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Abstract
We presenta new shaperepresentation,themulti-level partition of
unity implicit surface,that allows us to constructsurfacemodels
from verylargesetsof points.Therearethreekey ingredientsto our
approach:1) piecewise quadraticfunctionsthat capturethe local
shapeof thesurface,2) weightingfunctions(thepartitionsof unity)
that blend togethertheselocal shapefunctions,and 3) an octree
subdivision methodthat adaptsto variationsin the complexity of
thelocal shape.

Our approachgivesus considerable�e xibility in the choiceof
localshapefunctions,andin particularwecanaccuratelyrepresent
sharpfeaturessuchasedgesandcornersby selectingappropriate
shapefunctions.An error-controlledsubdivision leadsto anadap-
tive approximationwhosetime andmemoryconsumptiondepends
ontherequiredaccuracy. Dueto theseparationof localapproxima-
tion andlocal blending,therepresentationis not globalandcanbe
createdandevaluatedrapidly. Becauseour surfacesaredescribed
usingimplicit functions,operationssuchasshapeblending,offsets,
deformationsandCSGaresimpleto perform.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometry and Object Modeling—Curve, surface, solid, and object
representations

Keywords: partitionof unity approximation,error-controlledsub-
division,adaptivedistance�eld approximation,implicit modeling.

1 Intro duction
Therearemany applicationsthat rely on building accuratemodels
of real-world objectssuchassculptures,damagedmachineparts,
archaeologicalartifacts,andterrain. Techniquesfor digitizing ob-
jectsincludelaserrange�nding,mechanicaltouchprobes,andcom-
putervision techniquessuchasdepthfrom stereo.Someof these
techniquescanyield millions of 3D point locationson the object
that is beingdigitized. Oncethesepointshave beencollected,it
is a non-trivial taskto build a surfacerepresentationthat is faithful
to the collecteddata. Someof the desirablepropertiesof a sur-
facereconstructionmethodincludespeed,low memoryoverhead,
thecreationof surfacesthatapproximateratherthaninterpolatethe
data(whennoiseor mis-registrationis present),faithful reproduc-
tion of sharpfeatures,androbustnessin thepresenceof holesand
low samplingdensity.

In this paperwe introducea new classof implicit modelsthat
was speci�cally designedto meet theserequirementsfor rapidly
and accuratelycreatingsurfacesfrom large collectionsof points.
We usethe nameMulti-level Partition of Unity implicits (MPU)
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Figure1: The StanfordLucy, consistingof 14 million points, is reconstructedasan
MPU implicit with a 0:01% max-normapproximationaccuracy; the left part of the
modelis coloredaccordingto thesubdivision level which increasesfrom blueto red.
The four modelsin thebackarereconstructedfrom thepoint setwith increasingap-
proximationerror.

becauseat the heartof our methodis a setof weightingfunctions
that sumto oneat all pointsin the domain. Given a setof points
P = f p1; : : : ;pNg sampledfrom a surfacein R3, anMPU implicit
f : R3 ! R providesanadaptiveerror-controlledapproximationof
the signeddistancefunction from the surface. The approximation
is accuratenearthesurfaceandroughfar from thesurface.Thesur-
faceitself is thenapproximatedby thezerolevel setof thedistance
function. We assumethat the pointsof P areequippedwith unit
normalsN = f n1; : : : ;nNg thatindicatethesurfaceorientation.In
practice,thesenormalscanbe estimatedeither from initial scans
during theshapeacquisitionphaseor by local least-squares�tting
to P . We alsoconsiderthecasewhenthesurfaceis approximated
by a meshandP is thesetof meshvertices.ThenthenormalsN
arethemeshvertex normals.

To createour implicit representation,we start with a box that
boundsthepoint setandcreateanoctree-basedsubdivision of this
box. At eachcell of theoctree,a piecewisequadraticfunction(the
local shapefunction) is createdthat�ts thepointsin thecell. These
shapefunctionsactmuchlike a signeddistancefunction,andtake
on thevaluezeronearthedatapointsandbecomepositive (inside)



or negative (outside)away from thedatapoints. Theapproximate
normalsof thepointsareusedto distinguishthis inside/outsideori-
entationlocally. If theshapefunctionapproximationis notaccurate
enough(doesn't matchthepointswell), thecell is subdividedand
theprocedureis repeateduntil a certainaccuracy is achieved. Fig-
ure 1 shows how the octree-levels adaptaccordingto the relation
betweenlocal shapecomplexity anddesiredaccuracy. In locations
nearthe commonboundaryof two or morecells, the shapefunc-
tionsareblendedtogetheraccordingto weightsfrom thepartition
of unity functions. The global implicit function of the surfaceis
givenby thispartitionof unity blendingof thelocal shapeapproxi-
mationsat theoctreeleafs.

MPU implicits areconceptuallysimple,easyto implement,and
arecapableof providing a fast,accurate,andadaptive reconstruc-
tions of complex shapesfrom scatteredpoint datacontainingmil-
lions of points. The complexity of the approachis output sensi-
tive in the sensethat the creationtime andmemoryconsumption
dependon the complexity of the reconstructedshaperatherthan
thenumberof datapoints. SinceMPU implicits candeliver high-
accuracy shapeapproximations,function-basedoperationssuchas
shapeblending,offsets,deformationsandCSGcaneasilybe ap-
plied. All of thesesameoperationscanbeperformedfor datathat
wasoriginally in a parametricor polygonalform simply by con-
vertingtheseshapedescriptionsto theMPU representation.

Previous work. Implicit shaperepresentationsareattractive be-
causethey allow a complex shapeto be describedby one for-
mula, they unify surfaceandvolumemodeling,andseveral com-
plex shapeediting operationsareeasyto performon suchmodels
[Bloomenthalet al. 1997]. On theotherhand,traditionalpureim-
plicit surfacemodelingtechniqueslack local shapecontrol. This
drawbackhasbecomeespeciallynoticeablewith the development
of modernshapeacquisitiontechniquesthatcangeneratedatasets
consistingof thousands,millions, or even billions of points (see,
e.g.,[Levoy et al. 2000]). Themainadvantagesof usingimplicits
for shapereconstructionfrom scattereddataaredatarepairingcapa-
bilities andopportunitiesto edit theresultingobjectsusingstandard
implicit modelingoperations.

Most implicit shapereconstructionsfrom point setsare based
on Blinn's ideaof blendinglocal implicit primitives[Blinn 1982].
Muraki [1991] usesa linear combinationof Gaussianblobs to �t
an implicit surfaceto a point set. Hoppeet al. [1992] locally es-
timate the signeddistancefunction as the distanceto the tangent
planeof the closestpoint. Lim et al. [1995] useblendedunion
of spheresfor implicit reconstructionof solidsfrom scattereddata.
They obtainan initial con�guration of spheresfrom the Delaunay
tetrahedralizationandanonlinearoptimizationis thenapplied.Ba-
jaj et al. [1995] andBernardiniet al. [1999] combinealgebraic
�tting with point datatriangulationby adaptive a -shapes[Edels-
brunnerandMücke 1994]. A volumetricapproachof Curlessand
Levoy [1996] introducedfor shapereconstructionfrom rangescans
is basedon estimatingthe distancefunction from a reconstructed
model. Savchenko et al. [1995], Carr et al. [2001], and Turk
andO'Brien [2002] useglobally supportedradial basisfunctions
(RBFs) while Morse et al. [2001], Kojekine et al. [2003], and
Ohtake et al. [2003] employ compactlysupportedRBFsto recon-
structsmoothsurfacesfrompointclouddata.It seemsthatthestate-
of-the-artin constructingimplicit functionsfrom largesetsof scat-
teredpointsareRBF-basedmethods[Carr et al. 2001;Dinh et al.
2002;Turk andO'Brien 2002]. While RBF-basedmethodsarees-
peciallyusefulfor the repairof incompletedata,they faceserious
dif�culties in accuratereconstructionof sharpfeatures[Dinh et al.
2001],mayrequireauserinterventionlikechoosinganappropriate
carrier solid [Kojekine et al. 2003], and can generateextra zero-
level sets[Ohtakeetal. 2003]. In addition,sinceRBFsolutionsare
global in nature,processingmillions of pointsseemsto bebeyond
thecapabilitiesof mostpresentdayPCs.

Thelevel setmethod[ZhaoandOsher2002]is anothergoodcan-
didatefor reconstructingthesigneddistancefunction.However, its
currentimplementationbecomesexpensive in time andmemoryif
highaccuracy reconstructionis required(althoughthismightbeim-
proved if adaptive gridsareused).Projection-basedapproachesto
shapeapproximation[Alexaetal.2001;Fleishmanetal.2003]have
theadvantagethatthey arelocal (i.e. independentof thenumberof
datapoints)anddirectly yield a point on thesurface.However, the
projectionsteprequiresthe solutionof a non-linearmoving least
squaresproblem,which makesmostpracticalshapeoperationsex-
pensive.

Ourapproachcanbeseenasablendof severalknown techniques
that, together, result in an attractive methodfor reconstructingan
implicit function. One commonRBF techniqueis to �rst divide
the datadomaininto several cells so that the datais broken into
manageablepieces[Beatsonet al. 2000; SchabackandWendland
2000; Iske 2001; Iske andLevesley 2002;Wendland2002]. As a
particularmethodfor domaindecomposition,thepartitionof unity
approach(PU) of Franke andNielson [1980] hasbeenusedas a
generalFEM methodin computationalmechanics[Babu�ska and
Osborn1994] andrecentlyhasbecomepopularbecauseit avoids
thetopologicaloverheadof constructingamesh[Babu�skaandMe-
lenk 1997; GriebelandSchweitzer2000; GriebelandSchweitzer
2002].Ourstrategy for avoidingextrazerolevel setsis reminiscent
of [Moore andWarren1991;Warren1992],whereanadaptive and
recursive volumetric subdivision was used. One could view our
MPU representationsas being similar to adaptively sampleddis-
tance�elds [Friskenet al. 2000],with thedifferencethattheMPU
approachusescontinuousratherthansampledfunctions.

When usedwith an appropriatechoiceof local shapeapprox-
imations,our approachhasthe following attractive features: the
ability to createhighquality implicit surfacesfrom very largepoint
datasets,theaccuratereconstructionof sharpfeatures,andfastand
easylocal shapeaccess.

2 Partition of Unit y Approach
The partition of unity approachis typically usedto integrate lo-
cally de�ned approximantsinto a globalapproximation.Important
propertiessuchas the maximumerror andconvergenceorderare
inheritedfrom the local behavior. The basicideaof the partition
of unity approachis to breakthe datadomaininto several pieces,
approximatethedatain eachsubdomainseparately, andthenblend
thelocalsolutionstogetherusingsmooth,localweightsthatsumup
to oneeverywhereon thedomain.

More speci�cally, considera boundeddomainWin a Euclidean
space(we will work in 3D) and a set of nonnegative compactly
supportedfunctionsf j ig suchthat

å i j i � 1 onW:

Let usassociatea localapproximationsetof functionsVi with each
subdomainsupp

�
j i

�
. Now an approximationof a function f (x)

de�ned onWis givenby

f (x) � å i j i(x)Qi(x); (1)

whereQi 2 Vi .
Given a set of nonnegative compactly supportedfunctions

f wi(x)g suchthat
W�

[

i
supp

�
wi

�
;

partitionof unity functionsf j ig canbegeneratedby

j i(x) =
wi(x)

å n
j= 1w j (x)

: (2)

Approximationby meansof Eqs.1 and2 constitutesthecoreof
thepartitionof unity �nite elementmethods[Babu�skaandOsborn
1994]. They resemblethe Modi�ed Shepard's methodof Franke



andNielson[1980] (seealso[Renka1988]),wherepolynomiallo-
cal approximationsQi(x) areusedin combinationwith “inverse-
distance”singularweights

�
wi(x)

	
for interpolationpurposes.

Givenasetof scatteredpointsP equippedwith normalsN , we
approximatethesigneddistancefunction f (x) from P . In contrast
to theapproachesmentionedabove, we introduceanadaptive pro-
cedurefor generatingthesubdivisionandproblem-speci�capprox-
imationsets.First,we useanoctree-basedadaptive spacesubdivi-
sionof W. This allows usto control theerrorof theapproximation
while adaptingthecomplexity of therepresentationto thecomplex-
ity of theshape(seeSection3). Second,weusepiecewisequadratic
functionsresultingfrom Booleanoperationsfor theaccuraterepre-
sentationof sharpfeatures.The classi�cationof local shapesand
appropriateapproximationsetsarediscussedin Section4.

For approximationpurposeswe usethe quadraticB-splineb(t)
to generateweightfunctions

wi(x) = b

 
3

�
�x � ci

�
�

2Ri

!

(3)

centeredat ci andhaving asphericalsupportof radiusRi .
If aninterpolationof P is required,we usetheinverse-distance

singularweights[FrankeandNielson1980;Renka1988]

wi(x) =

" �
Ri �

�
�x � ci

�
� �

+

Ri

�
�x � ci

�
�

#2

; where(a)+ =
�

a if a > 0
0 otherwise (4)

3 Adaptive Octree-based Approximation
The algorithm for constructingan MPU implicit is driven by re-
peatedsubdivision of the region of spacethat is occupiedby the
input setof points. First, the points in P arerescaledso that an
axis-alignedboundingcubehasa unit-lengthmain diagonal. We
then apply an adaptive octree-basedsubdivision to the bounding
cube.Considera cubiccell thatwasgeneratedduringthesubdivi-
sion process,andlet c be the centerandd the lengthof the main
diagonalof thecell.

Wede�ne thesupportradiusRfor theweightfunction(3) for the
cell to beproportionalto its diagonal:

R= a d: (5)
We typically use a = 0:75. A larger value for a yields better
(smoother)interpolationandapproximationresultsat the expense
of computationtime. Time complexity is roughly quadraticin a .
Figure11 illustratestheeffect of a , especiallyfor theaccurateap-
proximationof thedistancefunctionaway from thezerolevel set.

For eachcell generatedduring the subdivision process,a local
shapefunctionQ(x) is built usinga least-squares�tting procedure,
asshown in theleft drawing of Figure2.

Sometimes(especiallyif the densityof P is not uniform) the
ball of radiusRfor acell doesnotcontainenoughpointsfor arobust
estimationof Q(x). If thenumberof pointsis lessthanNmin (in our
implementationwe setNmin = 15), a ball with increasedradiusR̂
is determinedthat containsat leastNmin points. This is doneby
startingwith R̂= Randtheniterating

R̂= R̂+ l R (6)
until the ball containsthe minimum numberof points(in our im-
plementationwe setl = 0:1). Now thepointsenclosedby theball
of radiusR̂ are usedto estimatea local shapefunction Q(x), as
demonstratedin theright drawing of Figure2.

We usea kd-treepartitioningfor ef�cient solvingof theserange
searchingproblems.

If the ball aroundan octreecell with initial radiusR = a d is
empty, an approximationof the distancefunction is computedas
explainedabove andit will not besubdividedfurther. Otherwise,a
local max-normapproximationerror is estimatedaccordingto the
Taubindistance[Taubin1991]

e = max
jpi � cj< R

jQ
�
pi

�
j
� �

�ÑQ
�
pi

� �
� : (7)

R
c

i

i

i

f

Q x(  )=0
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R
c

R̂

Q(  )=0x

Figure2: Left: adaptive subdivision coupledwith least-squares�tting. Right: enlarg-
ing thesphericaldomainfor thelocalapproximationto make it morerobust.

Figure3: Left: a setof pointsequippedwith normals.Middle: thecircles(2D balls)
correspondingto the adaptive subdivision areshown hereat 50% of their real size.
Right: thedistancefunctionis reconstructed,andthezerolevel setis locatedbetween
theyellow andgreenbands.

If e is greaterthana user-speci�ed thresholde0, the cell is subdi-
videdandthe�tting processis performedfor thechild cells.

Figure 3 demonstrateshow our adaptive subdivision scheme
worksin 2D.

The following pseudocodedescribesa recursive procedurefor
assemblingan MPU approximationat point x with precisione0.

EvaluateMPUapprox(x;e0)
SwQ = Sw = 0;
root->MPUapprox(x;e0);
return SwQ=Sw;

MPUapprox(x;e0)
if (jx � ci j > Ri ) then return ;
if (Qi is not createdyet) then

CreateQi andcomputeei ;
if (ei > e0) then

if (No child s) then Createchild s;
for each child

child->MPUapprox (x;e0);
else

SwQ = SwQ + wi (x) � Qi (x);
Sw = Sw + wi (x);

Here,Sw andSwQ denoteå wi(x) andå Qi(x)wi(x), respectively,
seeEqs.1 and2.

Thisprocedureiseasyto implement.Wehopethatthiswill make
our approachandits implementationaccessibleto a wide rangeof
users.

Note that we abandonthe local approximationsthat are con-
structedat the non-leafcells of the octree. This allows us to use
differentlocal approximationsof thedistancefunctionfar from P
andnearto P , aswell asspeci�c sharpfeatureapproximations,
without compensatingfor theeffectsof coarseapproximations.In-
heritingcoarseapproximationswould alsorequireusto counteract
alreadygeneratedzero-setsin emptyballs. In addition,avoiding
coarseapproximationssavesmemoryandresultsin fasterevalua-
tion of theimplicit function.

4 Estimating Local Shape Functions
Our local �tting strategy dependson the numberof points in the
ball of a givencell andthedistribution of normalsof thosepoints.
At agivencell weusethemostappropriateoneof thesethreelocal
approximations:

(a) ageneral3D quadric,
(b) abivariatequadraticpolynomialin local coordinates,
(c) apiecewisequadricsurfacethat�ts anedgeor acorner.

Roughly speaking,(a) is usedto approximatelarger partsof the
surface,whichcouldbeunboundedor containmorethanonesheet,
(b) is usedto approximatealocalsmoothpatch,and(c) is employed
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Figure4: Left: �tting a bivariatequadraticpolynomial. Right: local �t of a general
quadric; auxiliary points locatedat the cell centerand cornersare usedin order to
achieveanaccurateapproximationof thedistancefunction.

to reconstructsharpfeatures.Actually (c) consistsof a numberof
tests(an edgetestandcornertests)in orderto determinethe type
of approximationsurfacethatshouldbeused.

A few simpletestsareperformedto selectfrom amongthethree
typesof local shapefunctions.If therearemorethan2Nmin points
in the local ball, we usea function of type (a) or (b). An average
normaldirection is computedfor the pointsand if the maximum
deviation of normalsto the averageis more thanp=2 thenwe �t
with (a), otherwisewe usetype (b). If therearefewer than2Nmin
pointsassociatedwith a cell, moredetailedchecksaremadeto see
if anedgeor corneris present,anddetailsof this aregivenbelow.
Why don't we look for sharpfeatureswhen thereare more than
2Nmin points? Becausethe sharpfeaturedetectionaddscomputa-
tionalcomplexity andtheoctreesubdivisionproceduretakescareof
this, anyway. Shouldthesurfaceactuallycontaina corneror edge
nearsucha cell, thenthe quality-of-�t measure(7) will causethe
cell to bedivided,andthesharpfeaturewill be �t by oneor more
child cells.

In thefollowing sub-sectionswe will describeeachof thethree
local shapefunctionsin moredetail. Thenotationwe usein these
sectionsis asfollows. Let c bethecenterof asubdivisioncubiccell
wherewewantto constructa localshapefunctionQ(x). Wedenote
by P 0 the pointsof P that are insidethe ball of the cell. Let n
bea unit normalvectorassignedto c. This normaln is computed
from the normalizedweightedarithmeticmeanof the normalsof
P 0 taken with the weightsde�ned by (3). Let q be the maximal
anglebetweenn andthenormalsN 0assignedto thepointsof P 0.

(a) Local �t of a general quadric. If
jP 0j > 2Nmin and q � p=2

a 3D quadraticsurfaceis �tted. Usually this correspondsto a sit-
uation sketchedin the right drawing of Figure 4. A local shape
functionis givenby

Q(x) = xTA x+ bTx+ c (8)
whereA is a symmetric3� 3 matrix,b is a vectorof threecompo-
nents,andc is a scalar. In orderto determinetheunknownsA, b,
andc we make useof auxiliary points

�
qi

	
to helporientthelocal

shapefunction.Thesepointsarechosenasthecornersandthecen-
ter of the subdivision cell, asdemonstratedin the right pictureof
Figure4.

Eachauxiliary point q is testedfor whetherit can be usedto
obtaina reliableestimateof thesigneddistancefunction. For each
q, its six nearestneighborsp(1) ;p(2) ; : : : ;p(6) from P 0 arefound
andthescalarproducts

n(i) �
�

q � p(i)
�

; i = 1;2; : : : ;6; (9)

are computed. If not all the scalarproductshave the samesign,
q is removed from thesetof auxiliary points. Thegeometricidea
behindthis testis explainedby theleft drawing of Figure5.

If thesetof remainingauxiliary pointsis empty, thecell is sub-
divided.

For eachremainingauxiliary point q, anaveragedistanced, the
arithmeticmeanof thescalarproducts(9), is computed

d =
1
6

6

å
i= 1

n(i) �
�

q � p(i)
�

: (10)

q
q

Figure5: Left: Testingwhetheran auxiliary point q canbe usedto obtaina reliable
estimateof thesigneddistancefunction. Thegreenq is reliable,but themagentaq is
not. Right: Detectionof sharpfeaturesis doneby clusteringof pointnormals.

Finally theunknownsin (8) arefoundby minimizing

1

å w
�
pi

� å
pi2P 0

w
�
pi

�
Q(pi)

2 +
1
m

m

å
i= 1

�
Q(qi) � di

� 2 ; (11)

wherem is thenumberof remainingpointsq.

(b) Local �t of a bivariate quadratic polynomial. If

jP 0j > 2Nmin and q < p=2

a bivariatequadraticpolynomialis locally �tted. Let us introduce
local coordinates(u;v;w) with the origin of coordinatesat c such
that theplane(u;v) is orthogonalto n andthepositive directionof
w coincideswith thedirectionof n. A quadraticshapefunctionatc
is givenby

Q(x) = w�
�

Au2 + 2Buv+ Cv2 + Du+ Ev+ F
�

; (12)

where(v;u;w) arethecoordinatesof x in thenew coordinatesys-
tem.Theunknown coef�cients A, B, C, D, E, andF aredetermined
by minimizing

å
pi2P 0

w
�
pi

�
Q(pi)

2: (13)

The left drawing of Figure4 illustratesthe geometricideabehind
local �tting of abivariatequadraticpolynomial.

(c) Local approximation of edges and corners. The
quadraticfunctions(12) and(8) consideredabove arenot capable
of accuratelycapturingsharpedgesandcorners. If thereare just
a few pointsassociatedwith a cell (jP 0j � 2Nmin), we try to �t a
piecewisequadraticfunctioninsteadof aquadraticapproximation.

We performautomaticrecognitionof edgesandcornersusinga
simplebut effective procedureproposedby Kobbeltet al. [2001].
Theideais basedon clusteringof normals,asdemonstratedby the
right drawing of Figure5.

Following [Kobbeltetal. 2001]weassumethatthesurfacehasa
sharpfeatureif

mini; j

�
ni � n j

�
< 0:9: (14)

If (14) is not satis�ed, we go to (b) andlocal bivariatepolyno-
mial (12) is �tted to P 0. Otherwisewecheckwhetherthedetected
featureis a corner. We considern3 = n1 � n2, the normalvector
to the planedeterminedby the normalsn1 and n2 enclosingthe
maximalangle.If thedeviation of thenormalsni from theplaneis
suf�ciently large

maxi
�
�ni � n3

�
� > 0:7 (15)

thefeatureis recognizedasacorner.
If (14) is satis�edand(15) is not, we expectthesurfaceto have

an edgeand subdivide the set of normals
�

ni

	
into two clusters

accordingto their angleswith n1 and n2 (two sphericalVoronoi
subsetscorrespondingto n1 andn2). Denoteby P 0

1 andP 0
2, P 0=

P 0
1 [ P 0

2, two subsetscorrespondingto theclustersof thenormals.
Now the quadratic�t procedureis appliedseparatelyto P 0

1 and
P 0

2 anda non-smoothlocal shapefunction approximationP 0 is
constructedvia themax=min Booleanoperationsof Ricci [1973].

If (14) and(15) aresatis�ed, we subdivide N 0 into threesets.
FirstN 0

1 andN 0
2 areconstructedasabove. Next wecheckwhether�

�
�n1;2 � ni

�
�
� <

�
�n3 � ni

�
� andaddpoint pi to the third clusterif the in-

equalityis satis�ed.



Figure6: Left: Eyefrom Stanford's reconstructionof Michalangelo's David (scanned
at 1mmresolution).Right: Theeye is reconstructedasanMPU implicit with relative
accuracy e0 = 10� 4.

We alsotreatseparatelycornersof degreefour: test(14) is ap-
plied to thenormalsof the third clusterandif (14) is satis�ed, the
clusteris subdivided into two pieces.If the resultingfour clusters
of normalscorrespondto eithera convex or concave corner, it is
reconstructedvia Booleanoperations.Otherwise,we go to (a) and
ageneralquadric(8) is �tted to P 0.

If the numberof pointsusedto estimatethe coef�cients of bi-
variatequadraticpolynomial (12) is lessthen six, we set all the
unknown coef�cients in (12)equalto zero.

Given the above approach,more complex typesof sharpfea-
tures(for example,a saddlecornerof degree4) areapproximated
by smoothfunctions.Noticehowever that“generic” sharpfeatures
are obtainedfrom the intersectionsof two or threesurfaces,and
thereforeconsistof edgesandcornersof at mostdegree3. It is not
agenericeventfor four smoothsurfacesto intersectatonepoint.

5 Visualization
Conventional techniquesfor visualizing implicit models include
polygonization(isosurfaceextraction),raytracing,andvolumeren-
dering. From amongthesevariousvisualizationmethods,we use
Bloomenthal'spolygonizer[Bloomenthal1994]becauseof its nice
continuationpropertiesand the Hart spheretracingmethod[Hart
1996]. Thesetwo methodsboth work well usingthe approximate
distancefunctionsof MPU implicits.

If our goal is to createa polygonalmesh,we cansave time and
memoryby computingMPU approximationson the �y during the
polygonizationprocess.We have found thatanapproximationac-
curacy of e0 = 10� 4 (thatis, 0:01%of thelengthof themaindiag-
onalof theboundingbox) is quitesuf�cient for thereconstruction
of �ne features,asdemonstratedby Figure6.

If a non-adaptive surfaceextractionroutineis usedwith an im-
plicit modelthat hassharpfeatures,a �ne samplingdensityis re-
quiredto capturethesefeatures.An exampleof this canbe seen
in the top and bottom left imagesof Figure 7. An alternative is
to useadaptive samplingandremeshingstrategiessuchasthosein
[Kobbeltetal. 2001;OhtakeandBelyaev 2002;Juetal. 2002].We
�nd it attractive to combinea low resolutionBloomenthalpolygo-
nizationwith a postprocessingmeshoptimizationtechniquedevel-
opedin [OhtakeandBelyaev 2002],asshown in thetopmiddle,top
right, andbottommiddleimagesof Figure7.

Even higher quality renderingcan be achieved using ray trac-
ing techniques.The spheretracingmethodof Hart [1996] works
well togetherwith MPU implicits sinceit usesthedistancefunction
representationandit is quitecapableof renderingimplicit models
with sharpfeatures.Thebottomright imageof Figure7 shows an
MPU implicit modelof the fandiskmodelthat wasrenderedwith
spheretracing.Theleft imageof Figure8 shows spheretracingof
a morecomplex implicit model. This modelwasgeneratedfrom
a function-basedoperation(subtraction)appliedto thedragonand
theDavid model,both representedasMPU implicits. Noticehow
well thesharpfeaturesarereconstructedandrendered.

Figure7: Visualizationof the fandiskmodelimplicitized with MPU. Top left: Bloo-
menthalpolygonizationwasused;in spiteof suf�ciently high polygonizationresolu-
tion (200K triangles)onecannoticesmall aliasingdefectsalongsharpfeatures.Top
middle:alow resolutionpolygonizationis applied.Topright: anoptimizedmesh(17K
triangles)is obtainedfrom the low resolutionmesh,thesharpfeaturesareaccurately
reconstructed.Bottomleft: amagni�ed partof thehigh resolutionmesh.Bottommid-
dle: thesamepartof theoptimizedmesh.Bottomright: a partof themodelrendered
usingHart spheretracing.

6 Results & Applications
In this sectionwe discussresultsandapplicationsof approximat-
ing or interpolatingMPU implicits for surfacereconstructionfrom
rangescansandincompletepoint data,andfunction-basedopera-
tions.

Approximation and Interp olation. Mostof theillustrationsin
thiswork havebeengeneratedusingapproximatingMPU implicits
asdescribedin Section4. However, our MPU approachcanalso
beadaptedto exactdatapoint interpolationif we usea local inter-
polationmethodsuchasFranke andNielson's singularweights(4)
insteadof (3).

SinceMPU with (4) requiresa deeperoctree-basedsubdivision
(every nonemptysubdivision cell containsonly onepoint of P ),
our interpolationprocedurerequiresmorememoryresourcesthan
theapproximationone.For interpolationwith singularweights(4)
thesubdivisionstopsonly whenall of pointsof P havebeenplaced
in their own cells. Theball arounda nonemptyoctreecell is cen-
teredat the interpolatedpoint insidethe cell. We seta = 1:25 in
(5) in orderto ensurethatwe cover theboundingbox by theballs
aroundtheoctreecells.

For eachcell containingoneinterpolatedpoint p of P , its local
shapefunction Q(x) is de�ned by (12), wherethe origin of coor-
dinatesof local coordinatesystem(u;v;w) is locatedat p (hence
F = 0 in (12))andthepositivedirectionof w coincideswith thedi-
rectionof theaveragednormalatp. Wedon't usethenormalof N
assignedto p becauseof stability problemscommonfor Hermite-
like interpolationschemes.The unknown coef�cients are deter-
minedby minimizing quadraticenergy (13) with c = p. Now (1)
interpolatesP becausepartitionof unity functions

�
j i(�)

	
de�ned

by (2) satisfy

j i(p j ) = di j =
�

1 if i = j
0 if i 6= j and Ñj i(p j ) = 0:

Theright imageof Figure8 shows resultsof applyingtheMPU
interpolationandshapemodelingoperations(Booleansubtraction,
twisting) to theStanfordBuddhamodel.

Reconstruction from incomplete data. Reconstructionfrom
scatteredpoint datawith MPU implicits is robust with respectto
variationsof pointdensity, asdemonstratedin Figure9.

Reconstruction from range scans. MPU implicits canbeused
to reconstruct3D modelsfrom acollectionof rangescans.Wehave



Figure8: CSGoperationsappliedon MPU implicits. Left: spheretracingof thesub-
tractionof two MPU approximations.Right: booleansubtractionandtwisting opera-
tionsareappliedto interpolatingMPU implicits.

Figure9: Reconstructionfrom a scatteredpoint datasetwith non-uniformdensityof
points.

foundthatif severalrangescansoverlap,betterresultsareobtained
if we take into accountper-point measurementcon�dencesduring
thereconstructionprocess.If we treatall pointsthesame,artifacts
canarise. If theaccuracy threshold(7) is small, theMPU implicit
approximatingthescanpointscanhavewrinklesin theoverlapping
regions. On the otherhand,if (7) is not small enough,the MPU
implicit doesnot capturethe �ne geometricdetailsof thescanned
model. In practice,a givenpositionon theobjectcanbemeasured
moreaccuratelyfrom somescanningdirectionsthanfrom others.
This notionof usingcon�denceduringsurfacereconstructionwas
advocatedin [Turk andLevoy 1994;CurlessandLevoy 1996].

Considera collectionof points from rangedata. Assumethat
eachpoint pi is assigneda con�denceweight ci , ci 2 [0;1], that
were computedbasedon scanninginformation accordingto the
rulessuggestedin [Curlessn. d.]. Now the MPU reconstruction
processdescribedin previoussectionsis enhancedby themodi�ca-
tionsgivenbelow.

� Forabetterestimationof localshapefunctionQ(x), if thesum
of thecon�dencemeasuresof thepointsinsidetheball is less
thanNmin thentheradiusgrowth rule(6) is appliedrepeatedly
until thesumis above this threshold.

� Insteadof (7), aweightedaccuracy measureis used:
e = maxci Q(pi)=jÑQ(pi)j.

� Theunit normalvectorn of thebaseplane(u;v) usedto �t the
bivariatequadraticpolynomial(12) is obtainedby averaging
theneighboringnormalswith weightsciw(pi).

� Weights
�

ciw(pi)
	

are used in (13) and (11) instead of�
w(pi)

	
.

� The normalsin (10) are taken with the con�denceweights
assignedto their correspondingpoints.

Figure10 demonstratestheMPU reconstructionof theStanford

Figure10: Reconstructionof Stanfordbunny from rangedata. Top left: bunny scan
datais renderedasa cloud of points,(all ten original rangescansareused);defects
causedby low accuracy of somepointsandnormalsareclearlyvisible. Top middle: a
siderangeimageof bunny is coloredaccordingto thecon�dencemeasure.Top right:
bunny is reconstructedasanMPU implicit. Bottom left: only six rangescansof the
bunny scandataarerendered(anexampleof incompletedata).Bottomright: anMPU
implicit bunny from six scans.

f = 0:025 f = 0 f = � 0:025

f = � 0:075,a = 0:75 f = � 0:075,a = 1:0

Figure11: Offsettingof a knot model. The distancefunction to the knot is approxi-
matedby w = f (x;y;z). The�rst four modelsweregeneratedwith a = 0:75. For the
lastmodela = 1 wasusedandahigherqualityoffsettingwasproduced.

bunny from the original rangescans. In one casewe have used
only six scans,andin theothercasewehaveusedthefull tenrange
scans.Noticetheability of theMPU methodto repairmisseddata.

Function-based shape modeling operations. Using MPU
implicits allow us to extend the power of function-basedshape
modelingoperations[Bloomenthaletal.1997]to pointsetsurfaces.
GivenseveralMPU functionsde�ned over thesameboundingbox
andhaving possiblydifferentoctreestructures,at eachpoint of the
boxweevaluatethevalueof theresultof applyingfunctionaloper-
ationsto thefunctions.Thenthelevel setsof theresultingfunction
arevisualizedvia apolygonizationor ray tracing.

An exampleof a CSGoperationappliedto two largeandcom-
plex point setsurfaceswasalreadydemonstratedin Figure8. Re-
sultsof offsetting,smoothblending,morphing,andtwistingopera-
tions[HyperFun:F-repLibrary n. d.], [Pasko andSavchenko 1994]
areshown in Figures11,12,13,14andtheright imageof Figure8.
In particular, Figures13 and14 demonstratea linear morphingof
two implicit models.1

1Thelinearmorphingof implicit modelsw = f (x;y;z) andw = g(x;y;z) is anim-
plicit modelde�ned by w = (1� t) f (x;y;z) + tg(x;y;z).



Figure12: Left: Smoothblendingof the Stanfordbunny andCyberwareIgeamod-
els. Right: offsettingof theStanforddragonmodel; f = 0:0075(top) and f = � 0:01
(bottom);a = 0:75.

Figure13: Linearblendingof octahedronandcube.

7 Discussion
Thispaperdescribesanew implicit surfacerepresentationbasedon
local shapefunctions,partitionsof unity, andan octreehierarchy.
Strengthsof theMulti-Level Partitionof Unity formulationinclude:

� Fastsurfacereconstructionandrendering.
� Representationof sharpfeatures.
� Reconstructionfrom incompletedata.
� Choiceof either approximationor interpolationof the data

andtheability to adaptively vary theapproximationaccuracy.

Givenapointsetmodelprocessedby theMPU methodwith aspec-
i�ed accuracy, thecomputationaltime andmemoryusagedepends
on thegeometriccomplexity of themodel: thehigherthegeomet-
ric complexity, thedeepertheoctreeis subdivided. This is clearly
demonstratedby Figure1 wherethereconstructionof �ne features
requiresadeepersubdivision.

Table1 presentsRAM memoryusageandcomputationaltime
measurementsfor simultaneousgeneratingandpolygonizingvari-
ouspointsetmodels.Notethatourmethodis quitefast.Ourexper-
imentswith state-of-the-artRBF-based3D surfacereconstruction
techniquessuchasFastRBF[Carr et al. 2001] andotherssuggest
that theMPU methodis considerablyfasterthantheseothertech-
niques.2

Model Number Relative Peak Numberof Comp.
of points error RAM triangles time

Bunny 34,611 2:5� 10� 3 34MB 91,104 0:07
Bunny scans 362,272 1:0� 10� 3 110MB 219,676 1:46

Dragon 433,375 8:0� 10� 4 195MB 819,704 1:39
Buddha 543,625 0:0 442MB 648,332 6:53

David (2mm) 4,124,454 1:0� 10� 4 810MB 1,296,522 10:33

Table 1: Memory and computational time measurements for genera-
tion+ polygonizationof MPU implicits for variouspoint setmodels. Computations
were performedon a 1.6GHz Mobile Pentium4 with 1GB RAM, and timings are
listedasminutes:seconds.

2 Comparingtheresultsof Table1 with thoseof Table2 in [Carr et al. 2001]one
can�nd thattheMPU methodis 20-30timesfasterthantheFastRBFtechnique[Carr
etal. 2001].

Figure14: Linearmorphingof two headmodelsapproximatedby MPU implicits,Max
PlanckHeadandHeadof Michelangelo's David.

Notice thatprocessingtime for theBuddhamodelis morethan
threetimeslongerthenthatfor thedragonmodelwhich hasa sim-
ilar size. This is becausewe reconstructthe Buddhaby the MPU
interpolationwhichrequiresadeepersubdivisionandwidersupport
for thecorrespondingpartitionof unity functions.

Becauseof its local nature, the MPU methodis more sensi-
tive to the quality of input data,especiallythe �eld of normals,
to comparewith the approximationand interpolationtechniques
basedon globally-supportedRBFs [Carr et al. 2001; Turk and
O'Brien 2002]. Nevertheless,accordingto our experiments,the
MPU methodis suf�cient for accurateshapereconstructionfrom
a wide variety of datasets. The parametersin our currentimple-
mentationof theMPU approachareadjustedfor processingtypical
outputsof laserscannerdevices. We believe that the parameter
modi�cations neededfor differentclassesof input arefairly intu-
itive in order to handlescattereddataof lower (higher)quality at
theexpenseof lower (higher)computationalspeed.

Unlikethecrustapproach[Amentaetal.1998],theMPUmethod
is not supportedby rigorous resultsguaranteeingcorrect recon-
structionof inputdatasatisfyingcertainpropertiesdescribedmath-
ematically. It is apricewepayfor ahighspeedof ourmethod.

We would like alsoto stressherethatour methodis not anRBF
technique.RBFis aglobalapproximation/interpolationmethodbe-
causeof its globalvariationalnature.Ourmethodis alocalone.We
make useof two functions,the partition-of-unityweightsandthe
localpiecewisequadraticapproximationfunctions,which is differ-
ent thanthe singlefunction usedby an RBF approach.This two-
functionapproachgivesbene�ts suchassharpfeaturereconstruc-
tion that,to date,havenotbeenpossibleusingRBFs.

Smoothnesspropertiesof theMPU implicits aredeterminedby
thoseof weightfunctions(3). Choosingsmootherweightfunctions
will producesmootherMPU implicits.

Similar to otherimplicit functionshaperepresentationschemes,
theMPUimplicitsarenotcapableof representingcorrectlysurfaces
with boundaries.

We seea numberof opportunitiesto improve our approach.
Otherestimationof thedistancefunctionmight bebene�cial. The
distancefunctionis a ruledsurfacewith singularities,thereforeus-
ing quadraticfunctionsto approximatethedistancefunctionis not
optimal. A richer library of local shapeapproximationscould be
generatedin order to reconstructaccuratelymore complex sharp
features. Finally, the MPU approachshouldbe well suitedto an
out-of-coreimplementationdueto thelocalnatureof theweighting
functions.
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