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Suppose we have selected a movable obstacle to be moved along some straight
line. While moving the obstacle, the coordinates of the horizontal lines and
the vertical lines associated with the obstacle in both the configuration space
and the workspace change. As long as the ordering of the vertical and horizon-
tal lines remains the same, we only need to update the coordinates stored at
the vertical and horizontal lines. However, at the moment two vertical lines or
two horizontal lines swap position in either the workspace or the configuration
space, we need to (1) check if that swap is allowed (does the obstacle lose its
manipulability? does the obstacle collide with another obstacle?), and if so
(2) update the the data structure.

Given a proposed straight-line movement of an obstacle Mi, we can com-
pute using the coordinates of the lines what the first event is that will be
encountered, i.e. the first occasion in which we potentially swap two lines.
Below we iterate over all possible events the can be encountered, and show
for each of them how we check whether the event is allowed. We only discuss
events that occur when Mi moves directly to the right (all other directions
can be handled symmetrically). So, each event involves the left or the right
line of obstacle Mi, and the left or the right line of another obstacle, say Mj ,
in either the workspace or the configuration space (C-space) of the robot.

• Workspace: left line of Mi, left line of Mj . The event is always allowed.
• Workspace: left line of Mi, right line of Mj. The event is always allowed.
• Workspace: right line of Mi, left line of Mj . The event potentially causes

Mi to start colliding with Mj . The event is allowed if the bottom line of
Mi is above the top line of Mj, or if the top line of Mi is below the bottom
line of Mj.

• Workspace: right line of Mi, right line of Mj . The event is always allowed.
• C-space: left line of Mi, left line of Mj. The event potentially causes Mi

to stop being manipulable (similar to the situation of Fig. 3a). The event
is not allowed if all free cells of the connected component of the robot that
are adjacent to the C-obstacle of Mi are below the top line of Mj , above
the bottom line of Mj, and left of the left line of Mj .

• C-space: left line of Mi, right line of Mj . The event is always allowed.
• C-space: right line of Mi, left line of Mj . The event potentially causes the

connected component of of the robot to disappear (similar to the situation
of Fig. 3b). The event is not allowed if all free cells of the connected
component of the robot that are adjacent to the C-obstacle of Mi are
below the top line of Mj , above the bottom line of Mj , and right of the
right line of Mi. The event may also cause a connected component split
(similar to the situation of Fig. 4a); we will discuss this below.

• C-space: right line of Mi, right line of Mj . The event is always allowed.

If the event we encountered is allowed, we need to update the data struc-
ture. If the event happened in the workspace, we only need to swap the in-
volved lines in the ordered list of lines stored in the data structure, and update
the coordinate of the lines of the moved obstacle Mi.
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Algorithm 4 Expand(x = 〈c1, . . . , cn, N〉) : X

1: for K times do
2: Pick a random movable obstacle Mi that is manipulable in x.
3: Pick a random direction θ ∈ {0, π/2, π, 3π/2}, and a random distance r.
4: x← MoveObstacle(x, Mi, ci + (r cos θ, r sin θ)).
5: return x.

If the event happened in the configuration space of the robot, we first
swap the involved lines in the configuration space data structure, and update
the coordinate of the lines of Mi. Second we need to update the information
stored with the column (or row) that is in between the two lines that have
swapped. Given the bit-representation, we simply need to “x-or” the stored
value with the bits of both of the involved obstacles Mi and Mj.

Further, we need to update the component information of the free cells;
i.e. set the flag whether or not they belong to the connected component of
the robot. Only the cells in the column between the two swapped lines may
have changed status from “occupied by a C-obstacle” to “free” or vice versa.
Initially, we set the flag of all cells in that column to 0 (i.e. not belonging to the
robot’s connected component). Then we use a flood fill from free cells flagged
1 that neighbor the column to set all the flags of the free cells belonging to the
robot’s connected component. However, if the event involves the right line of
Mi, and the left line of Mj, the connected component of the robot may have
split into two components (which would both be flagged 1 after the above
flood-fill). Whether this is the case can be checked using another flood fill. If
the connected component has indeed split, the robot can in the new situation
be in either of the newly created components. In our algorithm, we randomly
pick one, and set the flags of the cells in the other component to 0.

After the event has been handled, we can compute what the next event is
that is encountered when moving Mi. This repeats until Mi has reached its
destination, or until an event is encountered that is not allowed.

5.3 Algorithm

We implemented the algorithm of Section 4.2 using the data structure pre-
sented above. For each state in the tree, we store both the rectangular map of
the workspace and the rectangular map of the configuration space of the robot.
As this is quite memory-intensive —the space complexity of the data struc-
ture is O(n2)— we slightly changed Algorithm 2 (see Algorithm 4). Instead of
storing the state after each obstacle movement, we let the state be expanded
by a random sequence of K obstacle movements, where K is a parameter of
the algorithm. This does not affect the probabilistic completeness: Theorem 1
also holds for a sequence of sequences of actions. Further, also without loss of
probabilistic completeness, we let the obstacles only move along axis-aligned
paths (see line 3 of Algorithm 4).
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A B

Fig. 6. The initial situation of two scenarios A and B we perform experiments on.
The movable obstacles are light gray, the static obstacles are dark gray, and the
robot is even darker gray. The robot is shown in its start configuration.

6 Results

As a proof-of-concept, we report results of experiments performed on two
scenarios A and B (see Fig. 6). Scenario A only contains three movable obsta-
cles, but is a difficult problem mainly because of the “lock” created by obstacle
M3. This problem cannot be solved by the algorithm of [15] since it belongs
to the class of non-monotone problems. The planner of [10] does not take into
account indirect obstacle interactions, and therefore would not consider mov-
ing obstacle M2 before moving through the lock of obstacle M3. Scenario B is
more complex in the sense that it contains more obstacles. It is an axis-aligned
version of the problem experimented on in [15]. The big obstacle M1 must be
moved out of the way of the robot, but before this is possible other obstacles

(a) (b)

Fig. 7. (a) A narrow passage
for movable obstacle M formed by
two static obstacles. (b) M bumps
against the obstacles to find its way
through the narrow passage.

have to be moved out of the way ofM1 first.
We performed our experiments on a

1.66 GHz Intel T5500 processor with 1
GByte of memory. Our algorithm solves
scenario A in 0.01 seconds, and scenario B
in 0.03 seconds. The solutions contain 214
and 2100 obstacle movements, respectively.

The solutions produced by our algo-
rithm are not optimal; they include large
amounts of unnecessary obstacle move-
ments. This is because of the purely ran-
dom nature of our algorithm. However, the
solutions are found very fast (although the
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comparison is not entirely fair, [15] reports a running time of 2.08 seconds
on scenario B). This is explained by the efficiency of the rectangular map
data structure, and our algorithm’s inherent advantage in handling narrow
passages: As the movable obstacles only move along axis-aligned paths, they
implicitly use compliance to the static obstacles (see Fig. 7). Even if the
boundaries of two (static) obstacles are collinear (Fig. 7a), there is an explicit
ordering of the lines in the rectangular map data structure, so one is above
the other. This is topologically equivalent to the situation of Fig. 7b, which
the movable obstacles exploit to find their way through narrow passages.

7 Conclusion and Future Work

In this paper, we have discussed the problem of path planning among movable
obstacles. We have made the observation that if we maintain an exact repre-
sentation of the configuration space of the robot and the connected component
the robot is in, we can decouple the computation of the obstacle movements,
and the robot motions that lead to these obstacle movements. This approach
to the problem enabled us to devise the first probabilistically complete algo-
rithm for this domain.

We have presented a data structure called the rectangular map to maintain
an exact representation of the robot’s configuration space in case all obstacles
and the robot are translating axis-aligned rectangles. We have implemented
the algorithm and the data structure, and used it to solve problems that could
not be solved by previous work.

The requirement to maintain an explicit representation of the robot’s con-
figuration space limits the practical applicability of our algorithm to robots
with two or three degrees of freedom. Note, however, that the number of de-
grees of freedom of the movable obstacles is not constrained. Future work
includes the implementation of a data structure to maintain the robot’s con-
figuration space in the more general case of polygonal and circular obstacles
that can both translate and rotate. The arrangement package of Cgal [18]
may provide most of the functionality required. Another possibility to address
this limitation is to maintain the robot’s connected component and its con-
nectivity using sampling-based techniques, without sacrificing probabilistic
completeness. This remains subject of future study.

The fact that our algorithm is probabilistically complete shows that we
have characterized the problem correctly, but it does not necessarily say much
about the performance of the algorithm. In fact, the algorithm that we have
presented performs a rather uninformed brute force search. Enhancing the
algorithm with heuristics to focus the search, such as the ones used in [10, 14,
15], might drastically improve the performance without losing probabilistic
completeness. It may improve the quality of the produced solutions as well.
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