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Abstract

We give the rst polynomialtime algorithmfor exactly computingan equilibriumfor the linear util-
ities caseof the market modelde ned by Fisher Our algorithm usesthe primal-dualparadigmin the
enhancedettingof KKT conditionsandcornvex programsWe pinpointtheaddedlif culty raisedby this
settingandthe mannerin which our algorithmcircumventsit.

1 Intr oduction

We presentthe ®rst polynomialtime algorithmfor the linear versionof an old problem,de®nedin 1891
by Irving Fisher[2]: Considera market consistingof buyersanddivisible goods. The mone/ possessed
by buyersandthe amountof eachgoodare speci®ed.Also speci®edare utility functionsof buyers,which
areassumedo be linear (Fishers original de®nitionassumeaoncae utility functions). The problemis to
computepricesfor the goodssuchthatevenif eachbuyeris madeoptimally happy, relative to theseprices,
thereis no de®cieng or surplusof ary of thegoods,i.e. themarletclears.

Fishers work was donecontemporarilyand independentlyof Walras' pioneeringwork [27] on modeling
market equilibria. Throughthe ensuingyears,the study of market equilibria occupiedcenterstagewithin

mathematicakconomics.Its crovning achi&zementcamewith the work of Arrow and Debreu[1] which

establishedhe existenceof equilibriumpricesin a very generalsetting,throughthe useof Kakutanis ®xed
pointtheorem.

Fishers andArrow andDebreus market equilibriummodelsareconsideredhetwo mostfundamentaimod-
elswithin mathematicabconomics.Thelatter canbe seenasa generalizatiorof the former— it consistsof
agentsvho cometo the market with initial endavmentsof goods,andatary setprices,wantto sell all their
goodsandbuy optimalbundlesat theseprices.The problemagainis to ®nd market clearingprices.

1.1 Prior algorithmic results

Generalequilibrium theoryhaslong enjoyed the statusof the crown jewel within mathematicabconomics.
However, otherthana few isolatedresults,it is essentiallya non-algorithmictheory Amongits algorithmic

resultsare Scarfs work on approximatelycomputing®xed points[24] andsomevery impressie nonlinear
cornvex programghatcapture astheir optimal solutions equilibriumallocationsfor the caseof linear utility
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functions: the Eisenbeg-Gale programfor Fishers model[10] andthe Nenalov-Primak program[21] for
the Arrow-Debreumodel;see[4] for a suney of theseworks. Theellipsoidalgorithmcanbeusedto ®nd ap-
proximatesolutionsto theseprograms Subsequertb our work, exactalgorithmsfor solvingtheseprograms
have alsobeenfound(seeSectionl.3).

Within theoreticalcomputersciencethe questionof polynomialtime sohability of equilibria, market equi-
libria aswell asNashequilibria,was®rst consideredy [23] who gave a compleity-theoreticframeavork for
establishingavidenceof intractability for suchissues.Our work wasinspiredby [5] who gave polynomial
time algorithmsfor the Arrow-Debreumodelfor the caseghatthe utility functionsarelinearandeitherthe
numberof goodsor the numberof agentss bounded.

In retrospectall necessaryngredientdor obtainingan exact polynomialtime algorithmfor Fishers linear
casewere presenteven beforeour work. The fact that equilibrium pricesand allocationsfor this caseare
rationalnumberghatcanbe expressedisingonly polynomiallymary bits, whichis shavn in this paperasa
consequencef our combinatoriablgorithm(seeLemmas8), canalsobe shavn directly usingthe Eisenbeg-
Gale program(for a proof, seefor example Theorem5.1 in [26]). This fact, togetherwith the work of
NewmanandPrimak[22] yieldsthe desiredalgorithm.

1.2 Algorithmic contributions of our work

For the linear caseof Fishers model, it is naturalto seekan algorithmic answerin the theory of linear
programming. However, theredoesnot seemto be ary naturallinear programmingformulation for this
problem.Instead aremarkablenonlinearcorvex programgivenby Eisenbeg andGale[10], capturesasits
optimalsolutions.equilibriumallocationgor this case.

Our algorithmusesthe primal-dualparadigm- not in its usualsettingof LP-duality theory but in the en-
hancedsettingof corvex programmingandthe Karush-Kuhn-Tucker (KKT) conditions. After introducing
somede®nitionsandnotation,in Section3, we pinpointin Section4 the addeddif®culty of workingin this
enhancedettingandthe manneiin which our algorithmcircumentsthis dif®culty.

Ouralgorithmis notstronglypolynomial.Indeed obtainingsuchanalgorithmis animportantopenguestion
remaining.It will requirea qualitatvely differentapproachperhapnewhich satis®eKKT conditionsin
discretesteps asis the rule with all otherprimal-dualalgorithmsknown today(aspointedoutin Section4,
we startby suitablyrelaxingthe KKT conditionsandour algorithmsatis®egheseconditionscontinuously
ratherthanin discretesteps).

The usualadwantagesof combinatorialalgorithmsapply to our work aswell, namelysuchalgorithmsare
easierno adapt,certainlyheuristicallyand sometimesven formally, to relatedproblemsand®ne tunedfor
usein specialcircumstancesSectionl.3 offersspeci®cexamples.

Our ®rst exposition[8] of this algorithmsufferedfrom a major shortcoming.Althoughthe high level algo-
rithmic ideagivenin [8] wasthe sameasthe onegivenin the currentversion(seeSectionss and7), the
exactimplementatior{usingthe notion of “pre-emptve freezing”) containeda subtlethoughfatal aw. Fix-
ing this a w involved introducingthe notionof balancedo ws, a non-triial ideathatis likely to ®nd future
applicationgseeSectiond).

We explain brie y therole playedby this nen notion. The primal variablesin the Eisenbeg-Galeprogram
are allocationsto buyersandthe “dual” variablesare Lagrangianvariablescorrespondingo the packing
constraintsoccurringin the program;theseare interpretedas pricesof goods. As is usualin primal-dual
algorithms,our algorithmalternatesbetweernprimal and dual updatesteps. Throughoutthe algorithm, the
pricesaresuchthatbuyershave surplusmoney left over. Eachupdateattemptgo decreas¢his surplus,and
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whenit vanishesthe pricesareright for the marlket to clearexactly.

Clearly the numberof updatestepsexecutedneedso be boundedoy a polynomial. [8] attemptedo do this
by adjustingthehighlevel algorithmto ensurehatin eachiteration,thedecreasée thetotal surplusmoney is
atleastaninversepolynomialfraction of thetotal. However, despitenumerousattemptsno implementation
of thisideahasyetbeenfound.

Themainnew ideais to measurgrogressw.r.t. the -normof thevectorof surplusmone of buyers,rather
thanthe -norm; the latter of courseis the total surplusmoneg. Unlike the -norm, the -norm of the
surplusvectordepend®on the particularallocationchosen.The specialallocationwe choosds the onethat
minimizesthe -norm of the surplusvector In turn, this allocationcorrespondso a balanced ow in the
network de®nedn Section3.

Thefollowing obserationmayshedadditionallight. Thespecialallocationmentionedabove (andthenotion
of balancedo w in network ), hasanalternatve de®nition.Let uscompardahevectorof surplusmoney
w.r.t. two allocationslexicographically after sortingthe vectorsin decreasingrder The specialallocation
that minimizesthe -norm of the surplusvectoris alsothe onethat yields the lexicographicallysmallest
surplusvector

This alternatve de®nitioncanbe usedfor statinganalgorithmthatis identicalto ours. However, we seeno
way of establishingpolynomialrunningtime of our algorithmusingthis de®nition of the specialallocation
(andbalancedo w). Thereasoris thatthe crucial propertyof the ®rst de®nitionthat guaranteeprogress,
namelyCorollary19,is intimatelytied to theuseof -normin thede®nition.

Anotheringredientfor ensuringpolynomialrunningtime is new combinatoriafactsin parametridoipartite
networks (seeSectionb).

1.3 Subsequentalgorithmic developments

Theconferenceersionof this papel8] spavnedoff new algorithmicwork alongseveraldifferentdirections.
[14, 6] usedthis algorithmto give anapproximatemarket clearingalgorithmfor thelinearcaseof the Arrow-
Debreumodel.[25] gave thenotionof spendingconstraintutility functionsfor Fishers model,apolynomial
time algorithmfor the caseof stepfunctionsand shaved that theseutilities are particularly expressie in
Googles AdWordsmarket. [7] extendedspendingconstraintutilities to the Arrow-Debreumodelandestab-
lishedmary nice propertiesof theseutilities. Galg andKapoor[12] gave somevery interestingapproximate
equilibriumalgorithmsfor thelinearcaseof bothmodelsusinganauctionbasedapproachThesealgorithms
have muchbetterrunningtimesthanours.

Anotherexciting developmentamefrom asimpleobserationin [17] thatFishers linearcasecanbeviewed
asa specialcaseof the resourceallocationframeavork givenby Kelly [16] for modelingandunderstanding
TCP congestioncontrol. [17] obsered that althoughcontinuoustime algorithms,not having polynomial
runningtimes,hadbeendevelopedfor Kelly's problem,®nding discretetime algorithmswould beinterest-
ing. [15] exploredthisissueby de®ningthe classof Eisenbeg-Gale markets— marketswhoseequilibrium
allocationscanbe capturedvia corvex programshaving the sameform asthe Eisenbeg-Galeprogram-and
studyingalgorithmicsolvability andstructuralpropertiesof thesemarkets. This line of work wasextended
furtherin [3] — they studyalgorithmicsohability of Eisenbeg-Gale marketswith two agentstherebyset-
tling positively two openproblemsof [15]. Several otheropenproblemsfrom [15] remainunresoled and
this appeardo bea potentareafor futurealgorithmicresearch.

The above statedworks (otherthan[3]) provide combinatorialalgorithmsfor computingequilibria. The
advantageof this approactoveralgorithmsthatresortto solvingcorvex programss nicelyillustratedin [25]
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in thecontet of spendingonstrainsteputility functionsin Fishers model. Thesgunctionsgeneralizdinear
utility functions. For the latter case basicpropertiesof equilibriacanbe very easily establishedisingthe
Eisenbeg-Galecorvex program.Interestinglyenough all thesepropertiesalsohold for spendingconstraint
steputility functions; however, the proof comesaboutnot via a corvex programbut via a generalization
of our combinatorialalgorithmto this case.At presentwe do not know of a corvex programthat captures
equilibriumallocationsfor this case.

Anotherfallout of the combinatorialstructureof linear Fishermarketswascontinuity propertiesof equilib-

rium pricesandallocationsshavn in [20]. Althoughthesepropertiesvereeventuallyderived directly from

the Eisenbeg-Galeprogram,they were®rst discoveredusingthe combinatorialstructureestablishedn the
currentpaper

Progressasalsobeenmadeon obtainingcorvex programghatcapturesquilibriafor variousutility functions
for the two fundamentamarket models,see[4], aswell ason the questionof ®nding exact equilibria by
solvingcorvex programausingeithertheellipsoid method[13] or interior point algorithmg[29].

2 Fisher'slinear caseand the Eisenbeig-Gale convex program

Fisherslinearcasds thefollowing. Considemamarketconsistingof aset  of buyeisandaset of divisible
goods Assume and . We aregivenfor eachbuyer theamount of moneg/ shepossesses
andfor eachgood theamount of thisgood.In addition,we aregiventhe utility functionsof the buyers.
Our critical assumptions thatthesefunctionsarelinear Let  denotethe utility dervedby on obtaining
aunit amountof good . Givenprices of thegoodsiit is easyto computebasletsof goods(there
could be mary) thatmake buyer happiest.We will saythat aremarket clearing pricesif after
eachbuyeris assigneduchabaslet, thereis no surplusor de®cieng of ary of thegoods.Our problemis to
computesuchpricesin polynomialtime.

Firstobsenre thatw.l.0.g. we mayassumehateach isunit—by scalingthe ‘sappropriatelyThe 's
and 'sarein generalrational;by scalingappropriatelythey maybe assumedo beintegral. Now, it turns
outthatthereis a market clearingpriceiff eachgoodhasa potentialbuyer (onewho derivesnonzeroutility
from this good). Moreover, if thereis a solution,it is unique[1l, 10]. We assuméhatwe arein the latter
case.

TheEisenbey-Galecorvex programis thefollowing:

(1)

where istheamountof good allocatedo buyer . Thepriceof good in theequilibriumis equalto the
optimumvalueof the Lagrangeawariablecorrespondindo the secondconstrainin theabore program.

By theKKT conditions,optimalsolutionsto  'sand 'smustsatisfythefollowing conditions:

1.
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4. —

Via theseconditions,it is easyto seethat an optimal solution to the Eisenbeg and Gale programgives
equilibriumallocationsfor Fishers linearcase andthe correspondinglual variablesgive equilibrium prices
of goods. The Eisenbeg and Gale programalsohelpsprove, in a very simple manner basicpropertiesof

the setof equilibria: Equilibrium exists undercertainconditions(the mild conditionsstatedabore), the set
of equilibriais convex, equilibriumutilities andpricesareunique,andif the programhasall rationalentries
thenequilibriumallocationsandpricesarealsorational.

3 High levelideaof the algorithm

Let denotea vectorof prices.If atthesepricesbuyer is givengood , shederives
amountof utility perunit amountof mone/ spent. Clearly shewill be happieswith goodsthat maximize
this ratio. De®neherbangper budk to be ; clearly for each ,

If therearesereralgoodsmaximizingthis ratio, sheis equallyhapy with any combinationof thesegoods
This motivatesde®ningthefollowing bipartitegraph, . Its bipartitionis andfor

is anedgein iff . We will call this graphthe equality subgaph andits edgesthe equality
edees

Any goodssold alongthe edgesof the equality subgraphwill make buyershappiestrelative to the current
prices.Computingthelargestamountof goodsthatcanbesoldin thismannerwithoutexceedinghebudgets
of buyersor theamountof goodsavailable (assumedinit for eachgood),canbeaccomplishedby computing
max- ow in the following network: Directedgesof from to andassignacapacityof in®nity to all

theseedgeslintroducesourcevertex andadirectededgefrom to eachvertex with acapacityof
Introducesink vertex andadirectededgefrom eachvertex to with acapacityof . Thenetworkis
clearlyafunctionof the currentprices andwill be denoted . Thealgorithmmaintainsthe following
throughout:

Invariant: Theprices aresuchthat is amin-cutin

TheInvariantensureghat, at currentprices,all goodscanbe sold. The only eventualityis thatbuyersmay
be left with surplusmongy. The algorithmraisespricessystematicallyalwaysmaintainingthe Invariant,so
that surplusmone with buyerskeepsdecreasingWhenthe surplusvanishesmarlet clearingpriceshave
beenattained.Thisis equivalentto the conditionthat is alsoamin-cutin , 1.e.,max- ow
in equalgthetotalamountof mone/ possesselly thebuyers.

Remark 1 With this setup,we cande ne our market equilibriumproblemasan optimizationproblem: nd
prices underwhich network supportsmaximumow.

4 The enhancedsettingand how to deal with it

We will usethe notationsetup in the previous sectionto pinpoint the dif®culties involved in solving the
Eisenbeg-Galeprogramcombinatoriallyandthe mannerin which thesedif®cultiesarecircumwented.



Asis well known, theprimal-dualscheméasyieldedcombinatoriablgorithmsfor obtainingeitheroptimal
or nearoptimal, integral solutionsto numeroudinear programmingelaxations.Otherthanone exception,
namelyEdmonds'algorithmfor maximumweightmatchingin generalgraphd9], all otheralgorithmsraise
dualvariablesvia agreedyprocess.

Thedisadwantageof agreedydualgrowth processs obvious—thefactthataraiseddualis “bad”, in thesense
thatit “obstructs”otherdualswhich could have led to alarger overall dual solution,may becomeclearonly
laterin therun of thealgorithm.In view of this, theissueof usingmoresophisticatedlualgronth processes
hasreceved a lot of attention,especiallyin the contet of approximationalgorithms. Indeed,Edmonds'
algorithmis ableto ®nd anoptimaldualfor matchingby a procesghatincreasesnddecreaseduals.

Theproblemwith suchaprocesss thatit will malke primal objectsgotight andlooseandthenumberof such
reversalswill haveto beupperboundedn therunningtime analysis.Theimpeccableeombinatoriaktructure
of matchingsupportssuchanaccountingandin factthis leadsto a stronglypolynomialalgorithm.However,
thusfar, all attemptsat makingsucha schemework outfor otherproblemshave failed.

Thefundamentadifferencebetweercomplimentaryslacknessonditionsfor linearprogramsandKKT con-
ditionsfor nonlinearcon/ex programss thatwhereasheformerdonotinvolve bothprimalanddualvariables
simultaneouslyin an equality constraint(obtainedby assuminghat one of the variablestakes a non-zero
value),thelatterdo.

Now, our dual growth processs greedy— pricesof goodsare never decreased.Yet, becausef the more
comple natureof KKT conditions,edgesin the equality subgraphappearand disappeaasthe algorithm
proceeds Hence,we areforcedto carry out the dif®cult accountingorocessalludedto above for bounding
therunningtime.

We next point out which KKT conditionsour algorithmenforcesandwhich onesit relaxes,aswell asthe
exactmechanisnby whichit satis®eghelatter Throughouburalgorithm,we enforcethe®rsttwo conditions
listedin Section2. As mentionedn Section3, atary pointin thealgorithm,via a max- ow in the network

, all goodscanbe sold; however, buyersmay have surplusmoney left over. W.r.t. abalancedo w in
network (seeSection8 for a de®nitionof sucha ow), let  bethemoneg/ spentby buyer . Thus,
buyer 'ssurplusmoney is . Wewill relaxthethird andfourth KKT conditionsto thefollowing:

We considetthefollowing potentialfunction:

andwe give a procesdy which this potentialfunctiondecreaseby aninversepolynomialfractionin poly-
nomialtime (in eachphaseasdetailedin Lemma23). When dropsall thewayto zero,all KKT conditions
areexactly satis®ed.

Thereis amarleddifferencebetweerthewaywe satisfyKKT conditionsandtheway primal-dualalgorithms
for LP'sdo. Thelattersatisfycomplimentaryconditionsin discretestepsi.e.,in eachiteration,thealgorithm
satis®estleastonenew condition.So, if eachiterationcanbeimplementedn stronglypolynomialtime, the
entirealgorithmhasa similar runningtime. Ontheotherhand,we satisfyKKT conditionscontinuously- as
thealgorithmproceedsthe KKT conditionscorrespondindgo eachbuyergetsatis®edo agreaterextent.
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Next, let us considerthe specialcaseof Fishers marketin whichall 'sare . Thereis no known LP
thatcapturesequilibriumallocationsin this caseaswell andthe only recourseseemdo bethe specialcase
of the Eisenbeg-Galeprogramin whichall ~ 'sarerestrictedto . Althoughthisis a nonlinearcorvex
program,it is easyto derive a stronglypolynomialcombinatorialalgorithmfor solvingit. Of coursejn this
caseaswell, theKKT conditionsinvolve bothprimalanddualvariablessimultaneouslyHowever, thesetting
is soeasythatthis dif®culty never manifeststself. Thealgorithmsatis®eKKT conditionsin discretesteps,
muchthe sameway thata primal-dualalgorithmfor solvinganLP does.

In retrospect[19] (andperhapsotherpapersn the past)have implicitly given stronglypolynomial primal-

dual algorithmsfor solving nonlinearcorvex programs. Somevery recentpapershave also alsodoneso

explicitly, e.g.,[15]. However, the problemsconsideredn thesepapersaresosimple(e.g.,multicommodity
o w in whichthereis only onesource)thattheenhancedlif®culty of satisfyingKkKT conditionsis mitigated
andthe primal-dualalgorithmsarenot muchdifferentthanthosefor solvingLP's.

5 A simple algorithm

In this section,we give a simple algorithm, without the useof balancedo ws. Althoughwe do not know
how to establishpolynomialrunningtimefor it, it still providesvaluableinsightsinto theproblemandshavs
clearly exactly wheretheideaof balancedo ws ®tsin. We pick up the expositionfrom the endof Section3.

How do we pick pricesso the Invariantholds at the startof the algorithm? The following two conditions
guaranteehis:

Theinitial pricesarelow enoughpricesthateachbuyercanafford all the goods.Fixing pricesat
suf®ces,sincethegoodstogethercostoneunit andall 'sareintegral.

Eachgood hasaninterestedbuyer i.e.,hasanedgeincidentatit in the equalitysubgraphCompute
for eachbuyer attheprices®xedin the previous stepandcomputethe equalitysubgraphlf good
hasno edgeincident,reduceits priceto

Theiterative improvementstepsfollow the spirit of the primal-dualschemaThe“primal” variablesarethe
o wsin theedgesof andthe“dual” variablesarethe currentprices.The current o w suggestfiow to
improve the pricesandvice versa.

For , de®neits moneg/ . W.r.t. prices , for set , de®neits mong/
; thecontect will clarify the pricevector . For , de®neits neighborhoodn

with

By theassumptiorihateachgoodhasa potentialbuyer, . Thelnvariantcannow be moreclearly
stated.

Lemma 2 For givenprices network satis esthe Invariant iff



Proof: Theforwarddirectionis trivial, sinceundermax- ow (of value ) every set mustbe
sending amountof o w to its neighborhood.

Let'sprovethereversedirection.Assume isamin-cutin , With
and . The capacityof this cutis . Now, , sinceotherwisethe cut
will have in®nite capacity Moving  and to the sidealsoresultsin acut. By the conditionstated

in the Lemma,the capacityof this cutis no largerthanthe previous one. Thereforethis is alsoa min-cutin
. Hencethelnvariantholds.

If the Invariantholds,it is easyto seethatthereis a uniguemaximalset suchthat .
Saythatthisis thetight setw.r.t. prices . Clearlythe pricesof goodsin thetight setcannotbe increase
without violating the Invariant. Henceour algorithm only raisespricesof goodsin the active subgaph

consistingof thebipartition . Wewill saythatthealgorithmfreezeshesubgraph

Obsenre thatin general the bipartitegraph may consistof several connecteccomponentgw.r.t.
equalityedges)L et thesebe .

Clearly assoonaspricesof goodsin areraised,edges with and will not

remainin the equalitysubgraphanymore. We will assumedhattheseedgesaredropped.Beforeproceeding
further we mustbe surethatthesechangeslo notviolatethe Invariant. This follows from:

Lemma 3 If thelnvariant holdsand is thetight set,thenead good hasanedg, in the
equalitysubgaph,to somebuyer

Proof: Sincethelnvariantholds, musthave anequalitygraphedgeincidentatit. If all such
edgesareincidentsat buyersin , then andtherefore

This contradictghefactthatthe Invariantholds.

We would like to raisepricesof goodsin the actve subgraphn sucha way thatthe equalityedgesn it are
retained.This is ensuredoy multiplying pricesof all thesegoodsby andgraduallyincreasing , starting

with . To seethatthis hasthe desiredeffect, obsere that and arebothequalityedgesff
Thealgorithmraises , startingwith , until oneof thefollowing happens:
Event 1: A set goestightin theactive subgraph.
Event 2. An edge with and becomesanequalityedge.(Obsenre thatas
pricesof goodsin areincreasinggoodsin  arebecomingmoreandmoredesirableo buyers
in , whichis thereasorfor this event.)
If Event1 happenswe rede®nethe active subgraphto be , and proceed
with the next iteration. Supposeevent 2 happensandthat . Becausef the new equalityedge ,
. Therefore s nottight anymore.Hencewe move into theactive subgraph.

To completethe algorithm,we simply needto computethe smallestvaluesof atwhich Eventl andEvent
2 happenand consideronly the smallerof these. For Event 2, this is straightforvard. Below we give an
algorithmfor Event1.



6 Finding tight sets

Let denotethecurrentpricevector(i.e. at ). We ®rst presentalemmathatdescribeion the min-cut
changesn as increases.Throughouthis section,we will usethefunction to denotemone/
w.r.t. prices . W.l.o.g. assumdhatw.r.t. prices thetightsetin is empty(sincewe canalwaysrestrict
attentionto the active subgraphfor the purpose®f ®ndingthenext tight set). De®ne

thevalueof atwhichanonemptysetgoestight. Let  denotethetight setat prices f
is acutin thenetwork, we will assumehat and

Lemma4 Wr.t. prices

if then is a min-cut.
if then is nota min-cut.Moreover; if iS a min-cutin
then
Proof: Suppose . By de®nitionof ,
Thereforeby Lemmaz2, w.r.t. prices , thelnvariantholds.Hence is amin-cut.
Next supposethat . Since , W.Ir.t. prices , the cut
hasstrictly smallercapacitythanthe cut . Thereforethelattercannotbea

min-cut.
Let and . Suppose . Clearly (otherwisethe cut will have
in®nite capacity). If , thenby moving and tothe side,wecanget
a smallercut, contradictingthe minimality of the cut picked. In particular if , thenthis inequality
musthold, leadingto a contradictionHence, . Furthermore,
Ontheotherhand,

Thetwo imply that

contradictinghede®nitionof . Hence and

Remark 5 A more completestatementor the r st part of Lemmad, which is not essentiafor our purposes,
is: If , then is theuniquemin-cutin f , thenthemin-cutsare obtained
by moving a bunch of connectedomponentsf tothe -sideofthecut



Lemma6 Let and supposdhat f bea min-cutin
then  mustbea propersubsebf

Proof: If , then (otherwisethiscuthas capacity)and is amin-cut. But
for thechoservalueof |, this cuthasthe samecapacityas . Since , thelatteris nota
min-cutby Lemma4. Hence, isapropersubsebdf

Lemma?7 and canbefoundusing max- owcomputations.

Proof: Let . Clearly Af isamin-cutin , thenby Lemma
4 . If so,
Otherwise Jet beamin-cutin . By Lemmas4 and6,

Thereforeijt is sufdcientto recurseonthe smallergraph

Initialization:

Computeequalitysubgraph ;
if then ;
Recompute ;
(Thefrozensubgraph); (Theactive subgraph);
while do

De®ne , priceof tobe ;
Raise continuouslyuntil oneof two eventshappens:
if becomesight then
Move from to ;
L Remore all edgedrom to

if anedge , attainsequality , then
Add to ;
Move connectedcomponenbf from to ;

Algorithm 1: TheBasicAlgorithm

7 Termination with market clearing prices

Let bethetotal mong/ possesselly thebuyersandlet bethe max- ow computedn network

at currentprices . Thus is the surplusmong with the buyers. Let us partitionthe runningof the
algorithminto phaseseachphaseerminateswvith the occurrenceof Eventl. Eachphases partitionedinto

iterations which concludewith a new edgeenteringthe equality subgraph.We will shav that mustbe

proportionalto thenumberof phase®xecutedsofar, henceshaving thatthe surplusmustvanishin bounded
time.

Let andlet
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Lemma 8 Attheterminationof a phasethe pricesof goodsin the newly tight setmustberational numbes
with denominator

Proof : Let bethe newly tight setand considerthe equality subgraphinducedon the bipartition
. Assumew.l.0.g. thatthis graphis connectedotherwisewe prove the lemmafor eachconnected

componenbf thisgraph).Let . Pickasubgraphn which canreachall othervertices . Clearly,

at most edgessufdce. If reaches with apathof length |, then where and

areproductsof utility parameter¢ 's)each.Sincealternateedgesof this pathcontrituteto and , we
canpartitionthe  'sin this subgraphinto two setssuchthat and use 'sfrom distinctsets. These
considerationgeadeasilyto shawing that where . Now,

henceproving thelemma.
Lemma 9 Ead phaseconsistf at most iterations.

Proof: Eachiterationbringsgoodsfrom thetight setto the active subgraph Clearly this cannothappen
morethan timeswithouta setgoingtight.

Lemma 10 Considertwo phases and , notnecessarily}consecutivesud thatgood liesin the newly
tight setsattheendof aswellas . Thentheincreasen thepriceof , goingfrom to ,is

Proof: Letthepricesof attheendof and be and ,respectiely. Clearly . By
Lemmas, and . Thereforetheincreasen priceof

Lemma 11 After phases,

Proof: Considemphase andlet beagoodthatliesin thenewly tight setatthe endof this phase.Let

bethelastphasegarlierthan , suchthat liesin the newly tight setattheendof  aswell. If there
is no suchphase(because is the ®rst phasein which appearsn atight set),thenlet  bethe startof
the algorithm. Let uschageto theentireincreasen the priceof , goingfrom  to (eventhough

this increasdakesplacegraduallyover all the intermediatephases) By Lemmal0, thisis . In this
mannereachphasecanbechaged . Thelemmafollows.
Corollary 12 Algorithm 1 terminateswith market clearing pricesin at most phasesand executes

max- ow computations.

Remark 13 Theupperboundgivenaboreis quiteloose e.g., it is easyto shaveoff a factorof bygivinga
tighter versionof Lemmad.
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8 Establishing polynomial running time

Foragiven ow in thenetwork , de®nethesurplusof buyer , , to betheresidualcapacityof
theedge with respecto , whichisequalto minusthe o w sentthroughtheedge

In this sectionwe aretrying to speedup Algorithm 1 by increasingthe pricesof goodsadjacentonly to
“high-surplus”buyers.However, the surplusof a buyer might be differentfor two differentmaximum o ws
in the samegraph. Therefore we will restrictourselwesto a speci®c o w so thatthe surplusof a buyeris
well-de®ned.Thefollowing de®nitionsenesthis purpose:

De®nethesurplusvector . Let denotghe normof vector

De nition 14 Balanced o w For anygiven , amaximumow thatminimizes overall choicesof
is calleda balancedo w.

If , thenwesay is morebalancedhan

Foragiven anda ow in , let betheresidualnetwork of with respecto the ow

We will give acharacterizationf balancedo w via

Lemmal5 Let and beanytwo maximumows in f for some , then
there exista sud that and

1. Thereisapathfrom to in

2. Theeisapathfrom to in

Proof: Considetthe ow . It de®nesafeasiblecirculationin thenetwork . Since
, thereis a positve o w alongthe edge in . By following this o w all theway backto
in thecirculation,onecan®nd anode , suchthatthereis apositve ow from to andthento in
Sinceboth o ws aremaximum, is anisolatedvertex in andthis o w doesnot go through . Now,
isavalid ow in andthereforethereexistsa pathfrom to in . Moreover
having apositve ow from to impliesthat . A similaragumentshaws thatthereis
alsoapathfrom to in

Lemma 16 If and whee , then

Proof :

Thefollowing propertycharacterizeall balancedo ws. It de®neghe o ws for which thereis no pathfrom
alow-surplusnodeto a high-surplushodein theresidualnetwork.

12



Property 1 Thereis no pathfrom node to node in if surplusof is morethansurplus
of in

Theorem17 A maximum- ow is balancedff it hasPropertyl.

Proof: Suppose isabalancedo w. Let for some and , andsupposdor the sale
of contradictionthatthereis apathfrom to in . Thenonecansenda circulationof positive
valuealong in , decreasing andincreasing . ¢ FromLemmal6theresultingow

is morebalancedhan , contradictinghefactthat is abalancedo w.
To prove the otherdirection, supposeahat is not a balancednaximum ow. Let  bea balancedo w.

Since , thereexists suchthat .
By Lemmalb, thereexists suchthat andthereis apathfrom to in

. Since hasPropertyl, . Theaborethreeinequalitiesmply .
But againby Lemmalb, thereis apathfrom to in so doesnt have Propertyl. This

contradictdheassumptiorthat is abalancedo w by whatwe provedin the ®rst half thetheorem.

Thefollowing lemmaprovidesour maintool for proving polynomialrunningtime of Algorithm 2. We will
useit to prove anupperboundonthe -normof the surplusvectorof buyersatthe endof every phase.

Lemmal8 If and arerespectivelya feasibleanda balanced ow in and for some and
, thentherisa ow andfor some ther is a setof vertices and

values sud that

Proof: Consider in andin a similar fashionasin Lemmals follow theincoming ow

of node until youreach orthenode itself. Let bethe ow augmentedrom by sendingbackthe

o w throughall thesecirculationsand paths. We will have andfor a setof vertices
andvalues s.t. , we have . Moreover, since is

balanced,

Corollary 19

Proof : By Lemmal6, and since is a balancedow in ,

13



Corollary 20 For anygiven , all balancedows in havethe samesurplusvector

As aresult,onecande®nethe surplusvectorfor a given priceas where s thebalanced
ow in . This vector can be found by computinga balanced o w in the equality subgraphin the
following way:

Corollary 21 For agivenpricevector thebalancedow canbecomputedy at most max- ow compu-
tation.

Proof: We will usethedivide andconquemethod.Let —— . Computethe max-
imum o w in the equality subgraphafter subtracting from the capacityof eachedgeadjacent. Let

be the maximalmin-cutin thatnetwork. f thenthe currentmaximum o w is
balanced.Otherwiselet and  bethenetworksinducedby and respectrely. Claim

thattheunionof balancedo wsin and isabalancedow in

In orderto prove the claim, it is enough(from Theorem17) to shav thatthe surplusof all buyersin (in
abalancedo w) is atleast andthatof all buyersin is atmost . We will prove theformer;the
proof of the latteris similar. Let bethe setof all buyersin with the lowestsurplus,say . Suppose
. Let bethesetof goodsreachabldy in theresidualnetwork of  w.r.tabalancedo w. By
Theoreml7 no otherbuyersarereachabldrom in this network. Hence, . Sincethe surplus
of all buyersin is , . Thisis a contradictionto the factthat
wasa min-cut.

In asetof feasiblevectorsavector is calledmin-maxfair iff for everyfeasiblevector andanindex such
that thereisa for which and . Similarly, is max-minfair iff impliesthat
thereisa for which and

Remark: Thesurplusvectorof abalancedo w is bothmin-maxandmax-minfair.

8.1 The polynomial time algorithm

The mainideaof Algorithm 2 is thatit triesto reduce in every phase. Intuitively, this goal is
achieed by ®nding a setof high-surplusbuyersin the balancedo w andincreasinghe pricesof goodsin
which they areinterested.If a subsebecomedight asa resultof this increasewe have reduced
becausehe surplusof aformerly high-surplusbuyeris droppedto zero. The othereventthatcanhappens
thata new edgeis addedto the equality subgraph.In that case this edgewill help usto make the surplus
vector more balanced:we canreducethe surplusof high-surplusbuyersandincreasethe surplusof low-
surplusones.This operatiorwill resultin thereductionof

Thealgorithmstartswith ®ndinga price vectorthatdoesnot violate the invariant. Therestof the algorithm

is partitionedinto phasesln eachphasewe have anactve graph with and andwe
increasehe pricesof goodsin like Algorithm 1. Let bethemaximumsurplusin . Thesubset is
initially the setof buyerswhosesurplusis equalto . is the setof goodsadjacento buyersin

Eachphaseis divided into iterations In eachiteration,we increasehe pricesof goodsin until either
a new edgejoins the equality subgraphor a subsetbecomedight. If a nev edgeis addedto the equality

14



Initialization:

De®ne with iff
if then ;
Recompute ; ;
repeat
Computeabalancedow in ;
De®ne to bethemaximumsurplusin ;
De®ne to bethesetof buyerswith surplus ;
repeat
Let bethesetof neighborof in
Remore all edgesrom to
; De®ne , priceof tobe ;
Raise continuouslyuntil oneof thetwo eventshappens:
Event 1: An edge attainsequality
Add to ;
Recompute ;
In the residualnetwork correspondingo in , de®ne to bethesetof buyersthatcan
reach ; ;
Event 2; becomedight;

until somesubset is tight;
until  istight;

subgraphwe recompute¢he balancedow . Thenweaddto all verticesthatcanreacha memberof
in . If asubsebecomedight asaresultof increaseof the prices,thenthephasderminates.

Considera phasein the executionof Algorithm 2. De®ne and  to bethe price vectorandthe setof

nodesin  afterexecutingthe 'th iterationin thatphase.Let denotethe setof nodesin  beforethe
®rstiteration.

Lemma 22 Thenumberof iterationsexecutedn a phaseis at most . Moreover, in everyphasethereis an
iteration in which surplusof at leastoneof theverticesis reducedoy at least -.

Proof: Let denotethe numberof iterationsin the phase.Every time an edgeis addedto the equality
subgraph, isincreasedy atleastone.Therefore isatmost .

De®ne , for . andthe phaseendswhenthe surplusof onebuyerin
becomegzeroso . Sothereis aniteration in which -,

Considerthe residualnetwork correspondingo the balancedo w computedat iteration . In thatnetwork,
every vertex in canreacha vertex in andtherefore by Theoreml7, its surplusis greater
thanor equalto the surplusof thatvertex. This meanghatminimumsurplus is achieredby avertex in

. Hence thesurplusof vertex is decreasedy atleast duringiteration .

Lemma23 If and arepricevectos befoe andaftera phase —.
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Proof: In every iterationwe increasepricesof goodsin  or addnew edgesto the equality subgraph.
Moreover, all theedgeof thenetwork thataredeletedn the beginningof aphasehave zero o w. Therefore,

thebalancedo w computedatiteration is afeasible o w for . Thereforeby Lemmal9
. Furthermoreby the previouslemmathereis aniteration andnode
suchthat — . Sowe have: - whichmeanghat
Now SO
Remark 24 Theupperboundgivenaboveis quiteloosee.g. onecanreducetheupperboundto — hy

consideringall iterations in which

By theboundgivenin theabove, it is easyto seethatafter phases, is reducedo atmosthalf
of its previous value. In the baginning, . Oncethe value of —, the algorithm
takesat mostonemorestep. Thisis becausé.emmag, andconsequentlyL,emmalO0 holdsfor Algorithm 2
aswell. Hence thenumberof phasegs at most

As notedbefore,the numberof iterationsin eachphases at most . Eachiterationrequiresat most
max- ow computations.

Hencewe get:

Theorem 25 Algorithm?2 executesat most

max- ow computationgnd nds market clearingprices.

9 Discussion

As mentionedn Sectionl.2,animportantquestiorremainingis whetherthereis a stronglypolynomialalgo-
rithm for computingequilibriumfor Fishers linear caseandsolving the Eisenbeg-Galeprogram. Another
issueis whetherthe machinerydevelopedin Section8 is necessaryor obtaininga polynomialtime algo-
rithm, i.e., doesthe algorithmgivenin Sections and6 have a polynomialrunningtime?If not, it would be
niceto ®nd afamily of instance®nwhichit takessupefplynomialtime.

The primal-dualschema®rstintroducedoy Kuhn[18] in thecontext of solving bipartitematching,andover
theyearsit ledto themostef®cientknown algorithmsfor mary fundamentaproblemsn P, includingmatch-
ing, 0 ws, shortesipathsandbranchings.The mechanisnof relaxingcomplementarglacknesgonditions,
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®rstidenti®edandformalizedin [28], gave anadaptatiorof this schemao the settingof approximatioral-
gorithms,whereagainit yieldedalgorithmswith goodapproximatiorfactorsandrunningtimesfor several
fundamentaproblems.|s therea suitablemechanisnthat yields an adaptatiorof this paradigmto ®nding
approximationalgorithmsfor solving nonlinearcorvex programs?This questionis particularly signi®cant
for nonlinearprogramssinceotherthe rareexceptions suchprogramswill have only irrational solutionson
someinputsandso a combinatorialalgorithm (e.g.,onethat doesnot outputits solutionsin radicals)will
necessarijhave to ®nd anapproximatesolution.
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