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ABSTRACT
We consider the online bipartite matching problem in the
unknown distribution input model. We show that the Rank-
ing algorithm of [KVV90] achieves a competitive ratio of
at least 0.653. This is the first analysis to show an algo-
rithm which breaks the natural 1 − 1/e ‘barrier’ in the un-
known distribution model (our analysis in fact works in the
stricter, random order model) and answers an open ques-
tion in [GM08]. We also describe a family of graphs on
which Ranking does no better than 0.727 in the random
order model. Finally, we show that for graphs which have
k > 1 disjoint perfect matchings, Ranking achieves a com-

petitive ratio of at least 1 −
√

1
k
− 1

k2 + 1
n

– in particular

Ranking achieves a factor of 1− o(1) for graphs with ω(1)
disjoint perfect matchings.

Categories and Subject Descriptors
G.2.1 [Discrete Mathematics]: Combinatorics—Permu-
tations and Combinations; G.2.2 [Discrete Mathemat-
ics]: Graph Theory—Graph Algorithms

General Terms
Algorithms, Theory

Keywords
Online Algorithms, Bipartite Matching

1. INTRODUCTION
Online bipartite matching is a central problem in algo-

rithms and has been recently found to be a important and
useful model for allocation of ad space to advertisers. In its
basic form, the problem involves a bipartite graph G(L, R, E),
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with one side L (ads, jobs, or items to sell, in different mo-
tivating examples) known beforehand to the algorithm, and
vertices from the other side R (ad-slots, job-candidates, or
buyers) arriving one by one online. When a vertex r ∈ R ar-
rives, its incident edges are revealed, and the algorithm can
match it to some currently unmatched neighbor in L. The
objective is to maximize the size of the matching obtained
at the end.

As with previous literature, we measure the performance
of an online algorithm by the expected competitive ratio
(also referred to simply as the ‘factor’), where the expecta-
tion is over randomness in the algorithm as well as the input.
This being a maximization problem, we use the convention
that a lower bound is a positive result, while an upper bound
is a negative result.

1.1 Input Models and Previous Results
This basic problem can be studied in different input mod-

els of how much information the algorithm has about the
vertices in R.

Adversarial: The strictest model is the adversarial or-
der model which means that the algorithm knows L but has
no information about R (and therefore E) – this is the stan-
dard model for online algorithms. In this model, a simple
Greedy algorithm achieves a competitive ratio of 1/2 since
it produces a maximal matching, and this is optimal among
deterministic algorithms. A simple randomized algorithm
which matches the arriving vertex to a random unmatched
neighbor does no better. In a beautiful result [KVV90],
Karp, Vazirani and Vazirani described an optimal random-
ized algorithm, which achieves an expected competitive ra-
tio of 1− 1/e ' 0.632 (see also, [GM08, BM08] for different
proofs for the same result). This algorithm, called Rank-
ing, uses correlated randomness to match arriving vertices:
pick a random permutation of L, and match each arriving
vertex r ∈ R to the neighbor with the highest rank in the
permutation.

Known Distribution: In Feldman et al. [FMMM09], the
authors introduced a distributional input model, which we
shall call the known distribution input model. In this model,

the algorithm knows beforehand, a base graph Ĝ(L, R̂, Ê),

and a distribution D on R̂. The arriving vertices are sampled

i.i.d. (without replacement) from R̂ according to D. Each

arriving vertex has the same incident edges as its copy in Ĝ.
Thus this is a weaker model, since the algorithm is guaran-
teed i.i.d. samples, and also knows the underlying distribu-



Model Adversarial Input Known Distribution Unknown Distribution
0.67 [FMMM09] 1− 1

e
[KVV90]

Lower Bounds 1− 1
e

[KVV90] 0.699 [BK10] 0.653 [ This paper]
(algorithms) 0.702 [MOGS11]

0.998 [FMMM09] 5/6 [GM08]
Upper Bounds 1− 1

e
[KVV90] 0.902 [BK10] 0.823 [MOGS11]

(hardness) 0.823 [MOGS11]

Table 1: Summary of Results for Online Bipartite Matching in Various Models

tion. Clearly, Ranking achieves 1−1/e in this model as well,
since it does so in the adversarial model (for any sequence
of inputs, without any prior information). Feldman et al.
[FMMM09] provided an algorithm which achieves a factor

strictly greater than 1 − 1/e, of 1−2/e2

4/3−2/3e
' 0.670. They

also showed that the optimal factor for any online algorithm
in this setting was bounded away from 1. Their upper and
lower bounds were subsequently improved by Bahmani and
Kapralov [BK10] to 0.902 and 0.699 respectively in the same
setting. They also presented a randomized algorithm that
achieves a competitive ratio of 1 − O(1/

√
d) for d-regular

graphs. Subsequently, [MOGS11] provided an improved al-
gorithm with a factor of 0.702 and proved an upper bound
of 0.823.

Unknown Distribution / Random Order: The model
we study in this paper lies in between these two models in
terms of how much information about the arriving vertices
the algorithm has beforehand. In this model, which we call
the unknown distribution model, the arriving vertices are
guaranteed to be picked from a distribution on some base
graph, but the algorithm has no knowledge about the base
graph and the distribution. Closely related to this model,
but stricter than this model, is the random order arrival
model, in which there is a base graph G(L, R, E), the algo-
rithm only knows L, and the arriving vertices are guaranteed
to be in a random permutation of R. An algorithm which
achieves a competitive ratio of α in the random order model
also has a factor of α in the unknown distribution model
(See Section 2.2 for a proof).

The only previous result in this model follows, in fact,
from the structure of the Ranking algorithm. The analy-
sis for Ranking in the adversarial model itself implies that
a simple Greedy algorithm (with consistent tie-breaking)
achieves a competitive ratio of 1− 1/e in the random order
model. Clearly, Ranking itself also achieves at least 1−1/e,
since it does so on any input sequence and without any prior
information. Furthermore, it was proved in [GM08] that no
online algorithm can achieve competitive ratio better than
5/6. However, unlike in the case for the known distribution
model result (in which [FMMM09] broke through the 1−1/e
‘barrier’), and despite considerable effort, there was no al-
gorithm known to achieve more than 1 − 1/e factor in the
unknown distribution model or in the random order model.
We summarize the above discussion in Table 1.

1.2 Our Results
In this paper we analyze the competitive ratio of the

Ranking algorithm in the random order arrival model. We
prove the following three results:

(a) Ranking achieves a factor of at least 0.653 in the ran-

dom order model (and hence in the unknown distribu-
tion model)1.

(b) There are graphs for which Ranking achieves a ratio
of no more than 0.727 in the random order model.

(c) Ranking achieves a factor of at least 1−
√

1
k
− 1

k2 + 1
n

for graphs which have at least k > 1 disjoint perfect
(or near-perfect) matchings.

Remark 1 No algorithm crossing the 1− 1/e barrier in
the unknown distribution or the random order input mod-
els was previously known. This answers an open question
in [GM08].

Remark 2 Since the random order model is stricter than
the unknown distribution model, the positive results (a and
c) hold there as well.

Remark 3 The third result (c) above states that if
the graph has certain redundancy with respect to optimal
matchings then Ranking is almost optimal! If the under-
lying distribution is such that with high probability any in-
stance drawn from the distribution has ω(1) disjoint match-
ings of size at least n − o(n) then the Ranking algorithm
achieves a factor of 1 − o(1). We note that this result is
stronger than the result in [BK10] mentioned earlier, which

provides an algorithm which achieves 1 − O(1/
√

d) for d-
regular graphs (noting that d regular graphs have d disjoint
perfect matchings).

As a additional remark, result (c) resolves a puzzling mys-
tery which is observed during simulations of Ranking on the
graph with the upper triangular matrix as its adjacency ma-
trix. If the input order is adversarial then the ratio is 1−1/e
(this is the tight example for the algorithm in that model
and can be proved analytically [KVV90]), but with random
order input, the ratio is observed to go to 1 as n increases.
The mystery is resolved by observing that this graph indeed
has many (ω(1)) almost-perfect matches.

Remark 4 We point out that in the unknown distri-
bution model the support for the distribution may be ex-
ponentially large, whereas all previous work in the known
distribution case assumes that the support is polynomially
bounded. So, e.g., our model allows a distribution on a base

graph which is of exponential size (R̂ is exponential in size),
and an exponential sized distribution on this graph. The al-
gorithm only uses the guarantee that the arriving sequence
of n vertices is sampled i.i.d. from some distribution.

1We can in fact prove a slightly stronger factor of 0.667
for this problem, but this requires us to use computational
means to minimize a non-convex function over fixed number
of variables. We omit that proof from this paper.



1.3 Techniques
The basic Ranking algorithm on G(L, R, E) can be thought

of as taking permutations ρ of L and π of R, processing the
next vertex in R in order according to π, and greedily match-
ing it to the neighbor with highest rank according to ρ. In
the adversarial input order model, the analysis is done for
a fixed adversarial π and a uniform distribution over ρ. In
the random order input, we need to analyze the performance
over uniform distributions over both ρ and π.

The most optimistic approach one may hope for would be
a simple extension of the 1−1/e proof for the adversarial or-
der (we pick the one due to Birnbaum and Matheiu [BM08]).
As we will describe briefly in Section 3.2, the core of this
proof is a mapping, which maps events in the probability
space in which a vertex does not get matched, to n different
events in which some other vertices do get matched, and in
higher ranks according to ρ. These n events are obtained
by moving a vertex in L to all n positions in the permuta-
tion. In our problem R is also in a random permutation, so
the simplest approach would be to have a 1 to 2n map (or
maybe a 1 to n2 map) by moving one vertex in L and one
in R to each of n positions. In this way one could hope to
achieve a ratio larger than 1− 1/e. However, any such map
can be seen to be doing double counting, and this method
does not seem to work. Thus, a different and possibly more
detailed method is required.

Gains above 1/2: We start with a classification of matches
made by our algorithm into B-events, A-events and P-events,
as follows: Fix an optimal offline matching, OPT, which
matches u ∈ L to u∗ ∈ R. If in a particular event (ρ, π),
the algorithm matches u ∈ L to v∗ ∈ R, then we call this
match (a) a B-event for u, if u∗ is ranked higher than v∗ in
π, (b) an A-event for u if u∗ is ranked lower than v∗ in π,
and (c) a P-event (perfect match) for u if u∗ = v∗, i.e., u
was actually matched to its OPT partner. The counterparts
of these events for u∗ in R - B̂, Â and P̂ -events are defined
symmetrically. We will define these events more rigorously
in Section 2.3.

The first observation is that the gain of the algorithm
above 1/2 is the number of vertex pairs (v, v∗) (accord-
ing to OPT) which both got matched in the algorithm.
This is equal to the number of B-events on the right, plus
the number of B-events on the left, plus the number of P-
events(perfect match). In the worst case examples for the
analysis of Ranking in adversarial input, the number of B-
events and P-events approaches 0 asymptotically. Thus the
gain above 1/2 in the adversarial order comes from only B̂-
events on the right. The next core observation is that in
the random order input model, the number of B-events on
the left and on the right can be proved to be equal with-
out loss of generality. In effect, this gives twice as much
gain over 1/2 than in the adversarial order (which would be
2(1 − 1/e − 1/2)) giving a factor of 3/2 − 2/e ' 0.764. In
fact we can prove that if there are no perfect matches then
the number of B-events on both sides is so substantial that
the ratio actually goes to 1 ! Thus we get a ratio close to
1 when the graph has a structure which enforces very few
perfect matches. One such class of graphs is the one referred
to in the third result (c) in Section 1.2.

Now, intuitively, perfect matches should not hurt the al-
gorithm: After all if a vertex v was matched to its OPT
neighbor v∗, then that is a good turn of events, so why can

we not simply excise this event from the probability space?
It turns out that this can not be done, and in fact the factor
stays no more than 0.727 in the presence of perfect matches.
The core reason is that due to the two sided randomness,
any below matches on the left also imply below matches on
the right, which can be counted separately, while perfect
matches can only be counted once. The rest of the proof
involves trading off the below matches and perfect matches,
to prove the factor of 0.653 in general.

1.4 Other Related Models and Results
Besides the results mentioned in Section 1.1, there has

been considerable interest in online matching and allocation
problems over the last few years and several variants and
generalizations of the bipartite matching problem have been
studied. The case of weighted edges was considered by Ko-
rula and Pal in [KP09] and they design an 8-competitive
algorithm for this problem. The variant where there are
weights on the incoming vertices was studied by Aggarwal
et al. in [AGKM11]. The authors present tight 1−1/e factor
algorithms for this problem.

The online bipartite matching problem has also been stud-
ied in the context of the Adwords model. In this model each
vertex in L has a budget and each edge has a bid. All bids are
very small with respect to the budgets. A match deducts the
bid amount from the corresponding budget. The Adwords
setting is incomparable to graph matching: It is easier in
the sense of having large budgets (hence mistakes can be
rectified in the future), but harder because of different bid
values.

The adversarial arrival model for the Adwords problem
was first analyzed by Mehta et al. in [MSVV05]. They
obtained a tight 1−1/e competitive algorithm for this model.
Buchbinder et al. [BJN07] gave a primal dual algorithm for
the same problem. Understanding the Adwords allocation
problem in distributional models is important, and was an
open question in [MSVV05, MNS07].

In [DH09], Devanur and Hayes studied the adwords prob-
lem in the unknown distribution model similar to the one
presented in this paper and obtained a 1− o(1) competitive
algorithm for this problem. However, this method does not
work for bipartite matching which can be considered as the
adwords problem with every budget equal to 1 and every
bid equal to 1 or 0.

Simultaneously and independent of our work, Mahdian
and Yan [MY11] also analyzed the performance of Ranking
in the random order model, and also breached the barrier of
1−1/e by showing that Ranking achieves a factor of at least
0.696. Their techniques are different from ours. They find a
family of strongly factor revealing LPs for this problem and
solve large LPs in this family computationally to provide a
good lower bound on the factor.

2. PRELIMINARIES

2.1 Problem Statement
In this model there is a fixed bipartite graph Ĝ(L, R̂, Ê);

one side(L) of the graph corresponds to a fixed set of ver-

tices and the other side(R̂) represents the set of all possible
vertices that may arrive online. There is also an (unknown)

distribution D over the vertices of R̂. At each time step,

a vertex in R̂ is sampled independently from D (with re-



placement), and it needs to be matched to an unmatched
neighboring vertex in L upon its arrival. Thus the sample
space consists of the different sequences of vertices obtained
by drawing n times from the fixed but unknown distribution.
We call this the unknown distribution model (UD Model).
The goal is to maximize the expected size of the matching.

Let A be an (possibly randomized) online algorithm. For
any realization graph G based on n random samples from D,
let ALG(G) be the expected size of the matching produced
by A. Let OPT (G) be the size of the largest matching in G.

The competitive ratio for A is defined to be EG

[
ALG(G)
OPT (G)

]
,

where the expectation is over the realization graphs.

2.2 From Unknown Distribution to Random
Order Arrival Model

In this section we define a different, stricter model for
online bipartite matching called the Random Order Arrival
Model (ROA Model), and establish its relationship with the
Unknown Distribution Model (UD Model). As before, in
this model, there is a fixed bipartite graph G(L, R, E) with
vertex set L ∪ R. The vertices of L are known in advance,
while the vertices of R arrive in random order. Whenever a
vertex arrives its incident edges are revealed, and it can be
matched off to one of its available (unmatched) neighbors
in R. The goal is to maximize the expected size of the
matching. The ROA Model can be thought of as sampling
from the uniform distribution on R without replacement.
In the next lemma we show that the ROA Model is in fact
stricter than the UD Model.

Lemma 1. Any online algorithm A that achieves a com-
petitive ratio of α in the ROA Model also achieves a com-
petitive ratio of at least α in the UD Model. Lower bounds
for the performance of online algorithms in the UD Model
carry over to the ROA Model.

Proof. Consider a problem instance in the UD Model,
with n arriving vertices. Divide the sample space for this
instance into classes, each of size factorial(n) such that for

each class, the multi-set of arriving vertices (from R̂) is the
same for every sequence in that class. Each class consists
of all the permutations of some set, and furthermore, the
probability of occurrence of each sequence in a class is the
same. Thus each class can be thought of as an instance of
a random order arrival input. Since A has a competitive
ratio of α in the ROA Model, it performs at least as well for
all samples in a particular class. Taking expectation over
the different classes we get the first part of the lemma. The
second part can be proved by a similar argument.

Hence we will now focus our attention on designing an
online algorithm for the Random Order Arrival Model.

2.3 Definitions in the ROA Model
Throughout the paper for convenience we will assume that

both bi-partitions L and R, have equal size n, and the un-
derlying graph has a perfect matching which we will refer
to as OPT (if there are multiple perfect matchings then we
choose one arbitrarily). It is an easy exercise to verify that
this assumption is without loss of generality. We will use
u, v ∈ [n] to denote the vertices of R(the streaming side)
and s, t ∈ [n], to index the the vertices of R. For any u ∈ R,
we will use u∗ to denote its match in OPT we will refer to

u∗ (resp. u) as the partner of u (resp. u∗) with respect to
OPT .

We also use the notion of time: time t will denote the
event when the tth vertex of R is revealed to the algorithm.
Define ΩR (resp. ΩL) to be the set of all permutations of R
(resp. L). For any permutation ρ of the vertices, we will use
ρ(t) to denote the vertex at the tth position in ρ and ρ−1(u)
to denote the position of the vertex u in ρ. For vertices u, v
we say u is above v in ρ if ρ−1(u) is less than ρ−1(v). We
can similarly define the notion of a vertex u being below
another vertex v. For any permutation ρ ∈ ΩL let ρ[u ; s]
denote the permutation obtained by moving u to position s
keeping the order of the other vertices unchanged. We will
use π ∈ ΩR to represent the order in which the vertices of
R arrive.

The Ranking Algorithm: In this paper we will ana-
lyze Ranking which was first proposed in [KVV90]. The
algorithm takes an ordering of R as input and produces a
matching as its output. The algorithm is described below.

RANKING

1. Choose a random permutation ρ from ΩL uniformly at
random.

2. Apply permutation ρ to L - thereby assigning each
vertex a priority or rank.

3. For each arriving vertex from R match it to the vertex
(if any) of L, with the highest rank.

By a slight abuse of notation we will use Ranking(ρ, π)
to denote an invocation of the above algorithm where ρ is
the permutation chosen in the first step and π denotes the
arrival order of the vertices in R. For any t ∈ [n] define xt

to be the probability that the vertex ρ(t) ∈ L at position
t get matched in Ranking, where the probability is taken
over the random choices of ρ and π.

Events, B, B̂, P -events: For each ρ ∈ ΩL, π ∈ ΩR and
every vertex v ∈ L (or v∗ ∈ R), we define an event to be the
tuple (ρ, v, π) (or (ρ, π, v∗)). Thus an event is simply the
specification of what the two permutations are and which
vertex we are talking about. Note that an event specifies
the position of the vertex and its optimal match.

An event (ρ, v, π) is called a B-event if v is matched in
Ranking(ρ, π), and furthermore it is matched to some vertex
u∗ 6= v∗ such that π−1(u∗) > π−1(v∗) (i.e., v∗ is ranked
higher than u∗ in π). Informally, a B-event is an event in
which v is matched ‘below’ v∗. Note that this also means
that v∗ is itself matched.

Symmetrically, an event (ρ, π, v∗) is called a B̂-event if v∗

is matched in Ranking(ρ, π), and furthermore it is matched
to some vertex u 6= v such that ρ−1(u) > ρ−1(v) (i.e., v is
ranked higher than u in ρ).

An event (ρ, v, π) is called a P -event if v is matched to v∗

in Ranking(ρ, π). An event (ρ, π, v∗) is called a P̂ -event if
v∗ is matched to v in Ranking(ρ, π).

We define B (resp. B̂, resp. P ) to be the total probability

of B-events (resp. B̂-events, resp. P -events).

2.4 Symmetry of Ranking in the ROA Model
In this section we will present two important lemma’s that

distinguish the behavior of Ranking in ROA Model from the
adversarial model considered in [KVV90]. The first lemma



states that the roles of the streaming and the static biparti-
tions may be switched without altering the outcome of the
algorithm. The second lemma asserts that for the purpose
of analysis, without loss of generality we may assume that
the given graph is symmetric.

Lemma 2. For a given graph G(L, R, E) and for a fixed
(ρ, π) ∈ ΩL×ΩR, the output of Ranking(ρ, π) on G is same
as the output of Ranking(π, ρ) on G′(R, L, E) (where G′ is
obtained from G by switching the two partitions).

Proof. Let M be the output for Ranking(ρ, π) for the
graph G. Let us simulate Ranking(π, ρ) over G′. We will
prove the above claim by induction on the number of ver-
tices in the set L from G′ which have arrived at any mo-
ment. Suppose the part of Ranking(π, ρ) constructed over
ρ(1), ..., ρ(t− 1) in our simulation is consistent with M . Let
v = ρ(t) ∈ L be the t’th vertex to arrive. If possible let v
be unmatched in M and suppose it gets matched to u∗ ∈ R
in our simulation. By our hypothesis, u∗ must have been
matched below position t in M . This yields a contradiction
since, u∗ could have matched a higher vertex in M namely
v. Similarly, we can argue the case when v is unmatched in
our simulation, but is matched in M .

The only other possibility is that v matches different ver-
tices in M and in our simulation. Suppose v is matched to
w∗ in M and u∗ in our simulation. If π−1(w∗) < π−1(u∗),
then w∗ is also matched, to say z, in our simulation. If
ρ−1(z) < t, then this contradicts the induction hypothesis.
On the other hand if ρ−1(z) > t, then v should have matched
w∗ and not u∗. A similar argument works for the case when
π−1(w∗) > π−1(u∗).

Lemma 3. Without loss of generality, we may assume
that the worst example for Ranking in the ROA Model is
symmetric.

Proof. Let W (L, R, E) be a worst example for Rank-
ing in the ROA Model. Let W1(L1, R1, E1) and
W2(L2, R2, E2) be two copies of W . Consider the graph
W ′(L′, R′, E′) where L′ = L1 ∪ R2, R′ = L2 ∪ R1 and
E′ = E1 ∪ E2. Note that W ′ is a symmetric graph. Since
the two copies are disjoint the competitive ratio for Rank-
ing on W ′ is just the average competitive ratio for the two
components. By Lemma 2, both W1 and W2 attain the same
competitive ratio. Hence there exists a symmetric graph W ′

for which Ranking attains its worst competitive ratio.

Lemma 3 yields the following corollary.

Corollary 4. Without loss of generality, we may as-
sume that in the worst example for Ranking in the ROA

Model, B = B̂.

3. ANALYSIS OF THE COMPETITIVE RA-
TIO OF Ranking

In the Section 1.3, we mentioned the components miss-
ing from previously known analyses of Ranking, viz. the
B-events and P-events. If the order of arrival is arbitrary,
they are irrelevant, because Ranking produces almost no
B-events and P-events when faced with the tight example
of the complete upper triangular matrix. In Section 3, we
prove that these components gain significance in the ran-
dom arrival model, and help push the approximation factor
beyond

(
1− 1

e

)
.

In Section 3.1, we consider the special case when the ag-
gregate probability of a P-event is small and prove a bound
on the competitive ratio of Ranking as a function of this
probability. This implies the near optimal result in the case
with may disjoint matchings. In Section 3.2, we prove a
factor of 0.653 in general.

First we prove a simple but important counting lemma
which expresses the gains of the algorithm above 1/2 in

terms of the B, B̂ and P -events. In fact the lemma holds
for Ranking based on any distribution of ρ and π (even for
fixed ρ, π).

Lemma 5.

ALG ≥ n

2
+

B

2
+

B̂

2
+

P

2

Proof. We count the total number of vertices matched
and divide by two to get the size of the matching. We have
fixed an OPT; for every pair v, v∗ in the OPT matching,
we know that at least one of them is matched in ALG (in
every ρ, π). The greedy property of Ranking implies that
(ρ, π, v) and (ρ, π, v∗) cannot simultaneously be B-event and

B̂-event respectively. If both v and v∗ are matched, we pick
the vertex which is not a B-match (resp. B̂-match). If v
and v∗ are matched to each other in a P -event, then we pick
v (to break ties). This gives us n matched vertices. Now,

each B-match and B̂-match has not been already counted in
these n vertices. So also, each P -event corresponds to two
matched vertices, but we counted only the left vertex. Thus
we can add B+B̂+P to n to get a lower bound on the total
number of matched vertices. This proves the lemma.

From the statement of Lemma 5, it is clear that we need
a prove that in random permutation model (with symmetry

implied by Corollary 4), B-events, B̂-events and P -events
make a sizeable combined contribution. We achieve this in
the following lemma:

Lemma 6.

∑
t

(t− 1)

n
xt ≤ B̂ + P − P 2

2n

where xt is the probability that the vertex at rank t in L is
matched in Ranking.

This lemma is the technical core of our main result. Before
moving on to the proof, we first introduce some notation
which will be useful.

Notice that the events that contribute to the xt variables
on the LHS are simply the set of all occurrences of matched
vertices, whereas the RHS consists of events where v∗ ∈ R
is matched to u ∈ L such that ρ−1(u) ≥ ρ−1(v). Our proof
involves designing a many-to-many map between the former
set of events to the latter.

In order to do that, we need to classify the relevant events
into two types with distinct properties. We need the follow-
ing definitions: If ρ is any permutation on L, then ρ−v is
the permutation on L−{v} consistent with ρ. As defined in
Section 2.3, ρ[v ; s] is the permutation obtained by insert-
ing v into ρ−v at position s. A column is a collection of n
events defined by a permutation ρ−v (on L) and π (on R),
by inserting v into ρ−v at all n positions.

This notion of columns of events has been used in related
literature without being defined explicitly. For example, it



forms the basis of analysis of Ranking in the arbitrary ar-
rival model, as found in [KVV90, GM08, BM08].

We will use the above property, but in our analysis, we will
also look at events in columns where v is always matched,
but v∗ may be unmatched. From this point of view, we need
to classify the columns into two different types.

Definition 1. A column (ρ−v, π) is said to be a T1 (type
1) column if in the configuration (ρ[v ; n], π),

• v is unmatched OR

• (ρ[v ; n], v, π) is a B-event OR

• (ρ[v ; n], v, π) is an A-event and (ρ[v ; n], π, v∗) is
also an A-event

Otherwise, the column is said to be a T2 (type 2) column,
i.e. if in the configuration (ρ[v ; n], π),

• v is matched to v∗ (P-event) OR

• (ρ[v ; n], v, π) is an A-event and v∗ is unmatched

We will use the following properties, which are simple con-
sequences of the above definitions and the Ranking algo-
rithm:

• v∗ is always matched in a configuration where v is in
a T1 column.

• If v is in a T2 column, then v∗ can match no higher
than v.

We can now prove Lemma 6.

Proof. (of Lemma 6) Let X be the set of all events
(ρ, u, π), where u = ρ(t) is matched to v∗ ∈ R. Similarly,

B̂, P and P̂ are the sets of all B̂-events, P-events and P̂ -
events respectively. Partition X into two sets: X1 such that
(ρ−v, π) is a T1 column for v and X2 such that (ρ−v, π) is a
T2 column for v.

We now define our many-to-many maps. For (ρ, u, π) ∈
X1, consider the situation of v∗, in the configuration (ρ[v ;

s], π) for s < t. In other words, we move v to all positions

above u. We claim that (ρ[v ; s], π, v∗) is a either a B̂-

event or a P̂ -event. The fact that v∗ remains matched in
(ρ[v ; s], π) follows from the fact the configuration is a T1
column for v, and Lemma 9. Let w be the vertex to which
v∗ is matched in (ρ[v ; s], π). To prove ρ[v ; s](w) ≥ s,
observe that if we remove v from ρ, v∗ may be unmatched,
or matched no earlier than its original match u which was
at position t. Now, adding v back to ρ−v at any position s
above that of u, can improve the position of the match of
v∗ to no higher than s. This implies that (ρ[v ; s], π, v∗)
is a either a B̂-event (if ρ[v ; s](w) > s) or a P̂ -event (if
ρ[v ; s](w) = s).

Hence, we can now map each event (ρ, u, π) ∈ X1 to t− 1

different events (ρ[v ; s], π, v∗), all which are either B̂-

events or P̂ -events. For each (ρ, u, π) ∈ X1, we define:

f(ρ, u, π) = { (ρ[v ; s], π, v∗) | 1 ≤ s < t } ⊆ B̂ ∪ P̂
Let

M =
⊎

(ρ,u,π)∈X1

f(ρ, u, π)

where the
⊎

symbol represents multiset union. Clearly, al-

though each f(ρ, u, π) is a simple set, the same B̂-event (or

P̂ -event) may be part of two different such sets. We will
now quantify this over-counting. First, let us partition M
into Mb = M ∩ B̂ and Mp = M ∩ P̂.

Any event (ρ, π, v∗) ∈ Mb appears in the maps of at most
n distinct events from X1, those obtained by moving v to all
positions from 1 to n, keeping the rest of the configuration
constant. Therefore,

|Mb| ≤ n|B̂1| (1)

where B̂1 is the simple set obtained by discarding duplicates
from Mb.

For each P̂ -event (ρ, π, v∗) in Mp, we can form a set Np of
the corresponding P-events: (ρ, v, π). Let P1 be the simple
set obtained by discarding duplicates from Np. Our goal
is to count the number of times each event (ρ, v, π) ∈ P1

appears in the multiset Np. We claim that this number is at
most n−U(ρ, v, π) where U is defined for a P-event (ρ, v, π)
as U(ρ, v, π) is the the number of P -events(ρ[v ; s], v, π) in
column(ρ−v, π) such that s < ρ−1(v). This follows from the
fact that if (ρ, v, π) and (ρ[v ; s], v, π) are both P -events
and ρ−1(v) < s then (ρ[v ; s], v, π) does not appear in
f(ρ, v, π). Now for notational convenience, we define:

P (ρ−v, π) = Total number of P -events in column (ρ−v, π)

Therefore, we can now bound the size of Mp as:

|Mp| = |Np|
≤

∑

(ρ,v,π)∈P1

n− U(ρ, v, π)

= n|P1| −
∑

T1(ρ−v ,π)


 ∑

(ρ,v,π)∈(ρ−v ,p)

U(ρ, v, π)




=


n

∑

T1 (ρ−v,π)

P (ρ−v, π)


−


 ∑

T1 (ρ−v ,π)

[P (ρ−v, π)]2

2


 (2)

First let yt be the probability that an event (ρ, v, π) such
that ρ−1(v) = t is in X1. Using the fact that such an event
has |f(ρ, v, π)| = t− 1, and using equations (1) and (2),

∑
t

(t− 1)yt =
|M̂1|

|ΩL × ΩR| =
|Mb|+ |Mp|
|ΩL × ΩR|

≤ n|B̂1|
|ΩL × ΩR| +

∑

T1 (ρ−v,π)

(
nP (ρ−v, π)− [P (ρ−v, π)]2

2

)

|ΩL × ΩR| (3)

Now, we will deal with events in X2. Since these are events
in T2 columns, (ρ, π, v∗) must already be a B̂-event or a P̂ -

event. Let B̂2 be the set of B̂-events (ρ, π, v∗) such that v∗

is matched to u in the corresponding (ρ, u, π) ∈ X2. By this

one-to-one correspondence, |B̂2| = |X2−P|. Let P2 = X2∩P.

Therefore, |X2| = |B̂2|+ |P2|.



Since the probability that (ρ, u, π) ∈ X2 is xt − yt, we
have:

∑
t

(xt − yt) =
|B̂2|

|ΩL × ΩR| +
|P2|

|ΩL × ΩR| (4)

Let Q be the multiset formed by including each event
(ρ, v, π) ∈ P2 a total of ρ−1(v) times. Then we can multiply
the t’th term on the LHS of equation (4) by (t−1) and com-
pensate for the over-counting by (a) raising the coefficient

of |B̂2| to n and (b) by using |Q| instead of |P2|

∑
t

(t− 1)(xt − yt) ≤ n|B̂2|
|ΩL × ΩR| +

|Q|
|ΩL × ΩR| (5)

Now we will bound |Q|. Every P -event (ρ, v, π) ∈ P2

where appears in Q a total of ρ−1(v) times. Now ρ−1(v) =
n − (n − ρ−1(v)). But for every P -event in a T2 column,
there are n − ρ−1(v) P -events (ρ[v ; s], v, π) at positions
s > ρ−1(v) in the same column. Therefore, we can say that
each event in (ρ, v, π) ∈ P2 appears n−W (ρ, v, π) times in
Q, where W is defined for (ρ, v, π) ∈ P2 as W (ρ, v, π) is the
number of P -events (ρ[v ; s], v, π) in column (ρ−v, π) such
that s > ρ−1(v).

And finally, we will borrow the notation P (ρ−v, π) defined
earlier to mean the total number of P -events in the column.

Following arguments analogous to the proof of equation
(3), we can now rewrite equation (5) as:

∑
t

(t− 1)(xt − yt) =
n|B̂2|

|ΩL × ΩR| +

∑

T2 (ρ−v ,π)

(
nP (ρ−v, π)− [P (ρ−v, π)]2

2

)

|ΩL × ΩR| (6)

Next, we observe that B̂1 and B̂2 are necessarily disjoint,
since the events in B̂1 have v in a T1 column and events in
B̂2 have v in a T2 column. Adding equations (3) and (6),

∑
t

(t− 1)xt ≤ n(|B̂1|+ |B̂2|)
|ΩL × ΩR| +

∑

Column (ρ−v ,π)

(
nP (ρ−v, π)− [P (ρ−v, π)]2

2

)

|ΩL × ΩR|

Now, the sum of P (ρ−v, π)− [P (ρ−v,π)]2

2
over all columns

is maximized when P (ρ−v, π) is equal over all columns. This
follows from the fact that the sum of squares of k numbers
with fixed sum is minimized when they are all equal. There-
fore, equalizing the value of P (ρ−v, π) over all columns, we
arrive at:

∑
t

(t− 1)xt ≤ n|B̂|
|ΩL × ΩR| +

n|P|
|ΩL × ΩR| −

|P|2
2|ΩL × ΩR|2

= nB̂ + nP − P 2

2

giving the lemma.

3.1 The Case with Few Perfect Matches
In this section, we will consider the case that Ranking pro-

duces very few perfect matches. In fact, there exists a class
of graphs for which this property holds: Graphs with many
disjoint perfect matchings. If the graph has k disjoint per-
fect matchings, then there exists a perfect matching so that
Ranking produces at most 1

k
perfect matches.

Theorem 7. Defining p as the aggregate probability of
getting a perfect match (according to some fixed optimal
matching), Ranking achieves a competitive ratio of 1 −√

p− p2 + 1
n

in the random order input model.

Proof. From Lemma 5, and Corollary 4 we have

ALG =
∑

t

xt ≥ n

2
+ B̂ +

P

2
(7)

Define a = ALG
n

, which is the final competitive ratio and

p = P
n

, the aggregate probability of a perfect match. From
Lemma 6 we have:

∑
t

t− 1

n
xt ≤ B̂ + P − P 2

2n

Now we minimize
∑

t
t−1
n

xt by simply top aligning all the∑
t xt = ALG, to give

∑
t

t− 1

n
xt ≥ ALG(ALG− 1)

2n

So we have B̂ ≥ ALG(ALG−1)
2n

− P + P2

2n
. Substituting in

Equation (7) we get:

ALG ≥ n

2
+

ALG(ALG− 1)

2n
− P

2
+

P 2

2n

⇒ 2a ≥ 1 + a2 − a/n− p + p2

⇒ (1− a)2 ≤ p− p2 + a/n

⇒ a ≥ 1−
√

p− p2 +
1

n

Corollary 8. If a graph has k > 1 disjoint perfect match-
ings, then Ranking achieves a competitive ratio of at least

1−
√

1
k
− 1

k2 + 1
n

Proof. There exists a perfect matching M such that
Ranking makes at most n/k perfect matches according to
M.

3.2 The General Case
If the aggregate probability of perfect matches p equals

1/2, then the previous result does not say much (a ratio
of 1/2). In this section we prove a more interesting bound
on

∑
t

t−1
n

xt which will help us prove a bound which beats
1− 1/e in general.

The following lemma gives us a sense of the distribution
of xt and would be helpful in proving the main result in this
section

Lemma 9.

∀ t : 1− xt ≤
∑

s≤t xs

n



Proof. (Sketch) For fixed ρ and π consider the execution
Ranking(ρ, π). Suppose v = π(t) does not get matched in
this simulation. Then clearly v∗ must have been matched,
otherwise v and v∗ would have matched each other. In par-
ticular, observe that v∗ should have matched to a vertex,
say u, arriving before v.

Let Π = {π [v ; s] | ∀s ∈ [n]}. We claim that, for all
π̃ ∈ Π, v would be matched no lower than position t in
Ranking(ρ, π̃). This is because if v is moved to a position
below π−1(u) then v∗ is already matched by the time v ar-
rives. On the other hand, moving v to a higher position than
π(u)−1 only increases the options available to v∗, thus can
only increase its likelihood of getting matched.

Let Iρ
π(t) be the indicator variable for the event that π(t)

is missed in Ranking(ρ, π). Thus from the above arguments
we can define a map that takes a miss event at t to n matches
belonging to the set of matches above position t i.e.

n

[∑
ρ,π

1− Iρ
π(t)

]
≤

∑

s≤t

∑
ρ,π

Iρ
π(s)

Normalizing the above equation proves the lemma.

We now move on to the main result of this section - a
bound on

∑
t

t−1
n

xt.

Lemma 10.
∑

t

(t− 1)xt

n
≥ 0.26n− o(1)

Proof. From Lemma 9, we have: ∀ t : 1−xt ≤
∑

s≤t xs

n
.

Defining LBt :=
1−

∑
s<t xs

n

(1+ 1
n

)
and rearranging, we have

∀ t : xt ≥ LBt

Thus, we look for the optimal solution to the following
linear program:

{
min

∑
t

txt

n
s.t. ∀ t, xt ≥ LBt

}

In the program, we have ignored the lower order term
∑

t xt/n.
We now define an operation which takes one feasible solution
to another: If there is a t such that xt < 1 and xt > LBt, and
if there is an s < t s.t. xs < 1, then we reduce xt and increase
xs by the same amount, equal to min{xt−LBt, 1−xs}. This
operation keeps the solution feasible:

• for r < s, there is no change in either xr or in LBr.

• for s ≤ r < t, xr goes up and LBr stays the same.

• xt drops to a value at least the original LBt and LBt

goes down.

• for r > t, there is no change in either xr or LBr.

Furthermore, it is clear that the objective function value
goes down.

Given a feasible solution {xt}, we repeatedly apply this
operation to obtain another feasible solution with lower value,
until we can not apply it any more. This proves that the op-
timal solution has the following form: For some t∗ ∈ [1, n],

• for all s < t, xs = 1

• LBt ≤ xt ≤ 1

• for all s > t, xt = LBt.

Thus we know the form of the solution, now we can mini-
mize over t∗. Minimizing the resulting function gives

∑
t

txt
n
≥

0.26n.

Theorem 11. Ranking achieves a competitive ratio of
at least 0.653 in the random order input model.

Proof. This proof is a generalization of the proof of The-
orem 7. From Lemma 5 and Corollary 4 we have

ALG ≥ n

2
+ B̂ +

P

2
(8)

Define a = ALG
n

, which is the final competitive ratio, and

define p = P
n

, the probability of a perfect match. From
Lemma 6 and Lemma 10 we obtain:

0.26n ≤
∑

t

t− 1

n
xt ≤ B̂ + P − P 2

2n

Substituting in Equation (8) we get:

ALG ≥ n

2
+ 0.26n− P +

P 2

2n
+

P

2

⇒ a ≥ 1

2
+ 0.26− p

2
+

p2

2
(9)

Also, from 8 we have

a ≥ 1

2
+

p

2
(10)

Minimizing the maximum of the two bounds obtained in (9)
and (10) we get a ≥ 0.653 (for p ' 0.3).

4. UPPER BOUNDS FOR THE COMPETI-
TIVE RATIO OF Ranking

We can prove that the competitive ratio of Ranking is at
most 0.750 and 0.727 for the families of graphs depicted in
Figure 1 and 2 respectively. We will prove the former result
in Section 4.1. Due to space constraints, we will defer the
proof of the latter - which follows similarly, but with more
involved analysis - to the full version of this paper.

4.1 An Example where Ranking Achieves 0.75

Let G be the bipartite graph over n vertices whose ad-
jacency matrix A is defined below. The graph is shown in
figure 1.

A[i][j] =





1 if i = j
1 if i < n/2 , j > n/2
0 otherwise

The rows and columns of A represent the two partitions
of vertices of G. For the purpose of the algorithm we will
assume that vertices corresponding the columns of A arrive
in random order, while those represented by the rows are
shuffled according to a uniform random permutation. We
will introduce a notion of time and assume that the vertices
arrive according to a Poisson distribution with arrival rate
one per unit time. This does not affect the result, it only
simplifies the discussion.

For the analysis we will partition the vertices of G in to
the following four sets. Let C1 be the vertices corresponding
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to columns 0 through n/2 and let C2 be the vertices for rest
of the columns. Similarly let R1 be the vertices represented
by rows 0 through n/2 and R2 be the remaining vertices. At
any time, t let H(t) be the number of unmatched vertices in
C1. This includes vertices in C1 which are yet to arrive by
time t and those vertices of C1 that could not be matched
upon arrival. Define F (t) to be the number of unmatched
vertices in R1 at time t.

Note that all vertices in C2 will surely get matched, but
some vertices in C1 may not get matched if their unique
neighbor in R1 gets matched to a vertex in C2. Thus the
factor for the algorithm is (|C1|+ |C2| − E [H(n)]) /n = 1−
E [H(n)/n].

In Lemma 12 we represent the expected behavior of H(t)
in terms of F (t). In Lemma 13 we find an explicit formula
for the expected behavior of F (t). Combining these two lem-
mas gives us a differential equation representing the limiting
behavior of H.

For the rest of the analysis we will only consider the ver-
tices that arrive in the interval

[
0, n− n0.9

]
. This is done to

make the analysis amenable to concentration bounds. Fur-
thermore, ignoring the last n0.9 vertices only affects the com-
petitive ratio by a o(1) factor.

Lemma 12. For all t ∈ [0, n− n0.9],

E [H(t + 1)−H(t)] ≥ − F (t)

n− t
− o(1/n)

Proof. Let vt+1 be the vertex arriving at time t + 1. H
reduces by 1 at time t + 1 if vt+1 belongs to C1 and its
unique neighbor in R1 is still unmatched. Let Q(t) be the

number of vertices in C1 that are yet to arrive by time t.
By Chernoff bounds Q(t) is tightly concentrated around its

expected value of n−t
2

i.e. Q(t) is less than (n−t)
2

−2
√

n log n

with probability at most 1/n2. Of the Q(t) vertices in C1

that are yet to arrive, F (t) are such that their unique neigh-
bor in R1 is still unmatched. Hence,

E [H(t + 1)−H(t)] =

−Pr[vt+1 ∈ C1, N(vt+1) is still unmatched]

= −1

2
Pr[ N(vt+1) is still unmatched|vt+1 ∈ C1]

= −1

2

F (t)

Q(t)

≥ −1

2

F (t)

(n− t)/2− 2
√

n log n

+Pr

[
Q(t) <

n− t

2
− 2

√
n log n

]

≥ − F (t)

n− t
− o(1/n)

Lemma 13. For all t ∈ [0, n− n0.9],

E [F (t + 1)− F (t)] ≤ −2
F (t)

n− t
+ o(1/n)

Proof. Let vt+1 be the vertex arriving at time t + 1.
If vt+1 belongs to C1 then F reduces by 1 iff H falls by 1
at time t + 1. By the proof of Lemma 12 this happens with

probability at most F (t)
n−t

+o(1/n). If vt+1 belongs to belongs
to C2 then F reduces by 1 only if vt+1 is matched to a vertex
in R1. Next we analyze the probability of this event.

Consider u∗ ∈ R2 and let u be its unique neighbor in C2.
The probability that u is yet to arrive by time t is 1− t/n.
Recall that the Ranking algorithm randomly permutes the
vertices in R1 ∪ R2 and each arriving vertex chooses the
highest unmatched vertex in its neighborhood. If u is to
match a vertex in R1, u∗ must lie below the highest un-
matched vertex in R1. This happens with probability at
least 2F (t)/n. Combining the above two statements, we get
Pr [vt+1 does not match v∗t+1 | vt+1 ∈ C2] ≥ 2F (t)/(n − t).
Thus we have,

E [F (t + 1)− F (t)]

= Pr [vt+1 matches v∗t+1 | vt+1 ∈ C1]

−Pr [vt+1 doesn’t match v∗t+1 | vt+1 ∈ C2]

≤ − F (t)

n− t
− Pr [vt+1 doesn’t match v∗t+1 | vt+1 ∈ C2]

≤ − F (t)

n− t
− 1

2

2F (t)

n− t
+ o(1/n)

= −2F (t)

n− t
+ o(1/n)

The statement of Lemma 13 becomes clearer if we scale
the time by a factor of n, i.e we let t be the the time when
exactly nt vertices have arrived and let F (t) and H(t) be the
fraction of unmatched vertices in R1 and C1 respectively.

Lemma 13 can now be stated as,

E [F (t + 1/n)− F (t)]

1/n
= − 2F (t)

1− t/n
+ o(1/n) (11)



We claim the random process described by the above equa-
tion is well approximated by the trajectory of the differential
equation

df

dt
≤ − 2f

n− t
+ o(1/n) (12)

where this equation has been obtained from equation (11)
by replacing the right-hand side with the appropriate lim-
iting value as n tends to infinity, dy/dt. This follows easily
from known techniques, such as, for example, Kurtz’s theo-
rem (Refer [Kur70]).

To clarify the connection we state a version of Kurtz’s
theorem.

Theorem 14 (Kurtz’s Theorem [Kur70]). Suppose we
are given a finite set of vectors {e1, e2 · · · ek} in Rd. We con-

sider an initial process
→
x (t) with generator

Lf(
→
x) =

k∑
i=1

λi(
→
x)(f(

→
x +

→
e i)− f(

→
x))

and a scaled process
→
z n (t) with generator

Lnf(
→
x) =

k∑
i=1

nλi(
→
x)(f(

→
x +

→
e i

n
)− f(

→
x))

The limiting operator L∞ satisfies

L∞f(
→
x) =

k∑
i=1

nλi(
→
x)

〈
∇f(

→
x),

→
e i

〉

and corresponds to the deterministic solution
→
z∞ of the

equation

d

dt

→
z∞ (t) =

k∑
i=1

λi(
→
z∞ (t))

→
e i (13)

Let λi(
→
x) : Rd → R+ be uniformly bounded and Lipschitz

continuous, and let
→
z∞ be the unique solution of equation

(13) with
→
z∞ (0) =

→
x (0). For each finite T there exist a

positive constant α1 and a function α2 with

lim
ε↓0

α2(ε)

ε2
∈ (0,∞) and lim

ε↑∞
α2(ε)

ε
= ∞

such that, for all n ≥ 1 and ε > 0,

Pr

[
sup

0≤t≤T
| →z n (t)− →

z∞ (t)| ≥ ε

]
≤ α1e

−nα2(ε)

Moreover, k1 and k2 can be chosen independently of
→
x .

By applying Kurtz’s theorem, we see that as n goes to
infinity, the limiting process for equation (11) is given by
the differential equation (12).

Solving equation (12) we get F (t) ≤ (n−t)2

2n
− o(1). By

a similar argument and substituting in equation (14) the
limiting process representing the evolution of H is given by
the following differential equation,

dh

dt
≥ −n− t

2n
+ o(1/n) (14)

Solving equation (14), we get H(n) ≥ n/4 − o(1). Thus
the Ranking algorithm achieves a competitive ratio of at
most 0.75 + o(1) for the above graph.
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