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Abstract

We presenta new shaperepresentatiorthe multi-level partition of
unity implicit surface,that allows us to constructsurface models
from verylargesetsof points. Therearethreekey ingredientgo our
approach:1) piecavise quadraticfunctionsthat capturethe local
shapeof thesurface,2) weightingfunctions(the partitionsof unity)
that blend togethertheselocal shapefunctions,and 3) an octree
subdvision methodthat adaptsto variationsin the compleity of
thelocal shape.

Our approachgives us considerablee xibility in the choiceof
local shapdunctions,andin particularwe canaccuratelyrepresent
sharpfeaturessuchas edgesand cornershy selectingappropriate
shapefunctions. An errorcontrolledsubdvision leadsto anadap-
tive approximationwhosetime andmemoryconsumptiordepends
ontherequiredaccurag. Dueto theseparatiorf local approxima-
tion andlocal blending,the representatiors not globalandcanbe
createdandevaluatedrapidly. Becauseour surfacesaredescribed
usingimplicit functions,operationsuchasshapeblending,offsets,
deformationandCSGaresimpleto perform.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationalGe-
ometry and Object Modeling—Cune, surface, solid, and object
representations

Keywords: partitionof unity approximationerrorcontrolledsub-
division, adaptve distanceeld approximationjmplicit modeling.

1 Intro duction

Therearemary applicationghatrely on building accuratenodels
of real-world objectssuchas sculpturesdamagedmachineparts,
archaeologicadrtifacts,andterrain. Techniquedor digitizing ob-
jectsincludelaserrange nding,mechanicalouchprobesandcom-
putervision techniquesuchasdepthfrom stereo. Someof these
techniqgueanyield millions of 3D point locationson the object
thatis beingdigitized. Oncethesepoints have beencollected,it
is anon-trivial taskto build a surfacerepresentatiothatis faithful
to the collecteddata. Someof the desirablepropertiesof a sur
facereconstructiormethodinclude speedJow memoryoverhead,
thecreationof surfaceshatapproximateatherthaninterpolatethe
data(whennoiseor mis-ragistrationis present)faithful reproduc-
tion of sharpfeaturesandrobustnessn the presencef holesand
low samplingdensity

In this paperwe introducea new classof implicit modelsthat
was speci cally designedto meettheserequirementdor rapidly
and accuratelycreatingsurfacesfrom large collectionsof points.
We usethe nameMulti-level Partition of Unity implicits (MPU)
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Figure 1: The StanfordLucy, consistingof 14 million points,is reconstructecsan
MPU implicit with a 0:01% max-normapproximationaccurayg; the left part of the
modelis coloredaccordingto the subdvision level which increasegrom blueto red.
The four modelsin the backarereconstructedrom the point setwith increasingap-
proximationerror.

becauset the heartof our methodis a setof weightingfunctions
thatsumto oneat all pointsin the domain. Given a setof points
P = fp,.:::;pyg sampledrom a surfacein RS, anMPU implicit
R providesanadaptve errorcontrolledapproximatiorof
the signeddistancefunction from the surface. The approximation
is accurateearthesurfaceandroughfarfrom thesurface. Thesur
faceitself is thenapproximatedy the zerolevel setof thedistance
function. We assumehatthe pointsof P areequippedwith unit

practice,thesenormalscan be estimatedeither from initial scans
during the shapeacquisitionphaseor by local least-squaredting
to P . We alsoconsiderthe casewhenthe surfaceis approximated
by ameshandP is thesetof meshvertices. ThenthenormalsN
arethemeshvertex normals.

To createour implicit representationywe startwith a box that
boundsthe point setandcreatean octree-basedubdvision of this
box. At eachcell of the octree a piecavise quadraticfunction (the
local shapefunction is createdhat ts thepointsin thecell. These
shapefunctionsactmuchlik e a signeddistancefunction, andtake
onthevaluezeronearthe datapointsandbecomepositive (inside)



or negative (outside)away from the datapoints. The approximate
normalsof the pointsareusedto distinguishthis inside/outsideri-
entationlocally. If theshapéunctionapproximatioris notaccurate
enough(doesnt matchthe pointswell), the cell is subdvided and
the proceduras repeatedintil a certainaccuray is achieved. Fig-
ure 1 shaws how the octree-l@els adaptaccordingto the relation
betweerlocal shapecompleity anddesiredaccurag. In locations
nearthe commonboundaryof two or more cells, the shapefunc-
tions areblendedtogetheraccordingto weightsfrom the partition
of unity functions. The global implicit function of the surfaceis
givenby this partitionof unity blendingof thelocal shapeapproxi-
mationsatthe octreeleafs.

MPU implicits areconceptuallysimple,easyto implement,and
are capableof providing a fast,accurateand adaptve reconstruc-
tions of complex shapedrom scatteregpoint datacontainingmil-
lions of points. The compleity of the approachis output sensi-
tive in the sensethat the creationtime and memoryconsumption
dependon the complexity of the reconstructedhaperatherthan
the numberof datapoints. SinceMPU implicits candeliver high-
accurag shapeapproximationsfunction-base@perationsuchas
shapeblending, offsets,deformationsand CSG can easily be ap-
plied. All of thesesameoperationsanbe performedfor datathat
was originally in a parametricor polygonalform simply by con-
vertingtheseshapedescriptiondo the MPU representation.

Previous work. Implicit shaperepresentationareattractie be-
causethey allow a comple shapeto be describedby one for-
mula, they unify surfaceand volume modeling,and several com-
plex shapeediting operationsare easyto performon suchmodels
[Bloomenthalet al. 1997]. On the otherhand,traditionalpureim-
plicit surfacemodelingtechniquedack local shapecontrol. This
dravback hasbecomeespeciallynoticeablewith the development
of modernshapeacquisitiontechniqueghatcangeneratalatasets
consistingof thousandsmillions, or even billions of points (see,
e.g.,[Levoy etal. 2000]). The main advantagef usingimplicits
for shapeeconstructiorirom scatterediataaredatarepairingcapa-
bilities andopportunitieso edittheresultingobjectsusingstandard
implicit modelingoperations.

Most implicit shapereconstructiongrom point setsare based
on Blinn's ideaof blendinglocal implicit primitives[Blinn 1982].
Muraki [1991] usesa linear combinationof Gaussiarblobsto t
animplicit surfaceto a point set. Hoppeet al. [1992] locally es-
timate the signeddistancefunction as the distanceto the tangent
planeof the closestpoint. Lim et al. [1995] useblendedunion
of spheredor implicit reconstructiorof solidsfrom scatterediata.
They obtainaninitial con guration of spheredrom the Delaunay
tetrahedralizatiomnda nonlinearoptimizationis thenapplied.Ba-
jaj etal. [1995] and Bernardiniet al. [1999] combinealgebraic
tting with point datatriangulationby adaptve a-shapedEdels-
brunnerandM{icke 1994]. A volumetricapproachof Curlessand
Levoy [1996]introducedor shapaeconstructiorirom rangescans
is basedon estimatingthe distancefunction from a reconstructed
model. Sarchenlo et al. [1995], Carr et al. [2001], and Turk
and O'Brien [2002] useglobally supportedradial basisfunctions
(RBFs)while Morse et al. [2001], Kojekine et al. [2003], and
Ohtale et al. [2003] employ compactlysupportedRBFsto recon-
structsmoothsurfacesrom pointclouddata.lt seemghatthestate-
of-the-artin constructingmplicit functionsfrom large setsof scat-
teredpointsare RBF-basednethodgCarr et al. 2001; Dinh et al.
2002; Turk andO'Brien 2002]. While RBF-basednethodsarees-
pecially usefulfor the repairof incompletedata,they faceserious
dif culties in accurateeconstructiorof sharpfeaturedDinh etal.
2001],mayrequireauserinterventionlike choosinganappropriate
carrier solid [Kojekine et al. 2003], and can generateextra zero-
level sets|Ohtake etal. 2003]. In addition,sinceRBF solutionsare
globalin nature,processingnillions of pointsseemgo be beyond
the capabilitiesof mostpresendayPCs.

Thelevel setmethodZhaoandOsher2002]is anotheigoodcan-
didatefor reconstructinghe signeddistancefunction. However, its
currentimplementatiorbecomesxpensve in time andmemoryif
highaccurag reconstructioris required(althoughthis mightbeim-
provedif adaptve gridsareused).Projection-basedpproacheso
shapeapproximatiorjAlexaetal. 2001;Fleishmaretal. 2003]have
theadwantagethatthey arelocal (i.e. independenof the numberof
datapoints)anddirectly yield a point on the surface.However, the
projectionsteprequiresthe solution of a non-linearmoving least
squareproblem,which makesmostpracticalshapeoperationsex-
pensve.

Ourapproacltanbeseerasablendof severalknown techniques
that, together resultin an attractve methodfor reconstructingan
implicit function. One commonRBF techniqueis to rst divide
the datadomaininto several cells so that the datais broken into
manageabl@ieces[Beatsonet al. 2000; Schabaclkand Wendland
2000; Iske 2001; Iske and Levesley 2002; Wendland2002]. As a
particularmethodfor domaindecompositionthe partition of unity
approach(PU) of Franle and Nielson[1980] hasbeenusedasa
generalFEM methodin computationalmechanicgBabuska and
Osborn1994] andrecentlyhasbecomepopularbecausét avoids
thetopologicaloverheadf constructinga mesh[BabuskaandMe-
lenk 1997; Griebeland Schweitzer2000; Griebeland Schweitzer
2002]. Our stratgy for avoiding extra zerolevel setsis reminiscent
of [Moore andWarren1991;Warren1992],whereanadaptve and
recursve volumetric subdvision was used. One could view our
MPU representationas being similar to adaptvely sampleddis-
tance elds [Friskenetal. 2000],with the differencethatthe MPU
approactusescontinuougatherthansampledunctions.

When usedwith an appropriatechoice of local shapeapprox-
imations, our approachhasthe following attractve features: the
ability to createhigh quality implicit surfacesrom very large point
datasetsthe accurateeconstructiorof sharpfeaturesandfastand
easylocal shapeaccess.

2 Partition of Unity Approach

The partition of unity approachis typically usedto integrate lo-
cally de ned approximantsnto a globalapproximation.mportant
propertiessuchasthe maximumerror and corvergenceorder are
inheritedfrom the local behaior. The basicideaof the partition
of unity approachss to breakthe datadomaininto several pieces,
approximatehe datain eachsubdomairseparatelyandthenblend
thelocal solutionstogethetusingsmooth Jocalweightsthatsumup
to oneeverywhereonthedomain.

More speci cally, considera boundeddomainWin a Euclidean
space(we will work in 3D) and a set of nonngative compactly
supportedunctionsf j ;g suchthat

a,j; lonw

Let usassociate local approximatiorsetof functionsV, with each

subdomairsupp j; . Now an approximationof a function f(x)
de ned onWis givenby

f0 a,/i(0Qx); (1)
whereQ; 2 V,.

Given a set of nonngative compactly supportedfunctions
fw;(x)g suchthat

w ;Supp w; ;
partitionof unity functionsf j ;g canbegeneratedy
, w;(X)
(X)) = h ! . 2
1092 g ) ()

Approximationby meansof Eqs.1 and2 constituteghe coreof
the partition of unity nite elementmethodgBabuskaandOsborn
1994]. They resemblethe Modi ed Shepards methodof Franle



andNielson[1980] (seealso[Renkal1988]),wherepolynomiallo-
cal approximationQ,(x) areusedin combinationwith “inverse-
distance’singularweights w;(x) for interpolationpurposes.

Givenasetof scattereghointsP equippedvith normalsN , we
approximatehesigneddistancedunction f (x) from P . In contrast
to the approachesmentionedabove, we introducean adaptve pro-
cedurefor generatinghe subdvision andproblem-speci capprox-
imationsets.First, we usean octree-baseddaptve spacesubdvi-
sionof W. This allows usto controlthe error of the approximation
while adaptinghecompleity of therepresentatioto thecomplex-
ity of theshapgseeSection3). Secondyve usepiecevisequadratic
functionsresultingfrom Booleanoperationdor the accurateepre-
sentationof sharpfeatures. The classi cation of local shapesand
appropriateapproximatiorsetsarediscussedn Sectior4.

For approximationpurposesve usethe quadraticB-spline b(t)
to generateveightfunctions 1

3Xx ¢
Wi(X) =b T‘
centeredatc, andhaving asphericakupportof radiusR;.
If aninterpolationof P is required we usetheinverse-distance
singularweights[Franke an%NieIsoleSO;RenkalQSS]

2
. X G

% : where(a), =
1

3 Adaptive Octree-based Approximation

The algorithm for constructingan MPU implicit is driven by re-
peatedsubdvision of the region of spacethatis occupiedby the
input setof points. First, the pointsin P arerescaledso thatan
axis-alignedboundingcube hasa unit-lengthmain diagonal. We
then apply an adaptve octree-basedubdvision to the bounding
cube. Considera cubic cell thatwasgeneratediuring the subdvi-
sion processandlet ¢ be the centerandd the length of the main
diagonalof thecell.

We de ne thesupportradiusR for theweightfunction(3) for the
cell to beproportionatto its diagonal:

R= ad: (5)

We typically usea = 0:75. A larger value for a yields better
(smoother)interpolationand approximatiorresultsat the expense
of computationtime. Time compleity is roughly quadraticin a.
Figurellillustratesthe effect of a, especiallyfor the accurateap-
proximationof the distancefunctionaway from the zerolevel set.

For eachcell generatedluring the subdvision processa local
shapefunction Q(X) is built usinga least-squaresting procedure,
asshawn in theleft drawing of Figure?2.

Sometimegespeciallyif the densityof P is not uniform) the
ball of radiusR for acell doesnotcontainenoughpointsfor arobust
estimationof Q(x). If thenumberof pointsis lessthanN, ;. (in our

implementationwe setN,;, = 15), a ball with increasedadiusR
is determinedthat containsat leastN,,;, points. This is doneby
startingwith R= R andtheniterating

R= R+ /R (6)
until the ball containsthe minimum numberof points(in ourim-
plementatiorwe set/ = 0:1). Now the pointsenclosedy the balll
of radiusR are usedto estimatea local shapefunction Q(x), as
demonstrateth theright drawing of Figure?2.

We usea kd-treepartitioningfor ef cient solvingof theserange
searchingroblems.

If the ball aroundan octreecell with initial radiusR= ad is
empty an approximationof the distancefunction is computedas
explainedabove andit will notbesubdvidedfurther Otherwisea
local max-normapproximatiorerror is estimatedaccordingto the
Taubindistancg Taubin1991]

e=_max jQ p; j
i ci<R

®)

aifa>0

wi(x) = 0 otherwise )

NQ p; (7)
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Figure2: Left: adaptve subdvision coupledwith least-squaredting. Right: enlag-
ing the sphericaldomainfor thelocal approximatiorto make it morerobust.

Figure3: Left: a setof pointsequippedwith normals.Middle: the circles(2D balls)
correspondingo the adaptve subdvision are shavn hereat 50% of their real size.
Right: thedistancefunctionis reconstructedandthe zerolevel setis locatedbetween
theyellow andgreenbands.

If eis greaterthana userspeci ed thresholde,, the cell is subdi-
videdandthe tting processs performedor thechild cells.

Figure 3 demonstratedion our adaptve subdvision scheme
worksin 2D.

The following pseudocodelescribesa recursie procedurefor
assemblingan MPU approximationat point x with precisiong,.
MPUapprog; e,)

if (ix ¢j> R)then return ;
if (Q isnotcreatedyet) then
CreateQ; andcomputesg;

EvaluateMPUapproxx; e,) it (6> a)then

Sig= Su= 05 if (Nochild s)then Createchild s;
root->MPUapprox(x; &), for each child
reum . §,o=Sw; child->MPUapprox (x; &,);
else
S = St W) Qi(¥);
Sw= Swt W(X);

Here, Sy and§, 5 denoted wi(x) anda Q;(x)w;(x), respectiely,
seeEgs.1 and2.

Thisprocedurés easyto implement.We hopethatthiswill make
our approachandits implementatioraccessiblé¢o a wide rangeof
users.

Note that we abandonthe local approximationshat are con-
structedat the non-leafcells of the octree. This allows usto use
differentlocal approximation®f thedistanceunctionfar from P
andnearto P , aswell asspeci ¢ sharpfeatureapproximations,
without compensatindor the effectsof coarseapproximationsin-
heriting coarseapproximationsvould alsorequireusto counteract
alreadygeneratedzero-setsn empty balls. In addition, avoiding
coarseapproximationsazes memoryandresultsin fasterevalua-
tion of theimplicit function.

4 Estimating Local Shape Functions

Our local tting stratgyy dependson the numberof pointsin the
ball of a given cell andthe distribution of hormalsof thosepoints.
At agivencell we usethe mostappropriateoneof thesethreelocal
approximations:

(a) ageneralBD quadric,

(b) abivariatequadratigpolynomialin local coordinates,

(c) apiecavisequadricsurfacethat ts anedgeor acorner

Roughly speaking,(a) is usedto approximatelarger partsof the
surface which couldbeunboundedr containmorethanonesheet,
(b) is usedto approximatelocal smoothpatch,and(c) is employed



Figure4: Left: tting a bivariatequadraticpolynomial. Right: local t of a general
quadric; auxiliary points locatedat the cell centerand cornersare usedin orderto
achieve anaccurateapproximatiorof the distancefunction.

to reconstrucsharpfeatures.Actually (c) consistsof a numberof
tests(an edgetestandcornertests)in orderto determinethe type
of approximatiorsurfacethatshouldbe used.

A few simpletestsareperformedo selectfrom amongthethree
typesof local shapeunctions. If therearemorethan2N, ., points
in thelocal ball, we usea function of type (a) or (b). An average
normal directionis computedfor the pointsandif the maximum
deviation of normalsto the averageis morethan p=2 thenwe t
with (a), otherwisewe usetype (b). If therearefewerthan2N .-
pointsassociatedvith a cell, moredetailedchecksaremadeto see
if anedgeor corneris presentanddetailsof this aregivenbelow.
Why don't we look for sharpfeatureswhenthereare more than
2N, Points? Becausehe sharpfeaturedetectionaddscomputa-
tional compleity andtheoctreesubdvision procedurdakescareof
this, anyway. Shouldthe surfaceactuallycontaina corneror edge
nearsucha cell, thenthe quality-of- t measurg7) will causethe
cell to bedivided, andthe sharpfeaturewill be t by oneor more
child cells.

In the following sub-sectionsve will describesachof thethree
local shapefunctionsin moredetail. The notationwe usein these
sectiongs asfollows. Let ¢ bethecenterof asubdvisioncubiccell
wherewe wantto constructalocal shapdunctionQ(x). We denote
by P Othe pointsof P thatareinsidethe ball of thecell. Letn
be a unit normalvectorassignedo c. This normaln is computed
from the normalizedweightedarithmeticmeanof the normalsof
P Otakenwith the weightsde ned by (3). Let g be the maximal
anglebetweem andthenormalsN Cassignedo thepointsof P 2

(@) Local t of a general quadric. If
jiP9>2N,, and g p=2
a 3D quadraticsurfaceis tted. Usuallythis correspondso a sit-
uation sketchedin the right drawing of Figure4. A local shape
functionis givenby
Q(x) = x"Ax+ b'x+c (8)
whereA is asymmetric3 3 matrix, b is avectorof threecompo-
nents,andc is a scalar In orderto determinethe unknavns A, b,
andc we make useof auxiliary points q; to helporientthelocal
shapéfunction. Thesepointsarechoserasthe cornersandthe cen-
ter of the subdvision cell, asdemonstratedh the right picture of
Figure4.
Eachauxiliary point q is testedfor whetherit canbe usedto
obtainareliableestimateof the signeddistancefunction. For each

andthescalamproducts

n® g p® ; i=127::1:6 (9)
are computed. If not all the scalarproductshave the samesign,
g is removed from the setof auxiliary points. The geometricidea
behindthis testis explainedby theleft draving of Figure5.

If the setof remainingauxiliary pointsis empty thecell is sub-
divided.

For eachremainingauxiliary point g, anaveragedistanced, the
arithmeticmeanof the scalamproducts(9), is computed

6 )
d= éé n(') q p(') : (10)

i=1

csee * ° iI"-..

Figure5: Left: Testingwhetheran auxiliary point g canbe usedto obtaina reliable
estimateof the signeddistancefunction. Thegreenq is reliable,but the magentay is
not. Right: Detectionof sharpfeatureds doneby clusteringof pointnormals.

Finally the unknavnsin (8) arefoundby minimizing
1 m
& wp QP+ —d Qa) ¢ (1)
i p2P 0 i=1
wheremis the numberof remainingpointsq.

aw p

(b) Local t of a bivariate quadratic polynomial. If
jiP9>2N_. and g< p=2

a bivariatequadraticpolynomialis locally tted. Let usintroduce
local coordinatequ; v;w) with the origin of coordinatest ¢ such
thatthe plane(u; V) is orthogonalo n andthe positive directionof
w coincideswith thedirectionof n. A quadraticshapeunctionatc
is givenby

Qx) = w

where(v; u;w) arethe coordinate®f x in the new coordinatesys-
tem. Theunknavn coefcients A, B, C, D, E, andF aredetermined

by minimizing
é W p; Q(pi)Z: (13)
pi2P ©
The left drawing of Figure4 illustratesthe geometricideabehind
local tting of abivariatequadratigpolynomial.

(c) Local approximation of edges and corners. The
quadraticfunctions(12) and(8) consideredabove are not capable
of accuratelycapturingsharpedgesandcorners. If therearejust
afew pointsassociateavith a cell (jP § 2Ni), wetryto t a
piecavisequadratidunctioninsteadof a quadraticapproximation.

We performautomaticrecognitionof edgesandcornersusinga
simplebut effective procedurgoroposedoy Kobbeltet al. [2001].
Theideais basedon clusteringof normals,asdemonstratethy the
right drawing of Figure5.

Following [Kobbeltetal. 2001]we assumehatthe surfacehasa
sharpfeatureif

AW+ 2Buv+ CV2+ Du+ Ev+ F ;  (12)

min.; n. n.

i Moy <09 (14)

If (14)is not satis ed, we go to (b) andlocal bivariatepolyno-
mial (12)is tted to P C Otherwisewe checkwhetherthedetected
featureis a corner We considem, = n;  n,, the normalvector
to the plane determinedby the normalsn,; andn, enclosingthe
maximalangle.If the deviation of thenormalsn; from the planeis
sufciently large

max n; ng > 0.7 (15)
thefeatureis recognizedasa corner

If (14)is satis edand(15) is not, we expectthe surfaceto have
an edgeand subdvide the setof normals n; into two clusters
accordingto their angleswith n, andn,, (two sphericalVoronoi
subsetgorrespondingo n; andn,). Denoteby P 2andP 0 P %=
P 10[ P 20, two subsetgorrespondingo the clustersof thenormals.
Now the quadratict procedureis appliedseparatelyto P 1°and
P 20 anda non-smoothocal shapefunction approximationP 9is
constructedsia themax=min Booleanoperation®f Ricci[1973].

If (14) and(15) aresatis ed, we subdiide N into threesets.
FirstN ;“andN ,areconstructedisabove. Next we checkwhether

Ny, Ny < ng n; andaddpointp; to thethird clusterif thein-
equalityis satis ed.



Figure6: Left: Eyefrom Stanfords reconstructiorof Michalangelos David (scanned
at Immpresolution).Right: The eye is reconstructeéisan MPU implicit with relative
accurag = 10 4.

We alsotreatseparatelycornersof degreefour: test(14) is ap-
plied to the normalsof the third clusterandif (14)is satis ed, the
clusteris subdvidedinto two pieces.|f the resultingfour clusters
of normalscorrespondo eithera corvex or concae corner it is
reconstructedia Booleanoperations Otherwisewe goto (a) and
ageneraluadric(8) is tted to P ©

If the numberof pointsusedto estimatethe coefcients of bi-
variate quadraticpolynomial (12) is lessthensix, we setall the
unknawvn coefcients in (12) equalto zero.

Given the above approach,more complex typesof sharpfea-
tures(for example,a saddlecornerof degree4) areapproximated
by smoothfunctions.Notice however that“generic” sharpfeatures
are obtainedfrom the intersectionsof two or threesurfaces,and
thereforeconsistof edgesandcornersof at mostdegree3. It is not
agenericeventfor four smoothsurfacesto interseciat onepoint.

5 Visualization

Corventional techniquesfor visualizing implicit modelsinclude

polygonization(isosurfceextraction),raytracing,andvolumeren-

dering. From amongthesevariousvisualizationmethodswe use
Bloomenthaks polygonizer{Bloomenthall994]becausef its nice

continuationpropertiesand the Hart spheretracing method[Hart

1996]. Thesetwo methodsboth work well usingthe approximate
distancefunctionsof MPU implicits.

If our goalis to createa polygonalmesh,we cansave time and
memoryby computingMPU approximationon the y duringthe
polygonizationprocess.We have found thatan approximatiorac-
curag of gy = 10 4 (thatis, 0:01% of thelengthof the main diag-
onal of the boundingbox) is quite sufcient for the reconstruction
of ne featuresasdemonstratetly Figure6.

If a non-adaptie surfaceextractionroutineis usedwith anim-
plicit modelthat hassharpfeaturesa ne samplingdensityis re-
quiredto capturethesefeatures. An exampleof this canbe seen
in the top and bottom left imagesof Figure 7. An alternatve is
to useadaptive samplingandremeshingstratgiessuchasthosein
[Kobbeltetal. 2001;Ohtale andBelyaer 2002;Juetal. 2002]. We
nd it attractve to combinea low resolutionBloomenthalpolygo-
nizationwith a postprocessingneshoptimizationtechniquedevel-
opedin [Ohtake andBelyaer 2002],asshavn in thetop middle,top
right, andbottommiddleimagesof Figure?.

Even higher quality renderingcan be achiezed using ray trac-
ing techniques.The spheretracingmethodof Hart [1996] works
well togethewith MPU implicits sinceit useghedistancdunction
representatiomndit is quite capableof renderingimplicit models
with sharpfeatures.The bottomright imageof Figure7 showvs an
MPU implicit modelof the fandiskmodelthat wasrenderedwith
spherdracing. Theleft imageof Figure8 shows spheretracingof
a more complex implicit model. This modelwas generatedrom
a function-basedperation(subtractionjappliedto the dragonand
the David model,both representeds MPU implicits. Notice how
well the sharpfeaturesarereconstructe@ndrendered.

Figure7: Visualizationof the fandiskmodelimplicitized with MPU. Top left: Bloo-

menthalpolygonizationwasused;in spiteof sufciently high polygonizationresolu-
tion (200K triangles)one cannotice small aliasingdefectsalong sharpfeatures.Top

middle: alow resolutionpolygonizations applied.Topright: anoptimizedmesh(17K

triangles)is obtainedfrom the low resolutionmesh,the sharpfeaturesareaccurately
reconstructedBottomleft: amagni ed partof the high resolutionmesh.Bottommid-

dle: the samepartof the optimizedmesh.Bottomright: a partof the modelrendered
usingHart spheretracing.

6 Results & Applications

In this sectionwe discussresultsand applicationsof approximat-
ing or interpolatingMPU implicits for surfacereconstructiorfrom
rangescansandincompletepoint data,andfunction-basedpera-
tions.

Approximation and Interp olation.  Mostof theillustrationsin
this work have beengeneratedisingapproximatingVlPU implicits
asdescribedn Section4. However, our MPU approachcanalso
be adaptedo exactdatapointinterpolationif we usealocalinter
polationmethodsuchasFranle andNielson's singularweights(4)
insteadof (3).

SinceMPU with (4) requiresa deeperctree-basedubdvision
(every nonemptysubdvision cell containsonly one point of P ),
our interpolationprocedurerequiresmore memoryresourceshan
the approximatiorone. For interpolationwith singularweights(4)
thesubdvision stopsonly whenall of pointsof P have beernplaced
in their own cells. The ball arounda nonemptyoctreecell is cen-
teredat the interpolatedpoint insidethe cell. We seta = 1:25in
(5) in orderto ensurethatwe cover the boundingbox by the balls
aroundtheoctreecells.

For eachcell containingoneinterpolatedoointp of P , its local
shapefunction Q(x) is de ned by (12), wherethe origin of coor
dinatesof local coordinatesystem(u;Vv;w) is locatedat p (hence
F = 0in (12)) andthepositive directionof w coincideswith thedi-
rectionof theaveragechormalat p. We don't usethenormalof N
assignedo p becausef stability problemscommonfor Hermite-
like interpolationschemes. The unknovn coefcients are deter
minedby minimizing quadraticenegy (13) with c = p. Now (1)
interpolate$® becausgartitionof unity functions j;() de ned
by (2) satisfy

1 ifi=j

Jipp=dj= g5 jtjgj and Nij(p)=0:

Theright imageof Figure8 shows resultsof applyingthe MPU
interpolationandshapemodelingoperationgBooleansubtraction,
twisting) to the StanfordBuddhamodel.

Reconstruction from incomplete data. Reconstructiofrom
scatteredpoint datawith MPU implicits is robust with respectto
variationsof point density asdemonstrateth Figure9.

Reconstruction from range scans. MPU implicits canbeused
to reconstruc8D modelsfrom a collectionof rangescansWe have



Figure8: CSGoperationsappliedon MPU implicits. Left: spheretracingof the sub-
tractionof two MPU approximations Right: booleansubtractiorandtwisting opera-
tionsareappliedto interpolatingMPU implicits.

Figure9: Reconstructiorirom a scatterecpoint datasewith non-uniformdensityof
points.

foundthatif severalrangescansoverlap,betterresultsareobtained
if we take into accountperpoint measuremernton dencesduring
thereconstructiorprocesslf we treatall pointsthe same artifacts
canarise. If theaccurag threshold(7) is small,the MPU implicit
approximatinghe scanpointscanhave wrinklesin the overlapping
regions. On the otherhand,if (7) is not small enough,the MPU
implicit doesnot capturethe ne geometricdetailsof the scanned
model. In practice,a givenpositionon the objectcanbe measured
more accuratelyfrom somescanningdirectionsthanfrom others.
This notion of usingcon denceduring surfacereconstructiorwas
adwocatedn [Turk andLevoy 1994;CurlessandLevoy 1996].
Considera collection of pointsfrom rangedata. Assumethat

eachpoint p; is assignecda con denceweightc;, ¢ 2 [0;1], that
were computedbasedon scanninginformation accordingto the
rulessuggestedn [Curlessn. d.]. Now the MPU reconstruction
procesglescribedn previoussectionds enhancedby themodi ca-
tionsgivenbelow.

For abetterestimatiorof localshapdunctionQ(x), if thesum

of thecon dencemeasuresf thepointsinsidetheball is less

tha_nNmin theptheradiusgro/vth rule (6) is appliedrepeatedly

until the sumis above this threshold.

Insteadof (7), aweightedaccuray measures used:

e = maxc; Q(p;)INQ(p;)j.

Theunit normalvectorn of thebaseplane(u; v) usedto t the

bivariatequadraticpolynomial (12) is obtainedby averaging

theneighboringnormalswith weightsc,w(p;).

Weights cw(p;) are usedin (13) and (11) instead of

w(p;) -
The normalsin (10) are taken with the con dence weights
assignedo their correspondingpoints.

Figure10 demonstratethe MPU reconstructiorof the Stanford

Figure 10: Reconstructiorof Stanfordbunry from rangedata. Top left: bunry scan
datais renderedasa cloud of points, (all ten original rangescansare used);defects
causedy low accuray of somepointsandnormalsareclearlyvisible. Top middle: a
siderangeimageof bunry is coloredaccordingto the con dencemeasureTop right:

bunry is reconstructecisan MPU implicit. Bottom left: only six rangescansof the
bunry scandataarerenderedanexampleof incompletedata).Bottomright: anMPU

implicit bunry from six scans.

f=0:025 f=0 f= 0025

f= 0075,a= 075 f= 0075a= 10

Figure11: Offsettingof a knot model. The distancefunction to the knot is approxi-
matedby w= f(x;y;2). The rst four modelsweregeneratedvith a = 0:75. For the
lastmodela = 1 wasusedanda higherquality offsettingwasproduced.

bunry from the original rangescans. In one casewe have used
only six scansandin the othercasewe have usedthefull tenrange
scansNoticetheability of the MPU methodto repairmisseddata.

Function-based shape modeling operations. Using MPU
implicits allow us to extend the power of function-basedshape
modelingoperationgBloomenthaletal. 1997]to pointsetsurfaces.
Givenseveral MPU functionsde ned over the sameboundingbox
andhaving possiblydifferentoctreestructuresat eachpoint of the
box we evaluatethe valueof theresultof applyingfunctionaloper
ationsto thefunctions.Thenthelevel setsof theresultingfunction
arevisualizedvia a polygonizationor ray tracing.

An exampleof a CSGoperationappliedto two large andcom-
plex point setsurfaceswasalreadydemonstrateéh Figure8. Re-
sultsof offsetting,smoothblending,morphing,andtwisting opera-
tions[HyperFun:F-repLibrary n. d.], [Paslo andSaschenlo 1994]
areshavnin Figuresl1,12,13,14 andtherightimageof Figure8.
In particular Figures13 and 14 demonstrate linear morphingof
two implicit models?

1Thelinearmorphingof implicit modelsw = f(x;y;2) andw= g(X;y;2) is anim-
plicit modelde nedbyw= (1 t)f(x;y;2) + tg(X;y;2).



Figure12: Left: Smoothblendingof the Stanfordbunry and Cyberware lgeamod-
els. Right: offsettingof the Stanforddragonmodel; f = 0:0075(top) andf = 0:01
(bottom);a = 0:75.

Figure13: Linearblendingof octahedrorandcube.

7 Discussion

This paperdescribesnewn implicit surfacerepresentatiobasecn
local shapefunctions,partitionsof unity, andan octreehierarcly.
Strengthof theMulti-Level Partition of Unity formulationinclude:

Fastsurfacereconstructiorandrendering.

Representatioof sharpfeatures.

Reconstructiorfirom incompletedata.

Choiceof either approximationor interpolationof the data
andtheability to adaptvely vary theapproximatioraccurag.

Givenapointsetmodelprocessety the MPU methodwith aspec-
i ed accurag, the computationatime andmemoryusagedepends
on the geometriccomplity of the model: the higherthe geomet-
ric complexity, the deepetthe octreeis subdvided. This s clearly

demonstratetty Figure1 wherethereconstructiorof ne features
requiresa deepeisubdvision.

Table 1 presentRAM memoryusageand computationakime
measurement®r simultaneougeneratingand polygonizingvari-
ouspointsetmodels.Notethatour methodis quitefast. Our exper
imentswith state-of-the-arRBF-based3D surfacereconstruction
techniqguessuchasFastRBF[Carr et al. 2001] and otherssuggest
thatthe MPU methodis considerablyfasterthantheseothertech-
niques.2

Model Number Relative Peak Numberof ~ Comp.

of points error RAM triangles time

Bunry 34,611 25 108 34MB 91,104 0:07
Bunryscans | 362,272 1.0 103 110MB 219,676 1:46
Dragon 433,375 80 104 195MB 819,704 1:39
Buddha 543,625 0:0 442MB 648,332 6:53
David (2mm) | 4,124,454 1.0 104 810MB 1,296,522  10:33

Table 1: Memory and computational time measurementsfor genera-

tion + polygonizationof MPU implicits for variouspoint setmodels. Computations
were performedon a 1.6GHz Mobile Pentium4 with 1GB RAM, andtimings are
listedasminutes:seconds.

2 Comparingtheresultsof Table1 with thoseof Table2 in [Carr etal. 2001]one
can nd thatthe MPU methodis 20-30timesfasterthanthe FastRBFtechniquegCarr
etal. 2001].

Figure14: Linearmorphingof two headmodelsapproximatedy MPU implicits, Max
PlanckHeadandHeadof Michelangelos David.

Notice that processingime for the Buddhamodelis morethan
threetimeslongerthenthatfor the dragonmodelwhich hasa sim-
ilar size. This is becausave reconstructhe Buddhaby the MPU
interpolationrwhichrequiresadeepesubdvisionandwidersupport
for thecorrespondingpartition of unity functions.

Becauseof its local nature,the MPU methodis more sensi-
tive to the quality of input data, especiallythe eld of normals,
to comparewith the approximationand interpolationtechniques
basedon globally-supportedRBFs [Carr et al. 2001; Turk and
O'Brien 2002]. Neverthelessaccordingto our experiments,the
MPU methodis sufcient for accurateshapereconstructiorfrom
a wide variety of datasets. The parametersn our currentimple-
mentationof the MPU approactareadjustedor processindypical
outputsof laserscannerdevices. We believe that the parameter
modi cations neededor differentclassef input arefairly intu-
itive in orderto handlescatterediataof lower (higher)quality at
theexpenseof lower (higher)computationaspeed.

UnlikethecrustapproaciAmentaetal. 1998],theMPU method
is not supportedby rigorous resultsguaranteeingcorrect recon-
structionof input datasatisfyingcertainpropertiesdescribednath-
ematically It is apricewe payfor a high speedf our method.

We would lik e alsoto stressherethatour methodis notan RBF
technique RBFis aglobalapproximation/interpolatiomethodbe-
causeof its globalvariationalnature.Our methods alocalone.We
male useof two functions,the partition-of-unity weightsand the
local piecavise quadraticapproximatiorfunctions,which is differ-
entthanthe singlefunction usedby an RBF approach.This two-
function approactgivesbene ts suchassharpfeaturereconstruc-
tion that, to date,have notbeenpossibleusingRBFs.

Smoothnesgropertiesof the MPU implicits aredeterminedoy
thoseof weightfunctions(3). Choosingsmootheweightfunctions
will producesmootheMPU implicits.

Similar to otherimplicit functionshaperepresentatioschemes,
theMPU implicits arenotcapableof representingorrectlysurfaces
with boundaries.

We seea numberof opportunitiesto improve our approach.
Otherestimationof the distancefunction might be bene cial. The
distanceunctionis aruled surfacewith singularitiesthereforeus-
ing quadraticfunctionsto approximatehe distancefunctionis not
optimal. A richer library of local shapeapproximationsould be
generatedn orderto reconstructaccuratelymore complex sharp
features. Finally, the MPU approachshouldbe well suitedto an
out-of-coreimplementatiordueto thelocal natureof theweighting
functions.
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