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Abs tract

We introduce an extension of switching linear dy-
namic systems (SLDS) with parameterized duration
modeling capabilities. The proposed model allows arbi-
trary duration models and overcomesthe limitation of a
gemetric distribution induced in standard SLDSs. By
incorporating a duration model which re ects the data
more closely, the resuting model providesreliable infer-
enae resuts which are robustagainst obsewration noise.
Moreover, existing inferenae algorithms for SLDSs can
be adopted with only modest additional e ort in most
caseswhere an SLDS model can be applied.

In addition, we obsewe the fact that the duration
models would vary acrossdata sequen@sin certain do-
mains, which complicates learning and inference tasks.
Such variability in duration is overcome by introduc-
ing parameterized duration models. The experimental
reaults on honeylee dance decoding tasks demonstiate
the robug inferenae capabilities of the proposed maodel.

1. Introduction

One of the challenging problems in computer vision
is theinterpretation of video data. Evenassuming that
targets can be reliably tr acked, we encounter the prob-
lem of interpreting the tracks obtained. Manual inter-
pretation, asis often done in domains suc as biology,
is a time-consuming and error-prone proces. Thus,
it is dedrable to develop methods that automatically
interpret the data. In this paper we are mogly inter-
eded in \lakeling”, which is to automatically segment
motion acoording to di e rent behavioral modes

We take a model-basel approad, in which we em-
ploy a computation al model of behavior in order to in-
terpret the data. The basic generative model we adopt
is the Switching Linear Dynamic System(SLDS) model
[15, 16]. In an SLDS model, there are multiple linear

dynamic systems (LDS) that underly the motion. We
can then model the complex behavior of the target by
switching within this set of LDSs. SLDS models have
becomeincreasingly popular in the vision and graphics
communities asthey provide an intuiti ve framework for
descibing the cortinuous but non-linear dynamics of
real-world motion. For example, they have been used
for human motion class cation [15, 16, 17]and motion
synthesis [21].

Nevertheless,th e modeling capahili ties of a standard
SLDS are limited by the Markov assumption which is
imposed upon the switching process. This processgov-
ernsthe transitions between LDSs and makesit poss-
ble for an SLDS to represent nonlinear dynamics. As
a consequence of the Markov assumption, however, the
probabilit y of remaining in a given switching state fol-
lows a geomeric distrib ution with the property that
a duration of one time step has the largeg probabil-
ity mass Hence, if we perform inference with stan-
dard SLDSs, the result is often an over-segmentation
of the labels due to the exces$ve importance attached
to short durations.

Therefore, the useof a more exib le duration mod-
eling technique is required for reliable video interpreta-
tion. Howewer, naive introduction of a durati on model
can cause another problem. In certain domains, the
duration patterns vary across data sequences due to
the distinct motion characteristics being exhibited by
the targets : sometargets may move slowly with rare
motion switchings while other targets switch their mo-
tions frequently. In sud cass,the useof a xed du-
ration model can lead to inaccurate results when the
temporal patterns of a target di er substantially from
the duration patterns encaded in the model.

In this paper, we present a parameterized duration
model for SLDSs and overcome the problems men-
tioned above. Sped cally, the proposed model im-
proves on standard SLDSs by relaxing the Markov as-
sumption at atime-step level to a coarse sggment level.
The durations are r st modeled explicitly and then



non-stati onary duration functions are derived from
them, both learned from data. Consequetly, the pro-
posed model has more descriptive duration modeling
power and more robust inferencecapalli ties than stan-
dard SLDSs. Moreover, we shov how we can reusethe
existing inferencealgorithmsfor SLDSsin the proposed
model. In addition, we adaptively n d the correct du-
rati on model of a test sequenceusing an EM algorithm
which is a modi ed version of the inference algorithm
preserted in [13]. First, the sequence is labeled in the
E-step and theduration model is re-esi mated in the M-
step, simultaneously improving both estimatesin turn.

The remainder of this paper is organized as follows.
The standard SLDS model and the notationsto be used
are described in Sedion 2. In Secion 3, we introduce
the duration model for SLDSs, which formulates the
proposed model as a semi-Markov model. Then we
show the parameterization of the duration model and
an EM-based inference algorithm for the model. Fi-
nally, we demonstrate improved interpretation capa-
biliti es through experimental results on the honeybee
dance decoding tasks.

2. Badkgrounds
2.1.Switching Linear Dynamic Systems

Figure 1. Switching linear dynamic systems (SLDS). The
graphical model within the dashed rectangle is an LDS.

An LDS is atime-seiesstate-spacemodel that com-
prises a linear Gaussan dynamics model and a linear
Gaussian obsevation model. The graphical represea-
tation of an LDS is shown in the dashed rectangle in
Fig.1. The Markov chain in the middle represents the
state evolution of the continuous hidden states x;. Ad-
ditionally, it assuumes a prior Gaussian density p; on
the initi al state x;. The middle chain is denoted as
X = fx¢jl t Tg, togeher with the obsevations

Z=1fzjl t Tgat the bottom. The linear Gaus-
sian condition al dependencies on every edge and the
Gaussian prior p; de nesan LDS [1].

An SLDS is a natural extension of an LDS, where

we assime th e existenceof n distinct LDS modelsM =
fMj1 | ng, whereeathh model M, is de ned by the

LDS parameters. However, we now have an additi onal

discrete Markov chain L = fl;j1 t Tgat thetop
that determines which of the n modelsM, is being used
at every time-dep. We call I; 2 M the label at time t
and L a label sequence.

In addition to a set of LDS models M, we spec
ify two additional parameters: a probability distri-
bution (I;) over the initial label I; and an n n
transition matrix B that de nes the switching be-
havior between the n distinct LDS models. In sum-
maryy, a standard SLDS model igde ned by the tuple

= ;B;M=fM;j1 | ng.

2.2.Relatedwork

Switching linear dynamic sysem (SLDS) models
have been studied in a variety of research communi-
ties ranging from computer vision [3, 12, 13, 15, 16],
computer graphics[17, 21], tracking [2], signal process-
ing [4] and speech recognition [18], to economerics [9],
visualization [22], machine learning [6, 7, 11], control
[20] and statistics [19].

It is formally proved that the exad inference in
SLDS model is intractable [10]. Thus, there have been
research eort s to derive e c ient approximate infer-
encemethods. In this paper, we adopt the approximate
Viterb i algorithm and variational inference method de-
saibedin [15, 16].

The problem of duration modeling in HMMs has
been addressd in the speedch recognition communi-
ties, and several extensiors to HMM modelswhich pro-
vide enhancedduration modeling have appeared[5, 14].
The cortribution of our work is that we validate the
e ediveness of the idea in the SLDS framework and
extend it to a parameterized form.

The idea of parameterized SLDS (P-SLDS) model
appearedin [13]where an EM algorith m to perform in-
ferencewith unknown global parameters was proposed.
However, P-SLDS still su ersfrom the restriction to ge-
ometric durations. Our work improves on P-SLDS by
allowing an arbitrary duration model which enhances
the role of global parameters signi cantly.

3. SLDS with durati on model

The duration models of standard SLDSs, i.e. the
probabilit y of remaining in a given switching state, are
limit ed to a class of geonetric distributions P(d) =
ad (1 a) where d dendaes the duration of a given
switching state and a denotes the Markov transition
probability of a self-transition. As a consequence,a
duration of one time-step come to posess the larged
probabilit y mass(seeFigure 2(b)).



Figure 2. (a) A stylized honey beedance. (b) A histogram
of training data (gray), Gaussian (blue) and a geometric
durati on model (red).

In cortrast, many natural temporal phenomena ex-
hibit patterns of regularity in the duration over which
a given model or regime is active. In sudc cases, the
standard SLDS model would be unable to e ectively
encae the regularity of durations in data. The honey
bee dancedepicted in Fig.2(a) is an example: a dancer
bee will attempt to stay in the waggle regimefor a cer-
tain duration to corredly communicate the distance
to the food sources. In such cases it is clear that the
actual duration diverges from a geonetric distrib ution.

For example, we learned a duration model for the
waggle phaseusing a realistic Gausdan density and a
conventional geomdric distribution from a real world
honey bee dancedata. Figure 2(b) showsthe histogram
of actual tr aining data (gray bars), the learned geomet -
ric (red) and Gaussian (blue) distributions for compar-
ison. It is obseved that the learned geomeric dura-
tion model doesnot exhibit any pattern of regularity in
duration data. Hence standard SLDS models are in-
appropriate for data which exhibits temporal patterns
that deviate from geomaeric distrib utions.

3.1.Duration modeling in SLDS

We introduce a duration model for SLDSs which
improves standard SLDSs by relaxing the Markov as-
sumption at a time-step level to a coarser segment level
The durations are r st modeled explicitly and then
non-stati onary duration functions are derived from
them, both learned from data. Consejuently, the re-
sulting model has more de<riptiv e power in modeling
the duration, and provides improved inferencecapabil-
iti es. Furthermore, we show that one can reusea large
array of existing approximate inference algorithms for
standard SLDSsin the reaultin g model with the advan-
tage of duration modeling.

Conceptually, we deal with segmerts of nite du-
ration, i.e. each segment s; = (lj;di) is desribed
by a tuple of label I; and duration d;. Within ead
sgment, a xed LDS model M|, is used to generate
cortinuous state sequence for the duration d;. Sim-
ilar to SLDSs, we have an initial distribution (I1)
over the initial label I; of the r st segnent s;, and

Figure 3. A schematic sketch of an S-SLDS with explicit
durati on models.

ann n sani-Markov? label transition matrix B that
de nes the switching behavior between the segnent
labels. The til de denotes that the matrix is a semi-
Markov transition matrix. Addition ally, however, we
asciate ead label | with a xed duration model Dy,
represented as a histogram. We denote the set of n

duration models asD = fD(d)j1 | ng, and refer
to them as explicit duration models (a term we bor-
rowed from the HMM community [5, 14]). In sum-

mary, the proposed model is de ned by a tuplg, =
;B;D=fDyj1 | ngM =fMj1 | ng .
A sdematic depiction of the model is given in Fig.

3. The top chain is a seies of segmernts where each
sggment is depicted as a rounded box. In the model,

the current segment s; = (lj;d;) generatesthe next
sgment si.; in the following manner: First, the cur-
rent label |; generatesthe next label lj+; basedon the
transition matrix B then, the next duration dj;+; is
generatedfrom the duration model for the label |;+1 ,
i.e. diqg Dy,.,, (d). The dynamics for the cortinu-
ous hidden states and observations are identical to a
standard SLDS : a segnert s; ewlves the continuous
hidden states X with a correpponding LDS model M,
for the duration d;, then the obsevations Z are gener-
ated given the labels L and the corti nuous states X .
Now, we present a formal graphical represetation of
the proposal model : the conceptual generative model
depicted in Fig. 3istransformedinto a concrete model
that uses convertional model switching at every time-
step. To maintain the same duration semantics, we

introduce counter variables C = fgjl t Tg.
The resulting graphical model is illustr ated within the
dashed rectanglein Fig.4, and is identical to the graph-
ical model of an SLDS in Fig. 1, but with additional
top-chain representing a saies of counter variables C

1Semi-Markov models apply the Markov assumption at
coarser segment level rat her than at convention al tim e-step level
: the label I; of the current segment s; only depends on the
previous label I; 1, however, the Mark ov assumptio n is not ap-
plied to durations, i.e. two successiwe durations d; and d; 1 are
independent given the labels.



Figure 4. Graphical model within the dashed rectangle is
an SLDS with durati on modeling. The global temporal pa-
rameter at the top parameterizesthe switching behaviors.

which is analogousto the ideas studied in the speech
recognition community, e.g. see[23].

The counter chain C maintains an incremental
cournter which ewlvesbased on a set of non-stationary

transition functions (NSTFs) U =fUj(¢)j1 | ng.
An NSTF U, for the current label Iy de nes the con-
ditional dependency of the next counter variable C+1
given the current counter variable c¢; and the label I;
» Ui(c) = P(c+1ja;l). The sysgem can either incre-
ment the courter, i.e. C+1 ¢ + 1, or reset it to one,
i.e. Ci+1 1. If the counter variable ¢;+1 isresd, then
a label transition occurs : a new segnert is initialized.
A new label |+ is chosen based on the label tr ansition
matrix B. If the counter simply increments, then the
new label is set to bethe current label l;, i.e. l;+1 lt.

While previously intr oduced explicit duration mod-
elsD for the model in Fig. 3 are more intuitive and
readily obtained from the labeled data, it is neces-
sary to transform the explicit duration models D into
an equivalent NSTFs U to incorporate the concep-
tual knowledge about durationsinto a graphical model
framework in Fig. 4 : two models are equivalert,
but the latter NSTF represertation provides a form
in which one can systematically infer the labels at all
time-stepswith unknown segmentation points.

The equivalent NSTFs U are exactly evaluated from
the explicit duration models D as follows :

0 1

1 @(c)=  Di(c)A (1)

d=c;

U(a) =

Above, D/™* denaes the maximum duration allowed
for the | th model. Intuitively, the latter composte
term on the r.h.s. denotesthe probability to resd

the counter variable ¢+ . It represents the ratio of
the probability of current duration ¢, over the sum of
probability massin the future, i.e. durations equal or
greater than ¢;.

In summary, an SLDS with duration mod-

gling is completely dened by a tuple 5 =

B;U=fyUjl | ngM=fMjl | ng
where the NSTFs U are obtained from the explicit
duration modelsD.

3.2.Learning and Inference

Learning in the proposal enhanced model is anal-
ogows to learning in SLDS using EM [15, 16]. The
initial distribution  and LDS model parameers M
are learned in exactly the same manner asin SLDS.
Howewer, it is necessary to learn the additional dura-
tion models D and the semi-Markov transition matri x
B. Thesetwo additi onal model parameters only in u-
encethelabel seguencel, and hencethe ML edimates
of these two parameters can be iteratively evaluated
from a seggmerntal representation of the label sequence
L inferred in every E-step, i.e, L = [ |2, ;. The spe-
ci ¢ functional forms of ML estimation depends on the
choice of duration models.

Inference in the proposed model is feasible by apply-
ing any existing approximate inferencealgorithms for
standard SLDSs. This is possible aswe can convert the
proposed model with duration modeling into an equiv-
alent SLDS. The model conversion into an equivalent
SLDS s possble by applying the standard technique of
merging multi ple discrete variablesinto meta variables.
Sped cally , all possible pairs of alabel l; and a courter
value ¢; are merged and form a set of \Ic" variables
where LC = f(l;¢)j1 | n,l1 ¢ D™*g. To
obtain a complete SLDS model, a$eqUValeﬁ n® no
transition matrix B® where n® =~ L, D/™X is con-
structed from the semi-Markov transition matrix B and
the NSTFs U, asfollows :

8 .
< U, (c) incr.

Biy (1 Ui(c) reset (2)
0 else

0
B('i ici)s(ljicp)

In Eq.2, the three cases di er asfollows : (increment)
li =1 andg = ¢ + 1. (rese) ¢ = 1. (otherwise) all
other cases. In addition, the initi al label distrib ution

Ofor the equivalent SLDS s sé to be a uniform distri-
bution asthere is no guarantee that the target in the
video starts its behavior in the rst frame.

Howevwer, it is important to consider an ecie nt im-
plementation becausethe naive reuse of existing al-
gorithms may induce substantial computational over-
head : it will result in an additional computatio nal
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Figure 5. Bee dance sequencesused in the experiments. Each dance tra jectory is the output of a vision-basedtracker.

cog factor of O(D2, ) where Dmax = maxfD"™Xgh,
i.e. the ratio between the number of all Ic states and
original discrete states This overhead applies to the
inferencemethods that involve pairwise computation s
between two sucessive time-steps, e.g. approximate
Viterbi [15] or a variational method [6, 15] with orig-
inal overall performance O(jLj?). However, we ob-
savethat only jLj+ 1 transitions are allowed for every
Ic state : jLj resets and one increment. Hence, we
can achieve an overall performance of O(DmaxjLj?) =
O(DmaxjLj (jLj+ 1)) via exploiting this fact, which
reaults in reduced overhead by a factor of O(Dmax)-
Conseajuertly, we can adopt the more powerful dura-
tion modeling capahilities at the cost of a modes com-
plexity increase over the standard SLDS model.

3.3.Parameterizedduration model

We propose the use of a parameterized duration
model to deal with the varying duration patterns in
data sequences We refer to this model as PS-SLDS.
In many applications, certain global factors ; sysem-
atically vary the duration models D acrossthe data
sgquences. For exanmple, honey bees stay in waggle
phasefor shorter or longer times depending upon the
individual sequences, i.e. the duration model of waggle
phase can be represeited as a Gaussan with varying
means, where the meansare proportional to the dis-
tancesto the food sources. In such cases, it is impor-
tant to identify the set of correct Gaussian means
to infer correct labels.

Such global temporal parameters ; can be addi-
tionally encoded into the graphical model framework
where  appearsat the top of Fig. 4 and in u ences
the incremental counter chain C. The depicted graph-
ical model has some similarity to the parametric SLDS
model (P-SLDS) in [13]. The major di e rence is that
our work improves on P-SLDS by allowing arbitr ary
duration models and removing the constraint that the
global temporal parameters  berestricted to the class
of geonetric distributions.

Inference in PS-SLDS can be performed using the
EM algorith m summarized in Algorithm 1 which is an

Al gorithm 1 EM for inferencein PS-SLDS

E-step : obtain the pogerior distrib ution on la-
bels L :

fi(L)=PL;jz; ;D) ®)
over the hidden label sequence L and the state

seguence X, using a current guess for the global
temporal parameters ;.

M-step : improve the duration models by maxi-
mizing the expeded log-likelihood:

" argmax HogP(Lj ; Dt @)

adapted version of the inference algorithm for P-SLDS
[13]. In the E-step, we infer the labels L given the cur-
rent se& of global temporal parameters ; and the x ed
SLDS parameters desaibed in Sedion 2.1. Then, we
update the global temporal parameters by maximiz-
ing the expected log-likelihood baseal on the obtained
pogerior distrib ution on labels L. Here, hi  denotes
the expectation of a function () under a distrib ution p.
Hence we simultaneously improve labeling results and
adaptively nd duration models through the iterati ve
scheme of EM.

4. Experimertal Results

The experimental results show that PS-SLDS pro-
vides improved labeling abilities over the standard
SLDS. We usd six dancer beetr adks shown in Fig. 5,
which wereobtained automatically usinga vision-based
tracker [8]. The 6 video sequenceswere of length 1058,
1125,1054, 757,609 and 814 frames regectively. The
obsenation data were a time-seies sequenceof vedors
2 = [x¢;ye;cog 1);sin( )] wherex,y; and ¢ respec
tiv ely denote the 2D coordinates and the heading angle
at time t. The triangular function elements in the ob-
savations were introduced to make the system to be
able to learn the location-invariant rotating motions.
Note from Fig.5 that the tradks are noisy and much
more irregular than the idealized stylized dance proto-



type shown in Fig.2(a). The red, green and blue col-
ors represent right-turn, waggle and left-turn phases.
The ground-truth labelsL are marked manually for the
comparison and learning purposes. The dimensiorality
of the cortin uous hidden states was set to be four.

Given the relative di culty of obtaining this data,
which hasto belabeled manually to allow for a ground-
truth comparison, we adopted a leave-one-out (LOO)
strategy. The parameters are learned from ve out of
six datasets, and the learned model is applied to the
left-out datasd to perform labeling. Six experiments
are performed using both PS-SLDS and the standard
SLDS, switching the test data sequence

4.1.Learning from training data

The parameters of both PS-SLDS and standard
SLDS are learned from the data sequences depicted
in Fig. 5. The standard SLDS model parameters were
learned in a standard manner with out any redriction
on the parameter structures baseal on the training la-
bels L and observations Z, asdescribed in [15, 16]. The
covariances of duration models and the semi-Markov
transition matrix B  werelearned from the training data
aswell where we addition ally provided manually found
global temporal factors, i.e. means of Gaussian dura-
tion models ;.

4.2.Inference on test data

In thetest phase, the set of learned parameters were
usedto infer the labels of the left-out test sequence. An
approximate Viterbi method (VI) [15] and variational
approximation (VA) methods [6, 15] were used to infer
the labels in standard SLDSs. The initial probability
distributions for the VA method were initi alized based
on VI labels. Simply, VI labelsweretru sted by a proba-
bility of 0.8 and the other two labelsat every ti me-step
are assigned probability of 0.1 respectively.

For the inferencein PS-SLDS, a VI method wasused
in the E-step for labeling. A VI method is adopted as
it is simple and reported to be comparable to the other
meth ods [15].

The experimental results show the superior recogni-
tion capahlities of the proposed PS-SLDS model over
the SLDSs. The label inferenceresults on all six se-
guences are shown in Fig.6. The four color strips in
eah gure represert SLDS VI, SLDS VA, PS-4.DS
VI and the ground-truth (G.T.) labelsfrom the top to
the bottom. The x-axis represents time ow and the
color is the label at that corresponding video frame.

The superior recognition abilities of PS-S.DS can
be observed from the presented results. The PS-S.DS
results on the rst three sequencesmatch closer to the

If time |[{{I1I1I1 >

Sequence 1

Sequence 2

Sequence 3

Sequence 4

Seqience 5

Sequence 6
Figure 6. Label inference results. Estimates from standard
SLDS and proposed models are compared to the manually-
obtained ground truth (GT) labels. Key : waggle (green),
right-turn (red), left-turn (blue).

ground truths than the SLDS results. This is impor-
tant asthe sequences 1, 2 and 3 are challenging : the
obsenation data were more noisy and the patterns of
switching in the dance modes and the durations in
ead dance regime are more irregular than the other
sgjuences. The PS-SLDS results on sequences 5, 6 and
6 were mogly superior or comparable to SLDS results.

It can be observed that mog of the over-
seggmentation sthat appear in the SLDS labeling results
disappear in the PS-SLDS labeling results. PS-9.DS
edimates still introduce some errors, eecially in the
sgjuences 1 and 3. Howewer, given that even an ex-
pert human can introduce labeling noisg the labeling
capalhiliti es of PS-9.DS are fairly good.



Sequence 1 2 3 4 5 6

PS-SLDS | 75.9 | 92.4 | 83.1 | 93.4 | 90.4 | 91.0
SLDS VI 716 | 829 | 789 | 929 | 89.7 | 892
SLDSVA | 719 | 828 | 789 | 929 | 89.7 | 892

Table 1. Accuracy of label inference in percertage. Se-
quence numbers refer to Figure 5.

Finally, Table.1 shows the overall acaracy of the
inferred labels in percentage, statistics from PS-S.DS
and SLDS VI and SLDS VA results from top to the
bottom. It can be obseved that PS-SLDS provides
very accurate labeling results w.r.t. the ground truth.
Moreover, PS-SLDS consistently improveson standard
SLDSsacrossall six datasets The overall experimen-
tal reaults show that PS-S.DS model is promising and
provides robust inferencecapabilities.

5. Conclusion

We presented a parameterized duration modeling
technique for SLDSs. It overcomesthe limitat ions of
th e simple geometric duration modelsinduced in stan-
dard SLDSs, and adtively adapts to the duration pat-
terns in the test data e ectively.

The learning and inference algorithms for the pro-
posed model were introduced and an ecie nt imple-
mentation technique was discussed. The proposed
model provides more powerful duration modeling ca-
pabilities than the standard SLDS at a modeg cost,
and its bene ts have been validated experimentally.
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