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Abstract

Motivated by the fact that in many game-theoretic settitigs,game analyzed is only an approxi-
mation to the game being played, in this work we analyze @iyitim computation for the broad and
natural class of bimatrix games that are stable to pertiomat\We specifically focus on games with the
property that small changes in the payoff matrices do naethe Nash equilibria of the game to fluctu-
ate wildly. For such games we show how one can compute appad&iNash equilibria more efficiently
than the general result of Lipton et dﬂlB], by an amount tlegends on the degree of stability of the
game and that reduces to their bound in the worst case. Fomtine, we show that for stable games
the approximate equilibria found will be close in variatidistance to true equilibria, and moreover this
holds even if we are given as input only a perturbation of tteal underlying stable game.

For uniformly-stable games, where the equilibria fluctwtmost quasi-linearly in the extent of the
perturbation, we get a particularly dramatic improveméihre, we achieve a fully quasi-polynomial-
time approximation scheme: that is, we can finfgholy (n)-approximate equilibria in quasi-polynomial
time. This is in marked contrast to the general class of bimngaimes for which finding such approx-
imate equilibria is PPAD-hard. In particular, under thedely believed) assumption that PPAD is not
contained in quasi-polynomial time, our results imply teach uniformly stable games are inherently
easier for computation of approximate equilibria than gehgimatrix games.

1 Introduction

The Nash equilibrium solution concept has a long historycon®mics and game theory as a description for
the natural result of self-interested behaviol @ 24 imiportance has led to significant effort in the com-
puter science literature in recent years towards undetistanheir computational structure, and in particular
on the complexity of finding both Nash and approximate Nagliliega. A series of results culminating
in the work by Daskalakis, Goldberg, and Papadimitri@ [40¢ Chen, Deng, and TerB ﬁ 8] showed
that finding a Nash equilibrium or evenldpoly(n)-approximate equilibrium, is PPAD-complete even for
2-player bimatrix games. For general valuesepthe best known algorithm for finding-approximate
equilibria runs in timen((len)/<") pased on a structural result of Lipton et al.l[18] showinat there
always existe-approximate equilibria with support over at mast(log n)/e?) strategies. This structural
result has been shown to be existentially tiﬁ [15]. Eveanldoge values ot, despite considerable ef-
fort ,,Ddﬂ?], polynomial-time algorithms fmymputinge-approximate equilibria are known
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only for e > 0.3393 [E]]. These results suggest a difficult computational laage for equilibrium and
approximate equilibrium computation on worst-case irnstan

In this paper we go beyond worst-case analysis and invéstifa equilibrium computation problem in a
natural class of bimatrix games that are stable to pertiart As we argue, on one hand, such games can be
used to model many realistic situations. On the other hardghew that they have additional structure which
can be exploited to provide better algorithmic guarantkas twhat is believed to be possible on worst-case
instances. The starting point of our work is the realizatioat games are typically only abstractions of
reality and except in the most controlled settings, paylisted in a game that represents an interaction
between self-interested agents are only approximationtheagents’ exact utilitiesl] As a result, for
problems such as equilibrium computation, it is naturaldeouts attention to games that are robust to the
exact payoff values, in the sense that small changes to thesm the game matrices do not cause the
Nash equilibria to fluctuate wildly; otherwise, even if diaria can be computed, they may not actually be
meaningful for understanding behavior in the game thatageal. In this work, we focus on such games
and analyze their structural properties as well as theitigations to the equilibrium computation problem.
We show how their structure can be leveraged to obtain bafgerithms for computing approximate Nash
equilibria, as well as strategies close to true Nash egiglibFurthermore, we provide such algorithmic
guarantees even if we are given only a perturbation of theahstable game being played.

To formalize such settings we consider bimatrix garfiethat satisfy what we call thg, A) perturbation
stability condition, meaning that for any gamd® within L., distance: of G (each entry changed by at most
€), each Nash equilibriuny’, ¢') in G’ is A-close to some Nash equilibriufp, ¢) in G, where closeness is
given by variation distance. Clearly, any gamédsl) perturbation stable for anyand the smaller thé
the more structure the:, A) perturbation stable games have. In this paper we study tlamingful range
of parameters, several structural properties, and theitdgoc behavior of these games.

Our first main result shows that for an interesting and gémareye of parameters the structure of perturba-
tion stable games can be leveraged to obtain better algwitar equilibrium computation. Specifically, we
show that alln-action (e, A) perturbation-stable games with at ma§t(4/9*) Nash equilibria must have a
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well-supported:-equilibrium of supporO logn). This yields am? -time
algorithm for finding an-equilibrium, improving by a facto©(1/A?log(1 + A~!)) in the exponent over
the bound of|[18] for games satisfying this condition (anduang to the bound om8] in the worst-case
whenA = 1)!9 Moreover, the stability condition can be further used tosshitat the approximate equilib-
rium found will be A-close to a true equilibrium, and this holds even if the atgam is given as input only
a perturbation to the true underlying stable game.

A particularly interesting class of games for which our tssprovide a dramatic improvement are those that
satisfy what we calt-uniform stability to perturbationsThese are games that for sose= 1/poly(n) and
somet satisfy the(e, te) stability to perturbations condition for all< €. For games satisfyingruniform
stability to perturbations with = poly(log(n)), our results imply that we can find'poly(n)-approximate
equilibria in nP¥(os(n) time, i.e., achieve a fully quasi-polynomial-time approgtion scheme (FQP-
TAS). This is especially interesting because the resul@]qirove that it is PPAD-hard to find/poly(n)-
approximate equlibria in general games. Our results shioatsunder the (widely believed) assumption that
PPAD is not contained in quasi-polynomial timé [9], suchfamrmly stable game are inherently easier for

1For example, if agents are two corporations with varioussitibs actions in some proposed market, the precise paymffet
corporations may depend on specific quantities such as akfoaelectricity or the price of oil, which cannot be fully éwn in
advance but only estimated.

20ne should think ofA as a function of, with both possibly depending on E.g.,e = 1/y/n andA = 6e.



computation of approximate equilibria than general biinagameﬂ Moreover, variants of many games
appearing commonly in experimental economics includirggghblic goods game, matching pennies, and
identical interest gamElM] satisfy this condition. Seeti®as3[5, and AppendixIC for detailed examples.

Our second main result shows that computing=aguilibrium in a game satisfying the, @(61/4)) per-
turbation stability condition is as hard as computin@®&'/4)-equilibrium in a general game. For our
reduction, we show that any general game can be embeddednatbaving thée, @(61/4)) perturbation
stability property such that anequilibrium in the new game yields @(¢!/*)-equilibrium in the original
game. This result implies that the interesting range forth& )-perturbation stability condition, where one
could hope to do significantly better than in the general dask = o(¢'/%).

We also connect our stability to perturbations condition seemingly very different stability to approxima-
tions condition introduced by Awasthi et al [2]. Formallygame satisfies the strofg A)-approximation
stability condition if all e-approximate equilibria are contained inside a small bhladius A around a
single equilibriunﬂ We prove that our stability to perturbations condition isiigglent to a much weaker
version of this condition that we call the well—support(:gmximation stability. This condition requires
only that for any well-supportee-approximate equilibriur (p, ¢) thereexistsa Nash equilibrium(p*, ¢*)
that isA-close to(p, ¢). Clearly, the well supported approximation stability citioth is more general than
strong(e, A)-approximation stability considered lﬂ [2] since rathartlassuming that there exists a fixed
Nash equilibrium(p*, ¢*) such that alk-approximate equilibria are contained in a ball of radsround
(p*, ¢*), it requires only that for any well-supportegapproximate equilibriunip, ¢q) there exists a Nash
equilibrium (p*, ¢*) that isA-close to(p, ¢). Thus, perturbation-stable games are significantly mopessx
sive than strongly approximation stable games and Sedtmes®ents several examples of games satisfying
the former but not the latter. However, our lower bound (shgvthat the interesting range of parameters is
A = O(e'/*)) also holds for the strong stability to approximations dtiad.

We also provide an interesting structural result showiadg #ach Nash equilibrium of ga, A) perturbation
stable game with©(4/9*) Nash equilibria must b&A-close to well-supportee-approximate equilibrium
of support onIyO(% logn). Similarly, at-uniformly stable game with (%) equilibria has the
property that for any\, each equilibrium iSA-close to a well-supportedh /t-approximate equilibrium
with support of sizeD(¢? log(1 + A~1)logn). This property implies that in quasi-polynomial time we can
in fact find asetof approximate-Nash equilibria that cover (within distaBa) the set ofall Nash equilibria

in such games.

It is interesting to note that for our algorithmic results fimding approximate equilibria we dwot require
knowing the stability parameters. If the game happens te&sonably stable, then we get improved running
times over the Lipton et aIElLS] guarantees; if this is nat tase, then we fall back to the Lipton et all [18]
guarantees. However, given a game, it might be interesting to know howlst# is. In this direction, we
provide a characterization of stable constant-sum gam&gdatior 6 and an algorithm for computing the

The generic result oﬂ__LiB] achieves quasi-polynomial timbydor € = 2(1/poly (logn)).

4 [IZ] argue that this condition is interesting since in sitolas where one would want to use an approximate Nash eduitibr
for predictinghow players will play (which is a common motivation for contipg a Nash or an approximate Nash equilibrium),
without such a condition the approximate equilibrium foumight be far from the equilibrium played.

®Recall that in an-Nash equilibrium, the expected payoff of each player isinit from her best response payoff; however
the mixed strategies may include poorly-performing puratsgies in their support. By contrast, the support of a-sefiported
e-approximate equilibrium may only contain strategies venpayoffs fall withine of the player’s best-response payoff.

5This is because algorithmically, we can simply try diffedrenpport sizes in increasing order and stop when we findesfiest
forming a (well-supported)-equilibrium. In other words, given, the desired approximation level, we can findeaapproximate
(A2 1og(€1+A*
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equilibrium in timen® whereA is the smallest value such that the gamg:js\) perturbation stable.



strong stability parameters of a given constant-sum game.

1.1 Related Work

In addition to results on computing (approximate) equiikin worst-case instances of general bimatrix
games, there has also been a series of results on polynméklgorithms for computing (approximate)
equilibria in specific classes of bimatrix games. For examparany et all:[4] considered two-player games
with randomly chosen payoff matrices, and showed that wigh probability, such games have Nash equi-
libria with small support. Their result implies that in ramd two-player games, Nash equilibria can be
computed in expected polynomial time. Kannan and TheoMrovide an FPTAS for the case where
the sum of the two payoff matrices has constant rank and Astsail ﬂ] provide a polynomial time algo-
rithm for computing an exact Nash equilibrium of a rank-1 &irix game.

Awasthi et al. |B2] analyzed the question of finding an apprate Nash in equilibrium in games that sat-
isfy stability with respect to approximation. However, itheondition is quite restrictive in that it focuses

only on games that have the property that all the Nash egaildre close together, thus eliminating from
consideration most common games. By contrast, our pettarbatability notion, which (as mentioned

above) can be shown to be a generalization of their notigotucas many more realistic situations. Our
upper bounds on approximate equilibria can be viewed agglezirg the corresponding result of [2] and it

is significantly more challenging technically. Moreoveuny ¢dower bounds also apply to the stability notion
of [2] and provide the first (nontrivial) results about théeiresting range of parameters for that stability
notion as well.

In a very different context, for clustering problems, BildaLinial [B] analyze maxcut clustering instances
with the property that if the distances are perturbed by diptichtive factor ofa, then the optimum does not
change; they show that under this condition, do& /n, one can find the optimum solution in polynomial
time. Recently, Awasthi et aID[S], have shown a similar tefor the k-median clustering problem and
showed a similar result far = /3. Our stability to perturbations notion is inspired by thierk, but is
substantially less restrictive in two respects. First, eguire stability only to small perturbations in the
input, and second, we do not require the solutions (NasHiledga) to stay fixed under perturbation, but
rather just ask that they have a bounded degree of movement.

The notion of stability to perturbations we consider in caper is also related to the stability notions consid-
ered by Lipton et al. [19] for economic solution conceptse Timin focus of their work was understanding
whether for a given solution concept or optimization prabkdl instances are stable. In this paper, our main
focus is on understanding how rich the class of stable instais, and what properties one can determine
about their structure that can be leveraged to get betterigdgns for computing approximate Nash equi-
libria[] we provide the first results showing better algorithms fanpating approximate equilibria in such
games.

2 Preliminaries

We consider 2-player general-sumaction bimatrix games. LeR denote the payoff matrix to the row
player andC' denote the payoff matrix of the column player. If the row gliaghooses strategyand the

"Just as inlﬁlg], one can show that for the stability condgéia@ consider in our paper, there exist unstable instances.



column player chooses strategythe payoffs are?; ; and C; ; respectively. We assume all payoffs are
scaled to the rang@, 1].

A mixed strategy for a player is a probability distributiomeo the set of his pure strategies. Title pure
strategy will be represented by the unit vectgrthat hasl in theith coordinate and elsewhere. For a
mixed strategy paifp, q), the payoff to the row player is the expected value of a randariable which is
equal toR; ; with probability p;q;. Therefore the payoff to the row playeri§ Rq. Similarly the payoff to
the column player i9” Cq. Given strategieg andgq for the row and column player, we denote swpp(p)
andsupp(q) the support op andg, respectively.

A Nash equilibrium |L—2b] is a pair of strategiép*, ¢*) such that no player has an incentive to deviate
unilaterally. Since mixed strategies are convex comhianatiof pure strategies, it suffices to consider only
deviations to pure strategies. In particular, a pair of mis&ategiep*, ¢*) is a Nash-equilibrium if for
every pure strategy of the row player we have! Rg* < p*TRq*, and for every pure strategyof the
column player we havp*TCej < p*TCq*. Note thatin aNash equilibriurtp*, ¢*), all rows: in the support

of p* satisfye! Rq* = p** Rq* and similarly all columng in the support of/* satisfyp*” Ce; = p** Cq*.

Definition 1 A pair of mixed strategie§, ¢) is ane-equilibrium if both players have no more thaimcen-
tive to deviate. Formally(p, ¢) is ane-equilibrium if for all rowsi, we haveeiTRq < pT"Rq + ¢, and for all
columnsj, we havey” Ce; < pT'Cq + e.

Definition 2 A pair of mixed strategie&p, ¢) is a well supported-equilibrium if for any: € supp(p) (i.e.,
is. t.p; > 0) we havee] Rq > e Rq — ¢, for all j; similarly, for anyi € supp(q) (i.e.,i s. t. ¢; > 0) we

havep? Ce; > pT'Ce; — ¢, for all j.

Definition 3 We say that a bimatrix gam@’ specified by?’, C’ is an L., a-perturbation ofG specified by
R,CifwehavelR; ; — R ;| < aand|C;; — C} ;| <aforalli,j € {1,...,n}.

Definition 4 For two probability distributionsg and ¢/, we define the distance betwegrand ¢’ as the
variation distance:

1
dlg.q) =5 D lai —ail = Y _max(q; — ¢}, 0) = > max(g; — ¢;,0).
[ ) )

We define the distance between two strategy pairs as the muaxahthe row-player’s and column-player’s
distances, thatisd((p, q), (¢',¢')) = max[d(p,p’), d(q,q")].

Itis easy to see thatis a metric. Ifd((p, ), (', ¢')) < A, then we say thay’, ¢') is A-close to(p, q).
Throughout this paper we use “log” to mean log-base-e.

3 Stable Games

The main notion of stability we introduce and study in thipgarequires that any Nash equilibrium in a per-
turbed game be close to a Nash equilibrium in the originaleahhis is an especially motivated condition
since in many real world situations the entries of the gamemadyze are merely based on measurements
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and thus only approximately reflect the players’ payoffsoraer to be useful for prediction, we would like
that equilibria in the game we operate with be close to duyidliin the real game played by the players.
Otherwise, in games where certain equilibria of slightlytpded games are far from all equilibria in the
original game, the analysis of behavior (or prediction) v meaningless. Formally:

Definition 5 A game( satisfies thée, A) stability to perturbations condition if for ang’ that is anL,
e-perturbation ofG and for any Nash equilibriunfp, ¢) in G’, there exists a Nash equilibriutp*, ¢*) in G
such that(p, q) is A-close to(p*, ¢*). &

Observe that fixing;, a smallerA means a stronger condition and a largemeans a weaker condition.
Every game ige, 1)-perturbation stable, and &s gets smaller, we might expect for the game to exhibit
more useful structure.

Another stability condition we consider in this work is stéyp to approximations:

Definition 6 A game satisfies thg, A)-approximation stability condition if for any-equilibrium (p, )
there exists a Nash equilibriup™*, ¢*) such that(p, q) is A-close to(p*, ¢*).

A game satisfies the well supportéd A)-approximation stability condition if for any well supped e-
equilibrium (p, q) there exists a Nash equilibriup*, ¢*) such that(p, q) is A-close to(p*, ¢*).

Clearly, if a game satisfies the, A)-approximation stability condition, then it also satisftae well sup-
ported (e, A)-approximation stability condition. Interestingly, weosh that the stability to perturbations
condition is equivalent to the well supported approximastability condition. Specifically:

Theorem 1 A game satisfies the well supportgzt, A)-approximation stability condition if and only if it
satisfies thée, A)-stability to perturbations condition.

Proof: Consider am x n bimatrix game specified b2 andC' and assume it satisfies the well supported
(2¢, A)-approximation stability condition; we show it also sagsfthe(e, A)-stability to perturbations con-
dition. ConsiderR’ = R+ T andC’ = C + A, where|T'; ;| < e and|A; ;| < ¢, for all i,;. Let(p,q)

be an arbitrary Nash equilibrium in the new game specifiedzbgnd C’. We will show that(p, q) is a
well supportee-approximate Nash equilibrium in the original game spedifig R andC'. To see this,
note that by definition, (sincép, ¢) is a Nash equilibrium in the game specified By and C’) we have

ej R'q < p"R'q = vg for all j; thereforeel Rq + ] T'q < vg, s0e] Rq < vg + ¢, for all j. On the other
hand we also have] Rq = e] R'q — e/ Tq > vg — e for all i € supp(p). Thereforee! Rq > el Rq — 2¢,

for all i € supp(p) and for allj. Similarly we can show’ Ce; > pTCe; — 2, for all i € supp(q) and

for all 7. This implies that(p, q) is well supported2e-approximate Nash in the original game, and so by
assumption ig\-close to a Nash equilibrium of the game specifiedfbgndC'. So, this game satisfies the
(e, A)-stability to perturbations condition.

In the reverse direction, consider anx n bimatrix game specified biz andC and assume it satisfies the
(e, A)-stability to perturbations condition. Léb,q) be an arbitrary well supporteze Nash equilibrium

®Note that the entries of the perturbed game are not restriotéhe[0, 1] interval, and are allowed to belong tee, 1 + ¢].
This is a proper way to formulate the notion because it insplier instance, that if7 is (e, A) stable to perturbations, then for any
a > 0, aG is (ae, A) stable to perturbations. Theoréin 1 provides further eidéhat this definition is proper.



in this game. Let us define matricéd andC’ such that! R'q = maxy ey T Rq — e for all i € supp(p)
ande! R'q < maxy el Rq — € for all i ¢ supp(p), p" C'e; = max; p” Ce; — e for all j € supp(q) and
pTC’ej/ < max; pTCej/ —eforall j ¢ supp(q). Since(p, q) is a well supporte@e Nash equilibrium we
know this can be done such tHaR’' — R); ;| < e and|(C’" — C); ;| < ¢, for all 4, j (in particular, we have
to add quantities ifn—e, €] to all the elements in rowsof R in the support ofp and subtract quantities in
[0, €] from all the elements in rowsof R not in the support op; similarly for ¢). By design,(p, q) is a
Nash equilibrium in the game defined B, C’, and from the(e, A)-stability to perturbations condition,
we obtain that it isA-close to a true Nash equilibrium of the game specifiedRgnd C. Thus, any well
supported2e Nash equilibrium in the game specified ByandC' is A-close to a true Nash equilibrium of
this game, as desired.l

One can show that the well supported approximation stahdita strict relaxation of the approximation
stability condition. For example, consider thex 2 bimatrix game

1 1 (1 1-e
R_[l—eo 1—60] C_[l 1—60:|

Fore < ¢ this game satisfies the well supportgéd0)-approximation stability condition, but does not
satisfy (¢, A)-approximation stability for amA < /. To see this note thaf Rq = 1, el Rg = 1 — €,
pTCe; = 1, andp’Cey = 1 — ¢, for anyp andq. This implies that the only well supportedNash
equilibrium is identical to the Nash equilibriurt1,0)”, (1,0)”, thus the game is well supportée, 0)-
approximation stable. On the other hand, the pair of mixetesgies(p, ¢) with p = (1 — ¢/¢g, ¢/¢o)” and

q = (1 —¢/ey,e/e0)” is ane-Nash equilibrium. The distance betwegnq) and the unique Nash ig/'eg,
thus this game is ndk, A)-approximation stable for angk < ¢/e.

Interestingly, the notion of approximation stability whiis a restriction of the well-supported approximation
stability and of stability to perturbations conditions isedaxation of the stability condition considered by
Awasthi et al. |ﬂ2] which requires that all approximate eitpiib be contained in a ball of radius around

a single Nash equilibrium. In this direction, we define #teng versionof stability conditions given in
Definitions 3 and 4 to be a reversal of quantifiers that ask® the a singldp*, ¢*) such that each relevant
(p,q) (equilibrium in ane-perturbed games-approximate equilibrium, or well-supportedapproximate
equilibrium) isA-close to(p*, ¢*). Formally:

Definition 7 A gameG satisfies the stronfe, A) stability to perturbations condition if there exigts", ¢*)
a Nash equilibrium of7 such that for anyG’ that is an L, e-perturbation ofG we have that any Nash
equilibrium inG’ is A-close to(p*, ¢*).

A gameG satisfies the strong (well supported, A)-approximation stability condition if there exists
(p*, ¢*) a Nash equilibrium of7 such that any (well supported)equilibrium (p, ¢) is A-close to(p*, ¢*).

It is immediate from its proof that Theordm 1 applies to thersg versions of the definitions as well. We
also note that our generic upper bounds in Sedflon 4 willyafpthe most relaxed version (perturbation-
stability) and our generic lower bound in Sectidn 5 will b@lgto the most stringent version (strong approx
stability).

Range of parameters As shown in [ﬂZ], if a gameg satisfies the stronge, A)-approximation stability
condition and has a non-trivial Nash equilibrium (an edpmlim in which the players do not both have

7



full support), then we must hav& > . We can show that if a ganie satisfies theée, A)-approximation
stability and if the union of al\-balls around all Nash equilibria does not cover the whom:elgthen we
must have3A > ¢ — see LemmA]5 in AppendiX B. In Sectioh 5 we further discussrteaningful range of
parameters from the point of view of the equilibrium comjpiotaproblem.

Examples Variants of many classic games including the public goodseganatching pennies, and iden-
tical interest games are stable. As an example, considéoltbeing modified identical interest game. Both
players have: available actions. The first action is to stay home, and theractions correspond to— 1
different possible meeting locations. If a player choose®a 1 (stay home), his payoff i$/2 no matter
what the other player is doing. If the player chooses to gamat meeting location, his payoff isif the
other player is there as well and it @sotherwise. This game has pure equilibria (all(e;, ¢;)) and (g‘)
equilibria (all(1/2e; +1/2e;,1/2e; + 1/2e;)) and it is well-supportede, 2¢)-approximation stable for all
e < 1/6. Note that it does not satisfy strong (well-supported) itgtbecause it has multiple very distinct
equilibria. For further examples see Lemimha 2 in Sedtion Welkas Appendix C.

4 Equilibria in Stable Games

In this section we show we can leverage the structure imjestability to perturbations to improve over
the best known generic bound m18]. We start by consideriagd A as given. We can show:

Theorem 2 Let us fixe and A, 0 < ¢ < A < 1. Consider a game with at mosf(4/9*) Nash equilib-
ria which satisfies the well supportéd, A)-approximation stability condition (or the:/2, A)-stability to
perturbations condition). Then there exists a well supgaetequilibrium where each player’s strategy has
supportO((A/e)?log(1 + A=) logn).

This improves by a factoO(1/(A%log(1 + A~1))) in the exponent over the bound @18] for games
satisfying these conditions (and reduces to the bour@ﬁn{ﬂl&e worst-case whei = 1).

Proof idea We start by showing that any Nash equilibrigpt, ¢*) of G must be highly concentrated. In
particular, we show that for each pf, ¢*, any portion of the distribution with substantia] norm (having
total probability at leas8A) must also have higliy norm: specifically the ratio of., norm to Z.; norm
must beQ((e/A)(logn)~1/2). This in turn can be used to show that eachyaf;* has all but at mossA
of its total probability mass is concentrated in a set (whiehcall the high part) of siz&((A/€)? log(1 +
1/A)logn). Once the desired concentration is proven, we can thenrpedoversion of the [18] sampling
procedure on the low parts pf andg* (with an accuracy of only/A) to produce overall ar-approximate
equilibrium of support only a constant factor larger. Thanary challenge in this argument is to prove
that p* andg¢* are concentratetl This is done through our key lemma, Lemija 1 below. In pauwicul
Lemmal can be used to show thapif(or ¢*) had a portion with substantidl; norm and lowZLs; norm,
then there must exist a deviation frgi (or ¢*) that is far fromall equilibria and yet is a well-supported

°If the union of all A-balls around all Nash equilibria does cover the whole spthig is an easy case from our perspective.
Any (p, q) would be ae-equilibria.

10We note that |__[]2] prove an upper bound for the strong appratkimastability condition using the same concentration idea
However, proving the desired concentration is signifigamtbre challenging in our case since we deal with many edqialib



approximate-Nash equilibrium, violating the stabilitynclition. Proving the existence of such a deviation
is challenging because of the large number of equilibriartray exist. Lemmal1l synthesizes the key points
of this argument and it is proven through a careful probstixliargument.

In the following we considet = (56)? and letc’ = 27.

Lemmal Letus fixe and A, 0 < e < A < 1. Letp be an arbitrary distribution ove{1,2,...,n}. Let
S = ¢(A/e)?logn and fix3 < 1 such thatl — 3 > 8A Assume that the entries ptan be partitioned into

2< (Crc) ) . Letus fl)(kl n-dimensional vectors
v1,. .., v, With entries in[—1, 1] andks distributionSpl, ey Dhos Wherekl = n2 andky < n¢(A/9% Then
there existg’ with supp(p’) C supp(p) such that:

1. d(p,p') =3A and
2. ]5,-’[1@'Sﬁ'vi—FEfOFaHiG{1,...,](31}.

3. d(p,p;) > d(p,p;) — Aforalli e {1,... ky}..

Proof: We show the desired result by using the probabilistic metHaoet us define the random variable
X; = 1 with probability 1/2 and X; = 0 with probability 1/2. Define

s = Pi, for i€ H and
3AD; X; 3Aﬁ,~(1 — Xi)

~/ ~ .
Di =Di + — — = , for i€ L.
doicr PiXi D en pi(l— X5)
We haveE[} ", . @XZ] = (1 — B)/2. By applying McDiarmid’s inequality (see Theorérh 6) andhgsihe
fact that||p||3 < 5) , we obtain that with probability at lea8f4 we have both:
~ 1-8 1-p -8 1—
X, - —C | < —= - -— < —=.
’;pZXZ 5 | < B and \;pzl 5 | < 15 1)

Assume that this happens. In this cageis a legal mixed strategy for the row player and by constomncti
we haved(p, p') = 3A.

Let v be an arbitrary vector ifvy, . .., vg, }. We have:

]5/ =PV -+ 3A (ZieL ﬁl;Xivi o Zz’eLﬁi(l - Xi)”l’)
> ier DiXi Y ier Pi(1 — X;)

Define
= Zﬁszi, Zy = Zﬁin', Z3 = sz Wi, Ly = Zﬁi(l—Xi),
= i€l i€l i€l
so we have: P P
i v = an (2L - 22
V=p-vU+ 7 71

Using McDiarmid’s inequality we get that with probabilitylaastl —1/n3, each of the quantitieg,, Zs, Z3, Z4
is within (1 5)(&) of its expectation; we are using here the fact that the valu&;acan change any one
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of the quantities by at mogt;, so the exponent in the McDiarmid boundﬁg)z(%)z/ DierBi <
—(5g7) logn. Also, we haveE[Z;] = E[Z4] = % andE[Z,] = E[Z3]. So, we get that with probability
at leastl — 1/n® we have

) ) E[Zl]—l—( B)e E[Zg]— (1-PB)e
- ) 28A 28A
p-v < P v+3A< 15 (-A)c ﬂ_i_(l—ﬁ)e
2 28A 2 28A
pvson (A s (Bl - i
I = ox L+ x
- 2 € €
= p-v+3A[<—1_ﬁE[Z1]+m> (1+—14A>

(8- 1iz) (- 1)

< Fout3lA [(LE[Zl] + L) 1

1-3 14A 14
2 € €
B (1—ﬁE[Z3] B M) (1_ 14A>
= p- ’L)+31A<1EB(E[Z1]+E[Z3]) 14€A)+7_A>

Finally, using the fact that; + Z3 < >, p; = 1 — 3, we get

€
< _ _

yielding the desired bound - v < p - v + €. Applying the union bound over alle {1,..., k;} we obtain
that the probability that there existsn vy, ..., vk, suchthap’ - v > p- v + € is at mostl /3.

Consider an arbitrary distributionin {p1, . .., px, }. Assume thap = p + g. By definition, we have:

D 1 5 =~ 3A]§iXi 3Ap2( - z
dip,p) = 5 Di+gi —Di — ~ + \gi]
2 i€l ZieLpiXi ZieL pi(1 — X;) ZGZI:{
1 3Ap; X; 3Ap;i(1 — X;)
= 5 9i — —~ + = |gZ
2 ieL Doier PiXi Y lier Pi(l — X;) ;I
1 6AD; X; 6Ap;(1—X; 6Ap; X, 65 (1 — X;)
> 529 T_g5 * 1(_5 )—52{5(1—ﬁ)+ 7(1( Z’gz
ek i€l ZGH
1 6Ap;X;  6Api(1— X;) 6Apl
> = - 1
= 32915 T 1.5 Z Z|92
el ZEH
_ 1 6ApX; | 6Ap;(1—X;)
Y ) L 1-8 + Z |9i
€L zeH

where the firstinequality follows from applying relatidd) (b the denominators, and the last equality follows
from the fact that|p. |y =1 — 5.
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6ApZ i _’_6Af7i(1—Xi)

Letus denote by = 13", |g I3

1 1 6AD; | 1 6ApD;
E[Z]_iz:[ig’_l—ﬁ—i_igl ] Z\Qz
i€L ZGL
therefore
3A . 3A
Eld(p,p)] Z!gz!——_—Z!ng Z\gz!—— d(p,p) — -
ZEH €L ZEH
We can now apply McDiarmid’s inequality (see Theoilem 6) guarthat with high probability? is within
2A/5 of its expectation. Note that = S5 Therefore:
—2A%(1-)%/(225 3 p7A%)
Pr{|Z — E[Z]| > 2A/5} < 2¢ 2" < gem@)s o %
2

This then implies that
Pr{d(p,p) <d(p.p') — A} < —.

By the union bound we get that the probability that theretexd in {p1,...,px,} such thatd(p,p’) <
d(p,p’)—Ais at mostl /3. Summing up overall all possible events we get that thera@nazero probability
of (1), (2), (3) happening, as desiredli

Proof (Theorem[2): Let (p*, ¢*) be an arbitrary Nash equilibrium. We show that eachyoind ¢* are
highly concentrated, meaning that all but at m&4tof their total probability mass is concentrated in a set
of size O((A/e)?log(1 + 1/A)logn). Let's considenp* (the argument for* is similar). We begin by
partitioning it into itsheavyandlight parts. Specifically, we greedily remove the largest entifes® and
place them into a sdil (the heavy elements) until either:

(@) the remaining entriek (the light elements) satisfy the condition théte L, Pr[i] < %Pr[L] for S
as in Lemméall, or

(b) Pr[H] > 1 —8A,
whichever comes first. Using the fact that the game satidfeesell supportede, A)-approximation stabil-

ity condition, we will show that case (a) cannot occur firdbjel will imply that p* is highly concentrated.

In the following, we denotes as the total probability mass ovéf. Assume by contradiction that case (a)
occurs first. Note that we have |y =1 — 8, ||lpr]1 = 8, and

>t 5 n Y=g

i€l ZEL €L

CQIP—‘

so||prl3 < Y22 Letw;; = C(e; — e;). Since(p*, ¢*) is a Nash equilibrium we know that - v; ; < 0
for all i and for allj € supp(q*).
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By Lemmall there existg’ such that (1)i(p*,p’) = 3A, (2) ' - vi; < p* - v;; + € for all i and for all

j € supp(¢*) and (3)d(p', p;) > d(p*,p;) — Aforalli € {1,...,k} (herek is the number of equilibria of
the game). By (2) we have that- v; ; < e for all i and for allj € supp(¢*), which implies that(p’, ¢*)

is a well supported approximate equilibrium (since by (2) the column player &asiost are incentive to
deviate and sinceupp(p’) C supp(p*) we know that the row player has no incentive to deviate). By (1
we also have thafy’, ¢*) is 3A-far from (p*, ¢*). We now use (3) to show thap’, ¢*) is A-far from all
the other equilibria as well. Let be such an equilibria. Note thatdip,p*) > 4A, then clearly, by the
triangle inequalityd(p, p’) > A. If d(p,p*) < 2A, clearly, by the triangle inequalityi(p, p’) > A. Finally

if d(p,p*) € [2A,4A], then by (3), we thad(p,p’) > A, as desired.

Overall we get thatp’, ¢*) is a well supported approximate equilibria that id-far from all the other
equilibria of the game. This contradicts the well supported\)-approximation stability condition, as
desired.

Thus case (b) occurs first, which implies th#tis highly concentrated. We clearly have- § < 8A;
moreover, it is easy to show that the géthas at mostlog (1 + (8A)~1) elements. The key idea is that
sincel — g < 8A, we can now apply the sampling argument@ [18Ltavith accuracy parametéd(e/A)
and then union the result witH. Specifically, let us decompogé as:

p* = Bpu + (1 - B)pL.

Applying the sampling argument dﬂlS] ., we have that by sampling a multisétof S elements from
L = supp(pr), we are guaranteed that for any coluaynwe have:

|(Ux)"Cej — p1.Cey| < (¢/8D),

whereUy is the uniform distribution ovei’. This means that fop = Spy + (1 — 3)Usg, all columnse;
satisfy:
]p*TCej —pCej| < ¢/2.
We have thus found the row portion of aquilibrium with support of sizé& log (1 + (8A)~!) as desired.
[ |

Corollary 1 Let us fixe andA, 0 < ¢ < A < 1. LetG be a game with at most®((2/9*) Nash equi-
libria satisfying the well supportede, A)-approximation stability condition (or thée/2, A)-stability to
perturbations condition).

(1) GivenG we can find a well-supportedequilibrium (p, ¢) of G in timenC(&/9? log(1+A™ ) logn)

(2) GivenGG’, an L, €/6-perturbation ofG, we can find a well supportedequilibrium (p, ¢) of G in time
nO((A/e)2log(l-l—A’l)logn)_

In both cases(p, ¢) is A-close to a Nash equilibriunp*, ¢*) of G.

Proof: (1) By TheoreniR, we can simply try all supports of siZe((2/¢)*log(1+A™")logn) and for each of
them write an LP to search for a well-supporteash equilibrium.

(2) By TheorenfR2( has a well-supported/3-Nash equilibrium with support of siz@((A/¢)?log(1 +
A=) logn). SinceG' is anL., ¢/6-perturbation of7, then this is also a well-support@d/3-Nash equilib-
rium of G’. Thus by trying all supports of size”((4/€)*leg(1+A™ 1) logn) jn 7 we can find a well-supported
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2¢/3-Nash equilibrium of7’. SinceG is anL, €/6-perturbation of7’, this will be a well-supported-Nash
equilibrium of G. W

Corollary[d improves by a factap(1/(A?log(1+ A~'))) in the exponent over the bound EtlS] for games
satisfying this condition. The most interesting range opiavements happens whens a function onn
andA is a function ofe; e.g.,e = 1/y/n, A = 10¢ — in this case we obtain an improvement(fn/log(n))

in the exponent over the bound of [18].

The proof of Theorerh]2 also implies an interesting stru¢tasult, namely thatachNash equilibrium of
such a game is close to a pair of strategies of small suppdrbgrihe triangle inequality, the same will
happen for any perturbation 6f. Formally:

Theorem 3 Let us fixc and A, 0 < ¢ < A < 1. Consider a gamé& with at most.©((2/9) Nash equilib-
ria which satisfies the well supportéd, A)-approximation stability condition (or the:/2, A)-stability to
perturbations condition). Then it must be the case that:

(1) Any Nash equilibrium irGG is 8A-close to a pair of mixed strategies each with support of atzeost
O((A/e)?log(1 + A~ ) logn).

(2) For any game=’ with L, distancee/2 of G, any Nash equilibrium iz’ is 9A-close to a pair of mixed
strategies each with support of si@k(A /€)% log(1 + A~1) logn).

So far in Theorem]2 and Corollaky 1 we have considereasid A fixed. It is also interesting to consider
games where the stability conditions hold uniformly foredimall enough. We call such games uniformly
stable games. Formally:

Definition 8 Considert > 1. We say that a game isuniformly stable to perturbation®r ¢-uniformly well
supported approximation stable) if there exis§s= 1/poly(n) such that for alle < ¢y, G satisfies(e, te)
stability to perturbations (or the well supportéd te) approximation stability).

For games satisfying theuniform stability to perturbations condition with= O(poly(log(n))) we can
find 1/poly(n)-approximate equilibria imP°(1°2(") time, and more generall-approximate equilibria
in nlog (1/e)poly(log(n)) time, thus achieving a FQPTAS. This provide a dramatic imeneent over the best
worst-case bounds known.

Corollary 2 (1) Lett = O(poly(log(n))). There is a FQPTAS to find approximate-equilibria in games
satisfying the-uniform well supported approximation stability conditi¢or thet-uniform stability to per-
turbations condition) with at most©®(**) Nash equilibria.

(2) Games satisfying theuniform well supported approximation stability conditi¢or the¢-uniform sta-
bility to perturbations condition) with at mos®(**) Nash equilibria have the property that for adyeach
equilibrium is8A-close to a pair of mixed strategies each with support of 6iz& log(1 + A1) logn);
moreover, for any...-perturbation of magnitudé\ /¢ of such games, it must be the case that any Nash equi-
librium in G’ is 9A-close to a pair of mixed strategies each with support of 61g€ log(1 + A=) logn).

Corollary[2 is especially interesting because the restﬁ[@]anove that it is PPAD-hard to find/poly(n)-

approximate equilibria in general bimatrix games. Our ltssshows that under the (widely believed) as-
sumption that PPAD is not contained in quasi-polynomialetiB], such uniformly stable game are inher-
ently easier for computation of approximate equilibriantlgneral bimatrix games. Moreover, variants of
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many games appearing commonly in experimental econonutigdimg the public goods game and identical
interest game [14] satisfy this condition.

5 Converting the general case to the stable case

In this section we show that computing-&quilibrium in a game satisfying the strofig ©(e!/*)) approx-
imation stability is as hard as computing @rﬁel/‘*)—equilibrium in a general game. For our reduction, we
show that any general game can be embedded into one haviegrdhg(e, ©(¢'/*)) approximation stabil-
ity property such that anequilibrium in the new game yields @1(61/4) in the original game. Since both
notions of (strong) stability to perturbations and (strowgll supported approximation stability generalize
the strong approximation stability condition, the main éavibound in this section (Theordm 4) applies to
these notions as well.

We start by stating a useful lemma that shows the existenadamhily of modified matching pennies games
that are strong approximation stable games with certaipgsties that will be helpful in proving our main
lower bound.

Lemma 2 Assume that\ < 1/10. Consider the games defined by the matrices:

1+ Qg1 1+ a1 ... 1+ Q1n 0 Y1 Y12 --- Vi 1
1+ Q2.1 1+ Qg2 ... 1+ Qazn 0 V2,1 Y22 --- V2m 1
R= L C =
1+ap1 14+aps ... 1+a,, O Yol VYn2 - Ynm 1
0 0 .. 0 2A 2A  2A ... 2A 0

whereq; ; € [-A,0] and~, ; € [0, A] for all 4, j. Each such game satisfies the strqiy?, 4A) approxi-
mation stability condition. Moreover {fp, ¢) is a A%2-Nash equilibrium, then we must have

See AppendikB for a proof. We now present the main resultisfdéction.

Theorem 4 Computing are-equilibrium in a game satisfying the strorig 8¢'/*) approximation stability
condition is as hard as computing s{&)”‘*—equilibrium in a general game.

Proof: The main idea is to construct a linear embedding of any gieeneginto a larger game with one more
strategy per player played with large probability, therebynpressing the incentives of the original game
into a smaller scale. In particular, consider= (8¢)!/* and consider a general game with payoff matrices
R andC. Let us construct a new game with the payoff matrix for the ptayer R’ defined as:

Lon — (A/2)10 + (A/2)R 0,4
O1n 2A

and for the column playet’ defined as:

2A1,,, 0
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(Fors,r > 0, the matrixl, , is thes x » matrix with all entries set td and the matri)0, ,. is thes x r matrix
with all entries set td).) By Lemma2, the new game defined By andC’ satisfies the strongA?, 4A)
approximation stability condition, which in turn implieatsfying (e, 861/4) approximation stability (since
e < A? and4(8)!/* < 8). We show next that an\* /8-equilibrium in this new game (defined by and
(") induces aA-equilibrium in the original game (defined By andC). SinceA = (86)1/4, this implies
the desired result.

Let (p, ¢) be anA*/8-equilibrium in the new game. By Lemma 2 (sinde¢ /8 < A?), p must have3A
probability mass in the first rows andg must haveaA probability mass in the first columns, where
a,B € [1/2,4]. Letpy, g5 denotep restricted to the first: rows andq restricted to the first. columns.
Letp; = pr/lps|l andd; = qr/|qs|, where|ps| = BA and|qs| = aA. We show that thatj;, ;) is a
A-equilibrium in the original game defined @yandC. We prove this by contradiction. Assume this is not
the case. Assume first that the row player haddncentive to deviate. There must existsuch that:

e] Riy > prRay + A.
Multiplying both sides byx3A3 /2 and using the fact that3 > 1/4 we get:
BAel (A/2)Rq; > pr(AJ2)Rgy + A/S. )

We clearly have8Ae] (1, — (A/2)150)q5 = P} (Inn — (A/2)1n.4)gs, and by adding this quantity as
well asp,,+1(2A)q,,+1 to both sides of inequalifyl 2 we get:

BAQ;‘F(lnm - (A/z)lnm + (A/z)R)Qf + Pnt1(2A) g1 >
Dp(L = (A/2) L+ (A/2)R)as + o1 (28)gn 1 + AL/

which implies:
(BA€; + pryient1)’ R'g > p" Rlg + A*/8.

Therefore there exists a deviation for the row player (hgmebving all SA probability mass from rows
1,2,...,n onto rowi), yielding a benefit ofA*/8 to the row player. This contradicts the assumption that
(p, q) is anA* /8-equilibrium in the new game, as desired.

Assume now that the column player has/aincentive to deviate. There must exigtsuch that:
p;Cej > prCap+ A.
Multiplying both sides byx3A3 /2 and using the fact that3 > 1/4 we get:
p7(A/2)C(alej) > pf(A/2)Cqp + A*/8.
We havep} (A/2)1, nalej = pf(A/2)1,nqy, SO
P ((A/2)C + (A/2)1n)ale; > pf((A/2)C + (A/2)1,1)qr + A'/8. (3)

We also havey, 1 (24, ..., 2A)aAe; = p,y1(24,...,2A)qs. By adding this quantity as well as the term
pr(1,...,1)gn11 to the both sides of the inequallty 3 inequality we get:

P C'(alej + qnireni1) > pT Clg+ AY/8.
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Therefore there exists a deviation for the column playem@lg moving allaA probability mass from
columnsl, 2,...,n onto columni), yielding a benefit ofA*/8 to the column player. This contradicts the
assumption thatp, ¢) is anA*/8-equilibrium in the new game, as desiredi

Theorem % implies that for any < (1/8)(0.3393)%, an algorithm for finding ar-equilibria in a game
satisfying the stronge, 8¢!/#) approximation stability condition would imply a better theurrently known
algorithm for finding approximate equilibria in general gasr{with an approximation factor 6f3393).

6 Stability in constant-sum games

Consider a game defined ByyandC. Let
P*={p,3q s.t. (p,q) isa Nash equilibrium}

and
Q" ={q,3p s.t. (p,q) isa Nash equilibrium}.

We say thap is A-far from P* if the minimum distance betweenandp’ € P* is > A. Letvg andve be
the unigue values of the row and column player respectively Nash equilibrium@Z]. Lemmas 3 ahd 4
below characterize constant sum games satisfying appatiximstability terms of properties of the space
of mixed strategies for the row player and column player s&ply. Theorenl]5 gives a polynomial time
algorithm for determining the approximately best paramsefigr the strong approximation stability property
for a given game.

Lemma 3 If for anyp that isA-far fromP* there existg; such thatpTRej < vr —« and for any q that is
A-far from Q* there existg; such thaE;FCq < vo — «, then the game satisfies the/2, A) approximation
stability.

Proof: We show that anyp, q) that isA-far from all Nash equilibria cannot be ary2-equilibrium. Con-
sider (p, q) that is A-far from all Nash equilibria. Then either is A-far from P* or ¢ is A-far from
Q* Assume WLOG thap is A-far from p*. We know that there exists; such thalpTRej < vRp — Q.
We show that(p, ¢) cannot be amv/2 Nash equilibrium. Ifp” Rg < vg — a/2, then this is not am/2-
equilibrium since the row player could play its minimax opdl strategy and getz. On the other hand if
pT'Rq > vg — /2, thenp Cq < vo + a/2, but we know thap? Ce; > ve + a, so the column player
would have anv/2 incentive to deviate, as desiredli

Lemma 4 If there existsp that is A-far from P* such thatmin; pTRej > wg — « or if there existsg

that is is A-far from Q* such thatmin; e]TCq > v — «, then the game cannot e, A) approximation
stable. Moreover, if, in the former caseipp(p) C supp(p*) for somep* € P*, or if, in the latter case,
supp(q) C supp(q*) for someg* € Q*, then the game cannot be well-supported A) approximation
stable.

"This follows from the well known interchangeability propeof constant-sum games, meaning that given two Nash egaili
points(p1, ¢1) and(p2, ¢2), the strategy pair&1, ¢2) and(p2, ¢1) are also Nash equilibria. To see that note that if hotimdq are
close toP* and Q" respectively, then there exists a Nash equilifffia q1), (p2, ¢2) such thadd(p,p1) < A andd(q,q1) < A.
By interchangeability, we get th&p1, ¢2) is a Nash equilibrium and we also ha¥§p1, ¢2), (p,q)) < A.
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Proof: Assume that there existsthat isA-far from P* such thatmin; pTRej > vr —a. Letp* € P* be
such thatupp(p) C supp(p*) if suchp* exists, else lep* € P* be arbitrary; let{p*, ¢*) be an equilibrium
that certifies thap* that is in”*. We know thatp*? R¢* = vi andp*T Cq* = ve. Clearly, (p, ¢*) that

is A-far from (p*, ¢*). We show thatp, ¢*) is ana-Nash equilibrium, i.e., neither player has more than
an a-incentive to deviate. We havye Rq* > vg — « andp’TRq* < wg for anyp’ (sinceq* is minimax
optimal) so the row player has at mastincentive to deviate. We also hayé Cq¢* > vc (sinceq* is
minimax optimal) and the most the column player could gefdst o sincemin; pTRej > vp —a, SO
max; pTC’ej <ve+a N

If the game satisfies the strong approximation stabilitydition, then we can efficiently compute good
approximations for the stability parameters. Specifically

Theorem 5 Given any0 < a < 1, we can use Algorithi 1 to whp determifiesuch that the game satisfies
the («/2,2A) strong approximation stability property, but n@t, A /2) strong approximation stability. The
running time is polynomiah© (/%)

Proof: We first find a minimax optimal solutiofp*, ¢*) and then in Step 2, a small suppariNash(p’, ¢').

In Step 3 we findA such that alle/2-Nash equilibria are within distanca of (p’,¢’) and there exists
an a-Nash equilibrium at distancA from (p’,¢’). From the perspective of the row player, as shown in
Lemmal3, if there exists; such thayp? Re; < vg — «, then(p,¢) cannot be anv/2 Nash equilibrium
for any ¢, so alla/2 Nash equilibria must satisfyTRej > vgr — « for all 5. As shown in Lemmal4, for
any p such thatp” Re; > vg — «, for all j we have tha{p, ¢*) is ana Nash equilibrium. Similarly for
the column player. So atl/2-equilibria must be at distance at mdstfrom (p’, ¢’), whereA is the output
of Algorithm [, and there exists amNash equilibrium that is at distance Atfrom (p’,¢’) . By triangle
inequality, we obtain that the game(is/2, 2A) stable and it i1ot (o, A/2) stable. Note that the running
time is polynomial since we we perform steps (A), (B) at md<t'/>”) times, so overall the running time
is polynomialn®1/e*). &

In order to determine the approximate parameters for ttengtwell supported approximation stability
property for a given game, we can adapt Algorithm 1 as follo@ven any0 < a < 1, we can use
Algorithm [I to whp determine),. We then we re-run Algorithril 1, but in the LP in (A) we add the
constraint thap; = 0 for all i ¢ supp(p*) (and similarly forg in the LP (B)) to get a valué\;. Then by
lemmag B anfl4, we are guaranteed that the game satisfigs/th@A, ), but not the(a, A;/2) strong well
supported approximation stability property.
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A Standard Facts

We start by stating the McDiarmid inequality (3@ [13]) we usour proofs:

Theorem 6 LetY7,...,Y,, be independent random variables taking values in somel sehd assume that
t: A" — R satisfies:

sup |t(y17 ceey yn) - t(yb ceey yi—lv?h Yit+1, yn)| < Ci,
Y1, Yn €AY, €A

forall 4,1 <+i <mn. Then for ally > 0 we have:

292/ 30 e
Pr {[i(Yi. .. Y,) ~El(Vi,.. )] 21} <2 &

We now state a well known fact showing any pair of stratediasis sufficiently close to a Nash equilibrium
is a sufficiently good approximate Nash equilibrium.

Claim 1 If (p, q) is a-close to a Nash equilibriunip*, ¢*) (i.e., if d((p,q), (p*,q*)) < «), then(p,q) is a
3a-Nash equilibrium.

B Additional Proofs

Lemma [2 Assume that\ < 1/10. Consider the games defined by the matrices:

I+ap 14+ae ... 14+a, O Y1 M2 - Yin 1
I+azr 14+aze ... 14+az, O Y21 Y22 .- Yo 1

R= L C =
1+ap1 14+aps ... 1+a,, 0 Yol VYn2 - Ynm 1
0 0 .. 0 2A 2 2A ... 2A 0

whereq; ; € [-A,0] and~; ; € [0, A] for all i, j. This game satisfies the strong?, 4A) approximation
stability condition. Moreover ifp, ¢) is aA2-Nash equilibrium, then we must have

Proof: First note that! ; Rqg = 2Ag,+1 and

e;qu =1+a1)g+0+a2)p+...+(1+a,)g, for 1<i<n.
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Alsop’Cepi1 =p1 + ...+ pyand

p'Cej =p171j + ..o+ PnYnj +28pps1 for 1<j<n.

By a simple case analysis, one can show that any Nash equitiip, ¢) must haved < p,1 < 1 and
0 < goy1 < 1. (This is also implicit in our analysis aA?-Nash equilibria below). This then implies that in
any Nash equilibriuntp, ¢) such thaip; # 0 we must have:

20¢ni1 = (1 + i) + (1 +aip)ge + oo+ (14 i) gn. (4)
Similarly, in any Nash equilibriungp, ¢) such that;; # 0 we must have:

P14 Dn=p17, + - PnVnj + 2ADn41- (5)

Identities[ 4 andl5 together with the fact that; € [—A,0] and~; ; € [0, A] for all 4, j, imply that there
must exist a Nash equilibriurtp, ¢) satisfying:

<++<2Ad2A<++<2A (6)
SPUT e be S 9N A TN S AT e T = AT

1+2A

To get the desired stability guarantee we now show thatemgquilibrium must have /2 < py+...+p, <
4A andA/2 < q1 +...+q, < 4A. (This in turn implies that an\2-equilibrium must be at distance at most
4A from a Nash equilibrium satisfying relationl (6).) We prowistby contradiction. Consider an arbitrary
A2-equilibrium (p, ¢). We analyze a few cases.

Casel: Supposep, 1 > 1 — A/2. Then the column player’s payoff for column+ 1 is p’Ce, 41 =
> pi < AJ/2. But the column player’s payoff for a columine {1, ...,n} is:

pTC€j = Z%’jpi + 2App41 > 2A(1 — A/Q)
=1
If ¢,+1 > 1/2 then the column player has incentive to deviate at least:
p'Ce; —p'Cq > (1/2)[2A(01 — A/2) — A/2] > A2 > A?,

which cannot happen sinég, q) is aA2-equilibrium. On the other handif,; < 1/2, then the row player
has huge incentive to deviate. Specifically, the row’s playayoff for row 1 is el Rg > (1/2)(1 — A),
but row’s player payoff for rown + 1 is eg+1Rq < (1/2)2A = A. Thus in this case the row player has
incentive to deviate at least:

ef Rg—p Rg > (1-A/2)[1/2(1 — A) — A] > A,

which cannot happen singg, q) is aA2-equilibrium.

Case2: Supposep,.; < 1 —4A. Then the column player's payoff for column+ 1 is p” Ce,yq =
>, pi > 4A, whereas the column player’s payoff for a colupna {1, ..., n} is:

n
p'Cej =piy1;+ - PnYny + 28pn1 < A sz +2Apn11 = A(L = ppy1) + 24ps11 < 2A.
i=1
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So, ifg,+1 < 1 — A/2, then the column player has incentive to deviate at least:

plCepniy —pr Cq > (A/2)AA — 2A] > A?
contradiction. On the other hand, ¢f,.1 > 1 — A/2, then the row player’s payoff for rom + 1 is
el'.1Rq > 2A(1 — A/2), but the row player's payoff for a rowise {1, ..., n} is:

n

e;qu = Z(l + am-)qj <1—gpt1 < A/Q
j=1

So, in this case, the row player has incentive to deviateast:le
el 1Rq—p" Rq > 4A2A(1 — A/2) — A/2] > A?,

which cannot happen singg, ¢) is a A2-equilibrium.

Case3: Supposey,+1 > 1 —A/2. As in the bottom-half of the cageanalysis we have that the row player’s
payoff for rown + lisel,; Rqg > 2A(1 — A/2), but the row player’'s payoffs for rows ..., n are< A/2.
So, ifp,11 < 1 — A then the row player has incentive to deviate at least:

el 1 Rg—p"Rqg> A2A(1 — A/2) — AJ2] > A?,

which cannot happen sinég, ) is aA2-equilibrium. On the other hand, i, ; > 1 — A, then the column
player’s payoff for columm+1isp’ Ce, 1 = >or . pi < A, butthe column player’s payoff for a columns
jed{l,...n}is:

p Cej =pi7ij + - PuYng + 28pp11 > (1 — A)(24).

So, the column player has incentive to deviate at least:
p"Cej —p'Cq > guia[2A(1 = A) = A] > A/2 > A%,

which cannot happen singg, q) is a A2-equilibrium.

Case4: Finally assume thag,+1 < 1 — 4A. Then the row player's payoff for row n+1 iSZZ_HRq <
2A(1 — 4A), but row player’s payoffs for rows, ...,n are> (4A)(1 — A). So, if p,+1 > 1/2 then Row
has incentive to deviate at least:

el 1Rg—p"Rg > (1/2)[AA(1 — A) — 2A(1 —4A)] > A/2 > A?,

which cannot happen sinde, ¢) is a A2-equilibrium. Finally ifp,.; < 1/2 < 1 — 4A we apply the
analysis in case.

Thus anyAZ2-equilibrium must havel /2 < p; + ... +p, < 4A andA/2 < ¢ + ... + ¢, < 4A, as desired.
This concludes the proof. B

Lemma5 Assume that the gam@ satisfies thge, A)-approximation stability and that the union of all
A-balls around all Nash equilibria do not cover the whole spathen we must havd\ > .
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Proof: Since the union of all\-balls around all Nash equilibria do not cover the whole spae must have
a(p, q) that is at distance exactlx from some fixed Nash equilibrium and thatAsfar from all the other
Nash equilibria. By Clairi]1 we also have that this 32 Nash equilibrium. This then implies the desired
result. |

Lemma 6 Assume that the bimatrix gangespecified byR and C' has a non-pure Nash equilibrium.

(a) If G satisfies the strong well supportéd A)-approximation stability condition, then we must have
A >e/4.

(b) If G satisfies the stron¢:, A)-stability to perturbations condition, then we must have> ¢/8.

Proof: Assumeg satisfies the strong well supportéd A)-approximation stability condition. By definition,
there exists a Nash equilibriufp*, ¢*) such that any well supportedequilibrium is A-close to(p*, ¢*).
Let (p, ¢) be an arbitrary non-pure Nash equilibrium @fand assume WLOG thatis a mixed strategy.
Consider am internal deviation of the row player, i.e., consigérwith supp(p’) C supp(p) such that
d(p,p’) = a . Sincesupp(p’) C supp(p) we havep’” Rq = p” Rq. Since(p, q) is a Nash equilibrium we
havep’ Ce; = pTCq = ve for all j € supp(q) andp? Ce; < ve for all j ¢ supp(q). Sinced(p,p') = «
we have

" Cej —p"Cej| < |(p' — p)" Cej| < a,

for all j, sop'’Ce; > ve — a, for all j € supp(q) andp'"Ce; < ve + o, for all j ¢ supp(g). Thus
(p',q) is a well supporte@a-Nash equilibrium. By construction, we had¢(p’, q), (p,q)) = «. Sinced
is a metric, by the triangle inequality, we get that at leas of the pairgy’, ¢q) and(p, ¢) is at least /2
far from (p*, ¢*); however they are botha well supported Nash equilibria. This implies that we musteha
A > ¢/4, as desired. By Theorem 1, we immediately get (b) as wdl.

C Examples

To illustrate our notions of stability, we present twdoy n games satisfying uniform stability to perturba-
tions.

Example 1 A classic game from experimental economics is the publiddgamme which is defined is as
follows. We have two players and each can choose to play a @ubgiweerd) andn — 1 corresponding to
an amount of money to contribute. If the Row player contesatlollars and the Column player contributes
j dollars, then each gets ba@k'5(i + j). So the payoff to the Row player @s75(: + j) — i and the payoff
to the Column player i9.75(i + j) — j, wherei € {0,1,....,n — 1} andj € {0,1,...,n — 1}. This has
payoffs ranging fromd up to0.75(n — 1), so to scale to the rand@, 1] as we do in our paper, we multiply
all the payoffs byl /n. l.e., if the Row player plays i and the Column player playisgrt the payoff to the
Row player i50.75;5 — 0.25i] /n and the payoff to the Column player[&75i — 0.255] /n.

First note that this game {g, 0) stable to perturbations for all< 1/(8n). To see this note that without any
perturbation, for any and anyi > 1 we haveef Re; — el Re; = 0.25i/n > 0.25/n. That means that the
Row player prefers playing actiadhcompared to action by 0.25i/n > 0.25/n. So, in a game®’, C’ that

is an L, e-perturbation of of our game we geetOTR’ej — e;pr’ej > 0.25/n — 2¢ > 0. That means that in
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the perturbed game, the Row player still prefers playingpadi. This implies that the only equilibrium in
the perturbed game has the Row player playing adijand similarly the Column player playird so the
only equilibrium is(0, 0).

We now claim that this game is nét, 0.99) stable for any > 1/(4n). To see this consider addirgto
R[1,0]. l.e., if the Row player plays actionand the Column player plays actionthen the payoff to Row
player is—0.25/n+¢ > 0. Now, (1, 0) is a Nash equilibrium since this payoff is strictly greatearn R[i, 0]
for any: # 1. In particular,R[0,0] = 0 and R[i, 0] < 0 for all i > 2. So, there is now a Nash equilibrium
(actually the unique Nash equilibium) at variation diseihdrom the original Nash equilibrium.

Example 2 We present here a variant of the identical interest gaméh Blaiyers have: available actions.
The first action is to stay home, and the other actions coprasfon —1 different possible meeting locations.
If a player chooses actioh (stay home), his payoff i$/2 no matter what the other player is doing. If the
player chooses to go out to a meeting location, his paydffiighe other player is there as well and it(s
otherwise. FormallyR|[1,j] = 1/2 for all j, R[i,i] = 1foralli > 1 R[i,j] = 0fori > 1, j # i. and
similarly C[i, 1] = 1/2, C[j,5] = 1 forj > 1, C[i, j] = 0for j > 1,7 # j. We claim that this game is well
supported e, 2¢)-stable for alle < 1/6, so it is2-uniformly stable.

Note thate] Rg = 1/2 ande!l Rq = ¢; for i > 1. Similarly, p? Ce; = 1/2 andp?Ce; = p; fori > 1.
Note that if(p, ¢) is an well supported-Nash equilibrium and if;; < 1/2 — e for i > 1 then bothp; = 0
andg; = 0. This follows immediately since! Rq = 1/2 ande! Rq = ¢; for i > 1, sop; must equab
on any action whose expected payoff<isl/2 — e. Sincep; = 0, ¢; must equab as well in order to be
well-supported. Also note that(p, ¢) is an well supported-Nash equilibrium and if; > 1/2+¢fori > 0
then bothp; = 1 andg; = 1. If ¢; > 1/2 + e we havee] Rqg = 1/2 4 ¢ and since:] Rq < 1/2 for j # i we
must havep; = 1. This in turn impliesy; = 1.

Similarly, we can show the same for the row player as well. SEhenply that the well supportedNash
equilibria that are not already Nash equilibria must sgti$br any actioni > 1, i € supp(q), we have
1/2—e< ¢ <1/2+4+eandl/2 —e < p; < 1/2 + e. Similarly, for any action > 1, i € supp(p), we
havel/2 —e < ¢; < 1/2+eandl/2 —e < p; < 1/2 4+ e. We have two cases. The first one is if there is
exactly one actior > 1 in supp(q). In that case(p, ¢) has distance at mostfrom the Nash equilibrium
(1/2eg +1/2e;,1/2¢y + 1/2¢;). The second one is if there are two such actioris> 0 in supp(q). In that
case|p, q) has distance at mo8t from the Nash equilibriuni1/2e; 4+ 1/2¢;,1/2e; + 1/2e;), as desired.

23



Algorithm 1 Determining the strong stability parameters of a constamt game.
Input: R, C, parametery.

1. Solve for minimax optima(lp*, ¢*).

2. Step 2: Apply the sampling procedure H[lB] fraipi*, ¢*) to get (p,¢') with support of size
O((logn)/a?) that is ana-Nash. Set\ = 0.

3. FindA as follows:

(A) For each partition of the support pfinto supp_, andsupp_ do:
i. Solve the following LP:

maxA= Y (p—p)+ Y, Bi—p)+ > pi

i€supp,, i€supp_ i€{1,2,...n}\supp(p’)
s.t. p; >pl for all i € supp.;

pi <pl for all i € supp_

pTRej >vgp—a for all j

ii. If Aissmaller thar, the value of the previous LP, res&tto bew.
(B) for each partition of the support gf into supp, andsupp_ do:
i. Solve the following LP:

max A = Z (¢ — ) + Z (¢; — @) + Z 4qi

i€supp,, icsupp_ i€{1,2,....n \supp(q’)
s.t. ¢ > ¢, for all i € supp,

¢ < ¢, for all i € supp_

e?C’q >vo —a for all j

ii. If Aissmallerthan, the value of the previous LP, resétto bew.

Output: RadiusA.
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