ isindeeda matching,
wemayb asweshallseeb haveto removefrom it theedgeof X adjacento thestart
vertexof the pathcurrentlybeingunwound:we shallcall this edgeexy:. This leadsus
to thefollowing de®nitiorof themapping +:

X®YD.MUM'[ —exyy; iftistypeOandthe
. XY = currentpathis acycle;
XeY®d.MUMY, otherwise.

Figurel12.2illustratesthe encoding ;. X; Y/ thatwould resultfrom the transitiont on
thecanonicabpathsketchedn Figure12.1.

Letuscheckthat ;. X; Y/ isalwaysamatchingToseethis,considethesetof edges
A=X@Y®.MUM’'/,andsuppose¢hatsomevertex,u say hasdegregwoin A. (Since
A C XUY, novertexdegreecanexceedwo.) ThenA containsedgedu; v1}; {u; v} for
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FIGURE 12.1
Atransitiont in thecanonicalpathfrom X toY.
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FIGURE 12.2
Thecorrespondingencoding . X; Y/.

distinctverticesvy; v,, andsince A € X UY, oneof theseedgesmustbelongto X and
theotherto Y. Hencepothedgedelongto X @ Y, whichmeanghatneithercanbelong
to MU M’. Followingtheform of M U M’ alongthe canonicapath,howeverit is clear
thattherecanbe atmostonesuchvertexu; moreoverthis happengreciselywhenthe
currentpathis acycle,u is its startvertex,andt is type0. Our de®nitiorof ; removes
oneof theedgesadjacento u in thiscasesoall verticesn . X; Y/ havedegreeatmost
one,i.e., . X;Y/ isindeedamatching.
We now haveto checkthat ; is injective.lt is immediatefrom the de®nitiorof
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thatthe symmetricdifferenceX @ Y canberecoveredrom ;. X; Y/ usingtherelation

. X, YD . MUM'/ +exy; if tistype0Oandthe
X@Y = currentpathis acycle;
. X Y. MUM'/; otherwise.

Notethat,oncewehaveformedtheset (. X;Y/&®.MUM’/, it will beapparenthether
the currentpathis a cycle from the senseof unwinding.(Note that exy: is the unique
edgethat forms a cycle whenaddedto the path.)Given X @ Y, we canat onceinfer
thesequencef pathsPy; P;::: ; Py, thathaveto be unwoundalongthe canonicapath
from X to Y, andthe transitiont tells uswhich of these,P; say is the pathcurrently
beingunwound.The partitionof X @ Y into X andY is now straightforward:X has
thesameparity as . X; Y/ onpathsP;;:::; P_1, andthe sameparityasM on paths
Pi.1;:::; Py. Finally, thereconstructiof X andY is completedy notingthatXNY =
M —. X @Y/, whichisimmediatefrom thede®nitiorof the paths Hence X andY can
beuniquelyrecoveredrom {.X;Y/, so  isinjective.

We arealmostdone Howeverthefactthat ; isinjectiveis notsuf®cienin thiscase
becausein contrastto the hypercubeexample the stationarydistribution ; is highly
non-uniformWhatwerequirein additionisthat ; be2weight-preserving,t thesense
thatQ.t/ ;. (. X;Y/l ~ ,.X/ ;.YIl.More preciselywewill showin amomentthat

WX LY <2IE] 2Qut . W XY (12.12)

First, let usseewhy we needa boundof this form in orderto estimateA We have

1
o0 2 XL YN x| S2E] P30 LY x|
Q' yxy>t yxy>t

<4EIN 2 L XY

yxy ot
<4/EIn % (12.13)

wherethe secondnequalityfollows from thefact thatthelengthof anycanonicabpath
is boundedby 2n, andthelastinequalityfrom thefactsthat ; isinjectiveand ; isa
probabilitydistribution.

It remaindor usto proveinequality(12.12).Beforewe do so, it is helpfulto notice
thatQ.t/ =.2|E|//~tmin{ ,.M/; ,.M'l}, asmayeasilybeveri®edrom thede®nition
of M maten / - We now distinguishfour cases:

(i) tisatypeltransition SupposeM’'=M —e.Then . X;Y/ = X®Y ® M, so,
viewedasmultisets MU ;. X;Y/ andX UY areidentical. Hencewe have
)LX/ )\Y/ = )\M/ An tX,Y//

2|E|Q.t/

:m|n{ M )\M//}X AM/ Ae tX,Y//

<2|E| 'Q.t/ ;. . X; Y,
fromwhich (12.12)follows.
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(i) tisatype2transition Thisis handledby asymmetricalrgumentto (i) above,
with therolesof M andM’ interchanged.

(i) tisatypeOtransitionandthecurrentpathis acycle SupposeM’ =M +e—¢€,
andconsidethemultisetM U . X;Y/.Then . X;Y/ = X®Y & .M +€/ —exyt,
sothemultisetM U ;. X; Y/ differsfrom X UY onlyin thate andexy aremissing
fromit. Thus,we have

XY < 2 WML e XY

=2|E| Q.t/ ;. . X:YII;

sincein thiscase ,.M/ = ,.M’/, andso Q.t/ = .2|E|/~ ,.M/. Therefore,
(12.12)is againsatis®ed.

(iv) tisatypeOtransitionandthecurrentpathisnotacycle Thisisidenticalwith (iii)
above excepthattheedgeexy: doesnotappeain theanalysisAccordingly, the
boundis

Thisconcludeurproofof (12.12) We maynowdeducdrom (12.13) that A0 / <
41 E|n 2. However oneadditionalobservatiorwill allow usto improvethe boundto
A0/ < 4|E|n ’,whichiswhatweclaimedin (12.11). Lookingattheabovecaseanalysis
we seethat,in all caseexceptcasgiii), (12.12),andhence(12.13),actuallyhold with

2replacedy ’.Butin caseiii) wecanamguethat ;. X; Y/ musthavesucharestricted
form that stt x- t- X; Y/l is boundedaboveby 1 Using this fact in the ®nal
inequalityin (12.13) wegettheimprovedupperboundof 4|E|n ’inthiscaseandhence
in all casesThiswill completeour veri®catiorof thebound(12.11) on A0 /.

To justify theaboveclaim, notethat ;. X; Y/ hasatleasttwo unmatchedrertices,
namelythe startvertex of the currentcycle andthe vertexthatis commonto both e
and€. Moreoverin . X;Y/ @ M theseverticesarelinked by analternatingpaththat
startsandendswith anedgeof M. Sowe may associatavith eachmatching ;. X; Y/
anothematching,say ;. X; Y/, obtainedoy augmenting ;. X; Y/ alongthis path.But
this operationis uniquelyreversible soall matchings {. X; Y/ createdn this way are
distinct.Moreover ;. . X;Y// = ;. . X;Y//.Hencewe have)_ ;. . X;Y/] =

Y L LXYI < 7hsoY . . X YH < Ttasclaimed.

e
MOREAPPLICAIONS

B8

In this sectionwe review somefurtherapplicationof thetechniqueslescribedn Sec-
tion 12.3to problemsn combinatoriaenumeratiomndintegrationln eachcaseaswith
the monomerdimer problemof Section12.4,the Markov chain Monte Carlo method
providesthe only knownbasisfor anef®cientalgorithmin the FPRASsense.
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12.5.1 THE PERMANENT

Historically, the®rstmajorapplicatiorof themethod®f Sectionl2.3wasto theapproxi-
mation of the permanentfunction. The permanentof an n x n integer matrix
A=.gj:0<i;j <n-1 isde®nedy

n-1
perA = Z l_[a-i,rr(i);
T i=0

wherethe sumis overall permutations of [n] = {0;:::;n— 1}. For conveniencewe
take A to bea0,1-matrix,in which casethe permanendf A hasa simplecombinatorial
interpretationnamely perA is equalto the numberof perfectmatchingg1-factors)in
the bipartitegraphG = .Vy; V; E/, whereVy; = V, = [n], and.i; j/ € E iff a; = 1.
Valiant[Val7994 demonstratedhat evaluatingthe permanenbf a 0,1-matrixis com-
pletefor the class#P; thus,justasin the caseof themonomerdimerpartitionfunction,
we cannotexpectto ®ndan algorithmthat solvesthe problemexactlyin polynomial
time 13 Interesthasthereforecenterecbn ®ndingcomputationallyfeasibleapproxima-
tion algorithms

It turnsout that the Markov chain Monte Carlo methodcanbe usedto construct
suchanalgorithm(in theFPRASsensejor almostall instancesf thisproblem.To state
theresultpreciselywe will usethe perfectmatchingformulation.Let G = .Vy; Vy; E/
beabipartitegraphwith |V1| = |V2| = n. A specialrole will be playedin theresultby
thenumberof nearperfectmatchingsn G, i.e.,matchingswith exactlytwo unmatched
vertices.Following the notationof the previoussection,let uswrite my = my. G/ for
the numberof k-matchingsin G. Thenthe numberof perfectmatchingsis m,, and
thenumberof nearperfectmatchingss m,_;. JerrumandSinclair[JS89 showecdthat
thereexistsarandomizedpproximatiorschemédor thenumbetrof perfectmatchingsnm,
whoserunningtime is polynomialin n, "~ andtheratio m,_;=m,.

Notethatthisalgorithmis notin generabnFPRAS sincethereexist. n+ n/-vertex
graphsG for which theratio m,_1=m, is exponentiain n. However it turnsout that
theseexamplesare wildly atypicalin the sensethat the probability that a randomly
selectedS on n + n verticesviolatesthe inequalitym,_;=m, < 4n tendsto 0 asn —
00.14 Thus,the abovealgorithmconstitutesan FPRASfor almostall graphsmoreovey
theconditionthattheratiom,_;=m, beboundedy a speci®egbolynomialin n canbe
testedfor an arbitrarygraphin polynomialtime [JS89. It is alsoknown [Bro86] that
everysuf®cientlydensegraph(speci®callythosein which everyvertexhasdegreeat
Ieast% n) satis®em,_;=m, = O.n?/. Moreover it hasrecentlybeenshownby Kenyon,
Randall,and Sinclair[KRS9§ thatthe ratio m,_;=m, is guaranteedo be smallfor a
wide classof homogeneougraphsG, includingtheimportantcaseof geometridattice
graphsn anynumberof dimensionsWe shouldalsopoint outthat,althoughtheabove
descriptionhasbeencouchedn termsof matchingsin bipartitegraphsbecausef the
connectionwith the permanenteverythingextendgo generaln-vertexgraphs.

13|n contrast,asis well known, the determinantof ann  n matrix can be evaluatedn O(nd)
arithmeticoperationgisingGaussiarelimination.
14For morere®nedesultsalongthesdines, seeFrieze[Friez89 or Motwani[Mot89].
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It wasBroder[Bro86, Mih894 who ®rstproposeda Markov chain Monte Carlo
approachio approximatinghe permanentia Markov chainsimulation His ideawasto
sampleperfectmatchingsn a bipartitegraphG almostu.a.r by simulatinga Markov
chainwhosestatesare perfectandnearperfectmatchingsn G; then,usingareduction
similar in spirit to the one describedn Section12.2 for the Knapsackproblem,the
numberof perfectmatchingsouldbe counted Broder s Markov chainwas®rstproved
to be rapidly mixing (underthe aboveconditionon G) by Jerrumand Sinclair[JS89,
usingacanonicapathsargumentasin Section12.3.

An alternative,more naturalapproximationalgorithmfor the permanenfollows
quite painlesslyfrom our resultsaboutthe monomerdimerproblemderivedin the pre-
vious section.Note that m, is preciselythe leadingcoef®cientof the partition func-
tion Zg./ ofthemonomerdimersystemassociatewith G (seg(12.5)).In theprevious
sectionwe sawhow to samplematchingsn G from thedistribution

M| M|

Zg./ - ZE:Omk k
for anydesired > 0, in time polynomialin n and ' = max ;1}, by Monte Carlo

simulationof the Markov chainM match / . We alsosawhow this fact canbe usedto

computeZg./ to goodaccuracyin time polynomialin n and ’. Supposdhenthat

we havecomputech goodestimateZG. | of Zg. ! . Thenwe cangeta goodestimator
for m, by samplingmatchingsfrom thedistribution ; andcomputingthe proportion,

X, of thesamplethatareperfectmatchingssinceE X = m,, "=Zg./ , ourestimatolis

Y=X "Zg./.

The samplesizerequiredto ensurea good estimatedependsn the varianceof a
single sample,or more preciselyon the quantity.E X/ 1. Clearly by making large
enoughwe canmakethis quantity andhencethe samplesize,small: this corresponds
to placingvery large weight on the perfectmatchingsso thattheir proportioncanbe
estimatedvell by randomsamplingHow largedoes haveto be?Thisanalysids eased
by thebeautifulfactthatthesequenceng; my;::: ; my islog-concavei.e.,my_jmy, 1 <
m2 fork = 1;2;::: ;n— 1. (Thisis well known[HL72]; adirectcombinatoriaproofmay
befoundin[JS89.) Asaconsequencd,followsthatmy_;=my < m,_;=m, for allk, and
hencethatm,=m, < .my_1=m,/" K. Thismeanghat,if wetake > m,_1=m;,, we get
my " mp " - 1
Zs.l YoM kKT n+1’
whichimpliesthatthesamplesizerequiredgrowsonly linearlywith n. Thus,it isenough
totake aboutaslargeastheratiom,_;=m,. Sincethetimerequiredto generate sin-

gle samplegrowslinearlywith  (seePropositionl2.4),therunningtime of the overall
algorithmis polynomialin n, "~ andtheratio m,_;=m,, asclaimed.

WM/ = (12.14)

EX = (12.15)

OPEN PROBLEM 12.2 |s therean FPRASfor the permanenbf a general0,1 ma-
trix? Note that this problemis not phrasedas a questionaboutthe mixing time of a
speci®adviarkov chain,andcertainlythechainM macn /' describechereis notdirectly
applicableaswe haveseenjt seemgo be usefulonly whentheratiom,,_1=m, for the
associatethipartitegraphis polynomiallyboundedHowever the Markov chainMonte
Carlomethodseemso offer the besthopefor a positiveresolutionof this questionEs-
sentially the issueis whetherthe Markov chainM mach /' Canbe suitablyadaptedo
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providea generakolution,or perhapaisedasa@black box® following someingenious
preprocessingf theinputmatrix. (Thislatterideahasbeenusedn aweakemwayby Jer

rumandVazirani[JV92] to obtainarandomizedpproximatiorschemdor thegeneral
0,1permanentvhoserunningtime, while still notpolynomial,is asymptoticallysignif-

icantly fasterthanthatof morenaBvemethods.)

We concludeour discussiorof thepermanenby mentioningsomeextensionskirst
of all, it is not hardto see,againusingthelog-concavityproperty thatthe abovetech-
niquecanbe extendedo approximatehe entiresequencemy/, or equivalentlyall the
coefdcientof the monomerdimer partitionfunction [JS89]. The runningtime per co-
ef®cientis no worsethanfor m,. Secondlymanyotherapproximateenumeratiorfand
sampling)problemscanbe reducedo enumeratiorof perfectmatchingsgxamplesn-
clude countingHamiltoniancyclesin denseor randomgraphs(Dyer, Frieze,and Jer
rum [DFJ94, Friezeand Suen[FS97), countinggraphswith given degreesequence
(JerrumandSinclair[JS904, JerrumMcKay, andSinclair[JMS97), andcountingEu-
lerianorientationsof anundirectedgraph(Mihail andWinkler [MW91]).

12.5.2 VOLUME OF CONVEX BODIES

A problemthathasattractednuchattentionin the contextof the Markov chainMonte
Carlomethodis that of estimatingthe volume of a convexbodyin high-dimensional
spaceComputinghevolumeof apolytopein n = 3 dimensiongs notacomputationally
demandingask,buttheeffort requiredrisesdramaticallyasthenumbem of dimensions
increasesThisempiricalobservatioris supportedy aresultof DyerandFrieze[DF88]
to theeffectthatevaluatinghe volumeof a polytopeexactlyis #P-hard.

In contrastpy applyingthe Markov chainMonte Carlo method Dyer, Frieze,and
Kannan[DFK91] wereableto construcan FPRASfor thevolumeof aconvexbodyin
Euclideanspaceof arbitrary dimension.The convexbody K in questionis presented
to the algorithmusing a very generalmechanisntalled a membershipracle given
a point X, the membershipraclesimply revealswhetheror not x € K. Otherways
of specifyingthe body K B for exampleasa list of verticesor .n — 1/-dimensional
facetsb canberecastin the oracleformulation. The algorithmmustalsobe provided
with a guaranteén the form of two balls,onecontainedn K andof non-zeroradius,
andthe othercontainingK . This seeminglytechnicalconditionis essentialfor without
sucha guaranteg¢hetaskis hopeless.

Thereare severaldif®culttechnicalpointsin the constructiorand analysisof the
volumeapproximatioralgorithmof Dyeretal.,but,atahighenougHevelof abstraction,
the methodis quite simpleto describeTheideais to divide spaceinto n-dimensional
(hyper)cube®f side , andto performa randomwalk on the cubesthatlie within the
bodyK. Supposeherandomwalkis atcubeC attimet. A cubeC’ thatis orthogonally
adjacento C is selecteduniformly at random;if C’ € K thenthe walk movesto C’,
otherwiseit staysat C. It is easyto checkthatthe walk (or somethingcloseto it) is
ergodic,andthatthe stationarydistributionis uniformon cubesn K. Thecubesize is
selectedsoasto provideanadequat@pproximatiorto K, while permittingtherandom
walk to @explore®the statespacewithin areasonabléime. Rapidmixing (i.e., in time
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polynomialin n) is provedvia theconductancargumenf Sectionl2.3,by considering
thegeometryof thestatespaceof therandonwalk andapplyingclassicalsoperimetric
inequalities.

Oncethe samplingproblemhasbeensolved thevolumeof K canbe computedy
thetechniqueof Section12.2.Let By C B; C --- C By, beasequencef concentridalls
chosersothatBy € K C By, andthevolumeof B; exceedshatof B;_; by (say)afactor
of 2. Considetthe sequencef convexbodies

Bo=KNByCKNByC-- CKNBp=K: (12.16)

Thevolumeof the ®rstis known,while theratiosof volumesof successivéodiescan
be estimatedy Monte Carlo samplingusingsimulationof the randomwalk described
earlier Randomsamplingis effectivein this contextbecausehe volumesof adjacent
bodiesin sequencé¢l2.16)differ by afactorof at most2. By multiplying theestimates
for thevariousratios,thevolumeof the®nabodyK N By, = K maybecomputedo any
desireddegreeof approximation.

Althoughtherearemanysituationsn which a sourceof randombits seemgo aid
computation the currentexampleis particularly interestingin that randomnesss of
provablevalue.lt hasbeenshownby ElekeqElek8§ thatadeterministialgorithmthat
is restrictedto a subexponentiahumberof oraclecallsis unableto obtaina good(say
to within aratio of 2) approximatiorto thevolumeof a convexbody:

The closerelationshipof volume estimationto (approximatemulti-dimensional
integrationhasprovidedstrongpracticalimpetusto researchn this area.Sincethe ap-
pearancef the original paperof Dyer et al., mucheffort hasgoneinto extendingthe
algorithmto awider classof problemsandinto reducingts runningtime,which,though
polynomialin n, is still ratherhighin practicalterms.Applegateand Kannan[AK91]
havegeneralizedhe algorithmto the integrationof log-concavdunctionsoverconvex
regionsin arbitrarydimensionabpacewhile Dyer andFrieze[DF91], andLovészand
SimonovitdLS93] havedevisednanyimprovementshathavesuccessivelyeducedhe
time complexityof thealgorithm.The successf thelatterpursuitmaybejudgedfrom
thedramatidmprovemenin thedependencef thetime-complexityonthedimensiom:
from O.n?"/ for the original algorithmof Dyer et al., to O.n’/ asclaimedrecentlyby
Kannan,Lovaész,andSimonovits{KLS944.15 Someof theideasthathaveled to these
improvementaresketchedelow;for moredetailthereadeiis referrecto Kannanssur
vey article[Kan94, andthereferencesherein.

Onesourceof inef®ciencyin the early approactwasthat the randomwalk in K
could,in principle,getstuckfor long periodsnear®sharpcorners®of K. Indeed,n the
®rstalgorithm,Dyeretal. foundit necessarto 2roundoff® thecornersof K beforesim-
ulatingtherandomwalk. ApplegateandKannanobtaineda substantiaimprovementn
ef®ciencyby providingtherandomwalk with afuzzy boundaryRatherthanestimating
thevolumeof K directly, theirversionof thealgorithmestimatesheintegralof afunc-
tion F thattakesthevaluel on K, anddecayso 0 gracefullyoutsideK . Therandom
walk oncubess modi®edothatits stationandistributionis approximatelyroportional

15The®( ) notationhidesnot merelyconstantsbut alsoarbitrarypowersof logn. Kannanetal.'s
algorithmrequiregust ®(n®) oraclecalls, but the costof effectinga singlestepof their randomwalk
maybeashighasO(n?).
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to the function F. As we sawin Section12.4,in the contextof the matchingMarkov
chainM nmaen / , thisendis easilyachievedy usingaMetropolis-styleuleto determine
transitionprobabilities ProvidedF decayssuf®cientlyrapidly outsideK, the integral
of F overthewholeof R" will bea closeapproximatiorto thevolumeof K.

Anotherstrategythathasbeenemployedin the pursuitof ef®ciencyis to attempt
to reducethelengthm of sequencél12.16) whichamountgo arrangingor theextreme
balls By and B, to be ascloseaspossiblein volume.In the earlierpapersthebody K
is subjectedo a linear transformatiorthat allows the transformecdconvexbody to be
sandwichedetweerballs whoseradii differ by a factor O.n%2/. By contentingthem-
selveswith a lessdemandingnotion of 2approximatesandwiching,%annan,Lovdsz,
and Simonovits[KLS94b] haverecentlyreducedthis factorto O. . /n/, which is best
possible Observethatthis improvemenin the sandwichingatio reduceghelengthof
sequencé€l2.16)roughlyby afactorn.

Finally, muchthoughthasgoneinto potentially more ef®cientrandomwalks for
samplingfrom within K. This is an attractiveline of inquiry, asthe original 2cubes
walk,® which only evermakesshortsteps,ntuitively seemgatherinef®cient.Lovész
andSimonovitdL S93] consideinsteada®ball walk® with continuoustatespacewhich
operatessfollows. Suppose € K is the positionof thewalk attime t, anddenoteby
B.x; / theball with centrex andradius . The probability densityof the position of
thewalk attimet 4+ 1, conditionalon its positionattimet beingx, is uniform overthe
regionK N B.x; /, andzerooutside.Theparameter is choserto exploitthetrade-of
discussedrie'y in the contextof the cubeswalk. The conductancergumentcanbe
extendedo thecontinuousasewithoutessentiathangeTheball walk savesafactorn
in the numberof oraclecalls; unfortunatelyasthe movesof therandomwalk arenow
more complexthan before,thereis no savingin nettime complexity (i.e., excluding
oraclecalls).

An interestingoroblemrelatedto volumeestimatioris thatof approximatelycount-
ing contingencytables:given m+ n positiveintegersry;:::;ry andcy;:::;cy, COM-
pute an approximationto the numberof m x n non-negativeinteger matriceswith
row-sumsry;::: ;rm andcolumn-sumse;::: ; c,. This problemarisesin the interpre-
tationof theresultsof certainkindsof statisticalexperimentsee for exampleDiaconis
andEfron [DE8S].

It is easyto seethatthe contingencytableswith givenrow- andcolumn-sumsre
in 1-1 correspondencwith integerlattice pointscontainedn anappropriatelyde®ned
polytopeof dimensiomm — n — m. We might hopethata suf®cientlyuniform distribu-
tion onlattice pointscouldbeobtainedby samplingfrom the(continuousonvexpoly-
topeandroundingto a nearbylattice point. Dyer, KannanandMount [DKM95] show
thatthis canbe done,providedthat the row- and column-sumsare suf®cientlylarge;
speci®callythateachsumis at least.n + m/nm. The caseof smallrow- andcolumn-
sumsremainsopen.Thereis no hopeof an FPRASfor unrestricted-dimensionaton-
tingencytables(unlessNP = RP), aslrving andJerrum[1J94] haveshownthatdeciding
feasibility (i.e, whetherthereis atleastonerealizationof the contingencytable)is NP-
completen 3-dimensionsgvenwhentherow- column-and®le-sumsireall eitherOor 1.

OPEN PROBLEM 12.3 An elegantdirectapproachto samplingcontingencytables
hasbeenproposedoy Diaconis.Considerthe Markov chainM c1, whosestatespace
is the setof all matriceswith speci®edow and columnsums,and whosetransition
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probabilitiesarede®nedsfollows. Let the currentstate(matrix) be A = . a;;/. Select
a pairof rows.i;i’/ with i #i’, anda pair of columns. j; j’/ with j # j’, bothu.a.r

Form a new matrix A’ from A by incrementingby one the array elementsa;j; gjojo,

anddecrementingy onethe elementsa;jo; ao;. Note that A’ hasthe samerow- and
column-sumsasA. If A’ is non-negativeahenwe acceptit asthe nextstate;otherwise
the chainremainsat state A. It is easyto verify that M ¢ is ergodic and reversible
with uniform stationarydistribution.Moreover it appeardo work well in practiceas

a uniform samplingprocedureor contingencytables.However its mixing time is not

knownto beboundedby anypolynomialin thesizeof theinput. (For obviousreasons,
we mustassumehattherow- andcolumn-sumsreexpresseth unarynotationwhen

de®ningheinputsize.)

12.5.3 STATISTICAL PHYSICS

We havealreadyseen,in Section12.4,a detailedexampleof the useof the Markov
chainMonte Carlomethodin statisticalphysics.It wasin factin this areathatthe ®rst
computationaluse of the techniquewas made,and today Markov chain simulations
relatedto physicalsystemsccounfor vastquantitiesof CPUtime on highperformance
machinesThesemethodswhile ofteningeniousarehardly everstatisticallyrigorous,
so the numericalresultsobtainedfrom them haveto be treatedwith somedegreeof
caution.One of the mostexciting applicationsof the analyticaltechniquegpresented
hereis the potentialthey openup for the rigorousquanti®catiorof thesemethodsin
this subsectionye sketchthe progresghathasbeenmadein this directionto date.

The mostintensivelystudiedmodelin statisticalphysicsis the Ising mode] intro-
ducedin the 1920sby Lenzandlsing asa meanf understandinghe phenomenowf
ferromagnetismAn instanceof the Ising modelis speci®edby giving a setof n sites a
setof interactionenegiesV;; for eachunorderedair of sitesi; j, a magnetic®eldin-
tensityB, andaninversetemperatue . A con®guratiomf thesystende®nedby these
parametergs oneof the2" possibleassignments of +£1 spinsto eachsite. Theenegy
of acon®guration is givenby theHamiltonianH. /, de®nedy

H. [ =-— Vijij_BZ K-
{i.i} k

Themoreinterestingpartof H. / isthe®rstsum,which consistof acontributionfrom
eachpair of sites.The contributionfrom the pairi; j is dependenbn the interaction
enegy Vij, andwhetherthespinsati andj areequalor unequalThesecondsumhasa
contributionfrom eacthsitei whosesigndependenthesignof thespinati. In physically
realisticapplicationsthe sitesarearrangedn aregularfashionin 2- or 3-dimensional
spaceandV;; is non-zeroonly for 2adjacentSsites Fromacomputationapointof view,
this specialstructureseemslif®cultto exploit. For moredetailon thisandothermodels
in statisticalphysics,viewedfrom a computationaperspectivegonsultthe surveyby
Welsh[Wel9(.

A central problem in the theory is evaluating the partition function Z =
Y .exp— H. [/, wherethesumis overall possiblecon®gurations . Thisis analo-
gousto themonomerdimerpartitionfunctionin Sectionl12.4,whichis alsoaweighted
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sumovercon®gurationsThesigni®cancef Z is thatit is thenormalizingfactorin the

Gibbsdistribution which assigngprobabilityexp — H. //=Z to eachstate(con®gu-
ration) in the steadystate.Otherproblemsrelateto the evaluationof the expectation
of certainrandomvariableof ,when issampledaccordingo theGibbsdistribution:

themeanmagnetionomentandmeanenegy aretwo such.

Whentheinteractiorenegiesareunconstrainefthiscorrespond aso-calledspin
glasg the partitionfunctionis hardevento approximatdJS93, sowe restrictattention
to theimportantferromagneticasewhereV;; > Ofor all pairs{i; j } of sites. Evenhere,
exactcomputatiorof the partitionfunctionis #P-complete[JS93, soit is againnatu-
ral to askwhetheran FPRASexists.JerrumandSinclair[JS93 answeredhis question
in theaf®rmativeandin additionpresenteén FPRASfor the meanmagnetionoment
andmeanenengy. Applying the Markov chainMonte Carlo methodto the Ising model
requiredan additionaltwist, asthe@natural® randomwalk on con®gurationsn which
two con®gurationareadjacenif they differ in just onespin,is not rapidly mixing.16
Thetwist is to simulateanapparentlyunrelatedMarkov chainon a differentsetof con-
®guration® basednedgegatherthanverticesb which happengo haveessentially
the samepartitionfunctionasthe Ising modelproper Using the canonicalpathsargu-
ment,it canbe shownthatthe new edge-basedlarkov chainis rapidly mixing. The
twist justdescribeds onefactorthatmakeshis applicationoneof the mostintricateso
far devised.

In additionto the Ising modeland monomerdimer systemspthermodelsin sta-
tistical physicsthat havebeensolvedin the FPRASsensearethe six-pointice model
[MW91] andthe self-avoidingwalk modelfor linearpolymers[BS85 RS94. Thefor-
mer problemis againconnectedvith matchingsin a graph,but ratherremotely anda
fair amountof work is requiredto establishand verify the connectionfMW91]. The
latter makesuseof a Markov chainthatis muchsimplerin structureto thoseconsid-
eredhere[BS85, andwhoseanalysigequiresafar lesssophisticateépplicationof the
canonicabathsapproachThe analysisin factrelieson a famousconjectureregarding
thebehaviorof self-avoidingwalks:theresultingalgorithmis somewhanovelin thatit
eitheroutputsreliablenumericalanswerspr producesa counterexampléo the conjec-
ture[RS94].

12.5.4 MATROID BASES: AN OPEN PROBLEM

A particularlyappealingopenproblemin this area,andonethatwould beveryrich in

termsof consequencess to determineusefulboundson the mixing time of the basis-
exchangeéviarkov chainfor ageneramatroid.(A matroidis analgebraicstructurethat
providesan abstracttreatmentof the conceptof linear independence.Jhe statesof

this Markov chainarethe basegmaximumindependensets)of a given matroid,and
atransitionis availablefrom baseB to baseB’ if the symmetricdifferenceof B and B’
consist®f preciselytwo element®fthegroundset.All transitionprobabilitiesareequal,
sothechainis ergodicandreversiblewith uniform stationarydistribution.

16A moreelaborate@andomwalk on spincon®gurationproposedy SwendsemndWang[SW87]
mayberapidly mixing, but nothingrigorousis known.
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A concreteexampleis providedby the graphic matmwid associateavith an undi-
rectedgraphG. In this case the basesare spanningreesof G, anda transitionfrom
agiventreeT is effectedby addinga singleedge(selectedu.a.r) to T, thuscreatinga
cycle,andthenbreakinghecycleby deletingoneof its edgegselectedi.a.r). Thebasis-
exchangé/arkov chainis knownto berapidly mixing for graphicmatroids,and,some-
whatmoregenerallyfor matroidssatisfyingacertairfbalancecondition®(seeFederand
Mihail [FM92]). A proofof rapidmixing in thegenerakasewouldimply theexistence
of anFPRASfor a numberof importantproblemsin combinatoriaenumerationall of
which are#P-complete including countingconnectedspanningsubgraph®f a graph
(networkreliability), forestsof givensizein agraph,andindependensubset®f vectors
in asetof n-vectorsoverGF. 2/.

e
THEMETROPOLISALGORITHM AND
SIMULATEDANNEALING

O

We concludethis surveywith aratherdifferentapplicationof the Markov chainMonte

CarlomethodLike theapplicationsve havediscussegofar, Markov chainsimulation
will againbe usedto samplefrom a large combinatoriaketaccordingto somedesired
probability distribution.However whereasup to now we haveusedthis randomsam-

pling to estimatethe expectationsf suitablyde®nedandomvariablesoverthe set,we

will now useit to optimizea function.Thisis thekey ingredientof severarandomized
searchheuristicin combinatoriabptimization,the mostcelebratef which is known

assimulatedannealing.

As usuallet  bealarge combinatorialset,which we think of now asthe setof
feasiblesolutionsto someoptimizationproblem.Let f :  — R* beanobjectivefunc-
tion de®nedn ; our goalis to ®nda solutionx €  for which the value f.x/ is
maximum(or, symmetricallyminimum).As anillustrativeexamplelet ustakethemax-
imum cut problem.Here s the setof partitionsof the verticesof a givenundirected
graphG = .V; E/ into two setsSandS = V — S. Our goalis to ®nda partition that
maximizesthe numberof edgesetweerS andS.

Hereis a very generalapproacho problemsof this kind. First, we de®nea con-
nected undirectedgraphH onvertexset : this graphis oftenreferredto asa neigh-
borhoodstructue. Typically, theneighborofasolutionx €  arecloseto x undersome
measuref distancdhatis naturalto thecombinatoriaktructuresn questionfor exam-
ple,in themaximumcut problem theneighborof a particularpartition. S; S/ mightbe
all partitionsof theform. S—s; S+s/ and. S+t; S—t/ obtainedby movingoneelement
acrosghe partition. Next we constructa Markov chainin the form of a biasedrandom
walk onthegraphH of aspecialform. Letd.x/ denote¢hedegreeof vertexx in H, and
let D beanupperboundonthemaximumdegreeThentransitiondrom anystatex
aremadeasfollows:

I. with probability% let y = x; otherwise,
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Il. selecty e accordingo thedistribution

z if y is aneighborof x;
Pry/l={1-9% jfy=x;
D 1
0 otherwise;

[11. goto y with probabilitymin{1; f»-f(},

Here > 1isa®xedparametewhoserolewill becomeclearshortly We shallreferto
thisMarkovchainasMC. /. NotethatMC. / alwaysacceptgransitiongo neighbors
with bettervaluesof f, butrejectstransitiondo pooremeighborswith aprobabilitythat
dependsn .17
Let us observesomegeneralpropertiesof this Markov chain. First, since H is
connectedthechainis irreducible andsinceall self-loopprobabilitiesarenon-zerat is
aperiodichenceit is ergodic.Now de®ne
f(x)
z. I’
whereZ. / is anormalizingfactorto make , aprobabilitydistribution.Thenit is an

easymatterto checkthatthe chainis reversiblewith respecto , i.e., thetransition
probabilitiesP. x; y/ satisfythe detailedbalancecondition

a- Xl = forxe ; (12.17)

o XIP. X3yl = 4. yIP.y;x/; forallx;ye

All this implies that the Markov chainconvegesto the stationarydistribution . A
Markov chain of this form is known as a Metropolis processin honor of one of its
inventorgMet53].

Now let usexaminehestationarydistributionmoreclosely From(12.17)it is clear
that,for anyvalueof > 1, , isamonotonicallyincreasingunctionof f.x/. Henceit
favorsbettersolutions.Moreover the effect of this biasincreasesvith :as — oo,
the distributionbecomesnore sharplypeakedaroundoptimal solutions.At the other
extremewhen = 1 thedistributionis uniformover

Our optimizationalgorithmis now immediate:simply simulatethe Markov chain
MC. [ for somenumberT, of stepsstartingfrom anarbitraryinitial solution,andout-
put the bestsolutionseenduringthe simulation.We shallreferto this algorithmasthe
Metropolis algorithmat . How shouldwe choosethe parameter ? For suf®ciently
large T, we canview the algorithmasessentiallysamplingfrom the stationarydistri-
bution . If wewantto bereasonablgureof ®ndingagoodsolution,we wantto make

smallsothat , iswell concentratedOntheotherhand,intuitively, as increaseshe
chainbecomedessmobile andmorelikely to getstuckin local optima:indeed,in the
limit as — oo, MC. / simplybecomesvery naBvetrandomizedyreedyPalgorithm.
Thistradeof suggestshatwe shoulduseanintermediatevalueof

To preciselyquantifythe performancef the Metropolisalgorithmata givenvalue
of , wewouldneedto analyzetheexpecteditting time from theinitial solutionto the
setof optimal (or nearoptimal) solutions However we cangetanupperboundon the
time takento ®nda goodsolutionby analyzingthe mixing time. Certainly if MC. /is
closeto stationarityafter T stepsthenthe probabilitythatwe ®nda goodsolutionis at

17In thecasewherewe wishto minimise f, everythingwe saycarriesoverwith o replacedy o 1.
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leasttheweightof suchsolutiongn thestationandistribution . We shallillustratethis
approactby adaptinghe matchingexampleof Section12.4,for whichwe havealready
developedll thenecessaryechnology

Considerthe classicaloptimizationproblemof ®ndinga matchingof maximum
cardinalityin agraph.Thus isthesetof all matchingsn agraphG =.V; E/, andwe
aretrying to maximizethefunctionf :  — R givenby f.M/ = |M|. It iswell known
thatthis problemcanbe solvedin polynomialtime, but the algorithmfor non-bipartite
graphsis far from trivial [Edm695. We shall showthat the much simpler Metropolis
algorithmsolvestheproblemfor mostgraphsand®ndsagoodapproximatesolutionfor
all graphswith high probabilityin polynomialtime. Thekeyto thealgorithm's success
is a carefullychoservalueof theparameter .

We havein fact alreadyde®ned suitableMetropolis processor the maximum
matchingproblem:it is the Markov chainM qach /' from Section12.4. A glanceat
the de®nitionof this chainrevealsthatit is a Metropolisprocessvhoseneighborhood
structureis de®nediy edgeadditions,deletions,and exchangesandwith D = |E]|
and = . We sawin Section12.4thatM nach / getsvery closeto its stationary
distribution, ,, in time polynomialin andthennumberof verticesin G.

Let us ®rstconsiderthe caseof 2n-vertexgraphsG for which theratio mp_;=mj,
is polynomially bounded,.e., my_1=m, < q.n/ for some®xedpolynomial .18 (Of
course for suchgraphsmaximummatchingsare perfectmatchings.As we haveseen
in Section12.5.1,this actuallycoversalmostall graphs,aswell asseveralinteresting
speciafamiliessuchasdensegraphsWe alsosawin Section12.5.1that,if wetake =
g.n/ > my_1=mp, thentheweightof perfectmatchingsn the stationarydistribution
is atleastn—}r1 (seeequation(12.15)).Hence by runningthe MetropolisalgorithmO. n/
times(or, alternativelyby increasing by a constanfactor),we canbe almostcertain
of ®ndingaperfectmatching.Therunningtime for eachrunis polynomialinnand =
g.n/, andhencepolynomialin n. Thesameresultholdsmoregenerallyfor graphswith
amaximummatchingof sizeko, providedthatmy,_;=m, is polynomiallybounded.

Theaboveanalysidreakdownfor arbitrarygraphsecaus¢hevalueof required
to ®nda maximummatchingcould be very large. However for arbitrary graphs,we
canprovethe weakerresultthat the Metropolisalgorithmwill ®ndan approximately
maximummatchingin polynomialtime. Let G be anarbitrarygraph,andsupposeave
wish to ®nda matchingin G of sizeat leastk = [.1—"/kg], whereky is the size of
a maximummatchingin G and" € .0; 1/. We claim that, if we run the Metropolis

algorithmfor a polynomialnumberof stepswith = |E|~9/¢, thenwith probability
at Ieastn—il we will ®ndsucha matching.(Note, however that the runningtime is

exponentialn theaccuracyparametel ~1.) Onceagain,the succesprobabilitycanbe
boostedby repeatedrials, or by increasing by asmallconstanfactor

To justify theaboveclaim, we usethelog-concavitypropertyof matchingsandthe
factthatmy, > 1 to deducehat

ko

mj_y M1\ ko—k+1

Mg_1 = My, | | — > (— : (12.18)
=k m,— ( My )

Butsincej-matchingsn G aresubsetsf E of sizej, thereis alsothecrudeupperbound

18Recallthatmy denoteghe numberof k-matchingsn G.
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me_1 < |E[*". Hence from (12.18)we concludethat
M1
My
Now we uselog-concavityagainto amgue that, for 0 < i < k, we have mj=my <
.m_1=m /¥ < ¥ 1t follows thatthe weightof i -matchingsin the stationarydis-
tribution , is boundedaboveby theweightof thek-matchingsHence the probability
of beingata matchingof sizek or moreis at Ieastn—}rl, aswe claimed.

Rigorousresultslike this aboutthe performanceof the Metropolisalgorithmon
non-trivialoptimizationproblemsarefew andfar betweenTheaboveresultonapprox-
imating maximummatchingswas obtainedvia a more complexargumentby Sasaki
andHajek[SH88, who alsoshowthatthis resultis bestpossiblein the sensehatthe
Metropolisalgorithmcannotbe expectedo ®ndatruly maximummatchingn arbitrary
graphsn polynomialtime, evenif thealgorithmis allowedto vary the parameter in
an arbitrarily complicatedfashion.Negativeresultsof a similar “avor for otherprob-
lemscanbe foundin [Sas9] and[Jer93. Jerrumand Sorkin [JS93 provea positive
resultfor thegraphbisectiorproblemanalogouso theoneabovefor ®ndingamaximum
matchingin randomgraphsthey showthat,for almosteveryinput graphin a suitable
randomgraphmodel,the Metropolisalgorithmrun at a carefully chosenvalue of the
parameter will ®nda minimum bisectionof the graphin polynomialtime with high
probability Their approachs differentfrom the onepresentedhere,in thattheyamgue
directly aboutthe hitting time ratherthananalyzingthe mixing time aswe havedone.
Finally, arecentpaperof Kannan Mount,andTayur[KMT94] showshowtheMetropo-
lis algorithmcanbe usedto ef®ciently®ndapproximatesolutionsto a classof convex
programmingoroblems

We closewith abrief discussiorf thepopularoptimizationheuristicknownassim-
ulatedannealing®rstproposedn [KGV83]. This heuristicis widely usedin combina-
torial optimization:for acomprehensiveurveyof experimentatesults seefor example
[JAMS88 JAMS91l. Essentiallytheideais to simulatethe Metropolisprocessvhile at
the sametime varyingthe parameter accordingto a heuristicschemeThus,a simu-
latedannealingalgorithmis speci®edtby a MetropolisprocessMC. /, togethemwith an
increasindunction : N — [1;00/. At timet, the processnakesatransitionaccording
to MC. .t//; we canthereforeview it asatime-inhomogeneoudarkov chainon
After somespeci®eaumberof stepsthealgorithmterminatesandreturnsthe bestso-
lution encounteredofar.

Thefunction is usuallyreferredto asa coolingschedulein accordancevith the
interpretatiorof ~! asaatemperature.dncreasing thuscorrespondso decreasing
temperaturegr cooling. Thetermasimulatedannealingderivesfrom theanalogywith
the physicalannealingporocessin which a substancsuchasglassis heatedto a high
temperatur@andthengraduallycooled,thereby?freezing®into a statewhoseenegy is
locally minimum. If the coolingis donesuf®cientlyslowly, this statewill tendto bea
globalenegy minimum,correspondingo maximumstrengthof the solid.

Thismorecomplexprocesss evenharderto analyzehanthe Metropolisalgorithm
itself. SincetheMarkovchainis nottime-homogeneousyenthequestiorof asymptotic
convegencas non-trivial. Holley andStroocklHS8§ provedtheexistencef acooling
schedulehatguaranteesonvegenceo a globaloptimum:howeverthe schedulds so
slowthatthetime takento convegeis comparablavith thesizeof , whichmakeghe

< B0 =
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algorithmuncompetitivewith naBveexhaustivesearchlt remainsan outstandingopen
problemto exhibita naturalexamplein which simulatedannealingvith anynon-trivial
cooling scheduleprovablyoutperformshe Metropolisalgorithmat a carefullychosen

®xedvalueof
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Proof of Proposition 12.3. The proof essentially hinges on the bound
.Var fi/=.E f;/2 < e,whichwe establishefbr therandomvariablef;. Howeverthisran-
domvariableis de®nedvith respecto thedistribution ,,, whereaur samplesome
from a distribution™;, obtainedfrom a ®nite-lengthsimulationof the Markov chain,
whosevariationdistancérom ;, satis®es

< =—:
ull < =
We shall thereforework with the randomvariable ﬁ de®nedanalogousiyto f; ex-
ceptthatthematchingM is selectedrom thedistribution™;, ratherthan ;. Since f;

takesvaluesin . 0; 1], its expectatiorE ﬂ =T clearlysatis®e$™; — i| <"=He, which
by (12.10)implies

”A)\i -

(A.1)

(1—§> i < i§<1+§> it (A.2)
Moreover againusing(12.10),thevarianceof f; satis®es
Varfil=Efi?<51<2 t<2e (A3)

wherewe havealsoused(A.2) crudelyto deducehat™ > % i
We cannow computethe samplesizeneededo ensurea good®nalestimatelL et
Xi(l); G Xi(s) beasequencef Sindependentopiesof therandom\/ariableﬂ(_)btained
by samplingS matchingsrom the distribution™;,, andlet X; = S2 st=1 Xi(” bethe
samplemean.Clearly EX; = Ef; = 7, andVarX; = S-1Varf;. Our estimatorof
= 2. /"% is therandomvariableX = [Ti_; Xi. The expectatiorof this estimatoris
EX =]i_, 5 = ", whichby (A.2) satis®es

(1—1) <~< (1+Z> : (A.4)

Also, by (A.3), thevariancesatis®es

VarX d VarX
—_— = 1+ — -1
EXI? ,1]1( .EXi/2>

providedwe choosethe samplesize S = [130¢ ~2r]. (Herewe areusingthe fact that
expx=65 < 1+ x=64for 0 < x < 1.) Now Chebyshewinequalityappliedto X yields

16 VarX 1
PrX—"1> "=4/ < — &2 _ 2.
X =" =W EXZ -3
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sowe have,with probabilityatleasts,

(1— Z)AS X < (1+;—'1) ~ (A.5)

Combining(A.4) and(ﬁ.S) we seethat,with probabilityatleasts, Y = X~ lieswithin
ratiol+" of ~1=Z./,whichcompletegheproof. [ ]



