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Abstract

We describea classof problemsmotivatedby numerousreal-world applicationswherethereis a
collection of objectsthat have both a costanda value, but wheresomeof thoseobjectsdependupon
otherobjectsto obtaintheir full value. Applicationsinclude nding an optimal orderfor transferring
les underthreatof systemfailure, orderingsequencesf actionsby a heterogeneouteamof agents
or robots, picking an optimal set of productsto storein a warehouseselectingcoursesto take at a
university, or picking whatproductsto cut from production.We formalizethe problemof representing
objectsandtheirdependenceelationshipsasadirectedagyclic graph(DAG). We de ne simpleformulae
for calculatingthe utility of both setsandsequencesf graphvertices. We motivate, usingreal-world
examplesataxonomyof problemsassociatetvith themodelwe presentWe alsoprove thattwo variants
of problemsassociateavith our formalismareNP-had, andpresentanef cient algorithmfor solvinga
restrictedversionof athird problem.

1 Intr oduction

Imaginethat a useris composinga paper p:tex, in IATEX. The paperincludesa numberof postscript
gures, fi:eps foieps :::, fiieps :::, frieps Thep:tex le aswell asthef;:eps les areall necessary
to generatehecorrespondingdf le. We cansaythatp:tex is dependenbnthesetf:::;f;:eps;:::g; that
is, with respecto the problemof generatinga nal pdf le, p:tex hasnovalueif anyoff:::;fi:eps;.::g
is unavailable! Notethatin this examplethe postscript gures do not necessarilydependuponp:tex for
their own value. They canbe editedand displayedproperly without p:tex, or may be usedas gures in
othercontets. In this paperwe introducea mechanisnfor representingindreasoningaboutthesekinds of
relationships.

Our maininspirationarisesfrom our efforts to build systemsvhereagentsareadaptvely coordinating
the storageandtransferof relatedsetsof les acrossmary devices[Robertset al., 2006]. In particulay
we have beenconcernedwvith eitherselectingsomesubsetof les to transferbetweendevices, selecting

Part of this researctwasperformedwhile on appointmentisa U.S. Departmenbf HomelandSecurity(DHS) Fellow under
the DHS Scholarshipand Fellowship Program,a programadministeredoy the Oak Ridge Institute for Scienceand Education
(ORISE)for DHS throughaninterageng agreementvith the U.S. Departmenof Enegy (DOE). ORISEis managedby OakRidge
AssociatedJniversitiesunderDOE contractnumberDE-AC05-000R22750All opinionsexpressedn this paperarethe authors
anddo notnecessarilye ect the policiesandviews of DHS, DOE, or ORISE.

Theremay be somevaluein having only p:tex. For example,the usermay simply wantto performa spell check. In one
contet the le aloneis sufcient; however, in the contet thatwe describedabove, it is not. The problemof determiningcontext
for le usages the subjectof ongoingresearch.
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Figurel: Samplegraph representinglependencielsetweera collectionof data les. Each le is avertex
labeledwith its valueandcost,respectiely. In this example the:eps les enablethe:tex les.

somesubsetof les to deleteor identifying an orderin which to transfer les thatwill resultin the best
performanceinderthe possibility of network failures.

Although we are motivatedby le-transfer problems,our concernhereis broader We areinterested
in formally de ning a classof Dependent/alue Optimization(DVO) problems,of which our le-transfer
problemshapperto beinstancesDVO problemsalsoinclude,but arenotlimited to, communicatioracross
multiple agents,warehousenventory selection,and coordinationin multirobot systemsaswell asother
logisticsproblems.

In our formulation,eachobjectin a systemis representedby a vertex in anagyclic graph? We encode
dependencasingdirectededgesThegraphcorrespondindo our p.tex exampleis shavn in Figurel. Each
vertex is labeledwith two positive integers:valueandcost.In generaljf thereis anedgefrom avertex v; to
avertex vj, we sayvertexi enablesvertexj. Theenablingrelationships nottransitve: dependengcaffects
thevalueof thechild vertex in thegraphonly.® If avertex is enabledit realizests value.|f thevertex is not
enabledijt realizesno value. Theenablingrelationshipformsthe basisfor DVO problems.

Themaincontributionsof this work are:

A Taxonomyof DVO problems.Weformally de ne terminologyusefulfor discussingandanalyzing
DVO problemsandtheir solutions,groundinga taxonomyof DVO problemsin a discussiorof some
of themary applicationghatarewell-describedy the framework.

Proofsof Hardness. We provide proofsthattwo of threevariantsof the DVO problemswe describe
areNP-had. Thestatusof thethird is still open.

Algorithms. We provide anexactpolynomial-timealgorithmfor nding asolutionto thethird DVO
problemwhenthe graphis a polytree.

This paperis organizedroughly alongthe lines of the contribtutions. We describea setof applications
that canbe couchedn our framevork beforeformally de ning DVO problemsandintroducingthe DVO
taxonomy We thenprove thattwo of the DVO problemsareNP-had, andshav thata specialcaseof one
of the DVO problemsis solvablein polynomialtime using dynamicprogramming We thenplaceDVO

2\We chooseto modeldependencieasan agyclic graphin orderto make the mathematicsnoremanageableWe believe that,
in mostcasescyclic dependencieareactuallya matterof context (i.e. in onecontext object dependn object andin another
contet it is the otherway around).Althoughwe do not allow cyclesin our graph,the formalismcanhandlecyclic dependencies
throughthe useof “hypervertices”thatrepresenall of the objectsin a cyclic dependenceelationship.

3Therearesituationswheretransitive dependencieareappropriate.For example,a ashlight enableshe useof scrav driver
in a darkareabut without batteriesthis cant happen.In thatcase the batteriesalsoenablethe screv driver. It is trivial to include
transitive closureedgesn the graphto achieve the desiredsemantics.
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Figure 2: Sample graph representingdependenciebetweena satellite,a communicatiornrobot, and a
collectionof acquisitionrobots.

problemsin the larger framework of graphicalrepresentationsf similar problemsand describeseveral
avenuedor furtherresearch.

2 Applications and Motivation

Thereare a variety of applicationsthat are well-modeledby the DVO formalism. Here, we will brie y
describea numberof thoseapplicationdo motivateandgroundthe typesof problemscommonto the DVO
formalism.

Considera collection of music les anda programresponsibldor lling a digital music playerthat
cannotstorethe entire collection. Further supposehis musicmanagemaintainsa modelof thelistening
habitsof its user Themanagemayknow thatthe userlikesto listento certaingenresof musictogetheyor
wholealbumsatatime. Theserelationshipsamongmusic les canbe modeledasthe enablingrelationship.
Thegoalof thetransfemprogramthenbecomesnding thesetof music les to Il themusicplayerthatwill
maximizelisteningenjoymentsubjectto the enablingconstraints Additionally, imaginethatthis particular
userregularlyis rushedn themorningandrarelyleaveshermusicplayerconnectedong enoughto transfer
all of theselectednusic les. Then,thetransfermanageneeddo considera secondmportantproblemof
determiningthe orderto transferthose les thatwill resultin the maximumexpectedutility giventhatthe
transferof les may be interrupted.For the purposeof this paper we assumeaccesdo measuresf user
preferenceln generalthesepreferencesanbe estimatedasedn statisticalmodelsof userbehaior. See
earlierwork onthistopic[Isbell etal., 2004]for moreinformation.

As anotherexample,considera multirobot system. Robotscan be representea@s verticesand depen-
dencieshetweentheir functionsrepresentedsdirectededges. Speci cally, imaginethreerobotsthat can
acquireair, soil, or watersampledrom a contaminatedreaanda fourth robotthat canrelay databetween
the satelliteand the otherrobots. Acquiring datais usefulonly if it canbe relayedto the satellite: the
communicatiorrobot enablesachof the acquisitionrobots. Communicatingdatais usefulon its own but
is moreusefulif it canbe communicatedmmediatelyvia the satellite: the satelliteenablegshe communi-
cationrobot. (This DVO graphis showvn in Figure2.) Now, supposesachrobot mustcrossa bridgethat
is thoughtto be unstableand may collapseat ary point. This problemis analogougo the music-transfer
problemin thatthe robotsmust nd an optimal orderin which to cross. On the otherhand,evenif the
bridgeis known to be stable,theremay be a costin fuel to cross. Then, it is necessaryor the robotsto
selectthe subsebf themselesthatshouldcrossthatwill maximizetheir capabilityon the othersidewhile
minimizing their cost. This problemis slightly differentfrom thetransfermanagess rst problem.Whereas
thetransfermanageis lling aspeci ¢ sizecontainertherobotsaretrying to selectthe setthatmaximizes
utility independenof size.

We canalsoimaginetransporiogisticsfor the military bene ting from ourformalism. Supposéhereis
a supplywarehousghat containsvariousgoodsthat needto be transportedo forward basesandtroopson



thefrontlines. TheDVO framework is especiallyrelevantwhenyou startto considerdependencielsetween
goodslike ashlights andbatteriesor waterpuri cation tabletsand canteens.Speci cally, the ashlights

are effectively uselesswithout batteries. This situationcanbe modeledby the dependenciem our graph
structure.lt is naturalto aska few typesof questionsaboutthe goodsin the warehouseSpeci cally, given

someprobability of anattackon a convoy transportinghe goods whatis the correctorderto transferthem
to maximizethe usefulnes®f the goodsthatgetthroughto thefront lines? Secondgivenlimited capacity
of thetransportvehicles whatis the correctsubsebf goodsto transferto thefront linesthatmaximizeshe

useof availablecapacity Third, it would alsobe naturalto askif therearesomegoodsthatshouldnot be

warehousedfor example,aretheresomegoodsthatarenotworth transportingo thefront line).

Similarly, we might wantto modela compaiy thatmanugcturegproductsthatdependon eachotherto
function. For example,acompaly may manufctureremote-controtarsaswell astheremoteghatoperate
thecars.Givencostsandpro ts aswell asdependenciefor eachproduct,the comparny canidentify which,
if any, of its productsshouldbe cut from productionto maximizenet prot by solving a speci c DVO
problem.

Studentscan model coursesand prerequisitesising DVO graphsbasedon their speci ¢ preferences.
Speci cally, the valueof coursescould correspondo relevanceor enjoymentandcostcould be a measure
of workload. Then, studentscan determinethe bestset of coursesto take that will 1l all credit hour
requirementsOn the otherendof the spectrumprofessorsanuseDVO graphsto help build the syllabus
for aclass.Speci cally, sometopicsareof interestto themandothersarenecessaryo enabletheteaching
of thetopicsthey nd interesting.Costsmaymodelhoursspentin classor preparatiortime. Again, we can
usethis formalismto constructa syllabus thatwill maximizevalueor utility of a class.We couldalsouse
the DVO formalismto construcia presentatiosequencgivenadistribution over thelikelihoodof losinga
certainnumberof classhoursdueto unplannedravel, sicknessjnclementweatheyor errorsin measuring
theamountof time neededo explain material.

For the nal applicationwe discusssupposédhereis a setof testsone canrun on containersentering
a port. Eachtestprovidesdifferentdataabouta container Further supposehereare somenon-binding
precedenceonstraintdetweerthetests.For example,consideratestthatmeasureshe temperaturef the
air insidethe containerandanothettestthatmeasurethe concentratiorof a heat-sensitie volatile chemical
in the air insidethe container Knowing the temperatures lessusefulif the chemicalconcentrations not
known. Personneinspectingcontainercanusethe answerdo ary of the threeDVO problemswe discuss
to identify anoptimal subsebf testsor optimal orderingof thosetests.

3 DependentValue Optimization Problems

In this section,we will rst de ne the worth of a vertex and then broadenthat de nition by describing
differenttypesof relationshipsbetweerobjectsthatwe mayencountein real-world applications.

3.1 What is the worth of a vertex?

Thereareseveralmeasuresf worth for avertex thatwe mustconsider Eachof thesemeasuress basedn
the two positive integers: valueandcost Thesevertex attributesform the basicmeasuresf worth: value
itself (Val(v;)) andutility (Util (vi) = Val(v;) Cost(v;)). Perhapsven moreimportantmeasure®f
worth areenabledvalueandenabledutility. They capturethe notionsthata vertex may not alwaysrealize
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Figure 3: Examplesof threetypes of dependenceconstraints. In this scenariowe seeevidenceof two
typesof constrainton therelationshipbetweenles in 3(a)andathird typein 3(b).

its value.Let G beagraphandS beasetof verticesin G. Then:
Val(vi) if Par(vi;G) S
0 otherwise

util (vi) if Par(vi;G) S
Cost(v;) otherwise

EV (vijS; G) = (1)

EU (vijS;G) = 2)

wherePar (vi; G) is the setof verticesin G that have a directededgeto v; (its parentsandsS is a setof
previously selectedor “available”) vertices?
Thereis alsocumulativeenabledvalue(CEV):

X
CEV (S§;G) = EV (sjSnfsg; G): 3)
s2S

CEV representthesumtotal of theenabledsalueof the setof vertices.ThenotationCEU (S; G) is de ned
similarly usinggU .

As we shallseelater, therearecasesvherewe maybe concernedvith a sequencef graphverticesand
anassociategrobability distribution thatindicateshe probabilitya particularpointin the sequencavill be
reachedIn this casethe measuref worth is expecteccumulativeenabledvalue

"
ECEV(!S;P;G)= (pi CEV ([s1; ;Sil;G)); (4)
i=1

!
where'S = hsy;sp;:::i is asequencératherthana set)of verticesandP is the probability distribution
overthesequenceavith p; equalto theprobabilityof thesequencéeingterminatedafterthe rst i elements.

3.2 Representingdependencies

Thereare several possibledependenceelationshipghat we canconsider Recallthe IATEX examplede-
scribedin Sectionl anddepictedin Figurel. In thatexample,the setof eps les enabledthetex le. It

is necessaryhatall gures areavailablefor compilationto succeed.This requirementaswell asthe con-
straintexpressedn Equationsl & 2,is anAND constrainbnthepreconditiongor thetex le to beenabled.

“For notationalcorvenienceve maydropG asanargumentto functionsif thereis no ambiguity



Figure4: A third example of constraints on eps,tex, and ppt les. In this scenariothereis a voted
thresholdconstraint.

In Figure 3(a), we considemultiple tasksassociatedavith the samesetof les. The rst taskis similarto
before—tomale a pdf. The secondtaskis to usethe contentsof the paperto build a (ppt) presentation.
Let usassumehatthefocusof the presentatioris on the analysiscontainedn thetext of the paperandnot
on the contentsof the gures. In this casewe areinterestedn two les: the pdf andthe ppt. To succeed
in the create-pdtask,all of the eps les andthetex sourcearerequired. The sameAND constraintmen-
tionedbeforeappeardere;however, whenit comestime to build the presentationeitherthe latex source
or the compiledpdf will enablethe ppt le. This examplerepresents secondype of constraint—arOR
constraint.

In Figure 3(b), we seeevidenceof a third type of constraint. The vertex at the bottom of the graph
representa playlistof n mp3 les that,whenplayedconsecutiely, lastfour hours.The playlistonits own
canbe usedwithout mary of theactualmp3 les it referencegplayerstypically just skip songsin the list
thataremissing)but actuallyhaslittle or novaluein thatcase Supposéheplaylistis usedto selectmusicto
transferto a portableplayerfor athree-houtrainride. If thereareenoughof then mp3 les in the playlist
availableto Il upthethreehours,thenit is usefulandrealizesits value. If therearenotenoughmp3 les
to Il upthethreehours thenit is uselessThis third type of constrainbntherelationshipdetweerentities
is athresholdconstraint.

The votedthresholdis a variant of the thresholdconstraint. Ratherthan a simple thresholdwhere
eachvertex contribtutesthe sameamountto reachthe threshold differentverticescan contrilkute different
amounts.Thus,therecanbe onevertex thatsatis esthe constraintor possiblya setof verticesthatcansat-
isfy theconstrainin its place.In Figure4, werecastheeps,tex, pptexampleto useavotedconstraintEach
edgeis labeledwith its “contribution” in bracletsandthethresholds listedbelov the pptvertex. Thistype
of constraintis similar to that of a thresholdactivation functionin a McCulloch-Pittsneuron[McCulloch
andPitts,1943]usedin Arti cial NeuralNetworks.

In generalasin the examplefrom Figure3(a),it neednotbethe casethatevery vertex in thegraphhas
the sametype of constraint.For the purposef this paper we restrictour discussiorto graphsfor which
every vertex usesan AND constraint.

3.3 ThreeDVO Problems

As indicatedby theapplicationslescribedibore, whenwe begin to think abouttheworld in termsof objects
with valueandcostandthe enablingrelationship therearea few naturalproblemsthatarise. Speci cally,
we nd theneedto solve threebasicproblemsbasedn thesegraphs:

1. Givena graphanda probability distribution over sequencéengths, nd a total orderingof the ver
ticessuchthatthe expectedutility of sequencere xes(accordingto the orderandweightedby the
probability distribution) is maximized. We call this problemthe DVO Sequenc®roblem It models
therobotbridgecrossingor the music-transfeproblemwhencatastrophidailureis possible.

2. Givenagraphandaconstank, nd asubsebf theverticeswith costat mostk for which thevalueis



maximized.We call this problemthe DVO ConstainedSubseProblem It modelsthe lI-the-digital-
music-playeproblemwhentransferis guaranteed.

3. Givenagraph, nd asubsebf the verticessuchthatthe utility of the setis maximized.We call this
problemthe DVO Intrinsic SubseProblem It modelstherobotbridge-crossingroblemwhenthere
is no dangerof bridgecollapsebut thereis atoll to cross.

Thesegraphproblemsaretheabstractiorof mary problemsn manufcturing warehousingmultiagentsys-
tems,transportiogistics,andotherareas.Unfortunately aswe shav below, at leasttwo of theseproblems
are NP-had. Nonethelesswe have developedheuristicalgorithmsand/orexact solutionsto variousre-
strictedDVO problems.In additionto our proofsof hardnessye presenbneof thesealgorithms asolution
to the DVO Intrinsic Subsefroblemwhenthe graphstructures restrictedto a forestof polytrees.

4 Hardnessof the DVO Problems

Here, we prove that both the DVO Sequencgroblemandthe DVO Constrainedsubsetproblemare NP-
hard.

4.1 The DVO SequenceProblem

First, we showv that the DVO sequenceroblemis NP-had by shaving that a specialcaseof the DVO
sequenc@roblemis NP-had.

Theorem4.1. TheDVO Sequenc@roblemis NP-had.

Proof Weshav thatapolynomial-timesolutionto theDVO Sequenc®roblenwould provide apolynomial-
time solutionto thek-cliqueproblem,well known to beNP-haid [Garey andJohnson1979]. Thisreduction
shavsthatthe DVO Sequencé@roblemis alsoNP-haid.

An instanceof k-clique consistsof agraphG®= (V® E9 andanintegerk > 1. Thesolutionis “yes”
if thereexists a subgraphof G° consistingof k nodesandk(k  1)=2 edges—alpairsof selectechodes
areconnectedOtherwise the solutionis “no.” We cantake aninstanceof k-clique andcreateaninstance
of the DVO Sequencé@roblemsuchthata solutionto the DVO Sequencé®roblemcanbe usedto solve the
k-cliqueinstance.

An instanceof theDVO Sequenc®roblemconsistof agraphG = (V; E) andaprobabilitydistribution
over sequencéengths. First, we createa nodein V for eachnodein V °andonefor eachedgein E°. So,
V = fiji 2 VY[ f(i;j)j(i;j) 2 EY. Foralli 2 V, wede ne Cost(i) = 2andVal(i) = 1, while for all
(i;)) 2 V,wede ne Cost((i;j)) = LandVal((i; j)) = 2.

We thencreateedgesn E asfollows. For each(i; j) 2 E® addanedgeto E fromi to (i; j ) andfrom
j to(i; j). Thatis,nodes 2 V have no parentsaandonechild for eachneighborandnodes(i; j) 2 V have
two parentsandno children.Formally,

E = f(i; (i;§)ili;) 2 EQL G5 i)il ) 2 ES:

We de ne the probability distribution that assigndlikelihoodto sequencere xes so that it assigns
probabilityl to apre x of lengthk(k 1)=2+ k = k(k + 1)=2 andzeroto all otherlengths.Thus,at most
k(k + 1)=2 nodescanbe usefullyselectedor the solution.

Now, we ask,whatis the solutionto the DVO Sequencéd’roblemfor this instance?It will consistof
somenumber sayx, of nodesthatwereoriginally nodesin G®andsomenumber sayy, of nodesthatwere
originally edgesin G® Here,x + y  k(k + 1)=2, asno larger setof nodeswill be assignechon-zero
probability.



Whatis the utility of theselectedsubset?Therewill beautility of 1 for eachnodeselectedx). There
will beautility of 1 for eachedgeselectedor whichits endpointin G®have not beenselectedAs such,
thereis no utility bene t to selectingan edgewhoseendpointshave not beenselectedassuchnodeshave
negative utility anddo not enableary othernodes. We canassumethereforethatall y edgesthat have
beenselectedlsohave their endpointsselectedand,therefore provide a utility of 1. Thus,the utility of the
subsewill bey x.

If theselectedsubseis ak-clique,thenx = k andy = k(k 1)=2for autility ofy x = k(k 3)=2.
We arguethatno othersubsedf sizek(k + 1)=2 hassolargeautility. First,notethaty x(x 1)=2since
we cant have moreedgeghanpairwisecombinationf nodes.So, the utility is boundedoy x(x  3)=2
andary x < k will have smallerutility thanthatof ak-clique. In addition,notethaty k(k 1)=2 X,
sox > k alsoresultsin areductionof utility comparedo thatof ak-clique.

Sincethe selectionof a k-clique leadsto the uniqguemaximal utility, an optimal solutionto the DVO
Sequencéroblemwill have utility of k(k  3)=2 if andonly if the original graphhasa k-clique. Since
determiningthis factis known to be NP-hau, solvingthe DVO Sequenc@roblemmustalsobe NP-had.

O

4.2 The DVO Constrained SubsetProblem

Here,we shav the DVO ConstrainedsubsefProblemis NP-had.
Theorem4.2. TheDVO ConstainedSubseProblemis NP-had.

Proof. We shaw thata polynomial-timesolutionto the DVO Constrainedsubsetroblemwould provide a
polynomial-timesolutionto the Maximum Edge Subgraphproblem,known to be NP-had [Kann, 2003].
This reduction,similar to thatin the previous section,shavs thatthe DVO Sequencéroblemis alsoNP-
hard.

An instanceof Maximum Edge Subgraphconsistsof a graphG® = (V% EY, a weight functionw :
EC®! N, andintegersk®> 1andt®> 1. Thesolutionis “yes” if thereexistsasubse@? VO suchthat
j¥9 = k%and

w((i;j) 8
(i )2EQ (90 99
Otherwisethesolutionis “no”. We cantake aninstanceof MaximumEdgeSubgraplandcreateaninstance
of the DVO ConstrainedSubsetroblemsuchthata solutionto the DVO ConstrainedsubsetProblemcan
beusedto solve the MaximumEdgeSubgraphnstance.

An instanceof the DVO Constrainedsubsetfroblemconsistof agraphG = (V; E) andtwo integers
k > 1andt > 1. First,weletk = k%andt = t% Next, we createa vertex in V for eachvertex in VV°and
onefor eachedgein E® So,V = fiji 2 VY[ f(i;j)j(i;j) 2 EQ. Foralli 2 V, wede ne Cost(i) = 1
andVal(i) = 0, whileforall (i; j) 2 V, wede ne Cost((i; j)) = OandVal((i; j)) = w((i;)).

We thencreateedgesn E asfollows. For each(i; j ) 2 E° addadirectededgeto E fromi to (i; j ) and
fromj to (i; j). Thatis, nodes 2 V have noparentsandonechild for eachneighborandnodeg(i; j) 2 V
have two parentsandno children.Notethatverticesi andj enablevertex (i; j ). Formally,

E = (i (i5§)i(:1) 2 EQL FG: G iDiG) 2 EY:

Now, we ask,whatis the solutionto the DVO Constrainedsubsetroblemfor this instance?Sinceall
vertices(i; j) 2 V have no costandnon-ngative value,they canall beincludedin the solution(although
they may not be enabled).Next, sinceall verticesi 2 V have cost1, the solutioncanincludeup to k of
them.Thespeci c k verticesthatareusedwill be choserto enablethemostvaluein the(i; j ) vertices.



Whatis thevalueof theselectedsubset¥or eachof theverticesi 2 V thathasbeenselectedthevalue
is 0. Thus,thetotal valuefor the selectedsetwill be

Val(v) ifv=(i;])isenabled

X
CEV(V;G(V;E)) = 0 otherwise

v2V

Next, we show that the solutionto this instanceof the DVO ConstrainedSubsetProblemis a solu-
tion to the Maximum Edge Subgraphinstanceaswell. Let ¥° = fi 2 Vji hasbeenincluded). Note,
sincewe includedexactly k of thoseverticesandsincek = k% we have j¥9 = k° Next, suppose
CEV(V;G(V;E)) tandtheanswettotheDVO Constrainedsubseinstancds “yes”. Then,we have

(
t CEV(V;G(V;E)) X Vval(v) ifv=(i;j) isenabled

vy 0 otherwise

_ X w((i;j)) ifv= (i;]) isenabled
vy 0 otherwise

_ X w((i;j)) ifi2 ¥Candj 2 ¢°
V2V )(2 otherwise

= w((i; j))

(i;j )2EQ (90 ¢9)

andthereforethe answetto the MaximumEdgeSubseinstancds also“yes”.

Now, assumédoy way of contradictionthatthe solutionto the DVO Constrainedubseinstances “no”,
but the solutionto the Maximum Edge Subgraphinstanceis “yes”. Then,without loss of generality we
have somep 2 Vfor whichp 2 ¥9 but p is notincludedin the solutionto the DVO Constrainedsubset
instance.Sincewe includedexactly k = kPverticesv 2 V in the solutionto the DVO Constrainedsubset
problem we know theremustbesomeotherq 2 V %thatis includedin the DVO Constrainedsubsesolution
but q 2 ¥ 0 Additionally, we know theremustexist someothervertex r bothin ¢ %andin thesolutionto the
DVO Constrainedsubseinstancefor which (p;r) 2 E®® Let W = ¥Onf pg bethe setof verticesin the
boththe solutionto the DVO Constrainedubseinstanceandthe MaximumEdgeSubseinstance Then,

X
Val((i;j)) < t=1t° Val((i: j))
(i )2EQ (W[f qg) (WIf qg)) (i )2EQ (WIf pg) (WIF pg))

andthereforew(q;r) < w(p;r)—a contradictionsincep would have contributedmoreto the CEV of the
DVO Constrainedsubseinstance.
Thus,the DVO Constrainedsubsefroblemis NP-Hard.

4.3 The DVO Intrinsic SubsetProblem

At the time of this writing, it remainsan openquestionwhetherthe DVO Intrinsic SubsetProblemis NP-
hard;® however, we canshav thatthereexistsanef cient dynamic-programminglgorithmfor solvingthe

SWe canassumehe existenceof r sincep musthave anedgeto a vertex alreadyin the solutionor it would not contritute ary
weightto the solutionthusloweringthe overall value.

6Spaca:ioesnot allow a detaileddiscussionhowever, we do know the Intrinsic SubsefProblemtoo is NP-had if we allow OR
constraints Brie y: we startwith aninstanceof the subsetover problemandconstructan or-basedntrinsic SubsetProblemby
usingabipartitegraphwherethe parentgepresenthe subset@andthe childrenrepresenthe objects.
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Figure5: SampleDVO Graphs wherethe impactthat differentvalue—cospairsfor vertex ¢ have on the
optimalsubsebf verticeswill bediscussed.

Intrinsic SubseProblemwhenthe graphstructures restrictedto forestsof polytreesa casethatwe expect
to encountepoftenin the le-transfer domain.In this sectionwe presenandmotivatethatalgorithmby rst
discussingsomesubtletiesof intrinsic subsetsisinga simpleexample.

4.3.1 The Subtletiesof Intrinsic Subsets

Becauseverticescanhave neggative utility, it may bethe casethattherearesomeverticesin the graphthat
contribute negative utility evenin the bestcase.Unfortunatelyidentifying theseverticesis notassimpleas
nding all verticeswith negative utility andremoving themfrom considerationTo illustratethecompleities
of the Intrinsic SubsetProblem,considerFigure5. Note how in both Figure5(a) andFigure5(b) vertex ¢
hasbeenlabeledwith multiple pairsof valuesandcosts.In bothgraphsthevertex is labeledwith eitherl”
or “X” andin onecasean“N” (intendedo represeninclude,eXclude,andNot sure)to shav how different
valuesandcostsof avertex caneffectits desirabilityaswell asthedesirabilityof otherverticesin thegraph.

First,considelFigure5(a),in whichV = fa;b;c;dg. Notethata; bandd all have positive utility while ¢
alwayshasnggative utility. Considercase'l” whereEU (¢jV) = 2. Botha andbshouldbeincluded:they
have positive utility thatis alwaysenabled As aresult,the neggative utility of ¢ is outweighedy the positive
utility of d, andthe optimalsetof verticesis all of V. Now, considercase’X”, whereEU (¢jV) = 4. The
negative utility of ¢ outweighsthe positive utility of d andthereforethey shouldbothberemoved(oncecis
removed,d is no longerenabledandEU (djV nfcg) = 1). Lastly, in the“N” casethe nggative enabled
utility is equalin magnitudeto the positive utility of d. In this case two different-sizedsubset®btainthe
sameutility, sothe choicecould dependuponan application-speci chiastoward smalleror larger vertex
sets.For example,whendealingwith les, onecould make the agumentthatit is betterto keepmore les
thanfewer. Ontheotherhand,onecouldarguethatkeepingmore les increaseshe chancefor afailureto
breakthe dependengof anenabledvertex.”

Now, considerFigure5(b). Notethatin both cases!” and“X”, EU (¢jV) = 1, thatthevalueand
costof verticesa andd have changedrom Figure5(a), and nally thatin both caseghe setof verticesto
keepincludesb, c, andd. The effect of changingthe valueandcostfrom “I” to “X” actuallychangeghe
desirability of vertex a—not vertex c. Considerthe casewherevertex ¢ hasthe valueandcostassociated
with “I". Without a, keepingc requirespayingthe costof 6 for c. In that case,it is worth paying4 for
includinga to getthe bene t of ¢'s value;however, whenc hasvalueandcostassociateavith “X”, it is no
longerthe caseanda shouldnot beincluded.

"For theremaindeof the paper we assumehe biasis towardlarger setsratherthansmallerones.
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4.3.2 An Algorithm on Polytrees

Our algorithmfor solving this problemusesa dynamic-programmingpproachto optimization. We are
givenaninstanceof the DVO Intrinsic SubseProblem which consistof agraphG = (V; E). Nodesin G
canhave multiple parentsaandchildren,but, we assumehatthegraphis apolytree Ignoringthedirectionof
the edgedn apolytreeresultsin a graphthatis atree—itis singly connectedln a polytree,remaoving ary
nodefrom the graphleavesit disconnecteihto oneor moreseparatgolytrees.

The obsenrationthatremoving nodesfrom polytreesproducesmallerpolytreedeadsto awell-de ned
decompositiorf thegraph.If ig 2 V istherootof thefull graphthedirectneighborof iy areeachtheroot
of agraphthatcomesfrom removing i o andits incomingedgesthusleaving onedisconnectedubgraptor
eachof ig's neighbors Continuingrecursvely, everynodei 2 V is theroot of its own polytree.It mightbe
helpful to imaginethis decompositiorasthe treeobtainedoy doing a breadth- rstsearchon anundirected
versionof the graphG whereig is at the top andthe “children” of this new tree are written below their
parents.

We de ne threerelatedfunctionsandshav how their utilities canbe computedef ciently andusedto
solve the DVO Intrinsic SubsefProblemfor polytrees.

U' (i): Themaximumutility achiezableby includingi in the polytreerootedati (i notenabled).
UX (i): Themaximumutility achievableby excludingi from the polytreerootedati.

UE (i): Themaximumutility achievableby includingi in the polytreerootedati (i enabled).

If we havetheuutility of thesefunctionsfor every nodein the polytree,in particulartherooti g, we know
the utility of the optimalsolutionto the DVO Intrinsic SubseProblemon the original polytree.Computing
the subseitself involvesrecursvely checkingeachnodeto seewhetherits maximumutility comesfrom its
inclusionor exclusion—theprocedureds standardn dynamicprograms.

To begin, let uscomputethemaximumutility achiezableby includingi in thepolytreerootedati, where
i is notenabled.Becausé is included,its costmustbe included. For eachparentnode(in the polytree),
h, the polytreerootedat h caneitherincludeor excludeh—whichever leadsto the highestutility. For each
child node,j, of i, the polytreerootedatj caneitherincludeor excludej —whatever leadsto the highest
utility—because is includedandthereforedoesnot un-enableanotherwiseenabledchild. Mathematically

u'(i) = Coit(i)
+ max(U' (h); UX (h); UE (h))
h2XPar(i)
+ max(U' (j); UX (1); U ()):
j2Ch(i)

Here,Ch(i) is thesetof childrenof nodei andPar (i) is the setof parentsof nodei.

Next, let us computethe maximumutility achievableby includingi in the polytreerootedat i, where
i is enabled.Becausaé is included,its costmustbeincluded. Becauset is enabledjts valueshouldalso
beincluded. Furthermorefor eachparentnode(in the polytree),h, the polytreerootedat h mustinclude
h, becauset is necessaryor enablingi. The nodesthemselescaneitherbe enabledor not—whichever
leadsto the highestutility. For eachchild node,j, of i, the polytreerootedatj caneitherincludeor exclude
j —whatever leadsto the highestutility—because is includedandthereforedoesnot un-enableanenabled
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Figure6: Example of the DVO Intrinsic SubsetAlgorithm . The verticesarelabeledwith U', UX, and
UE asassignedy thealgorithmwith vertex 1 astheroot of the polytree.

child. Mathematically
UE(i) :Va)l((i) Cost(i)
+ max(U' (h); UE (h))
h2Par (i)
+ max(U’ (j); U™ (j); U=()):
j2ch(i)
Finally, letuscomputehemaximumutility achiezableby excludingi in thepolytreerootedati. Because
i is excluded,its costandvalueareirrelevant. For eachparentnode(in the polytree),h, the polytreerooted
ath caneitherincludeor excludeh—whichever leadsto the highestutility. For eachchild node,j, of i, the

polytreerootedat| caneitherincludeor excludej —whichever leadsto the highestutility—but, j cannot
beenabledbecauséts parent is notincluded.Mathematically

X
uX (i) = max(U' (h); UX (h); UE (h))
h2Par (i)
X
+ max(U' (h); UX (h)):
j2ch(i)

An efcient computatiorcanproceedoy dynamicprogrammingwhich essentiallyordersthe computa-
tion so eachfunctionvalueis computedonly onceandstoredfor later use. The computatiorof the values
ateachnodeof the graphrequiresa constannumberof operationperadjacenedge givena standardiata
structuresuchasadjaceng lists. Oncethesevalueshave beencomputedanoptimaldecisionfor eachver
tex canbe madeby visiting eachvertex accordingto the graphdecompositior(ig rst) of the polytreeand
including or excluding eachvertex basedon its utility valuesandthe decisionfor its parents.This process
is performedin the true topologicalorderingof the polytree. The decisionto includeor excludea vertex is
madeby comparinghegreaterof UX with eitherU' or UE dependingnthedecisionmadefor ary parent
vertices.Thus,theasymptotiaunningtimeis O(jVj + JE]j), whichis linearin the sizeof theinitial graph.

Figure 6 shaws the value of all threefunctionsfor the verticesof a samplepolytree. The resulting
solutionto the DVO Intrinsic SubsetProblemfor this graphis f1; 2; 3; 4, 5; 7; 8g (all nodesbut 6). The
correctnessf this approactollows from the additive de nition of cumulatve enabledutility andthenon-
transitivity of theenablingrelationship.
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5 RelatedWork

A completeandexhaustve comparisorof thevastliteratureregardingconstrainbasednethodsand/oropti-
mizationis well beyondthe scopeof this paper Insteadthis sectionis intendedo sene asa brief overview
of the various methodsthat may appearto be similar to ours, suchas traditional constraintsatistiction
methodsof Arti cial Intelligence[Feldman,1988].

Our encodingof DVO problemsbearsa striking resemblancéo AND/OR graphs,often usedto opti-
mize manufcturing o ws or to modelproblem-solvingorocessegNilsson, 1980]. The basicideabehind
AND/OR graphsis to label eachvertex asan“and” vertex or an“or” vertex to indicateits constraintson
its children. The solutionto an AND/OR graphinstancds the subgraphnducedby a subsebf verticesfor
which every child of an“and” vertex andonechild for every “or” vertex is included. An optimal solution
to an AND/OR graphis subjectto a costfunction eitherde ned in termsof the maximumcostof anedge
betweenincludedverticesor the sumof edgecosts. In eithercase,thesecostsare not de ned by vertex
weightslike in DVO problemsandarebasedon a graphtraversalratherthana setof vertices.

This subtle,but important,differenceenablesour DVO formalismto represensituationshat AND/OR
graphscannot(andof courseviceversa). Speci cally, AND/OR graphsarecommonlyused.for example,
in warehousingproblemsto try to nd the bestrouteto take startingandendingat a loading dock while
stoppingatthelocationof eachgoodthatneeddo beloaded.While DVO graphgcurrently)cannotbe used
in this situation,they canbe usedto selectthe orderto load goodsgivenanunknavn capacityor unknovn
time of departureSimilarly, they canbeusedto selectthepropersetof goodsto loadontoa particulartruck.
While neitherrepresentatiors strictly morepowerful thanthe other the DVO representatioenablesa nev
classof problemsto beanalyzed.

Approacheso solving AND/OR graphproblemsncludeexactsolutionsundertheoreticallyunbounded
resourcesas well as minimum time-costsolutions[Desmedtand Wang, 2002] using max o ws through
networks. Early work shaved that best- rst graphpath searchalgorithmsgeneralizereasonablywell to
AND/OR graphgChakrabartietal., 1988]. Similarly, heuristicsearchmethodshave beenshovn to provide
anoptimalsum-cossolutionto path nding given certainconstrainton the AND/OR graph[Mahantiand
Bagchi, 1985]. Later work applied AND/OR graphsto multi-processorscheduling: edgesin the graph
represenprecedenceonstraintdbetweerprocessesSchedulesanbe computedo minimize awide array
of costs,ncludingruntime[Kw ok andAhmad,1998]andpower[Zhu etal., 2004]. Similarly, dependingn
how thevalueandcostlabelsareassignedo verticesin aDVO graph variouscostmetricscanbeminimized
or valuemetricscanbe maximized.

Thereare additionalcharacteristicef AND/OR graphproblemsthat setthemapartfrom DVOs. For
example,the constraintdn AND/OR graphsarebinding. In otherwords,if in aninstanceof an AND/OR
graphthereis adirectededgebetweertwo verticesv; ! v; andy; precedes; in asolutionto theinstance,
thenthe solutionis eitherinvalid or v; mustappearagain in the sequencefterv;. In the DVO case the
solutionis still valid, however, the bene t for having vertex v; is not realizeduntil v; is reachedn the
sequence.

Therehasbeenrecentinterestin softwaremulti-agentcoordinatiorthatis relatedto our DVO problems.
For example therehasbeenwork on analyzingmulti-agentervironmentsrom a socialperspectie, suchas
marriageanddating[Das andKamenica,2005] (mostly inspiredby the stablemarriageproblem[Gus eld
andIrving, 1989]). This work seeksto modeland understanchow agentscan coordinatetheir behaior
underdifferentassumptiongboutcommunication.

Multi-agent behaior can be viewed as two separatgroblems[Hunsbeger, 2005]: communicating
intentin a context-free ervironmentandcommunicatinggoal pursuitonceintenthasbeenestablishedOur
work addressethe former problem. We believe it is bestframedby the three optimizationproblemswe
presentalthoughotherg[FaltingsandNguyen,2005,Pearceet al., 2004] view it asa (possiblydistributed)
constraintsatistctionproblem.Still othershave begunto examinetherelationshipsetweerthe“structure”
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of agentervironmentsandoptimalbehaior [Dignum andDignum,2005],anapproachalsocloselyrelated
to ourwork.

6 Concluding Thoughts

In this paper we have introduceda novel use of DAGs to representa setof real-world situationswhere
thereare groupsof objectsthat dependon eachother We have arguedfor the generalapplicability of
this representatiotry motivatingit with a numberof examples,andidentifying a taxonomyof threeDVO
problems. We have also shavn that two of the threevariantsare NP-had, while the statusof the third
remainsunknawn.

Although we have restrictedourselfto presentingonly onealgorithmin this paper we have ef cient
algorithmsfor othervariantsof DVO problemsaswell. Speci cally, we have an optimal solutionbased
upondynamicprogrammingor the DVO Sequenc®roblemundera classof failure conditionsthatassume
thatthe likelihoodof failure is monotonicallynon-decreasingvith time, andwhenthe graphis restricted
to a forest. We also hopeto work toward an ef cient approximationalgorithmthat will allow arbitrary
probability distributionsto be associatedvith differentsequencesf vertices.

To approximatea solutionto the DVO Constrainedsubseproblem,we have identi ed analgorithmthat
usessimpleheuristicssimilar to thoseusedto dealwith traditionalknapsackproblems Althoughadetailed
discussiorof the algorithmis beyondthe scopeof this article, it hasprovento performwell andef ciently
in practice.

In general,we intendto focus future work on expandingthe applicability of our algorithmsto more
generalconstraintgsuchasthosepresentedn Section3.3) aswell asmoregeneralDAG structuresother
thantreesandpolytrees.In particular we hopeto identify anef cient algorithmfor the general-cas®VvO
Intrinsic SubseProblemor prove thatit is NP-had.

Finally, we are focusingour efforts on developing application-speci cmechanismgor extractingthe
structureof DVO graphsunderdifferentcontexts throughobseration. For example,it would be usefulin
the le-transfer problemto learnboththe valueof a le andits dependenceis a variety of contets auto-
matically Thisadwancewill allow machinesr computergso make comple decisiongegardingcollections
of objectsor les in the presencef arbitrarydependencewith little or no humanintervention.
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