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Abstract

The rapid progress in Wireless Communication has created greater demand for better
service, which motivates the need for higher data rates. As it has been shown, multiple
antenna systems promise immense capacity and Space-Time Block Codes (STBC’s) have
emerged as a popular tool to tap the same. Research has been on for constructing trans-
mission schemes providing better performance. Of late, algebraic techniques have come
to the fore in the field of STBC Designs.

In this thesis work, we study the coding gains and certain other salient features of
a class of STBC’s from field extensions of the rational field Q, the coding gain being
the most important performance measure of an STBC after diversity. The relationship
between codes from field extensions and certain other codes based on algebraic techniques,
was also studied. We study the feasibility of certain Generalized transforms to improve the
Peak-to-Average Power Ratio(PAPR) of Diagonal Algebraic Space-Time(DAST) codes.

Specifically, the contributions (new results) of this thesis are

e We provide a closed form expression for the coding gain for a sub-class of STBC’s

from field extensions [26].

e We provide an upper bound for the coding gain for a class of High-Rate STBC’s
which subsumes the High-Rate STBC’s from field extensions.

e We show that DAST and Space-Time Constellation-Rotating(STCR) Codes are a

subclass of the codes from field extensions [26].

e The Threaded Algebraic Space-Time(TAST) codes are shown to be not the same
as High-Rate STBC’s from field extensions.

e The Generalized Reverse Jacket Transform(GRJT) is shown not to provide any

improvement in the PAPR of codes like DAST.



Contents

1 Introduction 1
1.1 Motivation . . . . . . . . oL e 1
1.2 The Wireless Channel . . . . . . .. ... ... ... .. 2
1.3 Diversity . . . . . . . e 2

1.3.1 Space-Time Coding . . . . . . . . . .. .. .. .. 3
1.4 Outline of the Chapters . . . . . . . ... ... ... ... 4

2 STBC’s: An overview 5
2.1 System Model . . . . . . . . 5
2.2 Capacity of Multiple Antenna Systems . . . . . .. ... .. ... ..... 6
2.3 Performance Criterion . . . . . . . . ... ..o 7
2.4 STBC Orthogonal Designs . . . . . . . .. .. ... ... 9

2.4.1 The Alamouti Scheme . . . . ... .. ... ... ... ... 13
2.5 Variations of STBC Designs . . . . . . .. . . ... . 14
2.6 DAST & Similar Codes . . . . . . . . . . . 16
2.6.1 DAST . . . e 16
26.2 STCR . . . . . e 18
2.6.3 TAST . . . . e 19
2.6.4 A Code based on Number Theory . . . . ... .. ... ... .... 21
2.7 STBC’s based on Division Algebras . . . . . .. ... .. ... .. ..... 22
2.7.1 The Basic Principle . . . . . . ... ..o 0oL 22
2.7.2  Codes from Field Extensions . . . . . .. .. ... ... .. ..... 23

iii



CONTENTS

2.7.3 Codes from Cyclotomic Extensions . . . . ... ... ........

2.7.4 Codes from other minimal polynomials . . . . . . .. .. ... ...

2.7.5 High Rate Codes . . . . . ... .. . ... .. .. ... ...

3 Coding Gains of STBC’s from Field Extensions
3.1 Some useful definitions and results . . . . . .. ... ...
3.2 Diagonalizing Codes from Field Extensions . . . . . . .. .. .. ... ...
3.3 Calculation of Coding Gain . . . . . . .. . .. ... 0.
3.3.1 Codes over QAM Constellations . . . . . .. ... ... ... ....
3.3.2 Codes over rotated QAM Constellations . . . .. . ... ... ...
3.4 Codes from Transcendental Extensions . . . . . .. .. ... ... .....

3.5 High-Rate Codes from Field Extensions . . . . . . . ... .. ... .. ...

4 High-Rate Codes from Field Extensions vs. TAST
4.1 DAST, STCR & Rate 1 Codes from Division Algebras . . . ... ... ..
4.2 High-Rate Codes vs. TAST . . . . . ... .. ...
4.3 Remarks . . . . . . L

5 PAPR for DAST-like codes
5.1 Generalized Reverse Jacket Transform . . . . . ... ... ... ... ...
5.2 Peak-to-Average Power Ratio (PAPR) of DAST codes . . . . . .. ... ..
5.3 Effect of the weight w on PAPR . . . . . . . .. ... ... ... ...,

6 Conclusions
6.1 Summary of the thesis . . . . . . .. ... o oo

6.2 Scope for future work . . . . . ...
A Mathematical Preliminaries

Bibliography

v

25
27
28

31
31
34
36
40
42
44
45

49
49
20
52

54
54
95
o7

59
99
60

61

69



Chapter 1

Introduction

1.1 Motivation

The advancement in the area of Electronics and Telecommunication has been immense in
the last couple of decades. The world saw revolutionary new methods of communication
being implemented and more commonly used. Mobile communication has become more
accessible to the common man. The increase in subscribers and the need for better services
motivates the engineers into better wireless communication techniques.

The advent of Wireless Communication opened up a whole new set of challenges for the
communication engineers. The main reason was because of the multipath fading channel.
Other technical constraints were due to limited power availability in the hand-held devices,
demand and competition for better QoS, restricted bandwidth etc. Research going on in
various areas such as coded modulation, channel access protocols, receiver processing etc.
have helped the above causes.

In this chapter, we discuss the main reason of concern for the engineers-the wireless
channel. We discuss the so-called diversity schemes which promise to overcome the chal-
lenge posed by fading channels. We describe why multiple antenna systems help us to get
better diversity and data rates and give a short introduction to Space-Time Codes. At

the end of the chapter, we comment on how the rest of the thesis is organized.
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1.2 The Wireless Channel

The wireless channel, due to the presence of various obstacles in the surroundings, is of
unpredictable nature. Reflections and scattering of the radio waves results in multiple
paths from transmitter to receiver. The multipaths interfere, combining waves of various
strengths and phase, possibly in a destructive fashion, causing severe attenuation [8]. This
phenomenon is called fading. The channel varies with time, which would bring down the
performance (higher probability of error for a given SNR-Signal to Noise Ratio) of the
system. Note that this is in addition to the additive Gaussian noise of the channel.

The most commonly assumed model for the fading channel is that of Rayleigh fading
channel. The transmitted signal undergoes a fading, the magnitude of which is Rayleigh
distributed. In the case of Rayleigh fading, for a single transmit and single receive antenna,
the probability of error would go down as an inverse linear function of the SNR [7]. For
an AWGN channel, the error probability falls down exponentially with respect to SNR.
This means we have to provide a large increase in power to get good performance. Else,

one could use diversity techniques by which we get better error performances.

1.3 Diversity

To circumvent the problem of fading, we use what is called as diversity. The idea is to send
more than one copy of the message. By sending several copies, we reduce the probability
of all being in deep fade. Diversity is used in one form or another in all kinds of reliable
wireless communications. The introduction of diversity would cause the probability of
error to fall in inverse polynomial rate with respect to the SNR rather than inverse linear
rate.

Some commonly used diversity techniques are temporal diversity, frequency diversity

and spatial diversity.

o Temporal diversity is essentially channel coding where you add more bits and also

employ interleaving to make sure that they undergo different fades. Here we use
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the fact the fading is time-varying and fades would be independent at instances well

separated in time.

e Frequency diversity makes use of the fact that carriers at different frequencies un-
dergo different fading levels. The signal is transmitted at different frequencies to

reduce probability of error.

e Spatial diversity is using multiple antennas at transmitter and/or receiver, using the

fact that antennas separated enough (spatially) shall experience independent fades.

1.3.1 Space-Time Coding

The work done by Emre Telatar [4] and Foschini and Gans [5] showed that multiple
antenna systems possess high capacity over fading channels. The need to transmit in
high data rates over wireless channels motivated the need for Space-Time Codes. As
explained in the previous section, diversity techniques improve performance (probability
of error) from the uncoded case. Space-Time codes combine two of the above discussed
diversity techniques to get a new approach to combat fading and get high data rates.
Here we use multiple transmit as well as receive antennas. Temporal diversity is also used
here to improve the performance.

Space-Time Codes essentially consists of coding in both space and time. The input
data is sent through multiple antennas, over different time intervals and received through
multiple antennas as well [1]. Space-Time codes are broadly classified into two, like their
conventional coding counterparts, ie. Space-Time Block Codes (STBC) and Space-Time
Trellis Codes (STTC).

Space-Time Block Codes, as their name suggests, map blocks of input message into
blocks of coded symbols. ie., coding of one block of input symbol is independent of
the other blocks. This means that we have a mapping from blocks of input symbols to
block transmission schemes (in space as well as time). Decoding schemes, are generally
of polynomial complexity.

Space-Time Trellis Coding uses trellis coding which would indicate the dependence
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on the previous blocks of data. The state of the trellis would change depending on the
incoming symbols, and this change would determine on the transmitted signals from each

antenna at different time instances. Viterbi algorithms are used for decoding.

1.4 Qutline of the Chapters

In the next chapter, we look at various existing literature on Space-Time Block Codes
and related work. We review the work done in STBC designs and compare the salient
features of each. We look more closely into the codes based on algebra and algebraic
number theory. Codes over field extensions are explained in detail and a background to
Chapter 3 is formed. In Chapter 3, we derive a closed form expression for the coding
gain for a special class of codes which form a subset of the codes from the codes over
field extensions. Bounds on coding gains of certain other class of codes are also obtained.
Chapter 4 looks at some comparison between the High-Rate codes over field extensions
and Threaded Algebraic Space-Time codes (TAST). In the following chapter, we try to
see the scope for any improvement in the Peak-to-Average Power Ratio(PAPR), for codes
like DAST, STCR etc. by using different power distributing matrices. Chapter 6 consists
of some concluding remarks. We also give an Appendix in which some background, to

the mathematics used in this thesis, is provided.



Chapter 2

STBC’s: An overview

In this chapter we shall review some work done on Space-Time Block Codes (STBC).
First, we shall see the system model followed by the rank and determinant criterion for

STBC’s [1]. After that, we shall see different types of well known STBC designs.

2.1 System Model

Figure 2.1: Multiple Antenna Transmission/Reception

We consider a system with n transmit antennas and m receive antennas. We shall

assume a linear model in which the received vector x € C™ depends on the transmitted
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vector s € C" as follows.

x=Hs+w (2.1)

Here H € C™*" is the channel matrix. It contains the entries h;; which are the fade
coefficients from the jth transmit antenna to ith receive antenna. On either transmitter
and receiver side, the antennas are sufficiently separated, which results in the fades for
each transmit-receive antenna pair being independent. The channel is assumed to be
frequency non-selective (flat fading). It is assumed that the fading is quasistatic, ie. the
fade coefficients do not change for | time instances. All the entries of H are complex
Gaussian random variables, independent with each other as well as in each dimension,
identically distributed, with zero mean and a variance of 0.5 per dimension. Equivalently,
each entry of H has magnitude Rayleigh distributed and phase uniformly distributed.
Each component of the noise vector w is a zero mean Gaussian complex random variable

with variance Ny/2 per dimension.

Definition 2.1 (Space-Time Block Code) A Space-Time Block Code C is a finite set of
n X | matrices, whose entries would be compler numbers. The entries of the codeword
matrices can be restricted to points from a signal set S. The code is said to over S if
some of the entries are independently chosen from S and the other entries are functions
of these. The code is said to be completely over S if all the entries of the codeword
matrices are from S. The rate of a Space-Time Block Code C is given by %log|5|(|C|) in

symbols per channel use.

In the following sections, we shall see the capacity limits of multiple antenna systems

and the code construction criteria for good performance.

2.2 Capacity of Multiple Antenna Systems

The motivation to use multiple antenna systems came mainly from the work done by
Emre Telatar in [4] and Foschini and Gans in [5]. The capacity formulas were theoretically

calculated and it was found that multiple antenna systems promise very high data rates.



CHAPTER 2. STBC’S: AN OVERVIEW 7

Consider the system model of the previous section. The channel is given by the channel
matrix H which is an m x n complex matrix. From [4], the capacity of the channel (in

bits), when Channel State Information (CSI) is not known at the receiver, is given by
— P+
C = log, det (Im +LHH ) (2.2)

where p is the SNR at each receive antenna.
An interesting case of the above is when n = m and both are large. From [4], the
capacity in that case is

C ~ nlog,(1+ p) (2.3)

We can see that when n = m, the capacity grows linearly with n. Further results in
[4] show that for a fixed number of transmit (or receive) antennas, the capacity saturates
even if we increase the number of receive (or transmit) antennas indefinitely. So capac-
ity, virtually without any limit, can be obtained if one increases both the transmit and
receive antennas simultaneously. The capacity aspects of Space-Time Block Codes were

specifically studied in [9].

2.3 Performance Criterion

The performance criteria for Space-Time Codes were analysed by Vahid Tarokh et al. [1]
and J-C Guey et al. [2] independently.

Let the signal points, ie. the entries of the matrices be taken from a signal set S, the
average signal energy being E. Let the additive noise, as mentioned in Section 2.1, have
a variance of Ny/2 per dimension. Let r a received m x [ matrix.

The Maximum Likelihood (ML) decoding, here is done by Exhaustive Search by com-
puting the following metric, which is the squared Euclidean distance, over all n x [ code-

word matrices ¢. The metric is

n 2

P
E:hJ,ZCt T3
=1

d2(c—>r):zz

j=1 t=1

(2.4)
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where ¢! is the element of codeword matrix ¢ which was sent at the ¢th time instant from
the ith antenna and 77 is an entry of r, which is received at the the ¢th time instant at
the jth antenna.

Let ¢ and e be two codeword (n x [) matrices of the code. Assume Exhaustive Search
ML decoding is done as above. In the case of Rayleigh fading and independent fade
coefficients, the pairwise probability of error, ie., the probability that c¢ is transmitted

and is wrongly decoded as e is given by[1]

1 m
Pleme)< (H;;l(l T AiEs/4No>) (25)

where B(c,e) = e —c and A = BB*. The \;’s are the eigenvalues of A.

We can simplify the expression in (2.5) as shown. Let r denote the rank of A. Then
the kernel of A has dimension n — r and exactly n — r eigenvalues of A are zero. Let the
nonzero eigenvalues of A be Ay, Ao, ..., \;, then from (2.5) and for high values of E/4Ny,

we get

P(c—e) < (ﬁ )\i> 7 (Es/ANy) ™ (2.6)

The diversity advantage of the system is nothing but the power of the SNR in the
denominator of the expression of pairwise error probability, here the diversity advantage
is mr. The coding advantage is an approximate measure of the gain over an uncoded
system operating with the same diversity advantage. Here we can see that a coding
advantage of (AjAg- - - /\T)l/’" is achieved. Note that the rank of A is the same as the rank

of B(c,e). The criteria for good performance can be summarized as follows [1].

e Rank Criterion: In order to achieve the maximum diversity mn, the matrix B(c, e)
has to be full rank for any two codewords c and e. If B(c,e) has minimum rank
of r over the set of any two tuples of distinct codewords, then a diversity of rm is

achieved. This rank r is defined as the rank of the code.

e Determinant Criterion: Suppose that a diversity of 7m is the target. The minimum

of rth roots of the sum of the determinants of all  xr principal cofactors of A(c, e) =
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B(c,e)B(c,e)* taken over all pairs of distinct codewords ¢ and e corresponds to the
coding advantage, where 7 is the rank of A(c,e). For the special case of full diversity
codes, ie. diversity nm, the minimum of the determinant of A(c,e) taken over all

pairs of distinct codewords ¢ and e must be maximized.

When an n x [ STBC has rank r = min(n, ), it is called a full-rank code. If the rank

of an n x [ STBC that is completely over S is r, then the transmission rate of this code

1

in bits per second per hertz is upper bounded by ;

logy[A st (n, )] where A;(y, z) denotes
the maximum size of a (conventional) code of length y and minimum Hamming distance
z defined over an alphabet of size = [1]. It follows that for full-rank codes completely over
S the rate in symbols per channel use is upper bounded by 1.

In the case when number of quasistatic intervals [ is less than the number of transmit
antennas n, there is wastage in the antennas since the maximum rank possible is n. Also
if [ > n, there would be a delay in decoding since the maximum possible rank would be
n. So it is better if we get square designs, ie., n = [ with the same code size. Codes with
this property (n = [) are called minimal delay codes. So the majority of the work was
done on full-rank minimal delay codes.

The rank criterion holds good for the case of dependent fade coefficients as well as the

case Rician Fading also. The determinant criterion for these cases are similar to the one

above. The criteria for Rapid Fading channel are also derived in [1].

2.4 STBC Orthogonal Designs

In 1999, Tarokh et al. [3] studied the case of STBC Orthogonal Designs in detail. We

shall reproduce some definitions and the main results of [3].

Definition 2.2 (Generalized Linear Processing Real Orthogonal Design) A generalized
linear processing real orthogonal design G of size n 1s an | X n matriz with entries as real
linear combinations of the indeterminates sy, Sa,+ -+, S, € R, such that GT'G = D, where

D s diagonal matriz, with diagonal elements Dy;,i = 1,2,...,n of the form (p's? + phsa+
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...+ pts?) and the coefficients pt,ph, ..., pt are strictly positive integers. The rate of G
is R = k/l symbols per channel use (PCU).

As special cases of the above, the following definitions can be obtained.

e If the entries are restricted to indeterminates +s;, +ss, - - -, £5;, we get a Generalized
Real Orthogonal Design G of size n. G is a [ x n matrix and n # [ # k. The rate in
this case is R = k/I.

e In particular, we can have a Generalized Real Orthogonal Design when k£ = [ # n.

The rate is 1 symbol PCU.
e We can have designs with k£ # [ = p also. Here rate is k/I.

e We get a Linear Processing Real Orthogonal Design of size n, when k = | = n. Here

also rate is 1.

e A Real Orthogonal Design of size n is when k = [ = n, entries are indeterminates

451, +89, - -+, £, themselves and the matrix is orthogonal.

The generalized real orthogonal designs enables decoupling of the symbols and each
symbol can be decoded independently. This property is called single symbol decodability.
Another beautiful property is that the indeterminates can take the values from any subset
of the real field R.

Tarokh et al. prove in [3] that a [ x n Generalized Real Orthogonal Design in &
indeterminates exists only when a Generalized Design G of the same size and the same
number of indeterminates exist having GTG = (s? + s2 + ... + s2)I. Even for the case
of Linear Processing Real Orthogonal Designs, the same is true. The authors studied
Real Orthogonal designs and they prove, using Hurwitz-Radon Theory, a special class of
matrices, that a Linear Processing Real Orthogonal Design exists only for n =2, 4 or
8. For those values, Real Orthogonal Designs also exist. These schemes are given in [3].

Some of the Real Designs are reproduced below
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Example 2.1 (Real Orthogonal Design) The 2 x 2 Real Orthogonal Design is given by

Lo (2.7)
—S9 81
The Generalized Orthogonal Design for 3 transmit antennas is
s1 S2 S3
T2 T (2.8)

—S3 S4 S1

—S84 —S3 S92
Both the codes are of rate R =1 and are delay optimal designs also.

From the real case, Tarokh et al. [3] proceeded to the respective complex counterparts.

Definition 2.3 (Generalized Complex Linear Processing Orthogonal Design) A General-
1zed Complex Linear Processing Orthogonal Design G, of size n is a l Xn orthogonal matriz
with entries the complex linear combinations of the indeterminates £s1, £s9,- -+, xs, € C
and their conjugates £sj, £s5,---,xsk. Also G:G. = D, where D, is a diagonal matriz
with (i,1)th diagonal element of the form (p%|s1|® + pb|sal> + - - - + pi|se?) and the coeffi-
cients pi,ps, ..., p% are all strictly positive integers. The rate of such a design would be

R = k/l symbols PCU.

From the above, we get the following definitions as special cases.

e Generalized Complex Orthogonal Designs are obtained when entries are restricted
to the indeterminates +s;,+£sy,---,+£s, € C, their conjugates +sj,+£s3,---,+ts;

n

and their multiples with j. Here k # [ # n and rate is R = k/I.

e When k =1 # n, we get a Generalized Complex Orthogonal Design of rate R = 1
symbol PCU.

e We can have designs with k # [ = n, ie., rate R = k/I.
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e We get Linear Processing Complexr Orthogonal Design of size n, when k = [ = n,
and the entries are complex linear combinations of the indeterminates and their

conjugates. The rate is R = 1 symbol PCU.

e A Complex Orthogonal Design of size n is when the matrix is orthogonal, and the en-
tries are the indeterminates +s;, £s9, - - -, £s, € C, their conjugates +s7, £s5,---,£s

and their multiples with j.

The most important advantage of Generalized Complex Orthogonal Designs is the
single symbol decodability. That is, using simple linear processing, we can decouple the
individual symbols. Since GG, is of the form as in Definition 2.3, we can separate each
symbol which is being sent and decode them separately. The decoding will be Mazimum
Likelihood (ML) Decoding. This reduces the complexity immensely. Also, there is no
restriction on the entries, they can be from any subset of C.

Tarokh et al. tried to see the feasibility of Generalized Complex Orthogonal Designs
and Linear Processing Complex Orthogonal Designs, on the same lines as the real designs.
They proved that the existence of an [ x n Generalized Linear Processing Complex OD
in k£ variables implies the existence of a Generalized Linear Processing Complex OD
G. in the same dimension and number of variables having the property that G:G. =
(|s1> + |sa|? + ... + |sk[*)I, as in the case of Real Designs.

Further, it is proved in [3] that a Linear Processing Complex OD of size n exists if and
only if a Linear Processing Real OD of size 2n exists. In other words, a Linear Processing
Complex OD exists only for n =2 or 4. The existence of a design for n = 4 is disproved in
[3], which means that Linear Processing Complex Designs exist only for n = 2, for which

we have the Alamouti Scheme, which is the only Complex Orthogonal Design for n = 2.

Example 2.2 (Generalized Complex Orthogonal Design) Here we give examples of Gen-
eralized Complex OD. This square (n =1) design, from [13], has rate 3/4, for 4 transmit

*
n
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antennas.
S1 So S3 0

C= (2.9)

—s3 0 s8] s

0 s3 —s53 51
The following design is of rate 1/2 for 3 transmit antennas.

( 51 52 53 \

—S2 51 —84

—S53 5S4 S1

G = (2.10)

2.4.1 The Alamouti Scheme

S.M.Alamouti in [6] had proposed his scheme for two antenna transmitter case in 1998.
The scheme ensures diversity advantage equal to twice the number of receive antennas.
The scheme is given by the following matrix.
o,=| ** (2.11)
=53 8]

Alamouti also proposed a combining scheme at the receiver which would separate the
two symbols s; and s,. This is due to the fact that 03O, = (|s1|>+|s2/?)I. The Maximum
Likelihood (ML) decoding would just amount to decoding the two separately, as in an
uncoded system. He proves that his combining scheme provides the same performance as
the 2m level maximum ratio combining, where m is the number of receive antennas. In

[3], Tarokh et al. prove that this is the only Complex Orthogonal Design.
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2.5 Variations of STBC Designs

Although [3] closed almost all the problems regarding the existence of Complex Orthogonal
Designs, researchers and coding theorists all over started looking into other possibilities of
improvement. Attempts were made to get better rate, more diversity, simpler decoding,
more general signal set etc. by compromising on one of the above.

In [10], Jafarkhani proposed Quasi-Orthogonal Codes in which the rate is compro-
mised. As a result of that, the decoding becomes easier. Though single symbol decodabil-
ity is not obtained, some of the symbols get uncoupled from the rest. The code is not full
diversity. There is no restriction on the signal set also. Two schemes were proposed, one
for 4 transmit antennas and one for 8 transmit antennas. We shall reproduce an example

from [10].

Example 2.3 (Quasi-Orthogonal Design) This is the QOD suggested for 4 transmit an-

tennas, with 4 variables.

(2.12)

S4 —S3 —S2 51

Note that the rank of the code is 2, not full-rank. In the decoding, the symbols (s1,34) gets
decoupled from (sq,s3). This is not single symbol decoding, but some improvement over

Ezhaustive Search ML decoding is obtained. The rate of the above code is 1 symbol PCU.

Later, Su and Xia in [14] and Sharma and Papadias in [15], came up with 4 x 4 Quasi-
Orthogonal Designs, very similar to each other. Both the schemes had full diversity and
a rate of 1 symbol PCU. Basically, they proposed designs which gave partial decoupling.
Unlike the scheme proposed by Jafarkhani, [14] and [15] gave schemes which had full
diversity. But they had to restrict the signal constellation. Both the papers, had the
same restriction on the signal constellation, ie., of the four symbols (si, s2, s3,$4) used
51,83 € &1 and s, 54 € S, where S, is rotated version of &; by an angle ¢, where ¢ is

such that the determinant of the difference of the codeword matrices is never zero.
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In [11], Tarokh and Jafarkhani suggested a Differential Detection scheme for signal
points restricted to 2°-PSK constellations. The scheme was for 2 transmit antennas. Here
the two symbols which are to be transmitted are coded based on the previous symbols.
The advantage of this scheme is that non-coherent detection is possible, ie. the decoding
can be done without knowing the channel matrix.

In [12], Hassibi and Hochwald studied a generalized class of codes called Linear Dis-
persion Codes(LDC) which get high rate. They construct codes which maximize the
mutual information between the transmitter and the receiver. Thus they get close to
the capacity. The construction is not based on the rank criterion for the probability of
error. The scheme is a general scheme for any number of transmit/receive antennas. The
construction is such that efficient decoding schemes are possible. The authors, in [12]

defined a Linear Dispersion Code as follows.

Definition 2.4 (Linear Dispersion Codes) A linear dispersion code is one for which the

codeword is of the form

Q
C=> (s4C+s;D,) (2.13)
g=1
where s1, Sz, .. .,Sq are complex scalars from some signal set S and C, and D, are fixed

I xn complex matrices. Note that the code is completely determined by the set of dispersion
matrices {Cy, Dy : ¢ = 1,2,...,Q} and the signal set S. The rate of this code would be
R = Q/Il symbols PCU.

We can see that all the Orthogonal Designs (real as well as complex) discussed till now,
form special cases of the Linear Dispersion Codes. Consider the Generalized Complex

Orthogonal Design in equation (2.9), we can write it as an LDC as follows. The matrices

C; and D; will be

1 000 0100 001 O

0 0 0O 00 0O 000 -1
Clz 302: 503:

0 0 0O 00 01 000 O

00 01 00 0O 000 O
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0 00O 00 00 0 00O

01 00 -1 0 00 0000
DIZ )DQZ aD3_

0 010 00 00 -1 0 0 O

0 00O 00 -1 0 0100

2.6 DAST & Similar Codes

2.6.1 DAST

Damen et al.[21] proposed Diagonal Algebraic Space-Time Block Codes (DAST) which
have a normalized rate of 1 symbol per channel use and achieve full diversity over n
transmit and m receive antennas. The DAST maintains the diversity and coding gain
over all real or complex constellations carved from the ring of complex integers Z[j], such
as PAM or QAM.

The DAST makes use of rotated constellations. The idea of rotations [22] is based on

the fact that given a constellation I' of dimension d, if any given vector x € I' has its

components x1, Ta, ..., Ty different from all the other components of the vectors in I, then
affecting (z1,...,x4) by independent fadings to give (11, . .., ®gxq), allows the receiver
to recover (z1,...,%4) unless all the components fall in deep fading, ie. || 1, j. This

property is called full modulation diversity of the constellation ', and is measured by the
minimum product distance of I

DAST uses rotational matrices from [22] to generate constellations with full modu-
lation diversity from constellations carved from Z[j]. The rotational matrix =~ has all
real entries. Let the n-tuple symbol that has to be sent be (s1,s9,...,s ). It is rotated
using the rotational matrix as follows: (z1,...,2 ) = (s1,.-.,8 ) . Ifsq,...,s
belong to the basic constellation § which can be seen as a subset of the field of rational
numbers , then the rotated vector (x1,...,z ) has its components not from  but from
an algebraic number eld which has a dimension n over . Here instead of increasing the
geometric dimension of the transmitted signal, we increase the algebraic dimension of the

rotated constellation (The interested reader can refer the Appendix where a background
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to algebra is provided.). ach component of the rotated vector contains information about
all the transmitted symbols. The code is obtained as follows.

rom the message vector (sq,...,s ), you get the rotated vector (z1,...,z ). We use
this vector to get a diagonal matrix. This matrix is multiplied by a Hadamard matrix

and the resulting matrix  is sent.

(z1,...,x ) =  (S1,...,8) (2.14)

= diag(a:l,xz,...,x ) (215)
The minimum product distance of this rotated constellation would be given by

d = min | ;| (2.16)
i=1
where and belong to the constellat on S  Z[j].

The most mportant aspect of the DAST codes are the rotat on matr ces used. The
matr ces need be of full modulat on d vers ty. Towards that end, matr ces from [22, 24|
are used. ssent ally, we extend the algebra ¢ d mens on of the constellat on used. or
n = 2,4, some opt m zed rotat on matr ces are used (see [21]). orn = 2%q 3 the
rotat on matr x extends the constellat on from the rat onal field to (cos 2-). The

matr x s g ven by

SN

cos 4 —-1)(25-1) (2.1)

Th s part cular rotat on prom ses a full modulat on d vers ty constellat on w th m n mum

2

product d stance d =

The code matr x s shown to have full d vers ty wh ch s a result of the full mod-
ulat on d vers ty of the rotated constellat on. The Hadamard matr x does not cause any
change n the d vers ty or cod ng ga n. Damen et al. also g ve lower bounds for the cod ng
gan. The DAST Codes are shown to be su table for fast fad ng channels. The latt ce

structure of the code makes t decodable us ng Sphere Decod ng [21, 31].
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Example 2.4 (DAST Code for n = 4) The DAST code for n =4 is given below.

(.’El To T 33\

Ty —X2 T —X

= diag(z1,z9, 7 ;2 ) = (2.18)
X1 ro —XT —T
\ r1 —To2 —XT X
where x = (1, T2, ,x ) 18 the rotated vector obtained using e uation . the rotation
matriz used s as given in for n = 4. The minimum product distance is +.

.6. ST

an X n et al. proposed a s m lar code[25] wh ch was called Space-Time Constellation-
otating (STC ) Codes. Agan, full d vers ty and a rate 1 symbol per channel use s
obta ned. The scheme s for a range of number of transm t antennas and arb trary number
of rece ve antennas. The scheme s based on the same pr nc ples and propert es as the
DAST, such as the symbols be ng from a subset of Z[j], an n-length vector operated on
by a matr x to get another vector hav ng full modulat on d vers ty, finally us ng th s to
get a d agonal matr x and transm tt ng the same after su tably power un fy ng t. L ke
DAST, the STC Codes are also Sphere decodable.
X n et al. constructed the r code based on the theory of extend ng the rat onal field to
a h gher algebra ¢ number field based on some rreduc ble polynom als. Here also rotat on
matr ces are used (referred to as unitary precoders n [25]). They gave some bounds for
the cod ng ga ns for the r code for some values of n(number of transm t antennas). They
prove an upper bound for the cod ng ga n for a more general class of codes and prove that
STC Codes meet the upper bound for some cases. They also gave lower bounds for the
cod ng ga n for some cases.
The authors n [25] gave one construct on techn que for n = 27 or other values of n,

they proposed a d fferent scheme.

Example 2. (STC Codeforn=4) orn=4 it can be seen that 4 = ¢(8) where ¢( )
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denotes the Fuler s totient function. So the following rotational matriz is obtained.

/104 aQa\
1

1 1l o of o (2.19)
2 g Q5 O

\104 o? «

where & = o , oy, 00, ¢ are the roots of the minimal polynomial of « = 7= the primitive
16th root of unity over . The multiplication by % s to normali e the power. The symbol
vector € 8  Z[j] is operated on by this precoder (rotation matriz) to give x =

Then as in DAST the diagonal matriz D = diag(x) is suitably power uni ed and sent.

.6. T ST

In [28], | Gamal and Damen extended the concept of DAST to a more general system
called Threaded Algebraic Space-Time(TAST) Codes. Here we use the concept of layer ng
to get codes w th rate upto n symbols per channel usage wh le the code reta ns full
d vers ty. Here 1Gamal and Damen have comb ned the pr nc ples of layered transm ss on
approach[29] and that of DAST. The layer ng approach was general zed ndependent of

the s gnal process ng at the rece ver n [30].

ea in

In the layer ng approach, the transm ss on matr x of sze n X! sd v ded nto a number of
layers. There are some cond t ons wh ch would ensure that each symbol nterval w thn a
layer s allocated to at most one antenna, and hence all spat al nterferences exper enced
by the layer, comes from outs de the layer. A layer w th full spat al and temporal spans
s referred to as a thread. The ncom ng message s splt up nto blocks and after encod ng
ndependently, each would be transm tted through a d fferent layer.

In the threaded layer ng approach [30], the threads are des gned so that each thread
s act ve dur ng all the ava lable symbol transm ss on ntervals and uses each of the n

transm t antennas equally often. All of the codes cons dered n [28] have all the r threads
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of the same length and n the follow ng form.

If the quas stat ¢ t me ntervals are € (1,[), then the jth thread would be g ven by

{((+7-1),):1 I}, 1 j n (2.20)

where () denotes modulo n operat on.

Example 2. (Thread ng) In the following matriz ~ we shall illustrate the threads.

= 1 T2 (2.21)

The entries (x1,29,z ) are thread 1 ( 1, 2, ) are thread 2 and ( 1, 2, ) are thread 3.

o in

Cons der the case when [ = n and there s only one thread. We can see that transm ss on
ex sts only n the pr nc pal d agonal of the n x n matr x. To get full d vers ty, and that too
for the case where there are more thread, 1Gamal and Damen use the pr nc ples of DAST
(expla ned n Sect on 2.6). or the best performance, the m n mum product d stance (2.16)
should be max m zed. As n DAST, rotat ons from [22, 24] were cons dered.

When more than one threads are there, the TAST Codes are constructed by transm t-
t ng a scaled DAST Code n each thread, e. n the jth thread you would send ; wh ch

s encoded and sent as follows.

oix;=¢; 7 (2.22)

Where 7 s the rotat on matr x for the jth thread and ¢; s a scalng. or TAST
codes, the scal ng numbers ¢; should be chosen to ensure full d vers ty and max m ze the
cod ng ga n of the compos te code. 1 Gamal and Damen n [28] g ve some cond t ons and
methods to choose these ¢; s. They prove some lower bounds for the cod ng ga ns also.

or decod ng, they show that polynom al complex ty decod ng s ach eved us ng sphere
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decod ng sub ect to the cond t on that number of threads should be at most m n(n, m)

where n and m are number of transm t and rece ve antennas respect vely.

Example 2. (TAST Code for n = 3) The TAST Code matriz for 3 transmit antennas
18 given below.

( T11 ¢2 T 2 ¢1 T2 \

= ¢ an w2 ¢ (2.23)

\ ¢2 L1 ¢1 L22 T
where X; = (Tj1,%j0,7; ) = I(8j1,8j2,8; ) where ; = (sj1,8j0,8; ) 1is the uncoded
symbol vector in the jth thread. 7 is the rotation matriz used to rotate the jth thread
¢ is a scaling factor (referred to as D ophant ne number in ) which has to properly

chosen and optimi ed for full diversity and good coding gain.

.6. T
In [20],D netal r S -T B kC f 2 2
q y v . T v v y
2y , z[j]
T y v y
. T , TAST, y v
y y v
T w
o 1 s1+¢ss (s +¢s) \ (2.24)
2 (s —¢s) s1—¢so
= (s1,82,8,8) €C=8  Z[j] y v 2=¢
b= 7w w z T L
Z . D etal. v [0)
v y . T , YV ,
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2. ST Cs ased o Di isio Al e ras

S et al.  [16] v W s -T B k
. Ty z
- kSTB \ Ty
v Wy y v w v v
. (B k y y v A )
1 T
Definition 2. (Dv A ) A division algebra is a ring in which every non ero

element has a multiplicative inverse. A commutative division algebra is ust a eld.

Example 2. (H Q ) The amilton s Quaternions was the rst non-
commutative division algebra discovered. The Quaternions denoted by s the four

dimensional vector space over the eld of real numbers  with the basis {1, ,j, } with

multiplication given by 2 = j2 = —1 and j = = —j . In other words 18 the set
{+ + j+d : ,,,de }. Addition is de ned component wise. rom the given
relations one can derive 2= -1 j = = — jand = j = — . Multiplication is

done term by term then simplifying the expression using the above relations and nally
combining like terms. e can see that multiplication is not commutative from the above
relations themselves. Also for the non ero waternionx = + + j+d the multiplicative
inverse is given by the waternion - —% —-j —2  where = 24+ 2+ 24d% Thus
all non ero elements have a multiplicative inverse and  is a non-commutative division
algebra. Note that the real eld and complexr eld are a subset of  we get  when

coe cients of any two of ,j, goto ero and when coe cients of all the above three

go to ero.

[16,1 , 18, 19] W
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D v v , y fi ) v,w v (D) embedding
D ()T w ff W y w
() v k y k

eoem 2. Let :D () be a ring homomorphism from a division algebra D

to the set of n X n matrices over some eld . If is any subset of the image of D under

this map then  will have the property that the difference of any two elements in it will

be of full-rank.

, v Wy -k
v w - v v . Ty k ff
y v
I [16, 1, 18], v STB
fi I wy - STB v
PSK cyclotomic fi w . STB fi
fi W [18]. T
, W w
L fi W [ ]=n
v v , nd (), w
- \ T \ y ,
w k y € 1 v fi € nd ()
ring homomorphism. 1 ().
v ={1 2---, } , W w
y w J
y T w
v J i )
W
S v yfi , W y -

v y v o, W ={l,a,0?%...,a '}.
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L y a v (r)=2 + 1z '+...4 @+ .T
Y y
-1
_ P - 2 (225)
- 1
LT
(iE) == +1C¥+
4.+ o ! + 1+ 24+ 4+ 1
T 2
eo em 2.2 Le = (a) bea eres f f n oa

m mapy ma fa v b+ 1z '+...+ 2+ .L e ()b

ma a (. ). T s fa ma cs f f m + 1 +
2 24...4+ Lo s 1, 29---, 1€ sa mb f (). 1
pa ¢ a ay s bs fsc ma csw av pp Yy a ff c
fay w ma cs w av f -a k.
Example 2. ( ) w v a zamp [ ac [ m
a T s f a a . s a PS s as S={ , j}

s py ma (x)=2z —2x—2. T s s cb w by Es s s

(s a T m A App z). N a c s a S
5 U) s f v o (2,3) = c Py ma s chb w
(5. T ¢ mpa ma =z f (x) s
2

= 2 (2 26)



CHAPTER 2. STBC’S: AN OVERVIEW

as ss a s v by

[+ 2 2 )
\

C= S1 S 4+ 289 281+ 289 €8, =, ,2
So S1 s + 289
T — e -
q 2 25)

6
+ a4+ 02+ .+ qa !
1 2 .- 2 1
1 1 2
2 1
1 2 1

22

25

(22)

22 )

2 29)

23 )
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S

o L b a
T — S cb T .
R P 1 € S a
s a s
a a
6
o 4 L n,m,l
m a lbm = x
z
T S
{7~ } s
S am Sa
m m= s
S 6
as s s
(8 s
S1 S
C= So 81
S S9
\s s
S
fi
S

S1

S2

b a
s a a
Ir
fi
s s

a S
a
a
S9 S1 \
S2
S 1S € 8,
S
S

. L
a a
a
a as
a P
a B
as
=z
a S
’7)37

26
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S
fi
q 5 T T
«
= 3
= -+ 10!+ 2(12+...+
1 .
1 2 2 1
1 + 1 1+ 2 + 9 2+ 1
2 1 + 1 + + 2 33
1 2 1 + 1
6
o z a a n S a

S a Z S m a $ S a n a m a a
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B s s s 33
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n
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