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Today
B

. Regression (cont’'d) (How can | predict a continuous
variable?)

. Classification (How can | predict a discrete variable?)

. Generative classification (What if | reduce classification
to density estimation?)

. Discriminative classification (Can | do classification
while avoiding density estimation?)

-
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fRegression (cont’d)

How can | predict a continuous variable?



Kernel Regression: Nadaraya-Watson

-

Recall the definition of the regression function

rz) =E(Y|X =2) = / yf (y|z)dy

Jyf(z,y)dy
| f(z,y)dy

Let’s estimate this somewhat explicitly:
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Kernel Regression: Nadaraya-Watson

. .

This can be viewed as taking a weighted average of the y’s,
giving higher weight to points near x:

r(x) = Z w; () y; (4)

where

- SVUK (Hx; 7;||)' ®)



Kernel Regression: Nadaraya-Watson
fTas,k: regression T
Model class: Sobolev (nonparametric)

Loss: Lo error

Optimizer: exhaustive or gradient descent
Generalization mechanism: cross-validation
Evaluation algorithm: generalized N-body algorithm

We can compute the risk of the Nadaraya-Watson
estimator, as we did for the kernel density estimator. We
can then use this to find that the optimal bandwidth

decreases at rate N—1/5 and with this choice the risk
decreases at rate N—*/5. This turns out to be the optimal J
ate of convergence.
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Kernel Regression: Nadaraya-Watson

o .

Cross-validation is straightforward in the supervised case:
1 ol : 2
CVL,(h) == > (i — 7" (x:) " (6)
1=1

We actually don’'t need to compute separate estimates in
order to leave one out of each, by rewriting this as

2
N
1 K
(:VL2 — N — ’Fh LEZ 1 — N ((|)|)£C—£C|| .
221 ijlK( zh ] )

o -
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Kernel Regression: Nadaraya-Watson

fAn approximate 1 — « confidence band for 7(x) is T
l(x) = 7(x) — gSe(x), u(x) =T7(x)+ qS€(x) (8)
where

N-1

7 = Z Yis1 — (9)

1=1

se(zx) = a\zwg(ag), (10)
1=1

(11)



Kernel Regression: Nadaraya-Watson
B o

_ A\1/m
;= o <1+(12a) )7 12)

m = (b—a)/h, (13)

where 1 is the effective width of the kernel (use 3h for the
Gaussian kernel).

Note that this is not exactly a confidence band on the true
regression function for technical reasons.

o -
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Kernel Regression: Locally Linear

fProblem: Points near the boundary of the training data will T
be poorly estimated.

Consider locally linear regression, where we will solve a
separate weighted least-squares problem at each point x to
be predicted, finding the §(x) which minimizes

N

ZK(Hx—thH> (yi—ﬂ(x)xi)Q. (14)
i=1
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Kernel Regression: Locally Linear
E

matrix with i** diagonal element K (w)

=

he estimate is then, where W (z) is the N x N diagonal

AN

r(z) = Bz)z (15)
= 47 (XTW(x)X)_lXTW(x)Y (16)

N
= > wix)y:. (17)

1=1

Note that the overall estimate is linear in y;, since the
weights w;(z) do not involve y;. They can be thought of as
Lrepresenting an equivalent kernel. J



Kernel Regression: Extensions

fThere are further extensions possible. T

# Local polynomial regression. We can consider any
polynomial order. However there is a bias-variance
(complexity) tradeoff, as usual. The general consensus
IS that going past linear increases variance without
decreasing bias much, since local linear regression
captures most of the boundary bias, and asymptotically
boundary effects dominate the MSE.

o -
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Kernel Regression: Extensions

- .

# Variable-bandwidth kernels. For example let the
bandwidth for each training point be inversely
proportional to its k" nearest-neighbor’s distance.
Generally a good idea in practice, though there is less

theoretical consensus on how to choose the
parameters here.

None of these improves the convergence rate. However,
they can still give better finite-sample results.

Note that all of this can be done in kernel density estimation
as well.

o -
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Main Things You Should Know

f.oW

s W

nat linear regression is
nat kernel regression is

s W

nat regularization is, and its importance

=



fClassification

How can | predict a discrete variable?



Classification



Classification Loss

. .

The most common loss function for classification is
zero-one loss:

AN AN

LY, f(X)) = I(Y # f(X)). (18)

We can generalize this to specify arbitrary costs for
misclassifying one class as another:

AN

L(Y, f(X)) = Ca (19)

AN

where C'iIsa K x K matrix,a =Y, and b = f(X).

o -
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Classification Loss

=

fThe test error, or expected loss, called the error rate in this
case, Is

E = E[L(Y, A(X))} (20)
= Exy |L(Y, f(X)) 1)
= ExEyix | L(Y, f(X)) (22)
or, for a given z,
B(x) = Eyx |L(Y, f@))]. 23)
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Discriminant Function

Suppose Y = {0,1}. The value f*(z) that minimizes E(z) is
the regression function, which we now call the discriminant

function:

g()

E(Y|X = z)

/yf(y\w)dy
1-P(Y =1|X =2)+0-PY =0/X = 1)
P(Y = 1|X = z)

flz]Y =1)P(Y =1)

F@]Y = DP(Y = 1) + f(2]Y = 0)P(Y = 0)
m1f1(x)
mf1(z) + mofo(z)

(24)
(25)

(26)
(27)

(28)

(29)
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Bayes Classifier

=

fMaking this yield a binary prediction gives the Bayes
classifier, or Bayes rule:

1 ifglz) > 1/2
_ 30
() <\ 0 otherwise <9

( .

1 fP(Y =1|X =2) >PY =0/X =x)
= < . (31)
\ 0 otherwise

. 1 If7T1f1(f17)>7Tofo(i’5) (32)
0 otherwise.

\

This is easily generalized to any number of classes K.

o -
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Optimal Classification

fKeep INn mind that this is “Bayes” only in the sense of T
conditional distributions, not in the sense of Bayesian
iInference.

The Bayes classifier is optimal, i.e. if ¢ (z) is any other
classification rule then E [L(Y, ' (X))] > E[L(Y, ¢(X))].

o -
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Generative vs. Discriminative

=

{z :P(Y =1X=2)=PY =0/X =2)} (33)

.

he set

Is called the decision boundary.

In a generative classifier, we’ll model the class-conditional
densities fi(z) explicitly. This means we’ll be doing two
separate density estimates.

In a discriminative classifier, we’ll avoid that and directly
model the discriminant function, which is tantamount to
modeling the decision boundary.

o -
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fClassiﬁc:ation: Generative -

Approaches

What if | reduce classification to density estimation?



Bayes Classifier: Gaussian

-

What should we use for fo(x) and fi(z)? Let’s start with the
Gaussian

=

\D/?2
fulo) = oz exp (- m st e-m b e

ie. X|Y =0 ~ N(ug,20) and X|Y =1 ~ N(u1,21).



Bayes Classifier




Bayes Classifier




Bayes Classifier

Fudi]

CSE 6740 Lecture 7 — p.27/5!



Bayes Classifier: Gaussian

-

The Bayes classifier is then

=

1 1 -
C(:IZ) — arg m]?X {—5 log ‘Zk‘ — 5(5(3 — Mk)TZk 1(:13 — Mk) -+ logﬂk}
(35)
or equivalently
i 2 2 1 >
c(z) = Lom <-m0 +2log (%) i (2_0) (36)
0 otherwise,

where m? = (z — )T S, (z — i) is the Mahalanobis
distance.

o -
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Bayes Classifier: Gaussian

-

To obtain the empirical version of this rule, we estimate the
parameters using the data for each class separately.

=

This is sometimes called quadratic discriminant analysis
because the decision boundary has a conic form. The
special case where both covariance matrices are diagonal
Is called naive Bayes or idiot Bayes.

Task: classification

Model class: all possible Gaussians, for each class

Loss: likelihoood

Optimizer: none (sample means and covariances)
\_Generalization mechanism: Nnone J
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LDA and FLD

o .

In the case where we assume that >y = X1 = X (but the
covariance matrix may still be arbitary), the Bayes classifier
IS

1
c(x) = :ETZ_l,uk — 5;1{2_1 + log . (37)

This is called linear discriminant analysis (LDA) because
the decision boundary is linear.

Fisher’s linear discriminant (FLD) is a special case where
the priors are set equal. It is only interesting because it is
derived in a completely different way. It attempts to find a
projection of all the data onto a line, then find a decision
threshold along that line. The best projection is the one
which maximizes the separation between the two groups.

o
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Complex Decision Boundary
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Mixture Bayes Classifier

fHow can we do better than the simple Gaussian for the T
class-conditional densities?

We can model each class with a mixture of Gaussians.
Let’s call this the mixture Bayes classifier. Done by
estimating each mixture separately.

o -
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Nonparametric Bayes Classifier

=

fFinally we can model each class with a kernel density
estimate. Let’s call this the nonparametric Bayes classifier,
sometimes called kernel discriminant analysis. Classically
done by estimating each density separately. Also easy to
do this discriminatively.

Task: classification
Model class: Sobolev (nonparametric)
Loss: Lo error (generative), or 0-1 loss (discriminative)
Optimizer: exhaustive or gradient descent
Generalization mechanism: cross-validation
LEvaIuation algorithm: generalized N-body algorithm J
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fClassiﬁc:ation: Discriminative -

Approaches

Can | do classification while avoiding density estimation?



Discrimination as Regression

-

Let Y € {0,1}. Recall the discriminant function, or
regression function:

g(r) = EY]X =) (38)
= P(Y =1|X =2) (39)
m1f1(z)
= . 40
m1f1(z) + mo fo(z) o
We'll now directly model g(x), and use the rule
)1 ifg(x) > 1/2
(z) = { 0 otherwise 4

LThis IS equivalent to modeling the decision boundary. J
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Linear Regression
-

Let’s try a linear model for g(x): T
Y:g(x)+6:ZﬁdXd+e (42)
d

where E(e) = 0.

We can treat the targets Y € {0, 1} as continuous and use
linear regression, minimizing the squared error. This works
but in the classification setting is unnecessarily non-robust.

o -
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Logistic Regression

-

Let’s now come up with a different parametric model which
assumes the targets are discrete:

P(Y = 1|X e2uu s
( X =)= T, P =0 (43)
where we define
logit(p;) = log (1 fzp) = Bitia. (44)
' d

This is called logistic regression because the function
e’ /(14 e*) is called the logistic function. Its name is due to
Its roots Iin regression, even though it is a method for

Lclassification. J
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Logistic Regression
B

ecause Y is binary, it can be modeled as Bernoulli:
Y| X; =x; ~ Bernoulli(p;), (45)

which has (conditional) likelihood function

sz 1 _pz ))1_}/;- (46)



Logistic Regression

=

fIt turns out that logistic regression and LDA are using the
same model. In LDA,

P(Y =1|X =x) B _l T B
log (IP(Y —0[X = $>) = 2(#0 +p1)" X7 (1 — po)47)
log (?) + 2" 57 (u1 — pg8)
1
= qqp+ ozTa;. (49)

In logistic regression the model is by assumption

P(Y = 1|X = z)
h%(myzmxzx)

> = By + B . (50)

LThe difference is how they estimate parameters. J
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Logistic Regression

o .

In LDA we estimated the whole joint density of an
observation f(z,y) = f(z|ly)f(y) = f(y|z)f(x) by effectively
maximizing the mixture likelihood

H f(w,“ yz H / wz’yz f yz : (51)
i T
—— Bernoulli
Gaussmn

In logistic regression we maximize only the conditional
likelihood, leaving the marginal term unspecified:

Hf(%yi) = Hf(yi\xi) f (). (52)

L Bernoull?(FLogistic) J
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Logistic Regression

o -

So logistic regression is “less parametric” than LDA. But it is
still overall parametric because it cannot model any
possible decision boundary.

Task: regression
Model class: all possible logistic regressors (parametric)
Loss: likelihood (conditional)

Optimizer: unconstrained optimization: iterative reweighted
least squares, conjugate gradient

Generalization mechanism: none

o -
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