CSE 6740: Problem Set 2

Problem Set 2: PCA, Kernels, and Graphical Models

Due: 5PM Monday, Nov. 10, 2008

First, download the datasets. All of the implementations should be done in FASTIlib and
submitted. Please be clear about which implementations correspond to which parts of the
problem set.

For your submission, create a directory with the same name as your GT user account. Place
into this directory all of the files necessary to build your code using FASTIib (including
build.py), along with a PDF document with answers to the questions and the requested
figures. Do not send any of the datasets for this assigment. Since we sent them to you, we
already have them! Compress the directory, name the archive with the same name as your
GT username, and email it to the TA at niche@cc.gatech.edu. The subject line should be
“CSE6740 - PS2” without the quotes.


http://www.cc.gatech.edu/~niche/cse6740/ps2.tar.bz2
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1 PCA

In datasets/faces/image_data.txt, you will find image data of 20 people’s faces
at different pose angles. In all, there are NV = 575 images. The data have been stored
such that each of D = 2576 pixels is a dimension and the pixels are stored column
after column in one vector. For consistency with the dimesionality reduction lecture,
when you load the data it will be in a N x D matrix, for N points and D dimensions;
i.e. the file is D x N but since data::Load() tranposes the data, your matrix will
be N x D upon loading.

For the following, you should center (remove the mean from) the data, and add the
mean back in after you obtain some rank-k approximation of the data via PCA.

a) Implement the power method to obtain the first 50 principal components of the
image data. For each principal component, use 20 power iterations. The algorithm for
the power method was covered in the lecture on dimensionality reduction methods.
In order to use this method, you first need to form the square matrix A = X7X,
where X € RV*P N is the number of points, and D is the number of dimensions.

Finding the first principal component is straightforward. Let A1) = A. To find the
k™ principal component for k > 1, you apply the power method to the matrix A%,
which is the result of removing the (k — 1) *® principal component from A®*~1) . This
can be done via A®) = A*=1 _ A(k=DgyT where z is the (k — 1) " principal com-
ponent. You should do (Az)z” rather than A(xxT). The difference in computational
complexity is a factor of D, and D is large.

b) Implement PCA using SVD. Find the first 50 principal components of the image
data. These should closely match the principal components found via the power
method, though they may differ in sign and there may be a some discrepancy that
decreases as the number of power iterations used increases.

¢) Using the first 50 principal components of the image data, find the best rank-50
approximation of the images. Do this for both the principal components obtained via
the power method and the principal components obtained via SVD. Using the below
MATLAB code, display the original versions of the first 2 images, their best rank-
50 approximations using the power method, and their best rank-50 approximations
images using PCA via SVD. Save these plots and include them in your submission.

MATLAB code:

% some_image is some image vector.

% The image vector is in the format in which you were given the data.
colormap(gray(256)) ;

image (reshape (some_image, 56, 46));

2 Kernels

a) Prove by counterexample that the Epanechnikov kernel is not a Mercer kernel.
This is true generally, but for the proof you may use h = 1. One property that you
may find useful for the proof is that all kernel matrices induced by a Mercer kernel
are positive semi-definite (K = 0). If you are able to construct a more general proof
(i.e., for all bandwidths), we will offer extra credit.
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b) Exztra Credit - Devise a good kernel for the face data, and provide an argument
for why your kernel may capture interesting features for this data.

3 Graphical Models

Stock market data is provided in datasets/stocks. The data are closing prices from
NTDOY, Nintendo’s stock (actually an ADR) listed on the NYSE, from Novem-
ber 26th, 1996 until September 4th 2008. The data in ntdoy_training.txt and
ntdoy_test.txt is the raw data. The datain training data.txt and test_data.txt
have been preprocessed to make them usable by a hidden Markov model. The ad-
justment used involves taking the 5 day moving average of

Pt
x; = alog ,

Pt—1

where p; is the closing price on day ¢ and « is a normalization constant to make the
distribution of the points x; unit-variance.

This problem involves using Viterbi training of a hierarchical hidden Markov model to
label a stock at any given time as Bull or Bear. Below, we introduce Viterbi training
of HMMs and a hierarchical HMM model.

A hidden Markov model is parameterized by A = [m, A, B], where 7 is the vector
of initial state probabilities, [A];; is the probability of transitioning from state s;
to state s;, and B is the set of state emission probability distribution parameters
(the mean and variance of each state if the states emit univariate Gaussian random
variables).

Training hidden Markov models (HMMs) using the Baum-Welch algorithm can be
computationally intensive. An alternative, inconsistent but empirically decent train-
ing method for HMMs is called Viterbi training.

This involves 3 steps:

1 Initialize the model .
2 Find the most likely sequence of hidden states, known as the Viterbi path.
3 Update the model A to maximize P(X,Y|\).

The last 2 steps are repeated until either the Viterbi path does not change between
iterations or you have run the algorithm for many repetitions and the change is very
small. The Viterbi path can be found using the Viterbi algorithm. This algorithm
takes as input a set of observations yi,...,yr and returns the Viterbi path. The
Viterbi path is
argmax P(X,Y|\),
X

and it is the maximum likelihood sequence of hidden states that explain our observa-
tions Y.

The Viterbi algorithm operates by finding at each time ¢ the maximum likelihood
sequence of states terminating at state s;, for all states s; € .S.

Let the Viterbi path V;(s;) be the maximum likelihood sequence of states terminating
at state s; and including all observations up to y;—1. Then the Viterbi path Vi (s;)
is simply s; and occurs with probability P(s;|A), because there are no observations
prior to y:

Vi(s;) =s;
Pr(Vi(s;)) = Pr(s;)
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The Viterbi algorithm exploits the Markov property of a hidden Markov model to
consider only the Viterbi paths V;(s;), for all states s;, when computing the Viterbi
path Vi41(s;). It turns out that the length ¢+ 1 maximum likelihood sequence ending
at state s; is equivalent to the most likely sequence, for all s;, of a length ¢ maximum
likelihood sequence ending at state s; that is followed by a transition to state s;. This
result allows the following recurrence:

Vi(sj) = [Vi—1(si) syl
for s; = argmax Pr(V,_1(s;)) Pr(zi—1 = s;, y1—1) Pr(zy = sj|zi—1 = s4)

Pr(Vi(s;)) = (maxPr(Vi—1(si)) Pr(ze—1 = si, ye—1) Pr(ze = sjl2e-1 = 51))
Given the optimal Viterbi path
Vi1 = argmax Ve (s;) Pr(Vrya(s;)),
we can update the parameters A\ of the HMM similar to the Baum-Welch algorithm:

Update each state by considering only the points which were generated by that state
in the Viterbi path:
; = mean of points generated from state s;

¥; = covariance of points generated from state s;

Update the state transition probabilities matrix:

number of transitions from state s; to state s;

Qi3 =

number of transitions from state s;

For your problem, we will consider a modified hierarchical HMM consisting of two
HMDMs related to stock market data: a Bull HMM and a Bear HMM. Each HMM will
consist of 5 states, and, for simplicity, each state will be a single univariate Gaussian.
Below is the graphical model structure:

Bull and Bear are HMMs, HM M pg,;; and H M M g, respectively, each consisting of
5 states. Every state in Bull can transition to every state in Bear, and every state in
Bear can transition to every state in Bull.

The difference between this model and a fully connected HMM of 10 states is that
the observations are not just univariate real numbers, but also include labels Bull (1)
and Bear (0) (provided by market analysts). Any state in HM Mpg,,;; can generate
only Bull labels, and likewise any state in HM Mp.q, can generate only Bear labels.
Hence,

Pr(ys, e = Bulllz, = sP"!) = Pr(ys|z, = s7!")
Pr(y:, 2¢ = Bear|z; = sPu) =0
Pr(yt72t = Bear|xt — siBeav”) — Pr(yt|$t — 8’£Bear>

Pr(ys, 2¢ = Bulllz, = sPeem) =0

where s?“” and sfe” are the i ' states of HM Mgy, and HM Mpgeq, respectively.

The state distributions can be initialized by using k-means clustering: cluster all
training data labeled as Bull to initialize H M M g,,;;’s state distributions, and likewise
for the training data labeled as Bear to initialize H M M peq,’s state distributions.
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a) Implement a modified Viterbi training algorithm that takes into account the
Bull/Bear labels as described above.

b) Use your modified Viterbi training algorithm to estimate the model parameters
from the training data and labels at training data.txt and training labels.txt.
Note that 1 corresponds to the Bull label and 0 corresponds to the Bear label.

c) For the test data at test_data.txt, find the Viterbi path (do not use the true
Bull/Bear labels) and plot the raw data, in ntdoy_test.txt, such that all observa-
tions labeled by a Bull state in the Viterbi path are in red and all observations labeled
by a Bear state in the Viterbi path are in blue. This is easy to do in MATLAB using
multiple scatterplots in one figure.

d) Using the true Bull/Bear labeling for the test data at test_labels.txt, calculate
the error of your prediction using zero-one loss:

1 T
T PN
t=1

where Z; is your Bull/Bear prediction at time ¢t and z; is the ground truth at that
time.

e) Extra Credit - Design a better graphical model for the stock market data, and
explain how it captures the underlying relationships necessary for solving the problem
of predicting a Bull versus a Bear market.
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