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Abstract

There has recently been significant interest in the macleiaming community on understanding
and using submodular functions. Despite this recent istglittle is known about submodular functions
from a learning theory perspective. Motivated by applmasi such as pricing goods in economics, this
paper considers PAC-style learning of submodular funetiora distributional setting.

A problem instance consists of a distribution fih 1}" and a real-valued function of9, 1}" that
is non-negative, monotone and submodular. We are givérn(n) samples from this distribution, along
with the values of the function at those sample points. Tik ta to approximate the value of the
function to within a multiplicative factor at subsequentgde points drawn from the same distribution,
with sufficiently high probability. We prove several resuior this problem.

e |f the function is Lipschitz and the distribution is a prodwéstribution, such as the uniform
distribution, then a good approximation is possible: themn algorithm that approximates the
function to within a factoO (log(1/¢)) on a set of measure— ¢, for anye > 0.

e If we do not assume that the distribution is a product distidn, then the approximation factor
must be much worse: no algorithm can approximate the fumdtiovithin a factor of()(nl/3)
on a set of measure/2 + ¢, for any constant > 0. This holds even if the function is Lipschitz.

e On the other hand, this negative result is nearly tight: foagbitrary distribution, there is an
algorithm that approximations the function to within a fac{/n on a set of measure— e.

Our work combines central issues in optimization (submadiuinctions and matroids) with central
topics in learning (distributional learning and PAC-stglealyses) and with central concepts in pseudo-
randomness (lossless expander graphs). Our analysis@salwist on the usual learning theory models
and uncovers some interesting structural and extremaleptiep of submodular functions, which we
suspect are likely to be useful in other contexts. In paldictio prove our general lower bound, we use
lossless expanders to construct a new family of matroidshvban take wildly varying rank values on
superpolynomially many sets; no such construction wasigusly known.
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1 Introduction
What does it mean to “learn a submodular function”, and whyld@mne be interested in doing that?

To begin, let us explain what a submodular function is. két= {1,...,n} be a ground set and let
f : 2["l — R be a set function. This function is callsdbmodularif
f(A)+ f(B) > f(AUB)+ f(ANB) VA, B C [n]. (1.2

Submodularity is in many ways similar to concavity of fuocits defined ofR™. For example, concavity
of differentiable functions is equivalent to gradient mtmmcity, and submodularity is equivalent to mono-
tonicity of the marginal values:

fLAU{i}) = f(A) = f(BU{i}) - f(B) VAC BC[n]andi¢ B. (1.2)
This inequality reflects a natural notion of “diminishinguens”, which explains why submodularity has
long been a topic of interest in economics|[56]. Submodulactions have also been studied for decades
in operations research and combinatorial optimizatior],[45 they arise naturally in the study of graphs,
matroids, covering problems, facility location problerat.

More recently, submodular functions have become key cdadepoth the machine learning and algo-
rithmic game theory communities. For example, submoduwlactions have been used to model bidders’
valuation functions in combinatorial auctions [26] 42|, @460], for solving feature selection problems in
graphical modeld [39], and for solving various clusterimglppems [47]. In fact, submodularity in machine
learning has been a topic of two tutorials at two recent megoferences in machine learning [40] 41].

The Model. So what does it mean to “learn a submodular function”? Ound&fn comes from the field
of computational learning theory, where the goal of leagri;mto make predictions about the future based
on past observations. One of the most successful approacHesmalizing this goal is Valiant's PAC
model [58]; even today, this model continues to stimulagmificant research in theoretical computer sci-
ence. However, the PAC model has primarily been designetefoningBoolean-valued functionsuch

as threshold functions and low-depth circuits|[58|, 37]. feal-valued functionsit seems appropriate to
change the model by ignoring small-magnitude errors in tiedipted values. Our results on learning sub-
modular functions are presented in this new model, whichallétee PMAC model this abbreviation stands
for “Probably Mostly Approximately Correct”.

In this model, a learning algorithm is given a setof polynomially many labeled examples drawn
i.i.d. from some fixed, but unknown, distributian over points in2(". The points are labeled by a fixed,
but unknown, target functiofi* : 2" — R_. The goal is to output a hypothesis functigrsuch that, with
large probability over the choice of examples, the set ofifgdior which f is a good approximation fof*
has large measure with respect/?o More formally,

Prx1,x2,---~D[ Proop[f(z) < ff(z) <af(x)] > 1—-¢] > 19,

wheref is the output of the learning algorithm when given inpts;, f*(x;)) },_, , _and the approxima-
tion ratioar > 1 allows for multiplicative error in the function values. Imomodei,’one musipproximate

the value of a function on a set of large measure, with higHidence. In contrast, the traditional PAC
model requires one to predict the valeeactlyon a set of large measure, with high confidence. The PAC
model is the special case of our model with= 1.

Motivation. So why would one want to learn a submodular function in thismea? Our work has multiple
motivations. From a foundational perspective, submoduilactions form a broad class of important func-
tions, so studying their learnability allows us to undemdtéheir structure in a new way. To draw a parallel to
the Boolean-valued case, a class of comparable breadth @dabs of monotone Boolean functions, which
have been intensively studigd [9]7[ 2] 12, 48].



From an applications perspective, algorithms for learrsnigmodular functions could be very useful in
some of the applications where these functions arise. Aicl@&ample is pricing bundles of goods. For
example, a software company which produces a software tyyiteally produces several bundles, each of
which is a subset of the software programs in the suite. EudRamples abound: automobile manufac-
turers produce a few trim lines of their vehicles with vagadded options; supermarkets sell bundles of
condiments, variety packs of cereal, etc. From an econotaipoint, the central question herebigdle
pricing: how should a company decide which bundles to sell, and howldtihey choose their prices? This
is an active area of research in management science andecncremic theory [26, 62] 4, 50,118].

There has been much work on methods for designing optimethgg bundles, in various models. These
methods typically make two assumptions|[26]. First, thescomer’'s valuations for all possible bundles
are known. Second, the consumer’s valuations exhibit en@®of scale (e.g., subadditivity or submod-
ularity). Our work is motivated by the observation that thist assumption is entirely unrealistic, both
computationally and pragmatically, since the number ofdbemis exponential in the number of goods.

We propose learning of submodular functions as an appraactake this first assumption more realistic.
To justify our proposal, note that the that corporationsdsily possess large amounts of data acquired
from past consumer purchases|[50]. This suggestsptegtive supervised learning a realistic model for
learning consumer valuations. Next, we note that valuatame real numbers, so it may not be possible to
learn them exactly. This suggests that allowing solutioith wultiplicative erroris appropriate for this
problem. Thus, the problem of learning submodular funstionthe PMAC model is a good fit for the
real-world problem of learning consumer valuations.

1.1 Overview of Our Results and Techniques

In this work, we prove several algorithmic results and loweunds in the PMAC model, as well as new
surprising structural results concerning submodulartions and matroids. To do so, we combine ideas and
techniques from computational learning theory, combinaltoptimization, pseudorandomness and discrete
probability theory.

Algorithm for product distributions. We begin with a positive result. We show that non-negativenora
tone, submodular functions can be PMAC-learned with a emisipproximation factos, under the ad-
ditional assumptions that the distributidn on examples is a product distribution, and that the fundison
Lipschitz. Focusing on product distributions is quite aunalt restriction — in learning theory, it is com-
mon to study learnability of functions under the uniformtdisition or a product distribution [43, 88, 35],
particularly when the class of functions has high compjexit

The main technical result underlying this algorithm is acantration result for monotone, submodular,
Lipschitz functions. Using Talagrand’s inequality, we shitnat such functions are extremely tightly con-
centrated around their expected value. Therefore the sdiblarofunction is actually well-approximated by
the constantfunction that equals the empirical average on all points.

Inapproximability for general distributions. Given the simplicity of the constant-approximation algo-
rithm for product distributions, a natural next step wouddtd generalize it to arbitrary distributions. Rather
surprisingly, we show that this is impossible: under aabitrdistributions, every algorithm for PMAC-
learning monotone, submodular funtions must have appratidm factorf)(nl/?’), even if the functions are
Lipschitz. Moreover, this lower bound holds even if the aion knows the underlying distribution and it
can adaptively query the target function at points of it®chi

This inapproximability result is the most technical partooir paper. To prove it, we require a family
of submodular functions which take wildly varying valuesaertain set of points. If the target function
is drawn from this family, then the learning algorithm wilbinbe able to predict the function values on
those points, and therefore must have a high approximaditbo. WWe obtain such a family of submodular
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functions by creating a new family of matroid with surprgiextremal properties, which we describe below.

Algorithm for general distributions. Our Q(n1/3) inapproximability result for general distributions is
dire, but it turns out to be nearly optimal. We give an aldoritto PMAC-learn an arbitrary non-negative,
monotone, submodular function with approximation faefgr/n). The approximation ratio of this algo-
rithm is large, but not unreasonable — it has recently entetigatn©(!) is the correct approximation ratio
for numerous optimization problems involving submodulardtions [21} 54, 20, 33].

This algorithm is based on a recent structural result whidws that any monotone, non-negative, sub-
modular function can be approximated within a factor/6f on every point by the square root of a linear
function [21]. We show how we can leverage this result to cedhe problem of PMAC-learning a submod-
ular function to learning a linear separator in the usual RAdgelel. We remark that an improved structural
result for any subclass of submodular functions immedjadtaplies an improved analysis of our algorithm
for that subclass.

A family of extremal matroids. Our inapproximability result is based on a new family of roats] with

several interesting properties. The technical questioexpore is: given a set familyl = {A,..., Ax}
andbq,...,b, € Z, whenis
T =A{I:|I|<r AN [INA|<b Vi=1,...,k} (1.3)

a matroid? The simplest matroid of this type is obtained wihend;’s are disjoint, in which casg is a
(truncated) partition matroid. Another important matroidthis type is obtained when thé;’s form an
error-correcting code of constant weighand minimum distancé, and eacltb; = r — 1; such a matroid is
apaving matroid

To this date, there has been no unified explanation for theséypes of matroids. Our observation is that
these two special cases are matroids due texpansiorof the set systeml: disjoint sets expand perfectly,
and error-correcting codes are precispéirwise expanders. This suggests the general questiod: hias
good expansion properties, dagédorm a matroid? For example, if thé;’s are almost disjoint, can we
obtain a matroid that’s almost a partition matroid? We giymaitive answer to these questions, subject to
some additional technical conditions. This matroid cargtton, together with the existence of expanders
with certain parameters, and the fact thatdfi®can be (almost) arbitrary, gives a family of matroids iaki
wildly varying rank values on thd;’s. This leads to ouﬁ(n1/3) inapproximability result.

Approximate characterization of matroids. Our final result is an interesting “approximate characteriz
tion” of matroids. It is well-known that defining the funatiof : 2l — R by f(S) = h(|S|) gives a
submodular function i, : R — R is concave. Surprisingly, we show that an approximate asevis true:
for any matroid, there exists a concave functiosuch that most setS have rank approximatelj(|S|).

A more precise statement is in Sectlon]3.1. This result is bised on our concentration inequality for
Lipschitz, submodular functions under product distribos.

1.2 Related Work

Submodular Functions. Optimization problems involving submodular functions agn a highly active
topic over the past few years. There has been significantrggegon algorithms (or approximation al-
gorithms) for both minimizing and maximizing submodulandtions [22/ 51} 29, 31, 17], under various
constraints. Approximation algorithms for submodularlagaes of several other well-known optimization
problems have been studied, including load balancding [§et]cover[[63, 30], shortest path [20], sparsest
cut [54], (s, t)-cut [33], vertex cover [30, 20], etc.

Learning real-valued functions and the PMAC Model. In the machine learning literature [27,59], learn-
ing real-valued functions (in the usual distributionalri@ag setting) is often addressed by considering the

! For a brief definition of matroids, see Sectidn 2. For furttistussion, we refer the reader to standard reference§239,
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squared error loBsi.e. E, [(f(z) = f*(x))*]. The squared error loss, however, does not distinguish be-
tween the case of having low error on most of the distributind just high error over a few points, versus
having moderately high error everywhere. Thus, for insgaadower bound for the squared error loss is not
so meaningful. Instead, the PMAC model allows for more firesrged control with separate parameters for
the amount and extent of errors.

Learning Submodular Functions. To our knowledge, there is no prior work on learning submadfunc-
tions in a natural distributional PAC style learning seitiThe most relevant work is a paper of Goemans
et al. [21], which considers the problem of “approximatindpmodular functions everywhere”. That paper
considers the algorithmic problem of efficiently finding adtion which approximates a submodular func-
tion at every point of its domain. They give an algorithm whaxchieves an approximation factﬁl(\/ﬁ),
and also shov@(ﬁ) inapproximability. Their algorithm adaptively queriegttarget function at points of
its choice, and the hypothesis it produces must approxithatéarget function aeverypointﬁ In contrast,
our learnability results (within the PMAC model) are leaugniresults for the more widely studied passive
supervised learning settingl 3,137,/ 58] 59], which is motevant for our motivating application to bundle
pricing.

Our algorithm for PMAC-learning under general distribnicand the Goemans et al. algorithm both rely
on the structural result (due to Goemans et al.) that moeotsuiomodular functions can be approximated
by the square root of a linear function to within a facton. In both cases, the challenge is to find this linear
function. The Goemans et al. algorithm is very sophistitategives an intricate combinatorial algorithm
to approximately solve a certain convex program which pecedithe desired function. On the other hand,
our algorithm is very simple: given the structural resule @an reduce our problem to that of learning a
linear separator, which is easily solved by linear programgmMoreover, our algorithm is noise-tolerant
and more amenable to extensions; we elaborate on this iln8&cand Appendik Gl1.

On the other hand, our lower bound is significantly more imedlthan lower bound of Goemans et al.
Both of these lower bounds involve matroids of the form in @q3), although Goemans et al. only need
such matroids for the easy case= 1. Handling the casé = n*(!) makes our matroid construction much
more intricate. Essentially, Goemans et al. only show woase inapproximability, whereas we need to
showaverage-case inapproximabilityhe situation is similar with Boolean functions, where ébounds
for distributional learning are typically much harder taoshthan lower bounds for exact learning. For
instance, even conjunctions are hard to learn in the exaoitey model, and yet it’s trivial to PAC-learn
them. Proving a lower bound for PAC-learning requires eiindp some fundamental complexity in the
class of target functions, especially when one does natice#ite form of the hypothesis function. It is
precisely this phenomenon which makes our lower boundehgilhg to prove.

2 Formalizing the Model
2.1 Preliminaries

Notation. Throughout this paper, we 1ét] denote the sel,2,...,n}. This will typically be used as the
ground set for the matroids and submodular functions thatliseuss. For any s&t C [n] and element
x € [n], we letS + x denoteS U {x}. The indicator vector of a sét C [n] is x(S5) € R", wherex(S5); is
1if ¢ is in S and0 otherwise.

20ther loss functions are also used, suctLasoss, but from our perspective they are not substantiafferdint from squared
error loss.

% Technically speaking, their model could be viewed as thatelearning with value queries model”, which is not the most
natural from a machine learning perspective. In particutas well-known that in many learning applications it isdesirable
to allow arbitrary membership or value queries becauseralatnacles, such as hired humans, have difficulty labelymghetic
examples[[5]. In addition, negative results for exact lewymo not necessarily imply hardness for learning in otherenwidely
used learning models and we discuss this in more detail below
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Recall that groduct distributionon the se™ is a distributionD such that, ifS C [n] is a sample from

D, then the events€ S andj € S are independent for eveiy~ j.
Submodular Functions and Matroids. We now briefly state some standard facts about matroids dnd su
modular functions. For a detailed discussion, we refer ¢lagler to standard references|[19,/44[49, 52]. We
will be concerned with the following properties of set funos. We say thaf : 2"/ — R is

e Normalizedif f(0) = 0.
Non-negativef f(S) > 0 forall S.
Monotone(or non-decreasingif f(S) < f(7') wheneverS C T.
Submodulaif it satisfies Eq.[(T.11), or equivalently E.(1L.2).
Subadditivef f(S)+ f(T) > f(SUT)forall S,T C [n].

e L-Lipschitzif |f(S + z) — f(S)| < Lforall S C [n] andx € [n].
Throughout this paper we will implicitly assume that all &tctions are normalized. Some basic facts
about submodular functions are given in Apperidix A.

One manner in which submodular functions arise is as thefrardtions of matroids. A paiM = ([n],Z)

is called a matroid ifZ C 2" is a non-empty family such that

o fIecZandJ C I, thenJ € Z, and

e if I,J € Tand|J| < |I], then there exists ahc I \ J such that/ +i € 7.
The sets irnZ are calledndependentind those not if are calleddependent A maximal independent set
is called abaseof M. All bases have the same size, which is calledréimk of the matroid and is denoted
rk(M). Therank functionof the matroid is the functiomanky : 2" — N, defined by

rankng(S) = max{ |I| : IC S, I€T}.
It is well-known thatranky iS non-negative, monotone, submodular, afldpschitz.

2.2 The PMAC Model

The PMAC model is a passive, supervised learning framewbhlere is a spac€0, 1}" of examples, and
a fixed but unknown distributio on {0,1}". The examples are labeled by a fixed but unknown target
function f* : {0,1}" — R,. In this model, a learning algorithm is provided a Sebf labeled training
examples drawn i.i.d. fron® and labeled byf*. The algorithm may perform an arbitrary computation on
the labeled exampleS, then must output a hypothesis functign {0,1}" — R,. The goal is that, with
high probability, f is a good approximation of the target for most pointsin Formally, we define the
PMAC learning model as follows.
Definition 1. Let.F be a family of non-negative, real-valued functions with donq0, 1}". We say that an
algorithm A PMAC-learnsF with approximation factor if, for any distribution D over{0,1}", for any
target functionf* € F, and fore > 0 andd > 0 sufficiently small:

e The input toA is a sequence of pair§(x;, f*(x;))},~;<, where eachr; is chosen independently

from distributionD. o
e The number of inputé provided to.4 and the running time afi are both at mospoly(n, %, %).
e The output ofd is a functionf : {0,1}" — R that satisfies

Pryy. zpon | Praep[f(z) < ff(2)<a-f(z)]>1—€¢| > 1-4.

The name PMAC stands for “Probably Mostly Approximately @ot”. It is an extension of the PAC
model to learning non-negative, real-valued functionewahg multiplicative erroree. The PAC model for
learning boolean functions is precisely the special casenwh= 1.

Learning submodular functions in the PMAC model. In this paper we focus on the PMAC-learnability of
submodular functions. We note that it is quite easy to PAZA¢he class dbooleansubmodular functions.
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Algorithm 1 An algorithm for PMAC-learning a non-negative, monotoid,ipschitz, submodular func-
tion f* when the examples come from a product distribution. Itstinp@ sequence of labeled training
exampleg S, £*(S1)), ..., (Se, f*(Se)), wherel = 10n? log(1/68) + nlog(n/d)/e.
o Letp=>"_, f*(S)/L.
e Case LIf u > 450log(1/€), then return the constant functign= /4.
e Case 2:If u < 450log(1/€), then compute the séf = Ui p+(si)=0 Si- Return the functiory
wheref(A) =0if A C U andf(A) = u otherwise.

Details are given in AppendixIB. The rest of this paper caarsdhe much more challenging task of PMAC-
learning the general class of real-valued, submodulartiome: We also provide PMAC-learnability results
for the more general class of subadditive functions.

3 An Algorithm for Lipschitz Functions and Product Distribu tions

In computational learning theory, it is common to study tednility of functions when the examples are
distributed according to the uniform distribution or a pmotdistribution [43/38/_35]. In this section,

we consider the learnability of submodular functions urslesh distributions. We show that Algoritiimh 1
PMAC-learns submodular functions with a constant appretiom factor, under the additional assumption
that the function is Lipschitz. Formally, our result is:

Theorem 1. Let F be the class of non-negative, monotone, 1-Lipschitz, sdblaofunctions with ground
set[n] and minimum non-zero valug Let D be a product distribution omfn]. For any sufficiently small
e > 0andd > 0, Algorithm[d PMAC-learnsF with approximation factoO(log(1/¢)/n). The number of
training examples used i€n? log(1/6) + nlog(n/d)/e.

A detailed proof is in AppendikIC; we now briefly describe tiea. We show that, under a product
distribution, the value off is tightly concentrated around its expectation. Consetlyetmne empirical
average gives a good approximationfofor most of the distribution. Thereforgis well-approximated by
the constant function that equals the empirical averagellgroets. This idea is employed in Case 1 of
Algorithm([1l.

One caveat is that allowing multiplicative error is of nohal estimating the zeros gf. The zeros must
be treated specially. Fortunately the zeros of a non-negatonotone, submodular function have special
structure: they are both union-closed and downward-closedther words, the indicator function for the
zeros is a MR function. Therefore Case 2 handles the zeros by PAC-legithia NOR function.

The main technical ingredient in the proof of Theofgm 1 is@amcentration bound ofy, which we state
as Theorerhl2.

Theorem 2. Let f : 2"/ — R. be a non-negative, monotone, submodulakipschitz function. Let the
random variableX C [n]| have a product distribution. For any, ¢ > 0,

Pr[f(X)gb—t\/E Prf(X)>b] < exp(—t2/4). (3.1)

To understand Theorem 2, it is instructive to compare it \kitbwn results. For example, the Chernoff
bound is precisely a concentration bound lioear, Lipschitz functions. On the other hand, fifis an
arbitrary 1-Lipschitz function then Azuma’s inequality pfres concentration, although of a much weaker
form, with standard deviation roughlyn. So Theoreril2 can be viewed as saying that Azuma’s inequality
can be significantly strengthened when the given functidmdsvn to be submodular.

Our proof of Theorerhl2 is based on the Talagrand inequalliy 1546/ 32]. Independently, Chekuri and
Vondrak [11] proved a similar result using the FKG inegtyalConcentration results of this flavor can also
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be proven using the framework of self-bounding functiorjsd8 observed in an earlier paper by Hajiaghayi
et al. [25]; see also the survey by Vondrak|[61].

Theoreni 2 most naturally implies concentration around thdiam of f (X'). By standard manipulations,
e.g., [32,52.5] or [46,520.2], this also implies concentration around the expecadae. \We obtain:

Corollary 3. Letf : 2"l — R, be a non-negative, monotone, submodulakripschitz function. Let the
random variableX C [n] have a product distribution. Forany< o < land ifE[ f(X)] > 240/«, then

Pr[[f(X) —E[f(X)]| > aE[f(X)]] < 4exp(—a’E[f(X)]/16).

3.1 An Approximate Characterization of Matroid Rank Functi ons

We now present an ancillary result that is an applicatiomefdeas in the previous section. The statement is
somewhat surprising: matroid rank functions are very watiraximated byunivariate concave functions.
The proof is also based on TheorEin 2. To motivate the resrsider the following easy construction of
submodular functions, which can be found in Lovasz’s syidd, pp. 251]

Proposition 4. Leth : R — R be concave. Thefi: 2" — R defined byf(S) = h(|S|) is submodular.

It goes without saying that this construction yields anexiely restricted class of submodular functions.
However, we now show that a partial converse is true.

Theorem 5. Let f : 2"} — Z_ be the rank function of a matroid with no loops, i.£(S) > 1 whenever
S # . Fix e > 0, sufficiently small. There exists a concave funcfion[0,n] — R such that, forevery
k € [n], and for al — e fraction of the setsS (1), we have

1
O(log(l/e)) h(k) < f(S) < O(log(l/e))h(k).

The idea behind this theorem is as follows. We defife) to be the expected value gfunder the the
product distribution which samples elements with proligbjp. The value off under this distribution is
tightly concentrated arounfdp), by the results of the previous section. But the distributiefiningh(k/n)
is very similar to the uniform distribution on sets of sizeso f is also tightly concentrated under the latter
distribution. So the value of for most sets of sizé is roughlyh(k/n). The concavity of this function is
a consequence of submodularity fof A detailed proof is in AppendikD.

4 Inapproximability under Arbitrary Distributions

The simplicity of Algorithm1 might make one hope that a canstfactor approximation is possible under
arbitrary distributions. Any such hopes are dashed by theviong theorem.

Theorem 6. No algorithm can PMAC-learn the class of non-negative, niom® submodular functions
with approximation factob(n'/? /log n).

This result holds even if the algorithm is told the underyafistribution, even if the algorithm can query
the function on inputs of its choice, and even if the queriesaalaptive. In other words, this inapproxima-
bility still holds in the PMAC model augmented with value ges.

Theoren b is an information-theoretic hardness resultighsmodification yields Corollari]7, which is
a complexity-theoretic hardness result. Proofs of Thed@emnd Corollary17 are given in Appendix E.2.
Corollary 7. Suppose that one-way functions exist. For any constan®, no algorithm can PMAC-learn
the class of non-negative, monotone, submodular functiotisapproximation factorO(nl/?"E), even if
the functions are given via polynomial-time algorithms eblhcompute their value on the support of the
distribution.

As we described in Sectidn 1.1, we will prove these resultsdnstructing a family of matroids whose
rank functions take wildly varying values on a certain sejpoints. The following theorem gives this
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construction. It is proven in Sectign #.3.

Theorem 8. For anyk = 2°(""/*)| there exists a family of seté C 2" and a family of matroids\i =
{ Mg : B C A} with the following properties.

e |A| = kand|A| = n'/? for everyA € A.

e Forevery5 C Aandeveryd € A, we have

_ [8logk (if A B)
rankng (A) = {|A| (if Ae A\ B).

To help understand how this theorem relates to Thediem @slébcus on the case whekes slightly
super-polynomial, sa = n'°¢". In the matroidM g, a setA has rank onlyO(log?n) if A € B, but has
rankQ(n'/?) if A € A\ B. In other words, a8 varies, the rank of a set € A varies wildly, depending
on whetherA € B or not. Thus, given an unknown matrdidd; € M, the problem of learning the rank of
eachA € A amounts to learning the sBtC A. This is not possible singed| is super-polynomial, and this
leads to the claime@(nl/?’) inapproximability for PMAC-learning these rank functions

4.1 Discussion of Theoreml8

Another motivation for Theorernl 8 is its connection to wdmodular completion problenBuppose we
have partially defined a set functigh: 2"} — R, perhaps assigning(A4;) = by, f(As) = by, etc. Can
the remaining values of be chosen such thdtis submodular? This is not a simple question, and recent
results suggest that it is quite challengihg! [53]. Thedréshéds some light on the submodular completion
problem, for the special case when eathbelongs to our particular familydl. Essentially, it says for
any b;’'s satisfying8logk < b; < |4/, then indeed the remaining values can be chosen sucly tisat
submodular.

Theoreni 8 addresses the submodular completion problerheviset family defined in Ed._(1.3), namely

T =ATI:|I|<r AN [INA|<b Vi=1,....k}.
If 7 is the family of independent sets of a matroid, then its ramkction might be a good solution to

the submodular completion problem. Certainly the rank fiencwill be submodular, and it also satisfies
rank(A4;) < b;. But we would like equality to hold. Our question becomes:

Is there a matroid satisfyingunk(A;) = b; for eachi? (4.2)

We first discuss two simple cases of this question. NoteZtannot possibly satisfy (4.1) # > |A;| or
b; > r, so henceforth assume thgt< min {|A;|, r} for all 7.

e Disjoint A;’s. Question[(4.11) is quite simple so long as thgs are disjoint. One may check that
indeed forms a matroid (assuming thak, ..., b, > 0), and that this matroid satisfids (4.1).

e Two sets.Even in the casé = 2, question[(4.11) is quite interesting. First of all, the fami above
typically does not form a matroid. Consider taking= 5, r = 4, A; = {1,2,3}, A2 = {3,4,5}
andb; = b, = 2. Then both{1,2,4,5} and{2, 3,4} are maximal sets i@ but they do not have the
same cardinality, which violates one of the basic matroapprties.

However, it is a short exercise to check tiids a matroid if we require that < by + b — | A1 N As].
(For a proof, see Lemma28.) This matroid also satisfied .(4ld)fact, we can even relax the
constraint|Z| < r to obtain the family

{II |IﬂA1|§b1 AN |IﬂA2|§b2 VAN |Iﬁ(A1UA2)|§T’},

which is also a matroid if < by + bs — |A; N A3|. We would have prefered a somewhat weaker
restriction onr, sayr < b; + by (which is actually vacuous), but in order to obtain a matrdinis
restriction on- must include an “error term” of-| 4; N As|.
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The strategy of Theorefd 8 is to generalize this discussidn-ef2 to larger values ok. The generaliza-
tion is not straightforward, as Theoréin 8 imposes quite ademditions on the desired family of matroids.
Quite magically, the key to satisfying all of the desired @itions is to ensure that the familyt has strong
expansion properties. However there are numerous tedtatialenges in proving the desired result. In-
deed, our first construction, Theoréin 9, falls short of theknaa it cannot handle the cake> n, whereas
proving Theorenil6 requirds = n*(1). Theoreni_ID improves the first construction with severaisdand
it provides the basis for proving Theoréin 8 and Thedrém 6.

4.2 The Matroid Constructions

Let A = {4y,..., Ax} be an arbitrary family of sets. Lét,...,b; be integers satisfying < b; < |A4;]|.
As we saw above, in the cage= 2,

{I:[INA[<b A [INAy<by A [IN(A1UA)| <br+bo— A1 N A} (4.2)
is a matroid, where-|A; N As| is an undesirable but necessary “error term” in the lasttcaims.

To generalize this t& > 2, we will impose similar constraints for every subset of thés. Our new set
family is

. { Forn(Ua)] < Y - (z,Aj,_\UAjD - }
jed jed jed jed

In the special casé = 2, this is precisely Eq[(4l2). To simplify notation somewHat us define the
function f : 2I¥l — 7 where

FO) =S - (Z\Aj\ - \A(J)\), and  A(J) = | 4;. (4.3)
= = jeJ
Then we can write more compactly
T =A{I:|INAWJ)| < f(J)VJCIk]}. (4.4)

In the definition off (.J), we should again think o#(ZjEJ\Aj\ —|A(J)]) as an “error term”, since it is
non-positive, and it captures the “overlap” of the setd; : j € J }. In particular, ifJ = {1, 2} then this
error term is precisely-|A; N A;|, as it was in the case = 2. Furthermore, if thed,’s are all disjoint then
the error terms are all, and so the family reduces tq I : |[I N A;| < b; Vj € [k] }, which is simply a
partition matroid.

Our first matroid construction is given by the following them, which is proven in Appendix E.1.

Theorem 9. The familyZ given in Eq.(4.4)is the family of independent sets of a matroid, if it is norpgm

As mentioned above, Theordr 9 does not suffice to prove TirdBreTo see why, suppose that> n
and thath; < |A;| for everyi. Thenf([k]) < n — k < 0, and therefor& is empty. So the construction of
Theoreni® is only applicable whén< n, which is insufficient for proving Theorefi 6.

We now modify the preceding construction by introducing & ed“truncation” operation which allows
us to takek > n. We emphasize that this truncationrist ordinary matroid truncation. The ordinary
truncation operatiomnlecreaseshe rank of the matroid, whereas we waninoreasethe rank by throwing
away constraints in the definition @t In particular, we will introduce an additional parameterand only
keep constraints fdt/| < 7. It turns out that, so long gsis large enough for a certain interval, then we can
truncatef and still get a matroid.

Definition 2. Letx andr be non-negative integers. A functign 2/*) — R is called (x, 7)-large if

0 vJ C K], |J
) s C [, 1l <7
po YJC[k], T <|J| <21 —2.
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The truncated functiorf : 21 — Z is defined by
- J if |J] <7
JJ) = {Z( | EotLe’r\Nise)').
We now argue that we can truncgteand still obtain a matroid. Our second matroid construcigon
Theorem 10. Suppose that the functighdefined in Eq4.3)is (u, 7)-large. Then the family
Z={I1:[INnAJ)|<f(J)VICIK}
is the family of independent sets of a matroid.
If we assume that thel;'s cover the ground set, i.eA([k]) = [n], or if we apply ordinary matroid
truncation to reduce the rank tg then the familyZ can be written
T = {1 S <p A INAW)| < F(T) YT C K], |J] <T}.

This construction yields quite a broad family of matroidse Wgt several interesting special cases in Ap-
pendiXF. In particular, partition matroids and paving roats are both special cases. Thus, our construction
can produce non-linear matroids, as the Vamos matroidtfsitian-linear and paving.

4.3 Theorem8 and Matroids from Lossless Expanders

To prove Theorerfl8, we must construct the desired set famhiyd the matroid familyM. To achieve the
desired properties of1, we require thatd satisfies a strong expansion property which we describe now.
Definition 3. LetG = (U UV, E) be a bipartite graph. ForJ C U, define

I'(J) := {v: JueUsuchthat{u,v} € £ }.
For simplicity we lef’(u) = I'({u}). The graphG is called a(D, L, ¢)-lossless expander if

IT'(u)| = D Vu e U

IT(J) > (1—¢€)-D-|J| vVJCU, |J| <L

Lossless expanders are well-studied [28, 24], and theitente is discussed below in Theoferh 14. Given
such aG, we will construct our set familyd = {41, ..., A} C 2/ by identifyingU = [k], V = [n], and
for each vertex € U we defineA; to beT'(¢). The various parameters in Theoreim 8 must be reflected in
the various parameters 6f, so let us now make clear the relationships between thesengters.

b 2
U=[k, V=, D=u L=2r-2  e=-—,  b>2" (4.5)
m T
(The actual values are chosen below in Eq.](4.8).) Thus we:hav
’Az’ = U VieU
JA()] > (1—¢€)-p-|J] VJCU, |J| <21 —2.

Recall that we must construct not a single matroid but ameefaimily of matroids, one for every subfam-
ily B C A. Constructing this large number of matroids will be no hattian constructing a single matroid
because the matroid properties will follow from the expangproperties of the set family (i.e., EQ.(¥.6)),
and these properties are obviously preserved by resgittia subfamily.

For any subfamilyB C A, we will obtain the matroidViz using Theorenh 10. Lel/z C U be the set
of indices definingB, i.e.,B = { 4; : i € Ug }. Theb; parameters will all be equal, so let their common
value beb. The function defining the matroid j& : 2U5 — R, defined as in Eq[{4.3) by

fs(7) = Yb = (Dl41 - 14W))
jeJ jed
= (0—p)lJ|=1A()].
10
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Claim 11. fgis (u, 7)-large.
All claims in this section are proven in Appendix E.3. By thiaim, Theoreni 10 implies that

Is = {1 Il <p A IINAW)| < f8(J) VI C Ug, |J] <T} (4.7)

is the family of independent sets of a matroid, which we ba.
The next step in proving Theordr 8 is to analyzeky, (4;) for A; € A. This is accomplished by the
following two claims, which follow from Eql[{416) without tomuch difficulty.

Claim 12. Forall B C Aand all A; € B we haverankn, (A4;) = b, assuming thab < p.

Claim 13. Forall BC Aandall 4; € A\ B we haverankn, (A4;) = p.

Lastly, we show that the existence of an expander giG@Ephith parameters that are sufficient to prove
Theoren{B. The following probabilistic construction iskioire. We thank Atri Rudra for explaining it to
us, and for stating it in these general terms. A less gentatment along the same lines can be found in
Vadhan'’s survey [57, Theorem 4.4].

Theorem 14. Letk > 2ande > 0. ForanyL < k, let D > 2log(k)/e andn > 6LD/e. Then a
(D, L, ¢)-lossless expander exists.

To prove Theorerll8, we chooge= 2°"""*) andy = |A;| = nl/3 (cf. Eq. [&B)). Itis clear from
Claim[12 that we must chooge= 8 log k. (We require thak is at most°(™'"*) because Claifi12 assumes
b < u.) Following Eq.[4.5), we can therefore take

b 2log k 20 nl/3 1/3
= — = __—°_ = - = — L =2r-2< . (4.8

40~ s T T % T dlogk T2 Sier 48
These parameters satisfy the hypotheses of Thelbrém 14y stesived expander exists and Theofdm 8 is
proven.

D:,u:nl/g, €

5 An O(y/n)-approximation Algorithm

In this section we discuss our most general upper boundsffioreatly PMAC-learning two very broad
families of functions: a PMAC-learning algorithm with apgimation factorO(n) for learning the family of
non-negative, monotone, subadditive functions and a PN&stning algorithm with approximation factor
O(+/n) for learning the class of non-negative, monotone, subnawduhctions.

Theorem 15. Let F be the class of non-negative, monotone, subadditive mxtiverX = 2", There is
an algorithm that PMAC-learng with approximation factorn + 1. That is, for any distributiorD over X,
for anye, ¢ sufficiently small, with probability — J, the algorithm produces a functighthat approximates
f* within a multiplicative factor oz + 1 on a set of measure — e with respect taD. The algorithm uses
¢ = 2 ]og (32) training examples and runs in timely(n, 1/¢,1/6).

Theorem 16. Let F be the class of non-negative, monotone, submodular fursctwerX = 2. There
is an algorithm that PMAC-learng with approximation factor/n 4+ 1. That is, for any distributionD
over X, for anye, § sufficiently small, with probability — ¢, the algorithm produces a functiofi that
approximatesf™* within a multiplicative factor of/n + 1 on a set of measure — e with respect taD. The
algorithm used = 22 Jog (42) training examples and runs in timely(n, 1/¢,1/6).

The proofs of these two theorems are very similar. To giveeaffa our technique, we now sketch a
proof of Theorend 15 with a number of simplifying assumptiov& then mention how to modify the proof
to obtain Theorern 16. Full proofs of these theorems are divéppendixG.

Proof Sketch (of TheoreniIb). To avoid technicalities, let us assume tha$) > 0 wheneversS # 0.
First, using the fact thaf* is subadditive we argue that there exists a linear funcfig$) = w'x(9)
such thatf*(S) < f(S) < n-f*(S)forall S C [n]. This is equivalent to saying that the following examples
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in R"*! are linearly separable.
Examples labeled-1:  ex{ := (x(5), f*(9)) VS C [n]
Examples labeled-1: exg = (x(5),n- f*(5)) VS Cn]

This suggests trying to reduce our learning problem to tedsird problem of learning a linear separator
for these examples in the standard PAC model (i.e., learinong i.i.d. samples in the passive, supervised
learning setting [37, 59].). This is exactly our proof stgt. However, in order to apply standard techniques
to learn such a linear separator, we must ensure that oningaéxamples are i.i.d. To achieve this, we
create a i.i.d. distributio’ in R™*! that is related to the original distributiol as follows. First, we draw
a sampleS C [n] from the distributionD and then flip a fair coin. The sample frof is exJSr if the coin
is heads anexg if the coin is tails. Of course, each exampl€; is labeled+1 andexg is labeled—1. As
mentioned above, these labeled examples are linearlyagpanR" 1.

Conversely, suppose we can find a linear separator thatfidaswost of the examples coming frobf
correctly. Assume that this linear separatoRifi-! is defined by the function™» = 0, whereu = (w, —z),

w € R™andz € R. The key observation is that the functigi|s) = 11)ZwTX(S) approximatesf* to
within a factorn + 1 on most of the points coming from.

Given these observations, our algorithm is as follows.

1. Using the training sef = {(S1, f*(S1)), ..., (Se, f*(Se))} of examples drawn fron, construct a

new training sequenc® = ((z1,41), ..., (@m, ym)) Of training examples drawn fro®” which will
be used for learning the linear separator. To do this, pickgac {+1,—1} uniformly at random.
If y; = +1 setx; = exgi and ify; = —1 setz; = exg.

2. Solve alinear program in order to find a linear separatar= 0 consistent with the labeled examples
inS’. Letw € R™, z € R satisfyu = (w, 2).

3. The output hypothesis j§S) = (n+1) wTx(S).

To prove correctness, note that the LP is feasible; thisviglfrom our earlier discussion that the labeled
examples are linearly separable. To prove that this algarPMAC-learnsf*, it suffices to prove that the
linear separator obtained from the linear program coyattissifies most of the examples coming fram
This follows from standard VC-dimension boundsl[37, 59]. [

Proof Sketch (of Theoreni 16). The proof for Theorém]16 is almost identidigth the proof of Theorerm 15,
replacing the structural result for subadditive functiongh a stronger structural result for submodular
functions, which shows that, for anfyc F, the functionf? can be approximated to within a factoroby

a linear function. The proof of Theordml15 can then be appbetie family{ f* : f € F }. [ |

Remark. We remark that our algorithm which proves Theoterh 16 is §icanitly simpler than the algorithm
of Goemans et al. [21] which achieves a slightly worse agpration factor in the exact learning model with
value queries.

Extensions. Our algorithms for learning subadditive and submodulaicfioms in the PMAC model are
quite robust and can be extended to handle more generalrsxenacluding various forms of noise. First,
we can extend the results in Theorlenmh 15 and Thebrém 16 to tteegeoeral case where do not even assume
that the target function is subadditive (or submodular},that it is within a factora: of a subadditive (or
submodular) function on every point in the instance spaceded this relaxed assumption we are able to
achieve the approximation factor (n+1) (or /a - (n + 1)). We can also extend the results in Theofein 15
and Theorend_16 to thagnostic casavhere we assume that there exists a subadditive (or a sulianpdu
function that agrees with the target on all butafraction of the points; note that on thefraction of the
points the target can be arbitrarily far from a subadditmea(submodular) function. In this case we can still
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PMAC-learn with a polynomial number of sampl@s; log (%)) but using a potentially computationally
inefficient procedure. For formal theorems and proofs sgeeAgdixX G.1.

Finally, it is clear from the proofs of Theordm]15 and TheofEdithat any improvements in the approx-
imation factor for approximating subadditive or submodtilmctions by linear functions (i.e., Lemrhal30
or Lemmd3]l) for specific subclasses of subadditive (or salao) functions yield PMAC-learning algo-
rithms with improved approximation factors.

6 Conclusions

In this paper we study submodular function learning in tlaglitional distributional learning setting. We
prove polynomial upper and lower bounds on the approxintalglarantees achievable in the general case
by using only a polynomial number of examples drawn i.i.chfrthe underlying distribution. We also
provide improved analyses for important subclasses of sdbiar functions under natural distributional
assumptions.

Our work combines central issues in optimization (submadiuinctions and matroids) with central issues
in learning (learnability of natural but complex classes$unictions in a distributional setting). Our analysis
brings a twist on the usual learning theory models and unsoseme interesting structural and extremal
properties of submodular functions, which are likely to keful in other contexts as well.

6.1 Open Questions

e It would be interesting to close the gap betweendh&'/?) upper bound in Theorem 116 and the
Q(n'/3) lower bound in Theoreifl 6. We suspect that the lower bound eamproved ta(n'/?).
If such an improved lower bound is possible, the matroidsubnsodular functions used in its proof
are likely to be very interesting. It would be also be intérgsto use the approach in our general
v/n-upper bound for simplifying the analysis in the upper booh@oemans et al. [21].

e The algorithm in Sectiohl3 applies to matroid rank functiofistrivially extends toL-Lipschitz
functions for any constant. What if L > n?

e A result similar to Theorerl2 can be proven everf i non-monotone, using self-bounding func-
tions. Can our proof of Theorelh 2 be generalized to obtaih suesult?

e Are there particular subclasses of submodular functionsvfich one can PMAC-learn with ap-
proximation ratio better tha@(,/n), perhaps under additional distributional assumptions? dbe
PMAC-learn other natural classes of real-valued functi@nth good approximation ratios?
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A Standard Facts about Submodular Functions

Theorem 17. Given a finite universé&/, let .Sy, S, . . ., S, be subsets di. Definef : ol R, by
f(A) = |UieaSs| for A C[n].
Thenf is monotone and submodular. More generally, for any noratieg weight functionv : U — R,
the functionf defined by
f(A) = w(Uieal;) for AC[n]

is monotone and submodular.
Lemma 18. The minimizers of any submodular function are closed und@aruand intersection.
Proof. Assume that/; and.J, are minimizers forf. By submodularity we have

f) + f(J2) = f(Jin o) + f(J1 U Ja).
We also have

f(INJe)+ f(J1UJ2) > f(J1) + f(J2),
sof(J1) = f(J2) = f(J1 N J2) = f(J1 U Ja), as desired. [ |

B Boolean Submodular Functions

Proposition 19. The class of monotone, Boolean-valued, submodular fureiscefficiently PMAC-learnable
with approximation factod.
Proof. Let f : 2"} — {0,1} be an arbitrary monotone, submodular function. We clain fhis either
constant or a monotone disjunction.fIf)) = 1 then this is trivial, so assumg) = 0.

As stated in Eql(1]2), submodularity is equivalent to thepprty of decreasing marginal values. In
particular, sincef () = 0, we get

f(rud{z}) - f(T) < f({z}) VI C[n]zen]\T

If f({z}) = 0then this together with monotonicity implies th&tI" U {z}) = f(T") for all T"and allz. On

the other hand, if ({x}) = 1 then monotonicity implies thaf(7") = 1 for all T such that: € T'. Thus we
have argued that is a disjunction:

#(8) = {1 (ifSﬂ).(;é@)
0 (otherwise)

whereX = { z : f({z}) =1 }. This proves the claim.
It is well known that the class of disjunctions is easy tomearthe supervised learning settirig [37] 59].
|

17



Non-monotone, Boolean, submodular functions need not §erditions. For example, consider the
function f wheref(S) = 0if S € {0, [n]} andf(S) = 1 otherwise; it is submodular, but not a disjunction.
However, it turns out that any submodular boolean functisna 2-DNF. This was already known [16],
and it can be proven by case analysis as in Propogitibn 1% well known that2-DNFs are efficiently
PAC-learnable. We summarize this discussion as follows.

Proposition 20. The class of Boolean-valued, submodular functions is effiiisi PMAC-learnable with
approximation factor.

C Lipschitz Functions and Product Distributions

In this section we show that Lipschitz functions can be PMA&rned when the distribution on examples is
a product distribution.

C.1 Proof of Theorem[1

Theorem[d. Let F be the class of non-negative, monotone, 1-Lipschitz, sdblaofunctions with ground
set[n] and minimum non-zero valug Let D be a product distribution omfn]. For any sufficiently small
e > 0andd > 0, Algorithm[d PMAC-learnsF with approximation factoO(log(1/¢)/n). The number of
training examples used i$n? log(1/6) + nlog(n/d)/e.

Proof. To formally analyze this algorithm, let us first consider &stimateu. Note that) < f(X) < n for
all X. So a Hoeffding bound implies that, with probability at leas- 4,

p>450log(l/e) = E[f(X)]>400log(l/e) and ZE[f(X)]<p<3E[f(X)]

p < 4501og(1/¢) = E[f(X)] <500log(1/e).

Case 1: Assume thatE [ f(X)] > 400log(1/e); this holds with probability at least — 6. If € is
sufficiently small then Corollaryl 3 implies

Prip/4< f(X)<2u] > PriiE[f(X)] < f(X)<3E[f(X)]]
> 1=-Pr[[f(X)-E[f(X)]| > (2/3)E[f(X)]] (C1)
> 1 —4e B0 5 9 ¢

Therefore, with confidence at leakt— 9, the algorithm achieves approximation facton all but ane
fraction of the distribution.
Case 2:As described earlier, we must separately handle the zetbthamon-zeros. To that end, define

P={S:f(S)>0} and Z={S:f(S)=0}.
Recall thatU = Uf*(si)zo S;. Monotonicity and submodularity imply that*(U) = 0. Letting £ =
{T : T CU }, monotonicity implies that
f(T) =0 VT e L. (C.2)
Let.S be a new sample frony and let€ be the event that violates the inequality
f(S) < f7(S) < 1200log(1/€) f(5).
Our goal is to show that, with probability— § over the training examples, we hake[£] < e. Clearly
Pr(€] =Pr[ENSeP]|+Pr[EANSeZ].
We will separately analyze these two probabilities.
First suppose that € P, i.e., f*(S) > n. By Eq.[C2),S ¢ U and hence our hypothesis has

f(S) = n. Therefore the evenf A S € P occurs only whenf*(S) > 1200log(1/¢). Assume that
E[f(X)] < 500log(1/e); this holds with probability at least — 6. We now apply Theoreri] 2 with
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b = 1200log(1/e) andt = 4./log(1/¢). Thenb — t/b > 1000log(1/¢) > 2E[f(X)]. By Markov's
inequality, Pr [f(X) <b-— t\/E] > 1/2. So, using Theorein 2, we obtain

Pr[E ASEP] < Pr[f(X)>b] < 2exp(—t?/4) < e

Next suppose that € Z, i.e., f*(S) = 0. Since our hypothesis hg§.S) = 0 for all S € L, the event
E N SeZholdsonly ifS € Z\ L. The proof now follows from Clairh 21. [ |

Claim 21. With probability at leasti — ¢, the setZ \ £ has measure at most
Proof. The idea of the proof is as follows. At any stage of the algonitwe can compute the sétand the
subcubel. We refer toL as the algorithm’swull subcube Suppose that there is at leasteathance that a
new example is a zero gf*, but does not lie in the null subcube. Then such a exampleldtbauseen in
the next sequence dfg(1/9)/e examples, with probability at least— §. This new example increases the
dimension of the null subcube by at least one, and therelfiisecan happen at mosttimes.
Formally, fork < ¢, define
Up= (JS and  Ly={S:5CU}.
i<k
I*(8:)=0
As argued above, we hav, C Z for any k. Suppose that, for sonig the setZ \ £, has measure at least
e. Definek’ = k + log(n/d)/e. Then amongst the subsequent examples, . . ., Sy, the probability that
none of them lie inZ \ £ is at most
(1 —¢)leem/d)/e < 6 /p.

On the other hand, if one of them does liean\ Ly, then|Uy/| > |Uy|. But |Uy| < n for all k, so this can
happen at most times. Since > nlog(n/d)/e, with probability at least the setZ \ £, has measure at
moste. n

C.2 Proof of Theorem[2

Before diving into the proof, we remark that the theorem ixmaasier to prove in the special case that
is integer-valued. Together with our other hypotheseg athis implies thatf must actually be a matroid
rank function. Whenevef(S) is large, this fact can “certified” by any maximal indepertdsubset ofS.
The theorem then follows easily from a version of Talagraridequality which leverages this certification
property; see, e.gl[%7.7] or [46,§10.1].

We now prove the theorem in its full generality. We may asstina¢t < /b, otherwise the theorem
is trivial as the left-hand side of Eq.(8.1) is zero. Talagia inequality states: for and C {0,1}" and
y € {0,1}" drawn from a product distribution,

Priye A]-Pr(p(Ay) >t] < exp(—t*/4), (C.3)

wherep is a distance function defined by

A = sup min 0.
plAy) = sup ZGA”Z i
o=t FruiFE

We will apply this inequality to the sett C 2" defined byA = { X : f(X)<b—tVb }

Claim 22. ForeveryY C V, f(Y)) > bimpliesp(A,Y) > t.
Proof. Suppose to the contrary thatA4,Y) < ¢. By relabeling, we can writ&” asY = {1,...,k}. For
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i€40,...,k}, letE; ={1,...,i}. Define
o = {f(Ez) - [(Ei-1) (if i €Y)

0 (otherwise).

Since f is monotone and-Lipschitz, we have) < «; < 1. Thus|al, < /> ;4 < /f(Y), by
non-negativity off.
The definition ofp and our suppositiop(.A, Y) < t imply that there exist& € A with

S a < pAY) all, < /I (C.4)
1€(Y\Z)U(Z\Y)
We may assume thdf C Y, sinceZ NY also satisfies the desired conditions. This follows sincaano
tonicity of f implies thate > 0 and that4 is downwards-closed.

We will obtain a contradiction by showing thgtY) — f(Z) < t\/f(Y). First let us orded” \ Z as
(p(1),...,06(m)), wheregp(i) < ¢(j) iff i < j. Next, defineF; = Z U {¢(1),...,6(:)} C Y. Note that
E; C Fqﬂ(j); this follows from our choice of, sinceZ C F¢71(j) but we might haveZ ¢ E;. Therefore

FY) = f(2) = Y (f(F) - f(Fi))

i=1

= Y (FFsag) = FFpr(y-1))

jEV\Z
< Z (f(E)) — f(Ej-1)) (sinceE; C F,-1(;) and f is submodular)
jEV\Z
JEV\Z
< t/f(Y)  (byEq.[C4)
Sof(Z) > —t\/f(Y) > b—t/b, sincef(Y) > bandt < v/b. This contradictsZ € A. m

This clalm |mpI|esPr [f(Y) >b] <Pr[p(AY) > t], sothe theorem follows from Eq.(C.3).

D An Approximate Characterization of Matroid Rank Function s

Theorem[3. Let f : 2") — Z_ be the rank function of a matroid with no loops, i.£(S) > 1 whenever
S # (. Fix e > 0, sufficiently small. There exists a concave funcfion[0,n] — R such that, forevery
k € [n], and for al — e fraction of the sets € ([Z]), we have

mh(’” < J(S) = O(log(1/)) h(k).

Henceforth, we will use the following notation. Fpr [0, 1], let R(p) C [n] denote the random variable
obtained by choosing each element]of independently with probability. Fork € [n], let S(k) C [n]
denote a set of cardinality chosen uniformly at random. Define the functigh [0, 1] — R by

W(p) = E[f(R(p))].
For anyr € R, define the functiong. : [0,1] — R andg. : [n] — R by
9:(p) = Pr[f(R(p)) > 7]
gr(k) = Pr[f(S(k)) >7].
Finally, let us introduce the notatioX = Y to denote that random variablé§ andY are identically
distributed.
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Lemma 23. &’ is concave.

Proof. One way to prove this is by appealing to timiltilinear extensiorof f, which has been of great
value in recent work[[10]. This is the functiofi : [0,1]" — R defined byF(y) = E[f()], where

g € {0,1} is a random variable obtained by independently seffing 1 with probability y;, andg; = 0
otherwise. Ther'(p) = F(p,...,p). Itis known [10] that < 0 for all 7, j. By basic calculus, this
implies that the second derivative ifis non-positive, and hendé is concave. [

Lemma 24. ¢/ is a monotone function.

Proof. Fix k € [n — 1] arbitrarily. Pick a setS = S(k). Construct a new sef’ by adding toS a
uniformly chosen element df \ S. By monotonicity of f we havef(S) >+ = f(T) > 7. Thus
Pr[f(S)> 7] <Pr[f(T)> 7]. SinceT = S(k+ 1), this implies thay. (k) < g-(k+ 1), as requiredll

Lemma 25. ¢/ (k) < 2-g,;(k/n), forall 7 € R andk € [n].
Proof. This lemma is reminiscent of a well-known property of thed8on approximatiori [45, Theorem
5.10], and the proof is also similar. Let= k/n. Then

g-(p) = Pr{f(R(p)) > ]

= L PelIRE) > 7 | IRG) =i]-PrIRG) =
= ZgT Pr[|R(p)| = i]

> ZgT Pr[|R(p)|=i]  (by Lemmd2h)

= T( ) - Pr[R(p)| = k]
> g-(k)/2.

since the mea# of the binomial distributionB(n, k/n) is also a median. [

Proof (of Theoreni®). For € [0,n], defineh(z) = h/(z/n) = E[ f(R(z/n))]. Fix k € [n] arbitrarily.
Case 1.Suppose thak(k) > 400log(1/¢). As argued in Eq[{CI1),
Pr | f(R(k/n)) < éh(k:) <ec and  Pr|f(R(k/n)> gh(k;) <

By Lemma2bPr [ f(S(k)) > 2h(k)] < 2. By a symmetric argument, which we omit, one can show that
Pr [ f(S(k)) < 2h(k)] < 2e. Thus,

Pr[ §h(k) < f(S(k) < §h(k) ] > 1—4e
This completes the proof of Case 1.

Case 2.Suppose thali(k) < 400log(1/€). This immediately implies that
h(k)
Pr| 05K < 100108 (1/6)
since sincek > 1, and since we assume thatS) > 1 wheneverS # (). These same assumptions lead to
the following lower bound orh:

B(k) > Pr[f(R(k/n)) > 1] > Pr[R(k/n)£0] > 1-1/e. (D.2)

< Prf(S(k) <1] =0, (D.1)
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Thus
Pr [ f(S(k)) > (20001og(1/€))h(k) ]

< 2-Pr[ f(R(k/n)) > (20001og(1/€))h(k) | (by Lemmd2b)
< 2-Pr[f(R(k/n)) > 1200log(1/e)]  (by Eq.[D2))
< 2-¢
which can be proven using the concentration result in Cangf8. Thus,
Pr 400%7:()1/6) < f(S(k)) < (2000log(1/€))h(k) | > 1— 2,
completing the proof of Case 2. |

E Inapproximability under Arbitrary Distributions
E.1 Proofs of Theoreni® and Theoreni 10

In this section, we will prove Theorelnh 9 and Theoferh 10. Bdthese proofs are based on a useful lemma
which describes a very general set of conditions that suffi@btain a matroid. Surprisingly, it seems that
this lemma was not previously known.
LetC be a family of sets and let : C — Z be a function. Consider the family
ZT=A{I:]InC|<f(C)vCeC}. (E.1)
Foranyl € Z, defineT'(I) = { C €C : [INC| = f(C) } to be the set of tight constraints. Suppose that
f has the following uncrossing property:

VieZ, C,CoeT(I) = (C1UCeT)) V (C1NCy=0). (E.2)

Note that we do not require th&t; N Cy € C. Our first observation is that this uncrossing property is
sufficient to obtain a matroid.

Lemma 26. 7 is the family of independent sets of a matroid, if it is norpm

Proof. We will show thatZ satisfies the required axioms of an independent set fanfily.d I’ € Z then
clearly I € 7 also. So suppose thate Z, I' € Z and|I| < |I'|. Let(4,...,C,, be the maximal sets
in T'(I) and letC* = U; C;. Note that these maximal sets are disjoint, otherwise wédo@place them
with their union. In other words}’; N C; = 0 for ¢ # j, otherwise Eq(E]2) implies that; U C; € T'(I),
contradicting maximality. So

'nc* = Y |I'nCi| < Y f(C) = Y [INGCi| = [InC*].
i=1 i=1 =1

Since|I'| > |I] but|I' N C*| < |I N C*|, we must have thdt’ \ C*| > |I \ C*|. The key consequence
is that some element € 1"\ I is not contained in any tight set, i.e., there exists I’ \ (C* UI). Then
I 4+ = € 7 because for everg' > x we havelI N C| < f(C) — 1. [

We remark that this lemma implies an alternative proof ofsalteof Edmonds, which we do not use in
this paper. Corollarjz 27 does not seem to be sufficient togfidweoreni 8.
Corollary 27 (Edmonds|[[15], Theorem 15) etC be an intersecting family anfl: C — R an intersecting-
submodular function. Theh as defined in EqE.1) is the family of independent sets of a matroid, if it is
non-empty.

We now use Lemmi@a26 to prove Theorgm 9.

Theorem[3. The familyZ defined in Eq(4.4), namely
I=A{1:InAW)| < f(J)VJCIK},
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where
F) =300 = (A= 1a)  and  A() = 45,
= jeJ =

is the family of independent sets of a matroid, if it is norpgm

This theorem is proven by uncrossing the constraints defihiand applying Lemmia 26. It is not a priori
obvious that the constraints can be uncrossed becausehedtftthand sidé/ N A(.J)| and the right-hand
side f(J) are submodular functions of. In typical uses of uncrossing, the left-hand sidsupemodular.
The following proof is a simplification of our original proadue to Jan Vondrak.
Proof. We will apply Lemma 25 to the familg = { A(J) : J C [k] } and the functiory’ : C — Z defined
by

f(C) :=min{ f(J) : A(J)=C1}.
Fix I € Z and suppose that;, andC; are tight, i.e.,|I N C;| = f/(C;). Fori € {1,2}, let J; satisfy
C; = A(J;) andf'(C;) = f(J;). Definehy : 2I¥ — Z by
hi(J) = f(I) = [TOAWD] = [AD) NI =D (14] = by).
jeJ

We claim thath; is a submodular function of. This follows becausd — |A(J) \ I| is a submodular
function of J (cf. Theoreni 1I7 in Appendix]A), and — > . ;(|4;] — b;) is a modular function of.

Sincel € Z we havelI N A(J)| < f(J), implying hy > 0. But, fori € {1, 2},

hi(Ji) = f(Ji) = [T 0VA(J:)| = f(Ci) = TN Ci| =0,

so.J; and.J, are minimizers ofh;. It is well-known that the minimizers of any submodular ftion are
closed under union and intersection. (See Lerhma 18 in App&yl So J; U J, and.J; N J, are also
minimizers, implying thatA(J; U Jy) = A(J;) U A(J2) = C1 U Cy is also tight.

This shows that EqL(E.2) holds, so the theorem follows frammnd 26. [

A similar approach is used for our second construction.

Theorem[10. Suppose that the functighdefined in Eq{4.3)is (i, 7)-large. Then the family
7 = {I TN AW)| < f(J) VI C K] }
is the family of independent sets of a matroid.
Proof. Fix I € Z. Let.J; and.J, satisfy|I N A(J;)| = f(JZ-). By considering two cases, we will show that

[T NA(JyUJ2)| > f(J1UJ), so the desired result follows from Lemind 26.
Case limax {|.Ji|,|J2|} > 7. Without loss of generality,/;| > |.J2|. Then

F(hUJp) =p=f(Nh)=[ITNA)] < [TNAJ U )

Case 2:max {|J1|,|J2|} < 7—1. So|J; U Jy| < 27 — 2. We havell N A(J;)| = f(J;) = f(J;) for bothi.
As argued in Theorefl 9, we also havien A(J; U Jo)| = f(J1 U Jo). But f(J; U Jo) > f(J1 U Jo) since
fis (u, 7)-large. [

E.2 Proofs of Theorem(® and Corollan[¥

Theorem[B8. No algorithm can PMAC-learn the class of non-negative, nmm®& submodular functions
with approximation factob(n'/? /log n).

Proof. We will apply TheoreriB witlk = 2¢ whered = w(logn). Let. A and M be the families constructed
by TheoreniB. Let the underlying distributidn on 2" be the uniform distribution owd. (Note thatD is
not a product distribution.) Choose a matrditis € M uniformly at random and let the target function be
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f* = rankn,. Consider any algorithm which attempts to PMAC-ledinnote that the algorithm does not
know 5. For anyA € A that is not a training example, the algorithm masinformationaboutf*(A), so it
cannot determine its value better than randomly guessitvgelea the two possible valuégd and|A|. The

set of non-training examples has measuire2—4t0(ogsn)  Sg the expected measure of the set on which the
algorithm correctly determines the rank is at mb&2 + 9—d+0(ogn) On the set for which the algorithm
did not correctly determine the rank, its approximatiortdacan be no better than'/?/(16d). [ |

Corollary 1 Suppose that one-way functions exist. For any constand, no algorithm can PMAC-learn
the class of non-negative, monotone, submodular functiotisapproximation factorO(nl/?"E), even if
the functions are given via polynomial-time algorithms etlhcompute their value on the support of the
distribution.

Proof. The argument follows Kearns-Valiant [36]. We will apply Trem[3 withk = 2¢ whered = n°.
There exists a family of pseudorandom Boolean functibns- { fy =y e A0, 1}d } where each function
is of the form f,, : {0, 1}¢ — {0,1}. Choose an arbitrary bijection betwe¢n, 1} and A. Then each
fy € Fy corresponds to some subfamify C A, and hence to a matroid rank functiemnkys,. Suppose
there is a PMAC-learning algorithm for this family of funmtis which achieves approximation ratio better
thann'/3/16d on a set of measure/2 + 1/ poly(n). Then this algorithm must be predicting the function

fy on a set of sizel /2 + 1/poly(n) = 1/2 4+ 1/poly(d). This is impossible, since the familly is
pseudorandom. |

E.3 Additional Proofs for Theorem|[g

Claim[l. fzis (u,7)-large.
Proof. ConsiderJ C Ug, 7 < |J| <27 — 2. Then
f8(J) = (b—p)|J|+[A(J])|
> blJ| —enld|  (by Eq.[@B)andJ| < 27 — 2)

%b\J\ (sincee = b/4.) (E.3)

v

! (sinceb > 2u/T and|J| > 7).
So, fgis (i, 7)-large. |

Claim[I2. Forall BC AandallA; € Bwe haverankn, (A;) = b, assuming thab < .

Proof. The definition ofZz includes the constraint N A;| < fz({i}) = b. This immediately implies
rankni, (A;) < b. To prove that equality holds, it suffices to prove tiigt.J) > b whenever.J| > 1, since
this implies that every constraint in the definition®f has right-hand side at leds{except when/ = ),
and assuming that > b). For|.J| = 1 this is immediate, and fdt/| > 2 we have

f8(J) = blJ| = plJ[+|A()] = blJ] = eulJ| = b|J[—0]J[/4 = b,
which completes the proof. |

Claim[l3. Forall BC Aandall4; € A\ Bwe haverankn, (A4;) = p.

Proof. Sincen = |A;|, the conditionrankng, (A;) = w1 holds iff A; € Zg. So it suffices to prove that;
satisfies all constraints in the definitionf (in Eq. (4.7)).
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The constraintA;| < u is trivially satisfied, by Eq[{416). So it remains to showttfa everyJ C Ug
with |J| < 7, we have
AN A()| < f5(). (E.4)
This is trivial if J = (), so assuméJ| > 1. We have
[Ai NA(T)| = [Ail + [A(T)| — [A(J + 1)
ptpld) =@ =eulJ+i  (by Eq.[4.6))
b|J + i
4
blJ|
< L 2
-2
fs(J)  (by Eq.[E.B))
This proves Eq(El4), sd; € 7, as desired. [ |

IN
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F Special Cases of the Matroid Construction
The matroid constructions of Theoréin 9 and Thedrem 10 haxgadnteresting special cases.

F.1 Partition Matroids

We are given disjoint setd, ..., Ay and value%,, ..., b,. We claim that the matroid defined in The-
orem[9 is a partition matroid. To see this, note tfiaf) = Zjej b;, since thed;’s are disjoint, sof is a
modular function. Similarly|l N A(.J)| is a modular function off. Thus, whenevel./| > 1, the constraint
|[I NA(J)| < f(J) is redundant — it is implied by the constrainfsn A;| < b; for j € J. So we have

T = {I:[INAW| <) YIC} = {T:|InA;|<b; Vjelk]},
which is the desired partition matroid.

F.2 Pairwise Intersections

We are given setsly,..., A; and valuesy,...,b,. We now describe the special case of the matroid
construction which only considers the pairwise intersetiof theA,’s.

Lemma 28. Lety be a non-negative integer such thatd min; ;e (b; + b; — [A4; N A;|). Then
T={I:|I|<pANI|INA)|<b;Vjelk]}

is the family of independent sets of a matroid.

Proof. Note that for any pait = {7, j}, we havef(J) = b; + b; — |A; N 4;|. Then

< min (b; +b; — |A; N A;|) = min J),
K i,je[k]( j ‘ ]‘) I L\J|=2f( )
so f is (i, 2)-large. The lemma follows from Theordm]10. [

F.3 Paving Matroids

A paving matroidis defined to be a matroi¥V = (V,Z) of rankm such that every circuit has cardinality
eitherm or m + 1. We will show that every paving matroid can be derived from mitroid construction
(Theoreni ID). First of all, we require a structural lemmatalpaving matroids.

Lemma29. LetM = (V,T) be a paving matroid of rank:. There exists a familyl = {A4;,..., 4} c 2V
such that

IT=A{I:[I<m A |[INA|<m-1Vi} (F.1a)
JAiNAjl < m—2 Vi#j (F.1b)
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Proof. It is easy to see that there existssatisfying Eq.[(FJa), since we may simply taketo be the
family of circuits which have sizen. So let us choose a familyl that satisfies EqL(E.Jla) and minimizes
|A|]. We will show that this family must satisfy Eq.(Fl1b). Suppmtherwise, i.e., there existt j such
that|AZ- N AJ| >m — 1.

Case 1:ir(A; U Aj) <m—1. ThenA\ {4;,A,} U{A; UA,} also satsifies Eq_(E]La), contradicting
minimality of |.A|.

Case 2:r(A; U A;) = m. Observe that(A; N A;) > m — 1 since|4; N A;| > m — 1 and every set of
sizem — 1 is independent. So we have

r(A;UA) +r(ANA) > m+(m—1) > (m—1)+(m—1) > r(A;) +r(4;).

This contradicts submodularity of the rank function. |

For any paving matroid, Lemnial29 implies that its indepehdets can be written in the form

T =A1:]I|<m A |INA|<m—-1Vi},

where|A;NA;| < m—2foreachi # j. This is a special case of Theorem 10 since we may apply LémBma 2
with eachb; = m — 1 andu = m, since

min (b; +b; — [A;NA4]) > 2(m—1) — (m —2) = m.
i,j€[K]

G Additional Proofs for the O(y/n)-approximation algorithm

In this section we present our upper bounds for efficiently@Mearning two very broad families of func-
tions. We give a PMAC-learning algorithm with approximatifactorO(n) for learning the family of non-
negative, monotone, subadditive functions. We also givéla®-learning algorithm with approximation
factor O(/n) for learning the class of non-negative, monotone, subnawduhctions.

We start with two lemmas concerning these classes of fumstio

Lemma 30. Let f : oln] — R4 be a non-negative, monotone, subadditive function. There texists a
linear function f such thatf(S) < f(S) < nf(S) forall S C [n].

Proof. Let f(S) = M clearly this is linear. By subadditivity, we hay&s) > @ sof(S) <
nf(S). By monotonicity we havef (S) > max; f({i}), sonf(S) > 3, f({i}). This impliesf(S) <
f(S), as desired. [

A stronger result for the class of submodular functions wasgn by Goemans et al. [21], using proper-
ties of submodular polyhedra and John’s theorem on appmaikign centrally-symmetric convex bodies by
ellipsoids [34].

Lemma 31 (Goemans et al [21])Let f : 2"/ — R_ be a non-negative, monotone, submodular function
with f() = 0. Then there exists a functiof of the formf(S) = \/wTx(S) wherew e R such that
F(S) < £(S) < vuf(S) forall 5 C [n].

We now use the preceding lemmas in proving our main algorgtasults.

Theorem[I5. Let F be the class of non-negative, monotone, subadditive hmstiverX = 27, There is
an algorithm that PMAC-learng with approximation factorn. + 1. That is, for any distributiorD over X,
for anye, § sufficiently small, with probability — §, the algorithm produces a functigfithat approximates
f* within a multiplicative factor oz + 1 on a set of measure — e with respect taD. The algorithm uses
¢ = 2B ]og (22) training examples and runs in timely(n, 1/¢,1/6).

Proof. For technical reasons, because of the multiplicative extowed by the PMAC-learning model, we
will analyze separately the subset of the instance spaceevtiés zero and the subset of the instance space
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where f* is non-zero. For convenience, let us define:
P={S:f(S)#0} and Z={S:f(S)=0}.

The main idea of our algorithm is to reduce our learning pobto the standard problem of learning a
binary classifier (in fact, a linear separator) from i.i.dmgples in the passive, supervised learning sefting [37,
[59] with a slight twist in order to handle the points#h The problem of learning a linear separator in the
passive supervised learning setting is one where the icstgpace iR, the samples come from some fixed
and unknown distributio’ on R™, and there is a fixed but unknown target function R™ — {—1,+1},
c*(z) = sgn(u'z). The examples induced bf’ andc* are calledinearly separablesince there exists a
vectoru such that* (z) = sgn(u'z).

The linear separator learning problem we reduce to is defieddllows. The instance spaceli&' where
m = n + 1 and the distributionD’ is defined by the following procedure for generating a sarfmolen it.
Repeatedly draw a sample C [n] from the distributionD until f*(S) # 0. Next, flip a fair coin. The
sample fromD’ is

(x(S), f*(S)) (if the coin is heads)
(x(S),(n+1)-f*(9)) (if the coin is tails).
The functionc* defining the labels is as follows: samples for which the coirs Weads are labelegl, and
the others are labeled1.

We claim that the distribution over labeled examples indumgD’ andc* is Iinearly separable iR 1.
To prove this we use Lemnial30 which says that there existsearlifunctionf(S) = w'x(S) such that
F(S) < f*(S) <n- f(S)forall S C [n]. Letu = ((n +1/2) - w,—1) € R™. For any pointz in the
support of D’ we have

z = (x(9), f7(9)) — ulz = (n+1/2) - f(S) = f*(S) >0
z = (x(5),(n+1)- f(5)) — ule = (n+1/2) - f(S) = (n+1) - f*(S) < 0.
This proves the claim. Moreover, this linear function aIatisfiesf(S) = 0 for everyS € Z. In particular,
f(S)=0forall S €Sy and moreover,

f{i}) =w; =0  foreveryj € Up  where Up = | S
S,€Z
Our algorithm is now as follows. It first partitions the traig setS = {(S1, f*(S1)),- -, (Se, f*(S¢))}

into two setsSy and S, whereS, is the subsequence of with f*(S;) = 0, andS.y = S\ Sp. For
convenience, let us denote the sequefiggas

S#O = ((Alaf*(Al))>"'7(Aa>f*(Aa)))‘

Note thata is a random variable and we can think of the sets Aheas drawn independently from,
conditioned on belonging tB. Let

U= | JS and Lo ={S:SCl}.
i<t
*(S:)=0
Using S, the algorithm then constructs a sequeﬁgg = ((ml,yl), ce (ma,ya)) of training exam-

ples for the binary classification problem. For each i < a, lety; be—1 or 1, each with probabilityt /2.
If y; = +1 setz; = (x(A;), f*(4;)); otherwise set;; = (x(4;), (n+ 1) - f*(A;)). The last step of our
algorithm is to solve a linear program in order to find a line@paratow. = (w, —z) wherew € R”, z € R
consistent with the labeled examples, y;), i = 1 < i < a, with the additional constraints that; = 0 for
j € Up. The output hypothesis i(S) = mwTX(S)-

To prove correctness, note first that the linear programeaisitide; this follows from our earlier discussion
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using the facts (1$;0 is a set of labeled examples drawn frd and labeled by* and (2)i4y C Up. It
remains to show that approximates the target on most of the points. Yetenote the set of points € P
such that both of the points((S), f*(S)) and (x(S), (n + 1) - £*(S)) are correctly labeled bygn(u'z),
the linear separator found by our algorithm. It is easy toastiwat the functionf(S) = mwTX(S)
approximates/* to within a factorn + 1 on all the points in the se¥. To see this notice that for any point
S €Y, we have
wx(S) — 2f*(S) >0 and  w'x(S) - z(n+1)f*(S) <0
1 1

T * T
e TNE) < TUS) < (e X(S)
So, for any point inS € ), the functionf(S) = mwTX(S) approximates* to within a factorn + 1.

Moreover, by design the functiofi correctly labels a8 all the examples iry. To finish the proof, we
now note two important facts: for our choice b6f= 167" log (%) with high probability both? \ ) and
Z\ Ly have small measure. The fact ti#t £y has small measure follows from an argument similar to the
one in Clainf2lL. We now prove:

Claim 32. If ¢ = 167" log (£), then with probability at least — 24, the setP \ ) has measure at most
underD.

Proof. Letq = 1 —p = Prg.p[S € P]. If ¢ < e then the claim is immediate, sin@ has measure at
moste. So assume that > €. Lety = E [a] = ¢f. By assumption: > 16nlog(n/de)Z. Then Chernoff
bounds give that

Pr [a < 8n log(n/&)%] < exp(—nlog(n/d)q/e) < 6.

So with probability at least — d, we havea > 8nlog(qn/de)Z. By a standard sample complexity argu-
ment [59] (which we reproduce in Theoréml 37 in Apperidix H)hwirobability at leasit — ¢, any linear
separator consistent with will be inconsistent with the labels on a set of measure at my@sunderD’.

In particular, this property holds for the linear separatoomputed by the linear program. So for any Set
the conditional probability that eithég (S), f*(S)) or (x(S), (n+ 1) - f*(5)) is incorrectly labeled, given
thatS € P, is at moste/q. Thus

PriSeP ANS¢gY] = Pr[SeP]-PriS¢Y | SeP| < q-(2€/q),
as required. O

In summary, our algorithm produces a hypothefsthat approximateg™ to within a factorn + 1 on the
setyY U Ly. The complement of this set (€ \ £,) U(P\Y), which has measure at magt with probability
at leastl — 30. |

The preceding proof was for the class of subadditive funstioThe proof for submodular functions is
identical, replacing Lemma B0 with Lemmal 31.

Theorem[I8. LetF be the class of non-negative, monotone, submodular fursctgerX = 2"/, There
is an algorithm that PMAC-learng with approximation facton/n + 1. That is, for any distributionD
over X, for anye, ¢ sufficiently small, with probability — §, the algorithm produces a functiof that
approximatesf* within a multiplicative factor of/n + 1 on a set of measure — ¢ with respect taD. The
algorithm used = 487" log (%_Z) training examples and runs in timely (n, 1/€,1/4).

Proof. To learn the class of non-negative, monotone, submodutatins we apply the algorithm de-
scribed in Theoreni_15 with the following changes: (i) in tleeand step ify; = +1 we setx; =
(x(A), f*(A)?) and ify; = —1 we setr; = (x(4;), (n + 1) - f*(A4;)?); (i) we output the function

f(S) = /(n+1—1)szX(S)' See Algorithni 2. To argue correctness we use Lefma 31, whiols that, for
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Algorithm 2 Algorithm for PMAC-learning the class of hon-negative mtmm® submodular functions.
Input: A sequence of labeled training examptes= {(S1, f*(S1)), (S2, f*(S2)), ... (Se, f*(S¢))}, where
f*is a submodular function.

o LetS,y = {(A1, f*(A1)),...,(Aq, f*(Aq))} be the subsequence Sfwith f*(A4;) # 0 Vi. Let

So = 8\ Sxp. Letly be the set of indices defined ady = |J i<¢ Si.
17 (8:)=0
e For eachl < i < q, lety; be the outcome of flipping a fai+1, —1}-valued coin, each coin flip
independent of the others. Let ¢ R"*! be the point defined by

T = {(X(Ai)’f*z(Ai)) (if y; = +1)
) () PRA)) ([ =),

e Find a linear separatar = (w, —z) € R"*!, wherew € R" andz € R, such that is consistent
with the labeled examples:;, y;) Vi € [a], and with the additional constraint thaf = 0 Vj € Uy.

Output: The functionf defined agf(S) = , /mwTX(S).

any f € F, the functionf? can be approximated to within a factorofy a linear function. The proof of
TheoreniIb can then be applied to the fanfily? : f € F }. [ |

G.1 Extensions

The algorithm described for learning subadditive and subutas functions in the PMAC model is quite
robust and it can be extended to handle more general casedlaswarious forms of noise.

First, we can extend the results in Theorlemh 15 and Thebrém fl&etmore general case where do not
even assume that the target function is subadditive (or edbfar), but that it is within a factot of a
subadditive (or submodular) function on every point in thetance space. Under this relaxed assumption
we are able to achieve the approximation facter(n + 1) (or v/« - (n + 1)). Specifically:

Theorem 33. Let F be the class of non-negative, monotone, subadditive imztverX = 2"/ and let
F'={f:3g€F g(5) < f(S) <a g(s) forall S C [n]},
for some knowm > 1. There is an algorithm that PMAC-lear&’ with approximation factory(n + 1).
The algorithm use$ = %2 log (%2) training examples and runs in timely(n, 1/¢,1/9).
Proof. By assumption, there exisig € F such thatg(S) < f*(5) < a - g(S). Combining this
with Lemma30, we get that there exigtéS) = w' x(S) such that
wx(S) < fH(S)<n-a-w'x(S) forallSC [n].

In order to learn the class of non-negative monotone sublapdunctions we apply the algorithm de-
scribed in Theorerh 15 with the following modificationgl) in the second step if; = +1 we setz; =
(x(9), f*(9)) and ify; = —1 we setr; = (x(S5),a(n + 1) - £*(5)); (2) we output the functiorf (S) =
mwTX(S). It is then easy to show that the distribution over labelezheples induced by’ andc* is
linearly separable ilR"**; in particular,u = (a(n +1/2) -w, —1) € R"*! defines a good linear separator.
The proof then proceeds as in Theolferh 15. |

Theorem 34. Let F be the class of non-negative, monotone, submodular fursctwerX = 2" and let
F'={f:3ge F,g(S) < f(S) <a-g(S) forall § C [n]},

for some known > 1. There is an algorithm that PMAC-leards with approximation factok/« - (n + 1).
The algorithm usegé = 48?" log (%—2) training examples and runs in timely (n, 1/€,1/6).
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We can also extend the results in Theoferh 15 and Thebrém 1® tmhostic casavhere we assume
that there exists a subadditive (or a submodular) functiah agrees with the target on all butafraction
of the points; note that on the fraction of the points the target can be arbitrarily far fransubadditive
(or a submodular) function. In this case we can still PMA@Hewith a polynomial number of samples
O(Z log (%)) but using a potentially computationally inefficient prdoee.

Theorem 35. Let F be the class of non-negative, monotone, subadditive amstverX = 21", Let
F' = {f:3g€ Fs.t f(S)=g(S) onmore thanl — 7 fraction of the points .

There is an algorithm that PMAC-learii&’ with approximation factofn + 1). That is, for any distribution
D over X, for anye, ¢ sufficiently small, with probability — §, the algorithm produces a functigfithat

approximatesf* within a multiplicative factor of, + 1 on a set of measure— e — n with respect taD. The

algorithm usesD (%4 log ()) training examples.

Proof Sketch. The proof proceeds as in Theorémd 15. The main differenceatsriithe new feature space
the best linear separator has error (fraction of mistakek)is well known that even in the agnostic case the
number of samples needed to learn a separator of error atymestis O( s log (%)) (see Theoremn 38 in
Appendix(H). However, it is NP-hard to minimize the numbenuétakes, even approximately |23], so the
resulting procedure uses a polynomial number of samplést isccomputationally inefficient. |

Theorem 36. Let F be the class of non-negative, monotone, submodular fursctiverX = 20"/, Let

F' = {f:3g€ Fs.t f(S)=g(S) onmore thanl — 7 fraction of the points .
There is an algorithm that PMAC-leard®’ with approximation factok/n + 1. That is, for any distribution
D over X, for anye, ¢ sufficiently small, with probability — §, the algorithm produces a functigfithat

approximatesf™* within a multiplicative factor of/n + 1 on a set of measure — e — n with respect taD.
The algorithm use® (% log (3 )) training examples.

H Standard Sample Complexity Results
We state here several known sample complexity bounds that weed for proving the results in Sect[dn 5
and AppendiX_G. See, e.d., 113, 3].

Theorem 37. LetC be a set of functions fronX to {—1, 1} with finite VC-dimensiorD > 1. Let D be
an arbitrary, but fixed probability distribution ovek and letc* be an arbitrary target function. For any
e, § > 0, if we draw a sample fron® of sizeN (¢, §) = 1 (4Dlog (2) + 2log (%)) , then with probability
1 — 4, all hypotheses with errop e are inconsistent with the data.

Theorem 38. Suppose that’ is a set of functions fronX to {—1, 1} with finite VC-dimensio® > 1. For
any distributionD over X, any target function (not necessarily @), and anye, 6 > 0, if we draw a sample

from D of size
64 12 4
m(e,5,D) = 6_2 <2D In <?> +1In <S>> s

then with probability at least — §, we havéerr(h) — err(h)| < eforall h € C.
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