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Abstract

We describea classof problemsmotivatedby numerousreal-world applicationswherethereis a
collectionof objectsthat have both a costanda value,but wheresomeof thoseobjectsdependupon
otherobjectsto obtaintheir full value. Applicationsinclude�nding an optimal order for transferring
�les underthreatof systemfailure, orderingsequencesof actionsby a heterogeneousteamof agents
or robots,picking an optimal set of productsto storein a warehouse,selectingcoursesto take at a
university, or picking whatproductsto cut from production.We formalizetheproblemof representing
objectsandtheirdependencerelationshipsasadirectedacyclic graph(DAG).Wede�ne simpleformulae
for calculatingthe utility of both setsandsequencesof graphvertices. We motivate,usingreal-world
examples,ataxonomyof problemsassociatedwith themodelwepresent.Wealsoprovethattwo variants
of problemsassociatedwith our formalismareNP-hard, andpresentanef�cient algorithmfor solvinga
restrictedversionof a third problem.

1 Intr oduction

Imaginethat a user is composinga paper, p:tex, in LATEX. The paperincludesa numberof postscript
�gures, f 1:eps, f 2:eps, : : :, f i :eps, : : :, f n :eps. Thep:tex �le aswell asthe f i :eps �les areall necessary
to generatethecorrespondingpdf �le. We cansaythatp:tex is dependenton thesetf : : : ; f i :eps;: : :g; that
is, with respectto theproblemof generatinga �nal pdf �le, p:tex hasno valueif anyof f : : : ; f i :eps;: : :g
is unavailable.1 Note that in this examplethe postscript�gures do not necessarilydependuponp:tex for
their own value. They canbe editedanddisplayedproperlywithout p:tex, or may be usedas�gures in
othercontexts. In thispaper, we introduceamechanismfor representingandreasoningaboutthesekindsof
relationships.

Our main inspirationarisesfrom our efforts to build systemswhereagentsareadaptively coordinating
the storageandtransferof relatedsetsof �les acrossmany devices [Robertset al., 2006]. In particular,
we have beenconcernedwith eitherselectingsomesubsetof �les to transferbetweendevices,selecting

� Part of this researchwasperformedwhile on appointmentasa U.S.Departmentof HomelandSecurity(DHS) Fellow under
the DHS Scholarshipand Fellowship Program,a programadministeredby the Oak Ridge Institute for Scienceand Education
(ORISE)for DHSthroughaninteragency agreementwith theU.S.Departmentof Energy (DOE).ORISEis managedby OakRidge
AssociatedUniversitiesunderDOE contractnumberDE-AC05-00OR22750.All opinionsexpressedin this paperaretheauthor's
anddonotnecessarilyre�ect thepoliciesandviewsof DHS,DOE,or ORISE.

1Theremay be somevalue in having only p:tex. For example,the usermay simply want to performa spell check. In one
context the �le aloneis suf�cient; however, in thecontext thatwe describedabove, it is not. Theproblemof determiningcontext
for �le usageis thesubjectof ongoingresearch.
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Figure1: Samplegraph representingdependenciesbetweena collectionof data�les. Each�le is a vertex
labeledwith its valueandcost,respectively. In thisexample,the:epsi �les enablethe:tex �les.

somesubsetof �les to deleteor identifying an order in which to transfer�les that will result in the best
performanceunderthepossibilityof network failures.

Although we aremotivatedby �le-transfer problems,our concernhereis broader. We are interested
in formally de�ning a classof DependentValue Optimization(DVO) problems,of which our �le-transfer
problemshappento beinstances.DVO problemsalsoinclude,but arenot limited to, communicationacross
multiple agents,warehouseinventoryselection,andcoordinationin multirobot systems,aswell asother
logisticsproblems.

In our formulation,eachobjectin a systemis representedby a vertex in anacyclic graph.2 We encode
dependenceusingdirectededges.Thegraphcorrespondingto ourp.tex exampleis shown in Figure1. Each
vertex is labeledwith two positive integers:valueandcost.In general,if thereis anedgefrom avertex vi to
a vertex vj , we sayvertexi enablesvertexj. Theenablingrelationshipis not transitive: dependency affects
thevalueof thechild vertex in thegraphonly.3 If avertex is enabled,it realizesits value.If thevertex is not
enabled,it realizesnovalue.Theenablingrelationshipformsthebasisfor DVO problems.

Themaincontributionsof thiswork are:

� A Taxonomyof DVO problems.Weformally de�ne terminologyusefulfor discussingandanalyzing
DVO problemsandtheir solutions,groundinga taxonomyof DVO problemsin a discussionof some
of themany applicationsthatarewell-describedby theframework.

� Proofsof Hardness.We provide proofsthattwo of threevariantsof theDVO problemswe describe
areNP-hard. Thestatusof thethird is still open.

� Algorithms. We provide anexactpolynomial-timealgorithmfor �nding a solutionto thethird DVO
problemwhenthegraphis apolytree.

This paperis organizedroughlyalongthe linesof thecontributions. We describea setof applications
that canbe couchedin our framework beforeformally de�ning DVO problemsandintroducingthe DVO
taxonomy. We thenprove that two of theDVO problemsareNP-hard, andshow thata specialcaseof one
of the DVO problemsis solvable in polynomial time usingdynamicprogramming. We thenplaceDVO

2We chooseto modeldependenciesasanacyclic graphin orderto make themathematicsmoremanageable.We believe that,
in mostcases,cyclic dependenciesareactuallya matterof context (i.e. in onecontext object1 dependson object2 andin another
context it is theotherway around).Althoughwe do not allow cyclesin our graph,theformalismcanhandlecyclic dependencies
throughtheuseof “hyper-vertices”thatrepresentall of theobjectsin acyclic dependencerelationship.

3Therearesituationswheretransitive dependenciesareappropriate.For example,a �ashlight enablestheuseof screw driver
in a darkareabut without batteriesthis can't happen.In thatcase,thebatteriesalsoenablethescrew driver. It is trivial to include
transitiveclosureedgesin thegraphto achieve thedesiredsemantics.
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Figure 2: Sample graph representingdependenciesbetweena satellite,a communicationrobot, and a
collectionof acquisitionrobots.

problemsin the larger framework of graphicalrepresentationsof similar problemsand describeseveral
avenuesfor furtherresearch.

2 Applications and Moti vation

Therearea variety of applicationsthat arewell-modeledby the DVO formalism. Here,we will brie�y
describea numberof thoseapplicationsto motivateandgroundthetypesof problemscommonto theDVO
formalism.

Considera collectionof music �les anda programresponsiblefor �lling a digital musicplayer that
cannotstoretheentirecollection. Further, supposethis musicmanagermaintainsa modelof the listening
habitsof its user. Themanagermayknow thattheuserlikesto listento certaingenresof musictogether, or
wholealbumsata time. Theserelationshipsamongmusic�les canbemodeledastheenablingrelationship.
Thegoalof thetransferprogramthenbecomes�nding thesetof music�les to �ll themusicplayerthatwill
maximizelisteningenjoymentsubjectto theenablingconstraints.Additionally, imaginethatthis particular
userregularly is rushedin themorningandrarelyleaveshermusicplayerconnectedlongenoughto transfer
all of theselectedmusic�les. Then,thetransfermanagerneedsto considera secondimportantproblemof
determiningtheorderto transferthose�les thatwill resultin themaximumexpectedutility given that the
transferof �les maybe interrupted.For thepurposesof this paper, we assumeaccessto measuresof user
preference.In general,thesepreferencescanbeestimatedbasedon statisticalmodelsof userbehavior. See
earlierwork on this topic [Isbell et al., 2004]for moreinformation.

As anotherexample,considera multirobot system.Robotscanbe representedasverticesanddepen-
denciesbetweentheir functionsrepresentedasdirectededges.Speci�cally, imaginethreerobotsthat can
acquireair, soil, or watersamplesfrom a contaminatedareaanda fourth robot thatcanrelaydatabetween
the satelliteand the other robots. Acquiring datais useful only if it can be relayedto the satellite: the
communicationrobotenableseachof theacquisitionrobots.Communicatingdatais usefulon its own but
is moreusefulif it canbecommunicatedimmediatelyvia thesatellite: thesatelliteenablesthecommuni-
cationrobot. (This DVO graphis shown in Figure2.) Now, supposeeachrobot mustcrossa bridgethat
is thoughtto be unstableandmay collapseat any point. This problemis analogousto the music-transfer
problemin that the robotsmust �nd an optimal order in which to cross. On the otherhand,even if the
bridgeis known to be stable,theremay be a cost in fuel to cross. Then,it is necessaryfor the robotsto
selectthesubsetof themselvesthatshouldcrossthatwill maximizetheir capabilityon theothersidewhile
minimizing theircost.Thisproblemis slightly differentfrom thetransfermanager's �rst problem.Whereas
thetransfermanageris �lling a speci�c sizecontainer, therobotsaretrying to selectthesetthatmaximizes
utility independentof size.

Wecanalsoimaginetransportlogisticsfor themilitary bene�ting from our formalism.Supposethereis
a supplywarehousethatcontainsvariousgoodsthatneedto betransportedto forwardbasesandtroopson
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thefront lines.TheDVO framework is especiallyrelevantwhenyoustartto considerdependenciesbetween
goodslike �ashlights andbatteriesor waterpuri�cation tabletsandcanteens.Speci�cally, the �ashlights
areeffectively uselesswithout batteries.This situationcanbe modeledby the dependenciesin our graph
structure.It is naturalto aska few typesof questionsaboutthegoodsin thewarehouse.Speci�cally, given
someprobabilityof anattackon a convoy transportingthegoods,whatis thecorrectorderto transferthem
to maximizetheusefulnessof thegoodsthatgetthroughto thefront lines?Second,givenlimited capacity
of thetransportvehicles,whatis thecorrectsubsetof goodsto transferto thefront linesthatmaximizesthe
useof availablecapacity. Third, it would alsobenaturalto askif therearesomegoodsthatshouldnot be
warehoused(for example,aretheresomegoodsthatarenotworth transportingto thefront line).

Similarly, we might wantto modela company thatmanufacturesproductsthatdependon eachotherto
function.For example,acompany maymanufactureremote-controlcarsaswell astheremotesthatoperate
thecars.Givencostsandpro�ts aswell asdependenciesfor eachproduct,thecompany canidentify which,
if any, of its productsshouldbe cut from productionto maximizenet pro�t by solving a speci�c DVO
problem.

StudentscanmodelcoursesandprerequisitesusingDVO graphsbasedon their speci�c preferences.
Speci�cally, thevalueof coursescouldcorrespondto relevanceor enjoymentandcostcouldbea measure
of workload. Then, studentscan determinethe bestset of coursesto take that will �ll all credit hour
requirements.On theotherendof thespectrum,professorscanuseDVO graphsto helpbuild thesyllabus
for a class.Speci�cally, sometopicsareof interestto themandothersarenecessaryto enabletheteaching
of thetopicsthey �nd interesting.Costsmaymodelhoursspentin class,or preparationtime. Again,wecan
usethis formalismto constructa syllabusthatwill maximizevalueor utility of a class.We couldalsouse
theDVO formalismto constructa presentationsequencegivena distribution over thelikelihoodof losinga
certainnumberof classhoursdueto unplannedtravel, sickness,inclementweather, or errorsin measuring
theamountof timeneededto explainmaterial.

For the �nal applicationwe discuss,supposethereis a setof testsonecanrun on containersentering
a port. Eachtestprovidesdifferentdataabouta container. Further, supposetherearesomenon-binding
precedenceconstraintsbetweenthetests.For example,considera testthatmeasuresthetemperatureof the
air insidethecontainerandanothertestthatmeasurestheconcentrationof aheat-sensitivevolatilechemical
in theair insidethecontainer. Knowing the temperatureis lessusefulif thechemicalconcentrationis not
known. Personnelinspectingcontainerscanusetheanswersto any of thethreeDVO problemswe discuss
to identify anoptimalsubsetof testsor optimalorderingof thosetests.

3 DependentValueOptimization Problems

In this section,we will �rst de�ne the worth of a vertex and then broadenthat de�nition by describing
differenttypesof relationshipsbetweenobjectsthatwemayencounterin real-world applications.

3.1 What is the worth of a vertex?

Thereareseveralmeasuresof worth for avertex thatwemustconsider. Eachof thesemeasuresis basedon
the two positive integers:valueandcost. Thesevertex attributesform thebasicmeasuresof worth: value
itself (Val(vi )) andutility (Util (vi ) = Val(vi ) � Cost(vi )) . Perhapseven more importantmeasuresof
worth areenabledvalueandenabledutility. They capturethenotionsthata vertex maynot alwaysrealize
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Figure3: Examplesof thr eetypesof dependenceconstraints. In this scenario,we seeevidenceof two
typesof constraintson therelationshipbetween�les in 3(a)anda third typein 3(b).

its value.Let G beagraphandS beasetof verticesin G. Then:

EV (vi jS; G) =

(
Val(vi ) if Par (vi ; G) � S

0 otherwise
(1)

EU (vi jS; G) =

(
Util (vi ) if Par (vi ; G) � S

� Cost(vi ) otherwise
(2)

wherePar (vi ; G) is the setof verticesin G that have a directededgeto vi (its parents)andS is a setof
previouslyselected(or “available”) vertices.4

Thereis alsocumulativeenabledvalue(CEV):

CEV (S; G) =
X

s2 S

EV (sjS n f sg; G): (3)

CEV representsthesumtotalof theenabledvalueof thesetof vertices.ThenotationCEU (S; G) is de�ned
similarly usingEU .

As weshallseelater, therearecaseswherewemaybeconcernedwith asequenceof graphverticesand
anassociatedprobabilitydistribution thatindicatestheprobabilityaparticularpoint in thesequencewill be
reached.In thiscase,themeasureof worth is expectedcumulativeenabledvalue:

ECEV (
�!
S ; P; G) =

j
�!
S jX

i =1

(pi � CEV ([s1; � � � ; si ]; G)) ; (4)

where
�!
S = hs1; s2; : : :i is a sequence(ratherthana set)of verticesandP is the probability distribution

over thesequencewith pi equalto theprobabilityof thesequencebeingterminatedafterthe�rst i elements.

3.2 Representingdependencies

Thereareseveral possibledependencerelationshipsthat we canconsider. Recall the LATEX examplede-
scribedin Section1 anddepictedin Figure1. In that example,the setof eps�les enabledthe tex �le. It
is necessarythatall �gures areavailablefor compilationto succeed.This requirement,aswell asthecon-
straintexpressedin Equations1 & 2, is anANDconstraintonthepreconditionsfor thetex �le to beenabled.

4For notationalconveniencewemaydropG asanargumentto functionsif thereis noambiguity.
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Figure4: A third exampleof constraints on eps, tex, and ppt �les . In this scenario,thereis a voted
thresholdconstraint.

In Figure3(a),we considermultiple tasksassociatedwith thesamesetof �les. The �rst taskis similar to
before—tomake a pdf. The secondtaskis to usethe contentsof the paperto build a (ppt) presentation.
Let usassumethatthefocusof thepresentationis on theanalysiscontainedin thetext of thepaperandnot
on thecontentsof the �gures. In this case,we areinterestedin two �les: thepdf andtheppt. To succeed
in thecreate-pdftask,all of theeps�les andthe tex sourcearerequired.ThesameAND constraintmen-
tionedbeforeappearshere;however, whenit comestime to build thepresentation,eitherthe latex source
or thecompiledpdf will enabletheppt �le. This examplerepresentsa secondtypeof constraint—anOR
constraint.

In Figure3(b), we seeevidenceof a third type of constraint. The vertex at the bottomof the graph
representsa playlist of n mp3�les that,whenplayedconsecutively, lastfour hours.Theplaylist on its own
canbeusedwithout many of theactualmp3 �les it references(playerstypically just skip songsin the list
thataremissing)but actuallyhaslittle or novaluein thatcase.Supposetheplaylist is usedto selectmusicto
transferto a portableplayerfor a three-hourtrain ride. If thereareenoughof then mp3�les in theplaylist
availableto �ll up thethreehours,thenit is usefulandrealizesits value. If therearenot enoughmp3�les
to �ll up thethreehours,thenit is useless.This third typeof constrainton therelationshipsbetweenentities
is a thresholdconstraint.

The votedthresholdis a variant of the thresholdconstraint. Ratherthan a simple thresholdwhere
eachvertex contributesthe sameamountto reachthe threshold,differentverticescancontribute different
amounts.Thus,therecanbeonevertex thatsatis�estheconstraintor possiblya setof verticesthatcansat-
isfy theconstraintin its place.In Figure4,werecasttheeps,tex, pptexampleto useavotedconstraint.Each
edgeis labeledwith its “contribution” in bracketsandthethresholdis listedbelow thepptvertex. This type
of constraintis similar to that of a thresholdactivation function in a McCulloch-Pittsneuron[McCulloch
andPitts,1943]usedin Arti�cial NeuralNetworks.

In general,asin theexamplefrom Figure3(a),it neednot bethecasethatevery vertex in thegraphhas
thesametypeof constraint.For thepurposesof this paper, we restrictour discussionto graphsfor which
everyvertex usesanANDconstraint.

3.3 Thr eeDVO Problems

As indicatedby theapplicationsdescribedabove,whenwebegin to think abouttheworld in termsof objects
with valueandcostandtheenablingrelationship,therearea few naturalproblemsthatarise.Speci�cally,
we �nd theneedto solve threebasicproblemsbasedon thesegraphs:

1. Given a graphanda probability distribution over sequencelengths,�nd a total orderingof the ver-
ticessuchthat theexpectedutility of sequencepre�xes(accordingto theorderandweightedby the
probabilitydistribution) is maximized.We call this problemtheDVO SequenceProblem. It models
therobotbridgecrossingor themusic-transferproblemwhencatastrophicfailureis possible.

2. Givenagraphandaconstantk, �nd asubsetof theverticeswith costatmostk for which thevalueis
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maximized.Wecall thisproblemtheDVO ConstrainedSubsetProblem. It modelsthe�ll-the-digital-
music-playerproblemwhentransferis guaranteed.

3. Givena graph,�nd a subsetof theverticessuchthat theutility of thesetis maximized.We call this
problemtheDVO Intrinsic SubsetProblem. It modelstherobotbridge-crossingproblemwhenthere
is nodangerof bridgecollapsebut thereis a toll to cross.

Thesegraphproblemsaretheabstractionof many problemsin manufacturing,warehousing,multiagentsys-
tems,transportlogistics,andotherareas.Unfortunately, aswe show below, at leasttwo of theseproblems
areNP-hard. Nonetheless,we have developedheuristicalgorithmsand/orexact solutionsto variousre-
strictedDVO problems.In additionto ourproofsof hardness,wepresentoneof thesealgorithms,asolution
to theDVO IntrinsicSubsetProblemwhenthegraphstructureis restrictedto a forestof polytrees.

4 Hardnessof the DVO Problems

Here,we prove that both the DVO Sequenceproblemandthe DVO ConstrainedSubsetproblemareNP-
hard.

4.1 The DVO SequenceProblem

First, we show that the DVO sequenceproblemis NP-hard by showing that a specialcaseof the DVO
sequenceproblemis NP-hard.

Theorem4.1. TheDVO SequenceProblemis NP-hard.

Proof. Weshow thatapolynomial-timesolutionto theDVOSequenceProblemwouldprovideapolynomial-
timesolutionto thek-cliqueproblem,well known to beNP-hard [Garey andJohnson,1979].Thisreduction
shows thattheDVO SequenceProblemis alsoNP-hard.

An instanceof k-cliqueconsistsof a graphG0 = (V 0; E 0) andanintegerk > 1. Thesolutionis “yes”
if thereexists a subgraphof G0 consistingof k nodesandk(k � 1)=2 edges—allpairsof selectednodes
areconnected.Otherwise,thesolutionis “no.” We cantake aninstanceof k-cliqueandcreateaninstance
of theDVO SequenceProblemsuchthata solutionto theDVO SequenceProblemcanbeusedto solve the
k-cliqueinstance.

An instanceof theDVO SequenceProblemconsistsof agraphG = (V; E) andaprobabilitydistribution
over sequencelengths.First, we createa nodein V for eachnodein V 0 andonefor eachedgein E 0. So,
V = f i ji 2 V 0g [ f (i; j )j(i; j ) 2 E 0g. For all i 2 V , we de�ne Cost(i ) = 2 andVal(i ) = 1, while for all
(i; j ) 2 V , wede�ne Cost(( i; j )) = 1 andVal(( i; j )) = 2.

We thencreateedgesin E asfollows. For each(i; j ) 2 E 0, addanedgeto E from i to (i; j ) andfrom
j to (i; j ). Thatis, nodesi 2 V havenoparentsandonechild for eachneighbor, andnodes(i; j ) 2 V have
two parentsandnochildren.Formally,

E = f (i; (i; j )) j(i; j ) 2 E 0g [ f (j ; (i; j )) j(i; j ) 2 E 0g:

We de�ne the probability distribution that assignslikelihood to sequencepre�xes so that it assigns
probability1 to apre�x of lengthk(k � 1)=2+ k = k(k + 1)=2 andzeroto all otherlengths.Thus,atmost
k(k + 1)=2 nodescanbeusefullyselectedfor thesolution.

Now, we ask,what is the solutionto the DVO SequenceProblemfor this instance?It will consistof
somenumber, sayx, of nodesthatwereoriginally nodesin G0andsomenumber, sayy, of nodesthatwere
originally edgesin G0. Here,x + y � k(k + 1)=2, asno larger setof nodeswill be assignednon-zero
probability.

7



Whatis theutility of theselectedsubset?Therewill beautility of � 1 for eachnodeselected(x). There
will bea utility of � 1 for eachedgeselectedfor which its endpointsin G0have not beenselected.As such,
thereis no utility bene�t to selectinganedgewhoseendpointshave not beenselected,assuchnodeshave
negative utility anddo not enableany othernodes. We canassume,therefore,that all y edgesthat have
beenselectedalsohave theirendpointsselectedand,therefore,provideautility of 1. Thus,theutility of the
subsetwill bey � x.

If theselectedsubsetis ak-clique,thenx = k andy = k(k � 1)=2 for autility of y � x = k(k � 3)=2.
Wearguethatnoothersubsetof sizek(k + 1)=2 hassolargeautility. First,notethaty � x(x � 1)=2 since
we can't have moreedgesthanpairwisecombinationsof nodes.So, theutility is boundedby x(x � 3)=2
andany x < k will have smallerutility thanthatof a k-clique. In addition,notethaty � k(k � 1)=2 � x,
sox > k alsoresultsin a reductionof utility comparedto thatof ak-clique.

Sincethe selectionof a k-clique leadsto the uniquemaximalutility, an optimal solutionto the DVO
SequenceProblemwill have utility of k(k � 3)=2 if andonly if the original graphhasa k-clique. Since
determiningthis factis known to beNP-hard, solvingtheDVO SequenceProblemmustalsobeNP-hard.

4.2 The DVO ConstrainedSubsetProblem

Here,weshow theDVO ConstrainedSubsetProblemis NP-hard.

Theorem4.2. TheDVO ConstrainedSubsetProblemis NP-hard.

Proof. We show thata polynomial-timesolutionto theDVO ConstrainedSubsetProblemwould provide a
polynomial-timesolutionto the Maximum EdgeSubgraphproblem,known to be NP-hard [Kann, 2003].
This reduction,similar to that in theprevioussection,shows that theDVO SequenceProblemis alsoNP-
hard.

An instanceof Maximum EdgeSubgraphconsistsof a graphG0 = (V 0; E 0), a weight function w :
E 0 ! N , andintegersk0 > 1 andt0 > 1. Thesolutionis “yes” if thereexistsa subsetcV 0 � V 0 suchthat
jcV 0j = k0and X

(i;j )2 E 0\ ( cV 0� cV 0)

w(( i; j )) � t0:

Otherwise,thesolutionis “no”. Wecantakeaninstanceof MaximumEdgeSubgraphandcreateaninstance
of theDVO ConstrainedSubsetProblemsuchthata solutionto theDVO ConstrainedSubsetProblemcan
beusedto solve theMaximumEdgeSubgraphinstance.

An instanceof theDVO ConstrainedSubsetProblemconsistsof a graphG = (V; E) andtwo integers
k > 1 andt > 1. First, we let k = k0 andt = t0. Next, we createa vertex in V for eachvertex in V 0 and
onefor eachedgein E 0. So,V = f i ji 2 V 0g [ f (i; j )j(i; j ) 2 E 0g. For all i 2 V , we de�ne Cost(i ) = 1
andVal(i ) = 0, while for all (i; j ) 2 V , wede�ne Cost(( i; j )) = 0 andVal(( i; j )) = w(( i; j )) .

Wethencreateedgesin E asfollows. For each(i; j ) 2 E 0, addadirectededgeto E from i to (i; j ) and
from j to (i; j ). Thatis, nodesi 2 V havenoparentsandonechild for eachneighbor, andnodes(i; j ) 2 V
have two parentsandnochildren.Notethatverticesi andj enablevertex (i; j ). Formally,

E = f (i; (i; j )) j(i; j ) 2 E 0g [ f (j ; (i; j )) j(i; j ) 2 E 0g:

Now, we ask,what is thesolutionto theDVO ConstrainedSubsetProblemfor this instance?Sinceall
vertices(i; j ) 2 V have no costandnon-negative value,they canall be includedin thesolution(although
they may not be enabled).Next, sinceall verticesi 2 V have cost1, the solutioncanincludeup to k of
them.Thespeci�c k verticesthatareusedwill bechosento enablethemostvaluein the(i; j ) vertices.
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Whatis thevalueof theselectedsubset?For eachof theverticesi 2 V thathasbeenselected,thevalue
is 0. Thus,thetotal valuefor theselectedsetwill be

CEV(V; G(V; E)) =
X

v2 V

(
Val(v) if v = (i; j ) is enabled

0 otherwise.

Next, we show that the solution to this instanceof the DVO ConstrainedSubsetProblemis a solu-
tion to the Maximum EdgeSubgraphinstanceas well. Let cV 0 = f i 2 V ji hasbeenincludedg. Note,
sincewe includedexactly k of thoseverticesand sincek = k0, we have jcV 0j = k0. Next, suppose
CEV(V; G(V; E)) � t andtheanswerto theDVO ConstrainedSubsetinstanceis “yes”. Then,wehave

t � CEV(V; G(V; E)) =
X

v2 V

(
Val(v) if v = (i; j ) is enabled

0 otherwise

=
X

v2 V

(
w(( i; j )) if v = (i; j ) is enabled

0 otherwise

=
X

v2 V

(
w(( i; j )) if i 2 cV 0andj 2 cV 0

0 otherwise

=
X

(i;j )2 E 0\ ( cV 0� cV 0)

w(( i; j ))

andthereforetheanswerto theMaximumEdgeSubsetinstanceis also“yes”.
Now, assumeby wayof contradictionthatthesolutionto theDVO ConstrainedSubsetinstanceis “no”,

but the solutionto the Maximum EdgeSubgraphinstanceis “yes”. Then,without lossof generality, we
have somep 2 V 0 for which p 2 cV 0, but p is not includedin thesolutionto theDVO ConstrainedSubset
instance.Sincewe includedexactly k = k0 verticesv 2 V in thesolutionto theDVO ConstrainedSubset
problem,weknow theremustbesomeotherq 2 V 0thatis includedin theDVO ConstrainedSubsetsolution
but q =2 cV 0. Additionally, weknow theremustexist someothervertex r bothin cV 0andin thesolutionto the
DVO ConstrainedSubsetinstancefor which (p; r ) 2 E 0.5 Let W = cV 0n f pg bethesetof verticesin the
boththesolutionto theDVO ConstrainedSubsetinstanceandtheMaximumEdgeSubsetinstance.Then,

X

(i;j )2 E 0\ (( W [f qg)� (W [f qg))

Val(( i; j )) < t = t0 �
X

(i;j )2 E 0\ (( W [f pg)� (W [f pg))

Val(( i; j ))

andthereforew(q; r ) < w(p; r )—a contradictionsincep would have contributedmoreto theCEV of the
DVO ConstrainedSubsetinstance.

Thus,theDVO ConstrainedSubsetProblemis NP-Hard.

4.3 The DVO Intrinsic SubsetProblem

At the time of this writing, it remainsanopenquestionwhethertheDVO Intrinsic SubsetProblemis NP-
hard;6 however, we canshow thatthereexistsanef�cient dynamic-programmingalgorithmfor solvingthe

5We canassumetheexistenceof r sincep musthave anedgeto a vertex alreadyin thesolutionor it would not contributeany
weightto thesolutionthusloweringtheoverall value.

6Spacedoesnotallow a detaileddiscussion;however, we doknow theIntrinsicSubsetProblemtoo is NP-hard if we allow OR
constraints.Brie�y: we startwith an instanceof thesubsetcover problemandconstructanor-basedIntrinsic SubsetProblemby
usingabipartitegraphwheretheparentsrepresentthesubsetsandthechildrenrepresenttheobjects.
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Figure5: SampleDVO Graphs wherethe impactthatdifferentvalue–costpairsfor vertex c have on the
optimalsubsetof verticeswill bediscussed.

Intrinsic SubsetProblemwhenthegraphstructureis restrictedto forestsof polytrees,a casethatwe expect
to encounteroftenin the�le-transferdomain.In thissection,wepresentandmotivatethatalgorithmby �rst
discussingsomesubtletiesof intrinsicsubsetsusingasimpleexample.

4.3.1 The Subtletiesof Intrinsic Subsets

Becauseverticescanhave negative utility, it maybethecasethat therearesomeverticesin thegraphthat
contributenegative utility evenin thebestcase.Unfortunately, identifying theseverticesis notassimpleas
�nding all verticeswith negativeutility andremoving themfromconsideration.To illustratethecomplexities
of the Intrinsic SubsetProblem,considerFigure5. Notehow in bothFigure5(a)andFigure5(b) vertex c
hasbeenlabeledwith multiplepairsof valuesandcosts.In bothgraphs,thevertex is labeledwith either“I”
or “X” andin onecasean“N” (intendedto representInclude,eXclude,andNot sure)to show how different
valuesandcostsof avertex caneffect its desirabilityaswell asthedesirabilityof otherverticesin thegraph.

First,considerFigure5(a),in whichV = f a;b;c;dg. Notethata;bandd all havepositiveutility while c
alwayshasnegativeutility. Considercase“I” whereEU (cjV ) = � 2. Botha andbshouldbeincluded:they
havepositiveutility thatis alwaysenabled.As aresult,thenegativeutility of c is outweighedby thepositive
utility of d, andtheoptimalsetof verticesis all of V . Now, considercase“X”, whereEU (cjV ) = � 4. The
negativeutility of c outweighsthepositiveutility of d andthereforethey shouldbothberemoved(oncec is
removed,d is no longerenabledandEU (djV n f cg) = � 1). Lastly, in the“N” case,thenegative enabled
utility is equalin magnitudeto thepositive utility of d. In this case,two different-sizedsubsetsobtainthe
sameutility, so the choicecould dependuponan application-speci�cbiastoward smalleror larger vertex
sets.For example,whendealingwith �les, onecouldmake theargumentthat it is betterto keepmore�les
thanfewer. On theotherhand,onecouldarguethatkeepingmore�les increasesthechancefor a failureto
breakthedependency of anenabledvertex.7

Now, considerFigure5(b). Note that in both cases“I” and“X”, EU (cjV ) = � 1, that the valueand
costof verticesa andd have changedfrom Figure5(a),and�nally that in bothcasesthesetof verticesto
keepincludesb, c, andd. Theeffect of changingthevalueandcostfrom “I” to “X” actuallychangesthe
desirabilityof vertex a—not vertex c. Considerthecasewherevertex c hasthevalueandcostassociated
with “I”. Without a, keepingc requirespayingthe costof 6 for c. In that case,it is worth paying4 for
includinga to getthebene�t of c's value;however, whenc hasvalueandcostassociatedwith “X”, it is no
longerthecaseanda shouldnotbeincluded.

7For theremainderof thepaper, weassumethebiasis towardlargersetsratherthansmallerones.

10



4.3.2 An Algorithm on Polytr ees

Our algorithmfor solving this problemusesa dynamic-programmingapproachto optimization. We are
givenaninstanceof theDVO IntrinsicSubsetProblem,whichconsistsof a graphG = (V; E). Nodesin G
canhavemultipleparentsandchildren,but, weassumethatthegraphis apolytree. Ignoringthedirectionof
theedgesin a polytreeresultsin a graphthat is a tree—it is singly connected.In a polytree,removing any
nodefrom thegraphleavesit disconnectedinto oneor moreseparatepolytrees.

Theobservationthatremoving nodesfrom polytreesproducessmallerpolytreesleadsto a well-de�ned
decompositionof thegraph.If i 0 2 V is therootof thefull graph,thedirectneighborsof i 0 areeachtheroot
of agraphthatcomesfrom removing i 0 andits incomingedges,thusleaving onedisconnectedsubgraphfor
eachof i 0's neighbors.Continuingrecursively, everynodei 2 V is therootof its own polytree.It mightbe
helpful to imaginethis decompositionasthetreeobtainedby doinga breadth-�rstsearchon anundirected
versionof the graphG wherei 0 is at the top andthe “children” of this new treearewritten below their
parents.

We de�ne threerelatedfunctionsandshow how their utilities canbecomputedef�ciently andusedto
solve theDVO IntrinsicSubsetProblemfor polytrees.

� U I (i ): Themaximumutility achievableby includingi in thepolytreerootedat i (i notenabled).

� UX (i ): Themaximumutility achievableby excludingi from thepolytreerootedat i .

� UE (i ): Themaximumutility achievableby includingi in thepolytreerootedat i (i enabled).

If wehave theutility of thesefunctionsfor everynodein thepolytree,in particulartheroot i 0, weknow
theutility of theoptimalsolutionto theDVO IntrinsicSubsetProblemon theoriginalpolytree.Computing
thesubsetitself involvesrecursively checkingeachnodeto seewhetherits maximumutility comesfrom its
inclusionor exclusion—theprocedureis standardin dynamicprograms.

To begin, let uscomputethemaximumutility achievableby includingi in thepolytreerootedat i , where
i is not enabled.Becausei is included,its costmustbe included. For eachparentnode(in thepolytree),
h, thepolytreerootedat h caneitherincludeor excludeh—whichever leadsto thehighestutility. For each
child node,j , of i , thepolytreerootedat j caneitherincludeor excludej —whatever leadsto thehighest
utility—becausei is includedandthereforedoesnotun-enableanotherwiseenabledchild. Mathematically,

U I (i ) = � Cost(i )

+
X

h2 Par (i )

max(U I (h); UX (h); UE (h))

+
X

j 2 Ch(i )

max(U I (j ); UX (j ); UE (j )) :

Here,Ch(i ) is thesetof childrenof nodei andPar (i ) is thesetof parentsof nodei .
Next, let uscomputethemaximumutility achievableby including i in thepolytreerootedat i , where

i is enabled.Becausei is included,its costmustbe included. Becauseit is enabled,its valueshouldalso
be included. Furthermore,for eachparentnode(in thepolytree),h, thepolytreerootedat h mustinclude
h, becauseit is necessaryfor enablingi . The nodesthemselvescaneitherbe enabledor not—whichever
leadsto thehighestutility. For eachchild node,j , of i , thepolytreerootedat j caneitherincludeor exclude
j —whatever leadsto thehighestutility—becausei is includedandthereforedoesnotun-enableanenabled
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Figure6: Example of the DVO Intrinsic SubsetAlgorithm . Theverticesarelabeledwith U I , UX , and
UE asassignedby thealgorithmwith vertex 1 astherootof thepolytree.

child. Mathematically,

UE (i ) = Val(i ) � Cost(i )

+
X

h2 Par (i )

max(U I (h); UE (h))

+
X

j 2 Ch(i )

max(U I (j ); UX (j ); UE (j )) :

Finally, letuscomputethemaximumutility achievablebyexcludingi in thepolytreerootedati . Because
i is excluded,its costandvalueareirrelevant.For eachparentnode(in thepolytree),h, thepolytreerooted
ath caneitherincludeor excludeh—whichever leadsto thehighestutility. For eachchild node,j , of i , the
polytreerootedat j caneitherincludeor excludej —whichever leadsto thehighestutility—but, j cannot
beenabledbecauseits parenti is not included.Mathematically,

UX (i ) =
X

h2 Par (i )

max(U I (h); UX (h); UE (h))

+
X

j 2 Ch(i )

max(U I (h); UX (h)) :

An ef�cient computationcanproceedby dynamicprogramming,whichessentiallyordersthecomputa-
tion soeachfunctionvalueis computedonly onceandstoredfor lateruse.Thecomputationof thevalues
at eachnodeof thegraphrequiresa constantnumberof operationsperadjacentedge,givena standarddata
structuresuchasadjacency lists. Oncethesevalueshave beencomputed,anoptimaldecisionfor eachver-
tex canbemadeby visiting eachvertex accordingto thegraphdecomposition(i 0 �rst) of thepolytreeand
includingor excludingeachvertex basedon its utility valuesandthedecisionfor its parents.This process
is performedin thetruetopologicalorderingof thepolytree.Thedecisionto includeor excludea vertex is
madeby comparingthegreaterof UX with eitherU I or UE dependingon thedecisionmadefor any parent
vertices.Thus,theasymptoticrunningtime is O(jV j + jE j), which is linearin thesizeof theinitial graph.

Figure 6 shows the value of all threefunctionsfor the verticesof a samplepolytree. The resulting
solution to the DVO Intrinsic SubsetProblemfor this graphis f 1; 2; 3; 4; 5; 7; 8g (all nodesbut 6). The
correctnessof this approachfollows from theadditive de�nition of cumulative enabledutility andthenon-
transitivity of theenablingrelationship.
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5 RelatedWork

A completeandexhaustivecomparisonof thevastliteratureregardingconstraintbasedmethodsand/oropti-
mizationis well beyondthescopeof thispaper. Instead,thissectionis intendedto serveasabrief overview
of the variousmethodsthat may appearto be similar to ours, suchas traditional constraintsatisfaction
methodsof Arti�cial Intelligence[Feldman,1988].

Our encodingof DVO problemsbearsa striking resemblanceto AND/OR graphs,often usedto opti-
mize manufacturing�o ws or to modelproblem-solvingprocesses[Nilsson,1980]. The basicideabehind
AND/OR graphsis to label eachvertex asan “and” vertex or an “or” vertex to indicateits constraintson
its children.Thesolutionto anAND/OR graphinstanceis thesubgraphinducedby a subsetof verticesfor
which every child of an“and” vertex andonechild for every “or” vertex is included.An optimalsolution
to anAND/OR graphis subjectto a costfunctioneitherde�ned in termsof themaximumcostof anedge
betweenincludedverticesor the sumof edgecosts. In eithercase,thesecostsarenot de�ned by vertex
weightslike in DVO problemsandarebasedonagraphtraversalratherthanasetof vertices.

This subtle,but important,differenceenablesour DVO formalismto representsituationsthatAND/OR
graphscannot(andof courseviceversa). Speci�cally, AND/OR graphsarecommonlyused,for example,
in warehousingproblemsto try to �nd the bestrouteto take startingandendingat a loadingdock while
stoppingat thelocationof eachgoodthatneedsto beloaded.While DVO graphs(currently)cannotbeused
in this situation,they canbeusedto selecttheorderto loadgoodsgivenanunknown capacityor unknown
timeof departure.Similarly, they canbeusedto selectthepropersetof goodsto loadontoaparticulartruck.
While neitherrepresentationis strictly morepowerful thantheother, theDVO representationenablesanew
classof problemsto beanalyzed.

Approachesto solvingAND/OR graphproblemsincludeexactsolutionsundertheoreticallyunbounded
resourcesas well as minimum time-costsolutions[Desmedtand Wang,2002] using max �o ws through
networks. Early work showed that best-�rst graphpathsearchalgorithmsgeneralizereasonablywell to
AND/OR graphs[Chakrabartietal.,1988].Similarly, heuristicsearchmethodshavebeenshown to provide
anoptimalsum-costsolutionto path�nding givencertainconstraintson theAND/OR graph[Mahantiand
Bagchi,1985]. Later work appliedAND/OR graphsto multi-processorscheduling:edgesin the graph
representprecedenceconstraintsbetweenprocesses.Schedulescanbecomputedto minimizea wide array
of costs,includingruntime[Kwok andAhmad,1998]andpower [Zhu etal.,2004].Similarly, dependingon
how thevalueandcostlabelsareassignedto verticesin aDVO graph,variouscostmetricscanbeminimized
or valuemetricscanbemaximized.

Thereareadditionalcharacteristicsof AND/OR graphproblemsthat setthemapartfrom DVOs. For
example,theconstraintsin AND/OR graphsarebinding. In otherwords,if in an instanceof anAND/OR
graphthereis adirectededgebetweentwo verticesvi ! vj andvj precedesvi in asolutionto theinstance,
thenthe solutionis either invalid or vj mustappearagain in the sequenceafter vi . In the DVO case,the
solution is still valid, however, the bene�t for having vertex vj is not realizeduntil vi is reachedin the
sequence.

Therehasbeenrecentinterestin softwaremulti-agentcoordinationthatis relatedto ourDVO problems.
For example,therehasbeenwork onanalyzingmulti-agentenvironmentsfrom asocialperspective,suchas
marriageanddating[DasandKamenica,2005](mostly inspiredby thestablemarriageproblem[Gus�eld
and Irving, 1989]). This work seeksto modelandunderstandhow agentscancoordinatetheir behavior
underdifferentassumptionsaboutcommunication.

Multi-agent behavior can be viewed as two separateproblems[Hunsberger, 2005]: communicating
intentin a context-freeenvironmentandcommunicatinggoalpursuitonceintenthasbeenestablished.Our
work addressesthe former problem. We believe it is bestframedby the threeoptimizationproblemswe
present,althoughothers[FaltingsandNguyen,2005,Pearceet al., 2004]view it asa (possiblydistributed)
constraintsatisfactionproblem.Still othershavebegunto examinetherelationshipsbetweenthe“structure”
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of agentenvironmentsandoptimalbehavior [DignumandDignum,2005],anapproachalsocloselyrelated
to ourwork.

6 Concluding Thoughts

In this paper, we have introduceda novel useof DAGs to representa setof real-world situationswhere
thereare groupsof objectsthat dependon eachother. We have arguedfor the generalapplicability of
this representationby motivating it with a numberof examples,andidentifying a taxonomyof threeDVO
problems. We have alsoshown that two of the threevariantsareNP-hard, while the statusof the third
remainsunknown.

Although we have restrictedourself to presentingonly onealgorithmin this paper, we have ef�cient
algorithmsfor othervariantsof DVO problemsaswell. Speci�cally, we have an optimal solutionbased
upondynamicprogrammingfor theDVO SequenceProblemunderaclassof failureconditionsthatassume
that the likelihoodof failure is monotonicallynon-decreasingwith time, andwhenthe graphis restricted
to a forest. We alsohopeto work toward an ef�cient approximationalgorithmthat will allow arbitrary
probabilitydistributionsto beassociatedwith differentsequencesof vertices.

To approximateasolutionto theDVO ConstrainedSubsetproblem,wehaveidenti�ed analgorithmthat
usessimpleheuristicssimilar to thoseusedto dealwith traditionalknapsackproblems.Althoughadetailed
discussionof thealgorithmis beyondthescopeof this article,it hasprovento performwell andef�ciently
in practice.

In general,we intend to focus future work on expandingthe applicability of our algorithmsto more
generalconstraints(suchasthosepresentedin Section3.3) aswell asmoregeneralDAG structuresother
thantreesandpolytrees.In particular, we hopeto identify anef�cient algorithmfor thegeneral-caseDVO
IntrinsicSubsetProblemor prove thatit is NP-hard.

Finally, we arefocusingour efforts on developingapplication-speci�cmechanismsfor extractingthe
structureof DVO graphsunderdifferentcontexts throughobservation. For example,it would beusefulin
the �le-transfer problemto learnboth thevalueof a �le andits dependencesin a varietyof contexts auto-
matically. Thisadvancewill allow machinesor computersto makecomplex decisionsregardingcollections
of objectsor �les in thepresenceof arbitrarydependenceswith little or nohumanintervention.
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