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Abstract

A core element of microeconomics and game theory is thaturnass have valuation functions over bundles of
goods and that these valuation functions drive their puehaln particular, the value assigned to a bundle need not
be the sum of values on the individual items but rather isxdtenore complex function of how the items relate. The
literature considers a hierarchy of valuation classesiti@tides subadditive, XOS (i.e. fractionally subaddixjve
submodular, and OXS valuations. Typically it is assumed tthese valuations are known to the center or that they
come from a known distribution. Two recent lines of work, bgeBhans et al. (SODA 2009) and by Balcan and
Harvey (STOC 2011), have considered a more realistic geittinvhich valuations are learned from data, focusing
specifically on submodular functions.

In this paper we consider the approximate learnability dfiaion functions at all levels in the hierarchy. We
first study their learnability in the distributional leangi (PAC-style) setting due to Balcan and Harvey (STOC 2011).
We provide nearly tight lower and upper boundsén(fnl/Q) on the approximation factor for learning XOS and
subadditive valuations, both important classes that &actlgtmore general than submodular valuations. Intenegyi
we show that thé:)(nl/z) lower bound can be circumvented for XOS functions of polyr@momplexity; we
provide an algorithm for learning the class of XOS valuadiovith a representation of polynomial size to within
anO(n®) approximation factor in running time® (/) for anye > 0. We also establish learnability and hardness
results for subclasses of the class of submodular valugti@n gross substitutes valuations and interesting asbes
of OXS valuations.

In proving our results for the distributional learning g&jt we provide novel structural results for all these
classes of valuations. We show the implications of theseltefor the learning everywhere with value queries
model, considered by Goemans et al. (SODA 2009).

Finally, we also introduce a more realistic variation ofs@éenodels for economic settings, in which information
on the value of a bundl§ of goods can only be inferred based on whetbiés purchased or not at a specific price.
We provide lower and upper bounds for learning both in th&itigtional setting and with value queries.
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1 Introduction

A central problem in commerce is understanding one’s custenWhether for assigning prices to goods, for deciding
how to bundle products, or for estimating how much inventorgarry, it is critical for a company to understand its
customers’ preferences. In Economics and Game Theorye fhreferences are typically modeled as valuations, or
monotone set functions, over subsets of goods. It is usaaiymed that consumers’ valuations are known in advance
to the company, or that they are drawn from a known distriutiln practice, however, these valuations must be
learned. For example, given past data of customer purcladéferent bundles, a retailer would like to estimate how
much a (typical) customer would be willing to pay for new pag&s of goods that become available. Companies may
also conduct surveys querying customers about their vahsit

Motivated by such scenarios, in this paper we investigatégharnability of classes of functions commonly used to
model consumers’ valuations. In particular, we focus ondevelass of valuations expressing “no complementarities”:
the value of the union of two disjoint bundles is no more thensum of the values on each bundle — we henceforth use
the standard optimization terminologybadditive valuationd/\e provide upper and lower bounds on the learnability
of valuation classes in a popular hierarchy![18, 24,28, 28 submodular functions (the only class with similar
extant results |5, 17]) halfway in the hierarchy:

OXSC gross substitutes. submodulatthe only related learnability resul{s [5.117{) XOSC subadditive

We analyze the learnability of these classes in the natii@d®model [5] for approximate distributional learning.
In this model, a learning algorithm is given a collectiSn= {51, ..., S} of polynomially many labeled examples
drawn i.i.d. from some fixed, but unknown, distributiBhover points (sets) i"). The points are labeled by a fixed,
but unknown, target functiorf* : 2"} — R_.. The goal is to output in polynomial time, with high probiiyil a
hypothesis functiory that is a good multiplicative approximation fgr over most sets with respect 0. More
formally, we want:

Prg,...sm~D| Prsup [f(S) < f*(S)<af(S)] > 1—-€] > 1-9§

for an algorithm that uses. = poly(n, 1, +) samples and that runs foly(n, 1, %) time. In contrast, the classical
PAC model [32] requires predictingxactly(i.e. o = 1) with high probability the values of* over most sets with
respect taD. Thus the PMAC model can be viewed as an approximation-éfgos extension of the traditional PAC
model.

Our main results in the PMAC-learning model are for supes#a of submodular valuations, namely subadditive
valuations and XOS 13,14, 24] (also known as fractionallyaiditive([6[ 15]) valuations. A XOS valuation repre-
sents a set of alternatives (e.g. travel destinations)revtiee valuation for subsets of goods (e.g. attractiond)imwit
each alternative is additive. The value of any set of goods,dning and skiing, is the highest value for these goods
among all alternatives. Thatis, an XOS valuation is esaliyti depth-two tree with a MAX root over SUM trees with
goods as leaves. XOS valuations are intuitive and very sgpre: they can represent any submodular valuation [24]
and can approximate any valuation in the subadditive sigmr¢o aO(log n) factor [6,/12]. We also consider sub-
classes of submodular functions in the hierarchy, namelggsubstitute§ [10, 18] and OXS [9] L1} [14, 30] functions.
Gross substitutes valuations are characterized by theolgukirwise synergies among items: for example, if the value
of each of three items is the same, then no pair can have #ystigher value than the other two pairs. Finally, the
OXS class includes valuations representable as the SUM ok MfAitem values. All these classes include linear
valuations.

We also analyze the model of approximate learning everyaivith value queries, due to Goemans etall [17]. In
this model, the learner can adaptively pick a sequence sf%etS,, ... and query the valueg*(S1), f*(S2), .. ..
Unlike the high confidence and high accuracy requiremenfMAC, this model requires approximately learning
f*(-) with certainty on alR™ sets. We provide upper and lower bounds in this model foraheesvaluation classes.

Finally, we introduce a more realistic variation of thesed@ls, in which the learner can obtain information only
via prices. This variation is natural in settings where agraigvith valuationf™ is interested in purchases of goods.

1seee.ghttp: /7 bit.y/Ts7740for an example of an airline asking customers for a “reasiefiice for in-flight Internet.


http://bit.ly/ls774D

Our Results. We establish lower and upper bounds, the most general of lieémg almost tight, on the learnability
of valuation classes in the aforementioned hierarchy.

1. We show a nearly tighD(y/n) upper bound an(y/n/logn) lower bound on the learnability of XOS val-
uations in the PMAC model. The key element in our upper bosrd ishow that any XOS function can be
approximated by the square root of a linear function to withifactorO(./n). Using this, we then reduce the
problem of PMAC-learning XOS valuations to the standardopgm of learning linear separators in the PAC
model which can be done via a number of efficient algorithms: @,/n/ log n) lower bound is information
theoretic, applying to any procedure that uses a polynamoigdber of samples. We also show@t/n1logn)
upper bound on the learnability of subadditive valuationthe PMAC model.

2. We establish a target-dependent learnability resulXforS functions. Namely, we show the class of XOS
functions representable with at mdstirees can be PMAC-learned to &{R") factor in timen© (/™ for any
n > 0. In particular, forR polynomial inn, we get learnability to a®(n") factor in timen®(*/) for anyn > 0.
Technically, we prove this result via a novel structuraliteshowing that a XOS function can be approximated
well by the L-th root of a degred- polynomial over the natural feature representation of é&'sConceptually,
this result highlights the importance of the complexitylod target function for polynomial time learnig

3. By exploiting novel structural results on approximabilvith simple functions, we provide much better upper
bounds for other interesting subclasses of OXS and XOS €lihekide OXS and XOS functions with a small
number of leaves per tree and OXS functions with a small nuwitteees. Some of these classes have been con-
sidered in the context of economic optimization problem®[%], but we are the first to study their learnability.
We also show that the previo&i¥n'/3) lower bound for PMAC-learning submodular functiohs [5] hepto
the much simpler class of gross substitutes.

4. The structural results we derive for analyzing learnigti the distributional learning setting also have implic
tions for the model of exact learning with value querieés [#,/31]. In particular, they lead to new upper bounds
for XOS and OXS as well as new lower bounds for XOS, gross gubes, and OXS.

5. Finally, we introduce a new model for learning with prigesvhich the learner receives less information on
the valuesf*(S1), f*(S2), . ..: for eachl, the learner can onlguotea pricep; and observe whether the agent
buysS; or not, i.e. whethep; < f*(S;) or not. This model is more realistic in economic settings netagents
interact with a seller via prices only. Interestingly, masfyour upper bounds, both for PMAC-learning and
learning with value queries, are preserved in this modeldaker bounds automatically continue to hold).

Our results are summarized in Table 1. Note that all our uppends are efficient and all the lower bounds are
information theoretic. Our analysis has a number of intergsyproducts that should be of interest to the Combina-
torial Optimization community. For example, it implies thhacent lower bounds of [7._16, 17,131] on optimization
under submodular cost functions also apply to the smalkessels of OXS and gross substitutes.

Related Work We study classes of valuations with fundamental prope(si¢isadditivity and submodularity) or that
are natural constructs used widely for optimization in eoit settings[[28]: XOS[@, 13, 14, 15,124], i.e. MAX of
SUMs, OXS[[8[9[11,30], i.e. SUM of MAXs, and gross subségjtfundamental in allocation problerhs[[2] [10, 18].

We focus on two widely studied learning paradigms: appraxétearnability in a distributional settingl [1,121) 32,
[33] and approximate learning everywhere with value qudied,[22,31]. In the first paradigm, we use a model
introduced by/([5] for the approximate learnability of sulamar functions. We circumvent the main negative result
in [5] for certain interesting classes and match the maiitipesesult in [5] for the more general XOS and subadditive
classes. With a few recent exceptions| [17, 31], models fw#iue queries paradigm require exact learning and are
necessarily limited to much less general function cladsas the ones we study here: read-once and Toolbox DNF
valuations|[[¥], polynomial or linear-threshold valuatid@3] or MAX or SUM (of bundles) valuations [22]. The latter
two works also consider demand queries, where the learnespeify a set of prices and obtain a preferred bundle at
these prices. In contrast, in our variation of learning vpitites, the learner and the agent focus on one price only (for
the current bundle) instead of as many2agrices.

2Since the class of XOS functions representable with at mpstymomial number of trees has small complexity, leariigbitould be imme-
diate if we did not care about computational efficiency.



|Classes of valuations]

PMAC

| PMAC with prices]|

Value Querie§17]

VQ with prices |

subadditive

O(n'/?) [this paper]

O(n'/?) [this paper]

O(n) [folklore]

O(n) [this paper]

XO0S
XOS with< R trees

O(n'/?) [this paper]
O(R?) [this paper]

O(n'/?) [this paper]
O(R?) [this paper]

Q(n'/?) [this paper] [17
O(R) [this paper]

Q(n'/?) [this paper
O(R) [this paper]

submodular

(Q(n'/%),0(n'/?)) ]

(Qn'7?),0(n'/?))
[this paper]

O(n'/?) @7

gross substitutes

Q(n'/3) [this paper]

Q(n'/3) [this paper]

Q(n'/2) [this paper]

Q(n'/?) [this paper

OXS with < R trees
or < R leaves per treg

O(R) [this paper]

O(R) [this paper]

O(R) [this paper]

O(R) [this paper]

Table 1: Lower and upper bounds for learnability factorsecible in different models for standard classes of valu-
ations (presented in decreasing order of generality). Wdlupper bounds refer to polynomial time algorithms. Our
construction for th€(n'/2 / logn) = Q(n'/?) lower bound on learning XO'S valuations with value queriesrispler
than the construction for the same asymptotic lower bour@@agfmans et al T17].

Paper structure  After defining valuation classes and our models in SeéfiaveXstudy the distributional learnability

of valuation classes in decreasing order of generalitystF8ectiod B presents our results on XOS and subadditive
valuations, including our most general bounds, that aresirtight. Sectiofll4 presents a hardness result for gross
substitutes and positive results on several interestibglasses of OXS. Sectidh 5 provides positive results fotmos

of these classes in learning with value queries. Finall\Séction & we show that many of our results extend to a

natural framework in economic applications, even thoughélarner receives less information in this framework.

2 Preliminaries

We consider a univerde] = {1, ...,n} of items andvaluations i.e. monotone non-negative set functighs2™ —
R.: f(SU{i}) > f(S) >0,VS C [n],Vi ¢ S. ForasetS C [n] we denote by (S) € {0,1}" its indicator vector;
so0(x(S)); = 1if icSand(x(S)); = 0if i¢S. We often use this natural isomorphism betwéent }" and2!™.
Classes of Valuation Functions It is often the case that valuations are quite structuradrims of representation or
constraints on the values of different sets. We now definegargdintuition for most valuation classes we focus on.
The following standard properties have natural intergi@ba in economic settings. A subadditive valuation mod-
els the lack of synergies among sets: a set’s value is at im@suim of the values of its parts. A submodular valuation
models decreasing marginal returns: an itéermarginal value cannot go up if one expands the basg bgtitems.

Definition 1. A valuationf : 2["l — R, is calledsubadditivef and only if f (S U S") < £(S) + £(5'),VS, S’ C [n].
Avaluationf is calledsubmodulaif and only if f (SU{3, j}) — f(SU{i}) < fF(SU{j})— f(S5),VS C [n],Vi,j € S.

XOS is an important class of subadditive, but not necegsatibmodular, valuations studied in combinatorial
auctions[[1B[ 14, 15, 24]. A valuation is XOS if and only if &t be represented as a depth-two tree with a MAX
root and SUM inner nodes. Each such SUM node has as leaveset siflitems with associated positive weights.
For example, a traveler may choose the destination of maxiralue among several different locations, where each
location has a number of amenities and the valuation foratie is linear in the set of amenities.

Definition 2. A valuationf is XOS if and only if it can be represented as the maximunk tihear valuations, for
somek>1. Thatis,f(S) = maxj_1._ ijx(S) wherew;; > 0,Vj =1...k,Vi=1...n.

We say that itemi appears as a leaf in a SUM trgd 7 has a positive value in tree
As already mentioned, any submodular valuation can be sgpdas XO% When reversing the roles of operators
MAX and SUM we obtain a strictulclass of submodular valuations, called Of®at is also relevant to auctions11,

3As showin in [24], any submodulaf can be represented as the MAX of SUM trees, each witt: leaves: for every permutation
of [n], we build a SUM tre€el’r with one leaf for each itenj € [n], where itemn(j) has weight its marginal valug({=(1),...,7(j —
D, 7)) — f{x(), ... 7 - D).

4X0S and OXS stand for XOR-of-OR-of-Singletons and OR-ofR6¥-Singletons, where MAX is denoted by XOR and SUM by ORE29].



[14,[2430]. To define OXS we also define a unit-demand valoaiiowhich the value of any sef is the highest
weight of any item inS. A unit-demand valuation is essentially a tree, with a MAXtand one leaf for each item with
non-zero associated weight. In an OXS valuation, a setisaviaglgiven by the best way to split the set among several
unit-demand valuations. An OXS valuatigrhas a natural representation as a depth-two tree, with a Shéld at the
root (on level 0), and subtreﬂasorresponding to the unit-demand valuatighs. . ., fx. The valuef(S) of any setS
corresponds to best way of partitioniSgnto (51, . .., Sx) and adding up the per-tree valugs (S1), . . ., f1(Sk)}.

Definition 3. Aunit-demand valuatioffi is given by weight§wy , ..., w,} C R such thatf (S) = max;cs w;, VS C[n].
An OXS valuationf is given by the convolution @& > 1 unit-demand valuationg,, . . ., fx: that s,
f(S) = max{f1(S1) + -+ fe(Sk) : (S1,...,Sk) is a partition of S}, V.S C [n].

Finally, we considegross substitute§GS) valuations, of great interest in allocation problefi@[18/28]. Infor-
mally, an agent with a gross substitutes valuation wouldngtfewer items of one type (e.qg. skis) if items of another
type (e.g. snowboards) became more expensive. That iss tambe substituted one for another in a certain sense,
which is not the case for, e.g. skis and ski boots. See Séddtiona formal definition and more detailed discussion.

As already mentioned, the classes of valuations we revig¢hefar form a strict hierarchy. (Sée[24] for examples
separating these classes of valuations.)

Lemma 1. [24] OXS C gross substitutes submodulaiC XOS C subadditive.

Only the class of submodular valuations has been studiedl &m0 approximate learning perspectivel[5, 17]. We
study the approximate learnability of all other classesis hierarchy, in a few natural models that we introduce now.

Distributional Learning: PMAC . We primarily study learning in the PMAC model df] [5]. We asmithat the input
for a learning algorithm is a s&t of polynomially many labeled examples drawn i.i.d. from sdfimed, but unknown,
distribution D over points in2(*l. The points are labeled by a fixed, but unknown, target foncfic : 2"/ — R,.
The goal is to output a hypothesis functigrsuch that, with high probability over the choice of exampthks set of
points for whichf is a good approximation fof* has large measure with respect/?o Formally:

Definition 4.  We say that a familyF of valuations iSPMAC-learnable with approximation factarif there exists
an algorithm.4 such that for any distributiorD over 2™, for any target functionf* € F, and for any sufficiently
smalle > 0,6 > 0, A takes as input sampldg.S;, f*(S;))}1<i<m Where eachS; is drawn independently fro
and outputs a valuatioyf : 2[*l — R such thaPrs, 5. ~p[Prsp[f(S) < f*(S) <af(S)]>1—¢c]>1-0.
A must usen = poly(n, 1, 1) samples and must have running timey (n, £, 1).

PR Yerd
PMAC stands for Probably Mostly Approximately Correct (B%&C model[[32] is a special case of PMAC with=1).

Learning with Value Queries. We also consider the model of learnability everywherel{@ésame approximate sense)
with value queries. In this model, the learning algorithrallswed to query the value of the unknown target function
f* on a polynomial number of sets, Ss, .. ., that may be chosen in an adaptive fashion. The algorithmit thas
output in polynomial time a functiofi that approximateg* everywhere, namely(S) < f*(S) < af(S), VS C [n].

A formal definition of this model and the results are preseimeSectiorb.

Learning with Prices. This framework aims to model economic interactions moadistically and considers a setting
where an agent with the target valuatifhis interested in purchasing bundles of goods. In this fraotkythe learner
does not obtain the value ¢f on each input sef;, So, .. .. Instead, for each input sé the learner quotes a price
p; on S; and observes whether the agent purch@sew not, i.e. whethep, < f*(S;) or not. The goal remains to
approximate the functiorfi* well, i.e. within ana multiplicative factor: on most sets from with high confidence
for PMAC-learning and on all sets with certainty for leammeverywhere with value queries. This framework and the
associated results are presented in Se€lion 6.

3 PMAC-learnability of XOS valuations and subadditive valuations

In this section we give nearly tight lower and upper boundé)QVﬁ) for the PMAC-learnability of XOS and sub-
additive valuations. In contrast, there i4n'/) gap between the existing bounds for submodular valuatighs [

5Another OXS encoding uses a weighted bipartite g@ply, where edgét, j) has the weight of itemin f;; f(S) is the weight of a maximum
matching ofS to thek nodes for the unit-demang};’s. Also, OXS valuations with weight§0,1} are exactly rank functions of transversal matroids.



Furthermore, we reveal the importance of considering tmepdexity of the target function (in a natural representa-
tion) for polynomial-time PMAC learning. We show that XO Suations representable with a polynomial number of
SUM trees are PMAC-learnable tord factor in timen'/", for anyn > 0. Finally, we show that XOS valuations
representable with an arbitrary number of SUM trees, eattharimostr leaves, are PMAC-learnable to &factor.

3.1 Nearly tight lower and upper bounds for learning XOS and sibadditive functions

We establish ouB(y/n) bounds by showing aft(y/n/logn) lower bound for the class of XOS valuations (hence
valid for subadditive valuations) and upper bound®6{/n) andO(/n log n) for the classes of XOS and subadditive
valuations respectively. We note that our lower bound cosbn is much simpler and gives a better bound than the
Q(n'/3/logn) construction of[[5]. However, the latter construction is foatroid rank functions, a significantly
smaller class. For our upper bounds we provide structusalteshowing that XOS and subadditive functions can be
approximated by a linear function to &/n) andO(y/n Inn) factor respectively. We can then PMAC-learn these
classes via a reduction to the classical problem of PAGilegra linear separator.

Theorem 1. The classes ofOS and subadditive functions are PMAC-learnable té@/ﬁ) approximation factor.
Proof Sketch:Lower bound: We start with an information theoretic lower bound showthgt the class of XOS
valuations cannot be learned with an approximation fadtol(gg) from a polynomial number of samples.

Letk=nsloglosn For large enough we can show that there exist sets, A,, ..., Ax C [n] such that
(i) vn/2 < |A;| < 2y/nforanyl <i <k, i.e. all sets have large sif(\/n) and
(i) |4; N Aj| <lognforanyl <i < j <k, i.e. all pairwise intersections have small sizfog n).

We achieve this via a simple probabilistic argument wherecarstruct eachd; by picking each element in]
with probability%. Let random variable¥; = |4;| and X;; = |A;,NA4;|. Obviously,E[Y;]=+\/n andE[X,;]=1. By
Chernoff bounds,

Inn

Pr[vn/2 <Yi<2y/n] >1-2eV"® and Pr[X;; >Inn] < Srs =n- el v1 << j <k
By union bound the probability that (i) and (ii) hold is at$a — 2 ke~ V7?/8 — f2p—(nlnn=1) 5 ¢,

Given the existence of the famill = {A4,,..., Ax} of sets with properties (i) and (ii) above, we construct a
hard family of XOS functions as follows. For any subfamByC A, we construct an XOS functiofis with large
values for setsl; € B and small values for set$; ¢ B. Leth,(S) = |S N A;| foranyS C [n]. For any subfamily
B C A, define the XOS functiorfiz by f5(S) = MAX 4,ep ha,(S). We claim thatfz(A;) = Q(v/n), if A; € Bbut
f8(4;) = O(logn), if A; ¢ B. Indeed, for any; € 5, We haveh 4, (4;) = |A;| > v/n/2, hencefg(A;) = Q(/n);
forany A; & B, by our construction ofd, we haveh 4, (A;) = |A; N A;| < logn, implying fz(A4;) = O(logn). For
an unknowri3, the problem of learnings within a factor ofo(\/_/ log n) under a uniform d|str|bution oA amounts
to distinguishing from A. This is not possible from a polynomial number of samplesesjnl| = n3loglogn |n
particular, if B C A is chosen at random, then any algorithm from a polynomiedessample will have errdi(

on a region of probability mass greater tl’@n

logn)

poly(n) )

Upper bounds We show that the class of XOS valuations can be PMAC-leaimad (/) factor and that the class
of subadditive valuat|0ns can be PMAC-learned 10(a/n log n) factor, by usingD (2 log 4 ) training examples and
running timepoly (n, 1 = 5) To prove these bounds we start by providing a structuraltre@lalml] below) showing
that XOS valuatlons can be approximated tg'a factor by the square root of a linear function.

Claim 1. Let f : 2"/ — R, be a non-negativXOS function with f(#) = 0. Then there exists a functighof the
form f(S) = /wTx(S) wherew € R such thatf(S) < f(S) < \/nf(S) forall S C [n].

Proof. XOS valuations are knowh [15] to be equivalent to fractignslibadditive valuations. A functiofi: 2" — R
is calledfractionally subadditivéf f(T") < >4 Asf(S) wheneven\s > 0and) g . g As > 1foranys e T.

We can show the following property of XOS valuations: for QS f we havef(T') = max {)_, ., zi|z € P(f)},
whereP(f) is the associated polyhedrém € R’} : > . g x; < f(S5),VS C [n]}. Informally, this result states that
one recoverg (7') when optimizing in the direction given H¥ over the polyhedroP(f) associated witty. The



proof of this result involves a pair of dual linear programse corresponding to the maximization and another one
that is tailored for fractional subadditivity, with an optal objective value off (T'). Formally, for anyl’ C [n] we
have) .., z; < f(T) foranyxz € P(f). Thereforef (T') > max {} .., z:|x € P(f)}. Now we prove that in fact

F(T) <max{) ailz € P(£)}.
€T

Consider the linear programming (LP1) for the quantityx {=(7")|x € P(f)} and its dual (LP2): we assign a dual
variableyg for each constraintin (LP1), and we have a constraint cpareding to each primal variable indicating that
the total amount of dual corresponding to a primal variahtaugd not exceed its coefficient in the primal objective.

mangci (LP1) min Z ysf(S) (LP2)
i€T S5C[n]
sty x < f(S) VS Cnl, sty ys>=1 VieT,
€S S:es
x; >0 Vi € [n]. ys =0 VS C [n].

The classical theory of linear optimization gives that tpémal primal solution equals the optimal dual solution.
Lety* be an optimal solution of (LP2). Therefore

Y ysf(S) = max{a(T)|x € P(f)}.

SCIn]

Since f is fractionally subadditive and_. ;.5 y5 > 1,Vi € T, we havef(T') < 3 g, ys/f(5), hencef(T') <
max {z(T)|z € P(f)}. This completes the proof of the fact th&tl") = max {> . zi|z € P(f)}.

Given this result, we proceed as follows (a very similar apgh is used by [17] for submodular functions). Define
P ={x e R": (Jz1],...,|zn]) € P(f)}. SinceP is bounded andentral symmetri¢i.e. v € P < —ux € P), there
exists [20] an ellipsoid containingP such tha%s is contained inP. Hence forf(T') = max{) ., 2;:TE ﬁs},

we havef (T) < f(T) < /nf(T),¥T C [n]. Atlast, basic calculus implie&(T) = \/wT x(T) for somew € R?. [

For PMAC-learning XOS valuations to with an approximati@ctbr of \/n + ¢, we apply AlgorithmJL with
parameters? = n, ¢, andp = 2. The proof of correctness of Algorithinh 1 follows by using steuctural result in
Claim[ and a technique df][5] that we sketch briefly here. &ethils of this proof appear in Appendix A.

Assume firstthaf*(S) > 0 forall S # 0. The key idea is that Claifd 1's structural result implie tha following
examples irR"*+! are linearly separable sineav"x(S) — (f*(S))? > 0 andnw x(S) — (n + €)(f*(S))? < 0.

Examples labeled-1:  ex? = (x(5), (f*(9))?) VS C [n]
Examples labeled-1:  exg := (x(S), (n+¢€) - (f*(S9))?) VS C[n]

This suggests trying to reduce our learning problem to thedstrd problem of learning a linear separator for these
examples in the standard PAC modell[21, 33]. However, inmiaepply standard techniques to learn such a linear
separator, we must ensure that our training examples ate To achieve this, we create a i.i.d. distributibn in
R™*! that is related to the original distributian as follows. First, we draw a samp$C [n] from the distributionD
and then flip a fair coin for each. The sample fréris labeledex? i.e. +1 if the coin is heads anekg i.e. —1 if the
coin is tails. As mentioned above, these labeled examptelinaarly separable iR"1. Conversely, suppose we can
find a linear separator that classifies most of the exampleingpfrom D’ correctly. Assume that this linear separator
in R"*! is defined by the function"» = 0, whereu = (w0, —z), w € R™ andz > 0. The key observation is that the
function f(S) = Wr%)zszx(S) approximategf*(-))? to within a factom + ¢ on most of the points coming frol.

If f*is zero on non-empty sets, then we can learn its%set { S : f*(S) =0 } of zeros quickly sincez is
closed to union and taking subsets for any subaddjtiven particular, suppose that there is at least ahance that
a new example is a zero ¢f, but does not lie in the null subcube over the sample. Theh awlexample should be
seen in the next sequencelog(1/6)/e examples, with probability at least— §. This new example increases the
dimension of the null subcube by at least one, and therefiisean happen at mosttimes.



To establish learnability for the class of subadditive adilons, we note that any subadditive valuation can be
approximated by an XOS valuation tolan factor [12,[6]8 and so, by Claini]1, any subadditive valuation is ap-
proximated to a/n Inn factor by a linear function. This then implies that we can Akgorithm[T with parameters
R = nln’n, ¢, andp = 2. Correctness then follows by a reasoning similar to the on&XO$S functions. O

Algorithm 1 Algorithm for PMAC-learning via a reduction to a binary lereseparator problem.
Input: ParametersR, e andp. Training example§ ={(S1, f*(51)),- -, (Sm, f*(Sm)) }
o LetS.o = {(A4;, f*(Ai))eS: f*(A;)#0} CS the examples with non-zero valugh, = S \ S and

Uo = Up<im;r+(5,)=051-

e Foreachiin {1,...,|S.o|} lety; be the outcome of independently flipping a f&ir1, —1}-valued coin.

(x(Ad), (f*(4:)7) (if yi = +1)

(x(4i), (B +e)- (f7(4))" ) (if yi = —1).

e Find a linear separatar = (i, —z) € R"*!, wherew € R andz > 0, such tha{z, sgn(u"x)) is consistent
with the labeled examplgs:;, y;) Vi € {1,...,|Sx0|}, and with the additional constraint thaj = 0 Vj € Uj.

1/p

Letz; € R"*! be the point defined by; = {

Output: The functionf defined agf(S) = (m wTX(S))

3.2 Better learnability results for XOS valuations with polynomial complexity

In this section we consider the learnability of XOS valuatioepresentable with a polynomial number of trees. Since
this class has small complexity, it is easy to see that itasnable in principle from a small sample size if we did
not care about computational complexity. Interestinglyoae show that we can achieve good PMAC learnability via
polynomial time algorithms. In particular, we show that X@@®ctions representable with at mdstSUM trees can

be PMAC-learned with &” approximation factor in time®(/" for anyn > 0. This improves the approximation
factor of Theoreni]1 for all such XOS functions. Moreoverstimplies that XOS valuations representable with a
polynomial number of trees can be PMAC-learned within adiaof ", in time n®(/" for anyn > 0.

Theorem 2. For anyn > 0, the class 0fXOS functions representable with at magt= n°(*) SUM trees is PMAC-
learnable in timen®(*/") with approximation factor of R + )" by usingO (# [% + log (é)]) training
examples.

Proof. Let L = 1/n and assume for simplicity that it is integer. We start bywlag a key structural result. We show
that XOS functions can be approximated well by fhxh root of a degred- polynomial over(x(5)); for i € [n].
LetTy,...,Tr be theR SUM trees in an XOS representati@nof f*. For a treej and a leaf inl’; corresponding
to an elementi € [n], let wj; the weight of the leaf. For any sét, let k;(S) = ZieTjﬁS wj; = wl x(S) be the
sum of weights in tred; corresponding to leaves ifi. k;(.S) is the value assigned to s&tby treeT;. Note that
f*(S) = max; k;(S), i.e. the maximum value of any tree, from the definition of MAXVe define valuatiory’
that averages thé-th powers of the values of all treesf’(S) = 1/R >, k¥ (S), VS C [n]. We claim thatf’(-)

approximatesf*(-))* to within an R factor on all setsS, namely
F1(S) < (f*(S)* <Rf'(S), VS C[n] ie. /R, kf(S) < max; kF(S) < Y0 kF(S), VS C [n] (1)

The left-hand side inequalities in EJ (1) follow &5 has at mosR trees andch, (9) <max; kjL(S) for any treeT’,.
The right-hand side inequalities in Ef] (1) follow immeeigt

This structural result suggests re-representing eachi lsgta new set 00 (n’) features, with one feature for each
subset ofin] with at mostL items. Formally, for any set C [n], we denote by (S) its feature representation

SWe are grateful to Shahar Dobzinski and Kshipra Bhawalkapéinting out this fact to us.



over this new set of features¢as(S)i, iy,....i, = 1 if all itemsiy, io, ... .7y appear inS andxar(S)i, is,....i. = 0
otherwise. Itis easy to see thétis representable as a linear function over this new set tdifes. This holds for each
kjL(S) = (ijX(S))L due to its multinomial expansion, that contains one terneémh set of up td. items appearing
in treeT}, i.e. for each such feature. Furthermoféremains linear when the terms for each tféere added.

Given this, we can now use a variant of Algorithin 1 with partereR, ¢, andp = L and to prove correctness we
can use a reasoning similar to the one in Thedrem 1. Any safaded into AlgorithnTl agx s (S:), (f*(S;))Y) or
(xa(S1), (R+€)-(f*(S1))*) respectively. Sincg’ is linear over the set of features, Algorithin 1 outputs withiabil-
ity at leastl —d a hypothesig” that approximateg* to an(R+¢)*/ factor on any poink ,,(.S) corresponding to sets
S C [n] from a collectionS with at least ari — e measure irD, i.e. f”(xa(S)) < £(S) < (R+e)" L f"(xa(S)).
We can output then hypothesi§S) = f”(xm(S5)),¥S C [n], defined on the initial ground sét] of items, that
approximateg™*(-) well, i.e. for anyS € S we have

F(S) = f"(xar(9)) < £7(S) < (R+)F " (xm(9)) = (R+2)* f(9)
As desired, with high confidence the hypotheSepproximates™ to a(R + ¢)" factor on most sets from. O

This result has an appealing interpretation in terms ofesgmtations of submodular functions. We know that any
submodular function is representable as an XOS tree. Whadréni 2 implies is that (submodular) functions that are
succinctly representable as XOS trees can be PMAC-leare#id Theoreni 2 is thus a target-dependent learnability
result, in that the extent of learnability of a function degs on the function’s complexity.

3.3 Better learnability results for XOS valuations with smdl SUM trees

In this section we consider the learnability of anotherresting subclass of XOS valuations, namely XOS valuations
representable with “small” SUM trees and show learnabitity better factor than that in Theoréin 1. For example,
consider a traveler deciding between many trips, each tffexelnt location with a small number of tourist attractions
The traveler has an additive value for several attractioriseasame location. This valuation can be represented as
an XOS function where each SUM tree stands for a location asdalrsmall number of leaves. We now show good
PMAC-learning guarantees for classes of functions of §pgt

Theorem 3. For anyn > 0, the class ofXOS functions representable witBUM trees with at mosR leaves is
properly PMAC-learnable with approximation factor Bf1 + n) by usingm = O(2 (nlog 1og1+n(%) +log(1/9)))

and running time polynomial im, whereh and H are the smallest and the largest non-zero values our funsti@an
take.

Proof. We show that the unit-demand hypothesisutput by Algorithni2 produces the desired result. The dlgor
constructs a unit demand hypothesis functfoas follows. For any that appears in at least one $gtin the sample
we definef (i) as the smallest valug*(S;) over all the sets; in the sample containing Fori that does not appear
in any setS; definef (i) = 0.

We start by proving a key structural result showing thatpproximates the target function multiplicatively within
a factor of R over the sample. That means:

F0S) < f7(S) < Rf(S)) for all l€{1,2,...,m}. (2)
To see this note that for ariyc \S; we havef* (i) < f*(S;), forl € {1,2,...,m}. So
f(@) > f*(i) foranyie Sy U...USy,. 3
Therefore forany € {1,2,...,m}.:
f7(81) < Rmax (i) < Rmax (i) = Rf(S),

where the first inequality follows by definition, and the sedanequality follow from relation[(3). By definition, for
anyi € Sy, f(i) < f*(S)). Thus,f(S;) = max;es, f(i) < f*(S;). These together imply relationl(2), as desired.



Algorithm 2 Algorithm for PMAC-learning interesting classes of XOS @HX S valuations.
Input: A sequence of training examplé&s= {(S1, f*(S1)), (S2, f*(S2)), ... (Sm, F*(Sm))}-

e Set f(i) = minj,es, f*(S;) ifi € U2 S and f(i) =0 if i U, 5.
Output: The unit-demand valuatiofidefined by f(S) = max;cs f(¢) foranyS C {1,...,n}.

To finish the proof we show that = O(% (nloglog, ., (4) +log(1/6))) is sufficient so that with probability at
leastl — § f approximates the target functigi multiplicatively within a factor ofR(1 + 7)? on al — e fraction of
the distribution. LetF, be the class of unit-demand functions that assign to eadvidoel leaf a power of1 + ) in
[h, H]. Clearly|F,| = (log,,(¥))". Itis easy to see that = O(% (nloglog, ,, (%) +log(1/§))) examples are
sufficient such that any function iR, that approximates the target function on the sample migdépvely within a
factor of R(1 + n) will with probability at leastl — § approximate the target function multiplicatively withirfactor
of R(1+n) onal — e fraction of the distribution. Sinc&;, is a multiplicativeL., cover for the class of unit-demand
functions, we easily get the desired result [1]. O

4 PMAC-learnability of OXS and Gross Substitutes Valuatiors

In this section we study the learnability of subclasses bfisadular valuations, namely OXS and gross substitutes. We
start by focusing on interesting subclasses of OXS funstibat arise in practice, namely OXS functions represeatabl
with a small number of MAX trees or leaksFor example, a traveler presented with a collection of @lickets,
hotel rooms, and rental cars for a given location might vahebundle as the sum of his values on the best ticket,
the best hotel room, and the best rental car. This valuasi@X$S, with one MAX tree for each travel requirement.
The number of MAX trees, i.e. travel requirements, is smatlthe number of leaves in each tree may be large. As
another example, consider for example a company produdipiguaes that must procure many different components
for assembling an airplane. The number of suppliers for eaatponentis small, but the number of components may
be very large (more than a million in today’s airplanes). Thenpany’s value for a set of components of the same
type, each from a different supplier, is its highest valuedioy such component. The company’s value for a set of
components of different types is the sum of the values foh &gme. This valuation is representable as an OXS, with
one tree for each component type. The number of leaves upplisrs, in each MAX tree is small but there may be
many such trees. In this section, we show good PMAC-leargirayantees for classes of functions of these types.
Formally:

Theorem 4. (1) Let F be the family ofOXS functions representable with at ma3tMAX trees. For any;, the family
F is properly PMAC-learnable with approximation factor®f1-+n) by usingn = O(% (nlog log1+n(%) +log(1/4)))
training examples and running time polynomialin whereh and H are the smallest and the largest value our func-
tions can take. For constar®, the classF is PAC-learnable by using(n’ log(n/d)/¢) training examples and
running timepoly(n, 1/¢,1/6).

(2) For anye > 0, the class ofOXS functions representable withl AX trees with at mosk leaves is PMAC-
learnable with approximation factd®+e by usingO(% log (%)) training examples and running tim@ly(n, 1/¢,1/6).

Proof sketch.(1) We can show that a functiofi with an OXS representatiolm with at mostR trees can also be
represented as an XOS function with at mBdeaves per tree. Indeed, for each tuple of leaves, one fraimtege in
T, we create an SUM tree with these leaves. The XOS repregentdtf* is the MAX of all these trees. Given this
the fact thatF is learnable to a factor of d®(1 + #) for anyn follows from TheoreniB.

We now show that wherR is constant the clas& is PAC-learnable. First, using a similar argument to the
one in Theorenh]3 we can show that Algoritfiin 2 can be used to IBAGr any unit-demand valuation by using
m = O(nln(n/d)/e) training examples and timeoly(n, 1 /¢, 1/6) — see Lemmil3 in AppendiX B. Second, it is easy

7 We note that the literature on algorithms for secretary lerob [3/4] often considers a subclass of the latter classhioh each item must
have the same value in any tree.



to see that an OXS functiofi* representable with at mo#t trees can also be represented as a unit-demand with at
mostn? leaves, withR-tuples as items (see Lemina 4 in Apperdix B). These two fagesther imply that for constant
R, the classF is PAC-learnable by usin@(n® log(n/§)/e) training examples and running tinpely (n, 1/¢,1/6).

(2) We start by showing the following structural result:fif has an OXSrepresentation with at mésteaves in
any MAX tree, then it can be approximated by a linear functigiiin a factor of R on every subset of the ground
set. In particular, the linear functighdefined asf(S) = . g f*(i), forall S C {1...n} satisfies

F(S) < f(S)<R-f7(S) for all SC{l..n} (4)

By subadditivity, f*(S) < Rf(S), for all S. Let f*,,... f*, be the unit-demand functions that defifie. Fix
a setS C [n]. Foranyitemi € S, definej; to be the index of thef*; under which itemi has highest value:
(@) = f*;,({i}). Then for the partition(Sy, ..., S.) of S in which itemi is mapped taS;, for anyi, we have
Yies [H(0) S Rf*(S1)+ ... Rf*;(Sk). Therefore:

F(S) =53 ics [7(1) < maxs, . s, parttionots (f*1(S1) 4+ f*.(Sk) = f*(9),

where the last equality follows simply from the definitionaof OXS function.

Given the structural resiilt 4, we can PMAC-learn the cla€3X8 functions representable with MAX trees with
at mostR leaves y using Algorithmal1 with parametdise andp = 1. The correctness by using a reasoning similar to
the one in Theoreii 1. O

We now consider the class of Gross Substitutes valuatiossiparclass of OXS valuations and a subclass of
submodular valuations (recall Lemmh 1). Gross Substitatesfundamental to allocation problems with per-item
prices [10/ 18] 28]; in particular a set of per-item markietacing prices exists if and (almost) only if all customers
have gross substitutes valuations. A valuation is grosstigutes if raising prices on some items preserves the ddman
on other items. Given prices on items, an agent with valagtidemands a preferred set, formalized as follows.

Definition 5. For price vectory € R, thedemand correspondents (p) of valuationf is the collection of preferred
sets at priceg, i.e. D, (p) = argmaxsc 1, a3 {.f(S) — D cs pj}- Avaluationf is gross substitutesS) if for any
price vectorg)’ > p'(1.e. p; > p;Vi€ [n]), and anyA € D, (p) there existsA’ € D, (p") with A’ O {i € A : p; = p}.

That is, the GS property requires that all itefris some preferred set at the old price$ and for which the old
and new prices are equal; (= p}) are simultaneously contained in some preferrediSeit the new priceg’.

As mentioned earlier Balcan and Harvey [5] proved that itasdito PMAC-learn the class of submodular func-
tions with an approximation facte(n'/3/logn). We show here that their result applies even for the classasfsg
substitutes. This is quite surprising since such functaregypically considered easy from an economic optimizatio
point of view. Specifically:

Theorem 5. No algorithm can PMAC-learn the class of gross substituiésan approximation factor af(n'/? /log n).
This holds even iD is known and value queries are allowed.

Proof. It is known that the class of matroid rank functions cannoPMAC-learned with an approximation factor of
o(n'/3 /logn), even if D is known and value queries are allowed [5]. One can show thateoid rank function is a
gross substitutes function (see Lendma 2 below). Combitriagg, yields the theorem. O

Our key tool for proving that any matroid rank function is@fSS (Lemma&R below) is a valuation-based charac-
terization of gross substitutes valuations dué to [25].

Lemma 2. A matroid rank function is gross substitutes.

Proof. Denotef’s marginal value oves by f°(A) = f(SU A) — f(S),VAC [n]\S. As shown in[25]f is GS if
and only if

f3(ab) + f(c) < max{f(ac) + f5(b), f°(bc) + f°(a)} for all itemsa, b, c and setS (5)

i.e. (by taking permutations) there is no unique maximizaoag f°(ab) + £°(c), f°(ac) + f5(b), £5(bc) + £°(a).
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If fis matroid rank function, then so &°; in particular,f*(A) < |A|,¥A C [n]\ S. We reason by case analysis.
Suppose thaf(ab) = 2. Then we have®(a) = f5(b) = 1. If f%(ac) = 2 or f9(bc) = 2, thenf(c) = 1 and
hence the inequality15) holds. On the other hand:Sifac) = f9(bc) = 1, then we have by the monotonicity and
submodularity off¥, f9(ab) + f9(c) < f3(abe) + f°(c) < f5(ac) + f¥(bc) = 2, and the inequality{5) holds.

If £9(ab) < 1thenfS(ab) = max{f°(a), f5(b)}. Asf°(c) < f¥(ac)andfS(c) < f°(be), Eq. [B) follows. O

We note that Lemm@l 2 was previously proven[in/[26] in a morelired way via the concept dfl*-concavity
from discrete convex analysis.

5 Learnability everywhere with value queries

In this section, we consider approximate learning with gaueries[[1l7,_31]. This is relevant for settings where
instead of passively observing the valueg'dbn setsS drawn from a distribution, the learner is able to activelgiu
the valuef*(S) on setsS of its choice and the goal is to approximate with certaing/térget/* on all 2" sets after
querying the values of* on polynomially many sets. Formally:

Definition 6. We say that an algorithrd learns the valuation familyF everywhere with value queries with an
approximation factor ofv > 1 if, for any target functionf* € F, after querying the values ¢ on polynomially (in
n) many setsA outputs in time polynomial in a functionf such thatf(S) < f*(S) < af(S),VS C {1,...,n}.

Goemans et all [17] show that for submodular functions thenlability factor with value queries '(é(nl/Q). We
show here that their lower bound applies to the more restti€XS and GS classes (their upper bound automatically
applies). We also show that this lower bound can be circutedefor the interesting subclasses of OXS and XOS
that we considered earlier, efficiently achieving a facfoRo

Theorem 6. (1) The classes 0©XS and GS functions are learnable with value queries with anraximation factor
of O(n'/?).

(2) The following classes are learnable with value queries aitrapproximation factor oRR: OXS with at most
R leaves in each tre€) XS with at mostR trees,XOS with at mostR leaves in each tree, andOS with at mostR
trees.

Proof Sketch (1) We show in Appendik that the family of valuation functiorsed in [17] for proving the( l’glg/z)
lower bound for learning submodular valuations with valuerigs is contained in OXS. The valuations in this family
are of the formyys(S) = min(|S|, a’) andg®(S) = min(B+[SN(({1,...,n})\R)|,|S|, /) foro/ = an'/?/5,8 =

2? /5 with 22 = w(logn) andR a subset of 1, ..., n} of sizea’ (chosen uniformly at random). These valuations are
OXS; for examplegz3(S) can be expressed as a SUM@GfMAX trees, each having as leaves all itemgsih with
weight1.

(2) To establish learnability for these interesting subclasae recall that for the first three of them (Theoréins 3
and[4) any valuatiorf* in each class was approximated to Arfactor by a functionf that only depended on the
values off* on items. An analogous result holds for the fourth classX@S with at mosiR trees — indeed, for such
an XOSf*, we haver Y. o f*({i}) < f*(S) < R£>,c5 f*({i}),VS C [n]. One can then query thesevalues
and output the corresponding valuatifn O

Note: We note that the lower bound technique [in1[17] has been lated in a sequence of papers|[L9] 16, 31]
concerning optimization under submodular cost functiar @ur result (Lemm@l6 in particular) implies that all the
lower bounds in these papers apply to the smaller classeX8ffOnctions and GS functions.

Note: We also note that since XOS contains all submodular valnsfithe lower bound of Goemans et al.][17]
implies that the XOS class is not learnable everywhere vathevqueries to a(%) = 6(n'/?) factor. For the same
Q(fglg/z) lower bound, our proof technigue (and associated family ©fSXvaluations) for Theoreli 1 offers a simpler
argument than that in [17].
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6 Learning with prices

We now introduce a new paradigm that is natural in many agfitins where the learner can repeatedly obtain in-
formation on the unknown valuation function of an agent i@ agent'slecisions to purchase or noather than via
random samples from this valuation or via queries to it. Ia ttamework, the learner does not obtain the valugof

on each input sefy, So, . ... Instead, for each input sét, the learner observes, quotes a price; (of its choosing)

on .S; and obtains one bit of information: whether the agent pwseb$, or not, i.e. whethep, < f*(.S;) or not. The
goal remains to approximate the functighwell, i.e. within ana multiplicative factor: on most sets from with high
confidence for PMAC-learning and on all sets with certaiotyléarning everywhere with value queries. The learner’s
challenge is in choosing prices that allow discovery of tperda valuation. This framework is a special case of demand
queries[[28], where prices arg; on S; andoo elsewhere. We call PMAC-learning with prices and VQ-leagnivith
prices the variants of this framework applied to our two ié@g models. Each variant in this framework offers less
information to the learner than its respective basic model.

Clearly, all our PMAC-learning lower bounds still hold foMRAC-learning with prices. More interestingly, our
upper bounds still hold as well. In particular, we provideduction from the problem of PMAC-learning with prices
to the problem of learning a linear separator, for functighsuch that for some > 0, (f*)? can be approximated
to a3 factor by a linear function. Sucfi* can be PMAC-learned to @!/? factor by Algorithm{1. What we show
in TheoreniV below is that sugft are PMAC-learnable with prices to a factor(@f+ o(1))3'/? using only a small
increase in the number of samples over that used for (stapB&MAC learning. For convenience, we assume in this
section that all valuations are integral and tHais an upper bound on the valuesfof, i.e. f*(S) < H,VS C [n].

Theorem 7. Consider a familyF of valuations such that the-th power of anyf* € F can be approximated to a

8 factor by a linear function: i.e., for some we havew"y(S) < (f*(9))? < Bw'x(S) for all S C [n], where

£ > 1,p > 0. Then for any) < 5 < 1, the familyF is PMAC-learnable with prices to él + n)3'/? factor using
O(2288 (258 )) samples and timpoly (n, £, 3, £).

Proof. Asin Algorithm[d, the idea is to use a reduction to learninipedr separator, but where now the examples use
prices (that the algorithm can choose) instead of functalnes (that the algorithm can no longer observe). For each
input setS;, the purchase decision amounts to a comparison betweehasert price; and f*(.S;). Using the result

of this comparison we will construct examples, based on tlvegy;, that are always consistent with a linear separator
obtained fromw™x(.5;), the linear function that approximatég*)?. We will sample enough sef and assign prices

q: to them in such a way that for sufficiently mahyhe pricey; is close tof*(.S;). We then find a linear separator that
has small error on the distribution induced by the priceedas<amples and show this yield a hypothggiS) whose
error is not much higher on the original distribution witlspect to the values of the (unknown) target function.

Specifically, we taken = O(™25 In(1%4H)) samples, and for convenience defiNe= |log, ., 5 H|. We
assign to each input bundi a priceg; drawn uniformly at random fronf(1 + /3)%} fori = 0,1,2,..., N + 1,
and present bundl§; to the agent at pricg,. The key point is that for bundle$; such thatf*(.S;) > 1 this ensures
at least a probability thatf*(S;)(1 4+ 7/3)~" < ¢ < f*(S;) and at least gz probability that/*(S;) < ¢ <
F*(S)(1 + n/3) (the case off*(S;) = 0 will be noticed when the agent does not purchase at ggice 1 and is
handled as in the proof of Theorén 1).

We construct new examples based on these prices and pudgwsiens as follows. If*(.S;) < ¢ (i.e. the agent
does not buy) then we lét:;, y;) = ((x(S1), Bq;), —1). If f*(S;) > ¢ (i.e. the agent buys) then we let;, y;) =
((x(S1),47),+1). Note that by our given assumption, the examples constiuate always linearly separable. In
particular the labej, matchesgn((Bw, —1)"z;) in each case3w ™ (S;) < B(f*(S)))P < Bql andg) < (f*(S))P <
BwTx(S;) respectively. LeiD;;Zl denote the induced distribution & *!. We now find a linear separatfi, —z) €
R™*1 wherew € R” andz € R, that is consistent witliz;,y;),Vl. We construct an intermediary hypothesis
11(S) = ﬂ—lszX(S) based on the learned linear separator. The hypothesistautpbe f(S) = ﬁ(f’(S))l/P.

By standard VC-dimension sample-complexity bounds, oorpta sizem is sufficient that the linear separator

(w, —z) has error onD;:;l at mosty55 with probability at leastt — . We now show that this implies that with

probability at least — &, hypothesisf(S) approximateg™(S) to a factor(1 + 1/3)25'/? < (1 +n)3*/? overD, on
all but at most amm probability mass, as desired.
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Specifically, consider some bundiefor which f(S) doesnotapproximatef*(S) to a factor(1 + 1/3)?'/? and
for which f*(S) > 1 (recall that zeroes are handled separately). We just nestibie that for such bundle$, there
is at least aNL+2 probability (over the draw of pricg) that («w, —z) makes a mistake on the resulting example from

Dgﬁl. There are two cases to consider:

1. It could be thaif is a bad approximation becauggeS) > f*(S). This implies thatf’(S) > [(1 +n/3)f*(S)]?
or equivalently thato"x (S) > Bz[(1+n/3)f*(S)]P. In this case we use the fact that there ﬁ% chance that
f5(S) < q < f*(S)(1 4+ n/3). If this occurs, then the agent doesn’t buy (yielding- (x(S), 5¢?),y = —1)
and yet" x(S) > BzqP. Thus the separator mistakenly predicts positive.

2. Alternatively it could be thattl +1/3)25"/7 f(S) < f*(S). This implies tha(1 +1/3)5"/7 f'(S)"/? < f*(S)

or equivalently thatv Ty (S) < z(ﬁf)%)”. In this case, we use the fact that there ﬁ—}gﬁ chance tha{f—+fi)3 <

q < £*(S). If this occurs, then the agent does buy (yielding: (x(S5),q?),y = +1) and yeti"x(S) < zqP.
Thus the separator mistakenly predicts negative.

Thus, the error rate undé?{;j;l is at least ag fraction of the error rate undéb, and so a low error unddﬁ{;};l

implies a low error undeb as desired. |

Note: We note that if there is an underlying desired pricing aldpni A, for each input sef; we can take the price
of S; to be A(S;) with probability 1 — £ and a uniformly at random price ifil,2,4..., H/2, H} as in the previous
result with probabilitys. The sample complexity of learning only goes up by a factatefhost' s 1zle

We can also recover our upper bounds on learnability evesysvtvith value queries (the corresponding lower
bounds clearly hold). By sequentially setting pri¢e8, 4 ..., H/2, H on each item we can leayfii’s values on items
within a factor of2. Our structural results proving the approximability f from interesting classes with a function
that only depends ofi*({1}), ..., f*({n}) then yield the VQ-learnability with prices of these classes

Theorem 8. The following classes are VQ-learnable with prices to witan2 R factor: OXS with at mostR trees,
OXS with at mostR leaves in each tree{OS with at mostR trees, andXOS with at mostR leaves in each tree.

7 Conclusions

In this paper we study the approximate learnability of varess commonly used throughout economics and game
theory for the quantitative encoding of agent preferendésprovide upper and lower bounds regarding the learnabil-
ity of important subclasses of valuation functions thatresp no-complementarities. Our main results concern their
approximate learnability in the distributional learniRAC-style) setting. We provide nearly tight lower and upper
bounds ofé(nl/z) on the approximation factor for learning XOS and subadditigluations, both widely studied
superclasses of submodular valuations. Interestinglghesy that theﬂ(nl/Q) lower bound can be circumvented for
XOS functions of polynomial complexity; we provide an algiom for learning the class of XOS valuations with

a representation of polynomial size achieving@m*°) approximation factor in tim&(n'/¢) for anye > 0. This
highlights the importance of considering the complexityie target function for polynomial time learning. We also
provide new learning results for interesting subclassesibfmodular functions. Our upper bounds for distributional
learning leverage novel structural results for all thedaat#on classes. We show that many of these results provide
new learnability results in the Goemans et al. model [17]pgfraximate learning everywhere via value queries.

We also introduce a new model that is more realistic in ecaaasettings, in which the learner can set prices and
observe purchase decisions at these prices rather tharviolgse valuation function directly. In this model, mo$t o
our upper bounds continue to hold despite the fact that tuméz receives less information (both for learning in the
distributional setting and with value queries), while cawér bounds naturally extend.
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A Additional Details for the Proof of Theorem 1]

For PMAC-learning XOS valuations to afin + ¢ factor, we apply Algorithriilll with parameteRs= n, ¢, andp = 2.
The proof of correctness of Algorithin 1 follows by using theistural result in Claini]1 and a technique of [5]. We
provide here the full details of this proof.

Because of the multiplicative error allowed by the PMACreag model, we separately analyze the subset of the
instance space whefé is zero and the subset of the instance space wfieienon-zero. For convenience, we define:

P={S:f(S)£0} and Z={S:f(S)=0}.

The main idea of our algorithm is to reduce our learning peoblo the standard problem of learning a binary classifier
(in fact, a linear separator) fromi.i.d. samples in the passupervised learning settirig [21.] 33] with a slight tvits
order to handle the points ii. The problem of learning a linear separator in the passigersised learning setting

is one where the instance spacéRig, the samples come from some fixed and unknown distribufibon R, and
there is a fixed but unknown target functieh: R™ — {—1,+1}, ¢*(z) = sgn(u'z). The examples induced by’
andc* are calledinearly separablesince there exists a vectarsuch that*(z) = sgn(u'z). The linear separator
learning problem we reduce to is defined as follows. The intg#@pace i®R™ wherem = n + 1 and the distribution

D’ is defined by the following procedure for generating a sarfipla it. Repeatedly draw a samp$eC [n] from the
distribution D until £*(S) # 0. Next, flip a fair coin for each. The sample frabf is

(x(9), (f*(9))?)  (if the coin is heads)
(x(S),(n+e)-(f*(9))%  (ifthe coin is tails).
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The functionc* defining the labels is as follows: samples for which the caas Wweads are labelegl, and the others
are labeled-1. We claim that the distribution over labeled examples imdlloy D’ andc* is linearly separable in
R"*+1. To prove this we use the assumption that for the linear fanct(S) = @"x(S) with w € R", we have
(f*(8))2 < f(S) < n(f*(S))2 forall S C [n]. Letu = ((n+¢/2)-w,—1) € R™. For any point: in the support of
D’ we have

v=x() (19 = wle=(n+e/2)- f($) - (F7(5)* >0
r=((8),(n+e)- (f(8)Y) = wla=(n+e/2)-f(9) - (n+e) (f1(5) <0

This proves the claim. Moreover, this linear function alatisfiesf (S) = 0 for everyS € Z. In particular,f(S) = 0
forall S € Sy and moreover,

f{ih) = w; =0  foreveryj € Up where Up = Ug,ez S;.

Our algorithm is as follows. It first partitions the trainisgtS = {(S1, f*(S1)), - .., (Sm, f*(Sm))} into two sets
Sp andS..o, whereS, is the subsequence Sfwith f*(S;) = 0, andS.o = S\ Sy. For convenience, let us denote
the sequencs,, as

8750 = ((Ala f*(Al))a EERE (Aaa f*(Aa)))

Note thata is a random variable and we can think of the setsAhas drawn independently froi}, conditioned on
belonging toP. Let

Uy = U i<m Si and 'P():{SZSQUO}.

f7(S:)=0

Using S, the algorithm then constructs a sequeﬁgtg = ((:cl,yl), ce (xa,ya)) of training examples for the
binary classification problem. For eath< i < a, lety; be+1 or —1, each with probabilityi /2. If y; = +1 set
xi = (x(4:), (f*(A4;))?); otherwise set; = (x(4;), (n +¢) - (f*(A4;))?). The last step of our algorithm is to solve
a linear program in order to find a linear separator (w, —z) wherew € R™, z € R consistent with the labeled
exampleqz;,y;), i« = 1 < i < a, with the additional constraints that; = 0 for j € U,. The output hypothesis is
F(8) = (gm0 x(S5) 2.

To prove correctness, note first that the linear programasilide; this follows from our earlier discussion using
the facts (1)9;50 is a set of labeled examples drawn frd and labeled by* and (2)i4y C Up. It remains to show
that f approximates the target on most of the points. Yetenote the set of points € P such that both of the points
(x(9), (f*(9))?) and(x(S), (n +¢) - (f*(S))?) are correctly labeled bygn(u"z), the linear separator found by our
algorithm. It is easy to show that the functigfS) = ((nJ}E)ZwTX(S))l/2 approximateg* to within a factorn + ¢
on all the points in the sé¢. To see this notice that for any poifitc ), we have

WTx(S) = 2(f*(S)?>0 and W x(S) - z(n+e)(f*(S)* <0

) < (PO < (142 S,

So, for any point inS € ), the functionf(S)? = (njs)szx(S) approximateg f*(-))? to within a factorn + .
Moreover, by design the functighcorrectly labels a8 all the examples ifP,. To finish the proof, we now note two

important facts: for our choice of, = 15 log (), with high probability botP \ Y andZ \ P, have small measure.

Claim 1. With probability at least — §, the setZ \ Py has measure at most

Proof. Let P, = {5 : S CU}. Suppose that, for somk, the setZ \ P, has measure at least Define
k' = k + log(n/d)/e. Then amongst the subsequent examples, . . ., Si/, the probability that none of them lie in
Z \ Py is at most(1 — €)'°&("/9)/¢ < §/n. On the other hand, if one of them does liean\ Py, then|Uy. | > [Uy].
But |U;,| < n for all k, so this can happen at mostimes. Sincen > nlog(n/d)/e, with probability at least the set
Z \ P, has measure at most O

We now prove:
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Claim 2. If m = 182 Jog (£ ), then with probability at least — 2§, the setP \ ) has measure at mos8t underD.

Proof of Claim2.Letq = 1 — p = Prg..p [ S € P]. If ¢ < e then the claim is immediate, sin@@has measure at
moste. So assume that > e. Letpu = E[a] = gm. By assumption, > 16nlog(n/de)Z. Then Chernoff bounds
give that

Pria<8n log(n/de)%} < exp(—nlog(n/d)gq/e) < 0.

So with probability at least — ¢, we havea > 8nlog(qn/de). By a standard sample complexity argument [33]
with probability at leasfi — §, any linear separator consistent wigh will be inconsistent with the labels on a set
of measure at most/q underD’. In particular, this property holds for the linear separatoomputed by the linear
program. So for any sef, the conditional probability that eithéx (.S), (f*(S5))?) or (x(S), (n + ¢) - (*(S))?) is
incorrectly labeled, given that € P, is at moste/q. Thus

Pr(SeP & S¢Y] = Pr[SeP|-Pr[S¢€Y | SeP] < q-(2¢/q),
as required. O

In summary, our algorithm outputs a hypothesapproximatingf* to within a factor(n +£)/2 on Y UP,,. The
complement of this setisZ \ Py) U (P \ )), which has measure at madkt, with probability at least — 30.

B Additional Results for Theorem4

We prove that Algorithril2 can be used to PAC-learn (i.e. PM&&n witha = 1) any unit-demand valuation.

Lemma 3. The class of unit-demand valuations is properly PAC-leatady usingn = O(nln(n/§)/e) training
examples and timpoly(n, 1/¢,1/6).

Proof. We first show how to solve the consistency problem in polyratime: given a samplgsSy, £*(S1)), .-, (Sm, f*(Sm))
we show how to construct in polynomial time a unit-demandcfiom f that is consistent with the sample, i.e.,
F(S) = f*(S), forl € {1,2,...,m}. In particular, using the reasoning in Theorem 3 for= 1, we show that

the unit-demand hypothesfsoutput by Algorithn 2 is consistent with the samples. We have

= ) = i * )< FF .
F(81) = max f(i) = max min f*(8;) < f*(S1)
Also note that for anyi € S; we havef*(i) < f*(S;), forl € {1,2,...,m}. So f(i) > f*(i) foranyi €
S1U...US,.. Therefore forany € {1,2,...,m} we have:
* = (1) < ) = .
F7(51) = max f7(i) < max f(i) = £(S1)
Thusf*(S;) = f(S)) forl € {1,2,...,m}.
We now claim thatn = O(nln(n/d)/¢e) training examples are sufficient so that with probabilityestst1 —
d, the hypothesis’ produced has error at most In particular, notice that Algorithill2 guarantees thfét) <
{f*(1),..., f*(n)} for all i. This means that for any given target functih there are at most™ different possible

hypotheseg that Algorithm2 could generate. By the union bound, the phility that the algorithm outputs one of
error greater thamis at mostn™ (1 — )™ which is at mosb for our given choice ofn. O

Lemma 4. If f* is OXS with at mostR trees, then it is also unit-demand with at mast leaves (withR-tuples as
items). For constank, the familyF of OXSfunctions with at mosk trees is PAC-learnable usir@(Rn " log(n/d)/e)
training examples and timgoly (n, 1/¢,1/6).
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Proof. We start by noting that sincg* is an OXS function representable with at méstMAX trees, thenf* is
uniquely determined by its values on sets of size ug té-ormally,

17 (S) = max fr(8®,vs c{1,...,n} (6)
|SRI<R

We construct a unit-demand, closely related tgf, on meta-items corresponding to each of @) sets of at
mostR items. In particular, we define one meta-itéga to represent each sét* C {1,..., n} of size at mosfz and
let

flisr) = f*(S7).
We definef’ as unit-demand over meta-items; i.e. beyond singletonwethave

f/({isﬁv---visf}) :lj{laXLf/(iSlR)- )
By equations[(6) and17), for alf we havef*(S) = f'(Is) wherelg = {igr : ST C S}.

Since we can perform the mapping from sgt their corresponding sefg over meta-items in timé(n '), this
implies that to PAC-learrf*, we can simply PAC-learif’ over theO(n®) meta-items using Algorithi] 2. Lemrha 3
guarantees that this will PAC-learn usitifn? log(n*/5) /) training examples and running timely (n, 1/¢,1/6)
for constantR. O

C Additional Result for Theorem

proved that a certain matroid rank functigi . s(-), defined below, is hard to learn everywhere with value
queries to an approximation factor of,/=--). We show that the rank functiofi - s(:) is in OXS (all leaves in

all OXS trees will have value). fr o s(-) : 2{Ln} 5 R is defined as follows. Let subs& C {1,...,n} and
R=({1,...,n})\Rits complement. Also fix integerg’, 5 € N. Then

fr.a,3(S) = min(8 + ISNR|,|S],a), VS C {1,...,n} (8)

As a warm-up, we show that a simpler function thaf, s(-) is in OXS. This simpler function essentially
corresponds t@ = 0 and will be used in the case analysis for establishing that s(-) is in OXS.

Lemmas. LetR' C {1,...,n} andc € N. Then the functiorf(-) : 2{*"} — R defined as
fr.c(S) =min(c, |[SNR'),¥S C {1,...,n} 9)
is in OXS.

Proof. For ease of notation let(:) = fr' (). We assume < |R'|; otherwise,f(S) = |S N R'|,VS C {1,...,n},
which is a linear function((S) = >°_ .4 f(x) wheref(z) = 1if 2 € R and f(x) = 0 otherwise) and any linear
function belongs to the class OXS[24]. Assuming: |R’|, we construct an OXS treE with ¢ MAX trees, each
with one leaf for every elementiR’. All leaves have value 1. We refer the reader to Fig.]1(a).

ThenT'(S) = f(5),¥S C {1,...,n} sincef(S) represents the smaller of the number of elementinR’ (that
can each be taken from a different MAX treeli andc. Note thatl'(S) < ¢,VS C {1,...,n}. O

Lemma 6. The matroid rank functiorfr o/ g(-) is in the clasgOXS.
Proof. For ease of notation left(:) = fr,a p(-). If n <o’ thefl |S| < o/, VS C {1,...,n}and

£(S) = min(8 + |SN R|,|S]) = |S N R| + min(3, S N R|) (10)

8We note thain > o in [17]. We consider this case for completeness.
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[€) OXS representation for the function (b) OXS representation for the function in Elgl (8) when> o’ > 3.
in Eq. [9).

Figure 1: OXS representations. All leaves have vadlue

From the proof of LemmBl5 we get that the functifitS) = min(3,|S N R|) has an OXS tre@” (i.e. T'(S) =
1'(S),vS C {1,...,n}) with 3 MAX trees each with leaves only iR. We can create a new tr&e by adding
|R| MAX trees toT”, each with one leaf for every elementi and we gefl'(S) = f(S),VS C {1,...,n}. The
additional | MAX trees encode thgS N R| term in Eq.[Z0). Ifa’ < 3thenf(S) = min(c’, |S|); the claim follows
by Lemmd® forc = o/, R = {1,...,n}. We can thus assume that> o’ > 3. We prove that the OXS treE,
containing the two types of MAX trees below, represefitse. T'(.S) = f(S),V.S. We refer the reader to Fig. I{b).

e o/ — f MAX treesT...T, _a, each having as leaves all the element® iwith valuel.
o S MAX treesT, _gy1...Tn, €ach having as leaves all the element{in . ., n}) with valuel.

We note thafl’(S) < min(]S], @’) as no sef can use more thaiy| leaves and” has exactlyy’ trees. We distinguish
the following cases

e |S| < gimplying f(S) = |S|andT'(S) = |S| as|S| leaves can be taken each froff trees inT g1 ... Ty

e f(S)=a <min(B+|SNR||S]). We claimT'(S) > o'. There must exist’ — 3 elements irlS N R|, that
we can select one from each trég. .. T, _g. Also |S| > o' and we can take the remainirigelements from
Tow—pt1...-To.

e f(S) =[S| < min(8 + |SN R|,&/). This implies|S N R| < gand|S| < /. We claimT'(S) > |S]: we
can take all needed elementsdm R from T’ ... T, _g (and fromT,/ _g41 ... T if [SN R| > o/ — 8) and
elementsinS N RfromTy —gy1 ... To.

e f(S)=p+|SNR| <min(|S],a’). We claimT'(S) > § + [S N R|: we can takg? < |S N R| elements from
To—pt1-.-Tor and[SN R| < o — B elements frony ... T, . Finally, T'(S) < 3 +[S N R| since at most
all elements inS N R can be taken frorf’ ... T, _g and at mosp elementsinS N R from Ty _g41...To .

O
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