
MarketEquilibriumvia a
Primal-DualAlgorithm for aConvex Program

Nikhil R. Devanur
�

ChristosH. Papadimitriou
�

Amin Saberi
�

Vijay V. Vazirani
�

Abstract

We give the�rst polynomialtime algorithmfor exactly computinganequilibriumfor the linearutil-
ities caseof the market modelde�ned by Fisher. Our algorithmusesthe primal-dualparadigmin the
enhancedsettingof KKT conditionsandconvex programs.Wepinpointtheaddeddif�culty raisedby this
settingandthemannerin whichouralgorithmcircumventsit.

1 Intr oduction

We presentthe ®rst polynomial time algorithmfor the linear versionof an old problem,de®nedin 1891
by Irving Fisher[2]: Considera market consistingof buyersanddivisible goods. The money possessed
by buyersandtheamountof eachgoodarespeci®ed.Also speci®edareutility functionsof buyers,which
areassumedto be linear(Fisher's original de®nitionassumedconcave utility functions).Theproblemis to
computepricesfor thegoodssuchthateven if eachbuyer is madeoptimally happy, relative to theseprices,
thereis node®ciency or surplusof any of thegoods,i.e. themarket clears.

Fisher's work wasdonecontemporarilyand independentlyof Walras' pioneeringwork [27] on modeling
market equilibria. Throughthe ensuingyears,the studyof market equilibria occupiedcenterstagewithin
mathematicaleconomics.Its crowning achievementcamewith the work of Arrow andDebreu[1] which
establishedtheexistenceof equilibriumpricesin a very generalsetting,throughtheuseof Kakutani's ®xed
point theorem.

Fisher's andArrow andDebreu's market equilibriummodelsareconsideredthetwo mostfundamentalmod-
elswithin mathematicaleconomics.Thelattercanbeseenasa generalizationof theformer– it consistsof
agentswho cometo themarket with initial endowmentsof goods,andat any setprices,wantto sell all their
goodsandbuy optimalbundlesat theseprices.Theproblemagainis to ®nd market clearingprices.

1.1 Prior algorithmic results

Generalequilibriumtheoryhaslong enjoyed thestatusof thecrown jewel within mathematicaleconomics.
However, otherthana few isolatedresults,it is essentiallya non-algorithmictheory. Amongits algorithmic
resultsareScarf's work on approximatelycomputing®xedpoints[24] andsomevery impressive nonlinear
convex programsthatcapture,astheiroptimalsolutions,equilibriumallocationsfor thecaseof linearutility
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functions: the Eisenberg-Galeprogramfor Fisher's model[10] andthe Nenakov-Primakprogram[21] for
theArrow-Debreumodel;see[4] for asurvey of theseworks.Theellipsoidalgorithmcanbeusedto ®ndap-
proximatesolutionsto theseprograms.Subsequentto ourwork, exactalgorithmsfor solvingtheseprograms
have alsobeenfound(seeSection1.3).

Within theoreticalcomputerscience,thequestionof polynomialtime solvability of equilibria,market equi-
libria aswell asNashequilibria,was®rstconsideredby [23] whogaveacomplexity-theoreticframework for
establishingevidenceof intractability for suchissues.Our work wasinspiredby [5] who gave polynomial
time algorithmsfor theArrow-Debreumodelfor thecasesthat theutility functionsarelinearandeitherthe
numberof goodsor thenumberof agentsis bounded.

In retrospect,all necessaryingredientsfor obtaininganexactpolynomialtime algorithmfor Fisher's linear
casewerepresenteven beforeour work. The fact that equilibriumpricesandallocationsfor this caseare
rationalnumbersthatcanbeexpressedusingonly polynomiallymany bits,which is shown in thispaperasa
consequenceof ourcombinatorialalgorithm(seeLemma8), canalsobeshown directlyusingtheEisenberg-
Gale program(for a proof, seefor exampleTheorem5.1 in [26]). This fact, togetherwith the work of
NewmanandPrimak[22] yieldsthedesiredalgorithm.

1.2 Algorithmic contributions of our work

For the linear caseof Fisher's model, it is naturalto seekan algorithmic answerin the theory of linear
programming. However, theredoesnot seemto be any natural linear programmingformulation for this
problem.Instead,a remarkablenonlinearconvex program,givenby Eisenberg andGale[10], captures,asits
optimalsolutions,equilibriumallocationsfor thiscase.

Our algorithmusesthe primal-dualparadigm– not in its usualsettingof LP-duality theory, but in the en-
hancedsettingof convex programmingandtheKarush-Kuhn-Tucker (KKT) conditions.After introducing
somede®nitionsandnotation,in Section3, we pinpoint in Section4 theaddeddif®culty of working in this
enhancedsettingandthemannerin whichouralgorithmcircumventsthis dif®culty.

Ouralgorithmis notstronglypolynomial.Indeed,obtainingsuchanalgorithmis animportantopenquestion
remaining.It will requirea qualitatively differentapproach,perhapsonewhich satis®esKKT conditionsin
discretesteps,asis therule with all otherprimal-dualalgorithmsknown today(aspointedout in Section4,
we startby suitablyrelaxingtheKKT conditionsandour algorithmsatis®estheseconditionscontinuously
ratherthanin discretesteps).

The usualadvantagesof combinatorialalgorithmsapply to our work aswell, namelysuchalgorithmsare
easierto adapt,certainlyheuristicallyandsometimeseven formally, to relatedproblemsand®ne tunedfor
usein specialcircumstances;Section1.3offersspeci®cexamples.

Our ®rst exposition[8] of this algorithmsufferedfrom a majorshortcoming.Althoughthehigh level algo-
rithmic ideagiven in [8] wasthe sameasthe onegiven in the currentversion(seeSections5 and7), the
exactimplementation(usingthenotionof “pre-emptive freezing”)containedasubtlethoughfatal�a w. Fix-
ing this �a w involved introducingthenotionof balanced�o ws,a non-trivial ideathat is likely to ®nd future
applications(seeSection8).

We explain brie�y therole playedby this new notion. Theprimal variablesin theEisenberg-Galeprogram
are allocationsto buyersand the “dual” variablesare Lagrangianvariablescorrespondingto the packing
constraintsoccurringin the program;theseare interpretedaspricesof goods. As is usualin primal-dual
algorithms,our algorithmalternatesbetweenprimal anddual updatesteps.Throughoutthe algorithm,the
pricesaresuchthatbuyershave surplusmoney left over. Eachupdateattemptsto decreasethis surplus,and
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whenit vanishes,thepricesareright for themarket to clearexactly.

Clearly, thenumberof updatestepsexecutedneedsto beboundedby a polynomial. [8] attemptedto do this
by adjustingthehighlevel algorithmto ensurethatin eachiteration,thedecreasein thetotalsurplusmoney is
at leastaninversepolynomialfractionof thetotal. However, despitenumerousattempts,no implementation
of this ideahasyetbeenfound.

Themainnew ideais to measureprogressw.r.t. the ��� -normof thevectorof surplusmoney of buyers,rather
than the ��� -norm; the latter of courseis the total surplusmoney. Unlike the ��� -norm, the ��� -norm of the
surplusvectordependson theparticularallocationchosen.Thespecialallocationwe chooseis theonethat
minimizesthe ��� -norm of the surplusvector. In turn, this allocationcorrespondsto a balanced�ow in the
network �	��

� de®nedin Section3.

Thefollowing observationmayshedadditionallight. Thespecialallocationmentionedabove(andthenotion
of balanced�o w in network �	��

� ), hasanalternativede®nition.Let uscomparethevectorof surplusmoney
w.r.t. two allocationslexicographically, aftersortingthevectorsin decreasingorder. Thespecialallocation
that minimizesthe �

� -norm of the surplusvector is also the onethat yields the lexicographicallysmallest
surplusvector.

This alternative de®nitioncanbeusedfor statinganalgorithmthat is identicalto ours.However, we seeno
way of establishingpolynomialrunningtime of our algorithmusingthis de®nitionof thespecialallocation
(andbalanced�o w). The reasonis that thecrucial propertyof the®rst de®nitionthatguaranteesprogress,
namelyCorollary19, is intimatelytied to theuseof ��� -normin thede®nition.

Anotheringredientfor ensuringpolynomialrunningtime is new combinatorialfactsin parametricbipartite
networks(seeSection6).

1.3 Subsequentalgorithmic developments

Theconferenceversionof thispaper[8] spawnedoff new algorithmicwork alongseveraldifferentdirections.
[14, 6] usedthisalgorithmto giveanapproximatemarketclearingalgorithmfor thelinearcaseof theArrow-
Debreumodel.[25] gave thenotionof spendingconstraintutility functionsfor Fisher's model,apolynomial
time algorithmfor the caseof stepfunctionsandshowed that theseutilities areparticularlyexpressive in
Google's AdWordsmarket. [7] extendedspendingconstraintutilities to theArrow-Debreumodelandestab-
lishedmany nicepropertiesof theseutilities. Garg andKapoor[12] gave somevery interestingapproximate
equilibriumalgorithmsfor thelinearcaseof bothmodelsusinganauctionbasedapproach.Thesealgorithms
have muchbetterrunningtimesthanours.

Anotherexciting developmentcamefrom asimpleobservationin [17] thatFisher's linearcasecanbeviewed
asa specialcaseof theresourceallocationframework givenby Kelly [16] for modelingandunderstanding
TCP congestioncontrol. [17] observed that althoughcontinuoustime algorithms,not having polynomial
runningtimes,hadbeendevelopedfor Kelly's problem,®ndingdiscretetime algorithmswould be interest-
ing. [15] exploredthis issueby de®ningtheclassof Eisenberg-Galemarkets– marketswhoseequilibrium
allocationscanbecapturedvia convex programshaving thesameform astheEisenberg-Galeprogram– and
studyingalgorithmicsolvability andstructuralpropertiesof thesemarkets. This line of work wasextended
further in [3] – they studyalgorithmicsolvability of Eisenberg-Galemarketswith two agents,therebyset-
tling positively two openproblemsof [15]. Severalotheropenproblemsfrom [15] remainunresolved and
thisappearsto beapotentareafor futurealgorithmicresearch.

The above statedworks (other than [3]) provide combinatorialalgorithmsfor computingequilibria. The
advantageof thisapproachoveralgorithmsthatresortto solvingconvex programsis nicely illustratedin [25]
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in thecontext of spendingconstraintsteputility functionsin Fisher'smodel.Thesefunctionsgeneralizelinear
utility functions. For the latter case,basicpropertiesof equilibria canbe very easilyestablishedusingthe
Eisenberg-Galeconvex program.Interestinglyenough,all thesepropertiesalsohold for spendingconstraint
steputility functions;however, the proof comesaboutnot via a convex programbut via a generalization
of our combinatorialalgorithmto this case.At presentwe do not know of a convex programthatcaptures
equilibriumallocationsfor thiscase.

Anotherfallout of thecombinatorialstructureof linearFishermarketswascontinuitypropertiesof equilib-
rium pricesandallocations,shown in [20]. Althoughthesepropertieswereeventuallyderiveddirectly from
theEisenberg-Galeprogram,they were®rst discoveredusingthecombinatorialstructureestablishedin the
currentpaper.

Progresshasalsobeenmadeonobtainingconvex programsthatcaptureequilibriafor variousutility functions
for the two fundamentalmarket models,see[4], aswell ason the questionof ®nding exact equilibria by
solvingconvex programsusingeithertheellipsoidmethod[13] or interiorpointalgorithms[29].

2 Fisher's linear caseand the Eisenberg-Galeconvexprogram

Fisher's linearcaseis thefollowing. Consideramarketconsistingof aset � of buyersandaset � of divisible
goods. Assume� ������� and � ���	�
��� . We aregivenfor eachbuyer 
 theamount��� of money shepossesses
andfor eachgood � theamount��� of this good.In addition,wearegiventheutility functionsof thebuyers.
Our critical assumptionis thatthesefunctionsarelinear. Let ����� denotetheutility derivedby 
 on obtaining
a unit amountof good � . Givenprices�

�����������
��� of thegoods,it is easyto computebasketsof goods(there

couldbemany) that make buyer 
 happiest.We will saythat � �
���������

�
� aremarket clearingpricesif after

eachbuyeris assignedsuchabasket, thereis nosurplusor de®ciency of any of thegoods.Ourproblemis to
computesuchpricesin polynomialtime.

First observe thatw.l.o.g. we mayassumethateach��� is unit – by scalingthe � ��� 's appropriately. The �!�"� 's
and ��� 's arein generalrational;by scalingappropriately, they maybeassumedto be integral. Now, it turns
out thatthereis a market clearingpriceiff eachgoodhasa potentialbuyer(onewho derivesnonzeroutility
from this good). Moreover, if thereis a solution,it is unique[11, 10]. We assumethatwe arein the latter
case.

TheEisenberg-Galeconvex programis thefollowing:
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whereD8�"� is theamountof good� allocatedto buyer 
 . Thepriceof good � in theequilibriumis equalto the
optimumvalueof theLagrangeanvariablecorrespondingto thesecondconstraintin theabove program.

By theKKT conditions,optimalsolutionsto DO��� 's and�(� 'smustsatisfythefollowing conditions:

1. E=�PFQ�SRT�
�KJUL .

2. E=�PFQ�SRT�
�KVULXW B

�ZY3[

D
���

�\I .

4



3. E 
7F�� � E(�%FN� R

��� �

���

G

B

���
	

��� ���
� �

���

.

4. E 
7F�� � E(�%FN� R6D8��� VMLHW

��� �

��� �

B

����	

��� ���
� �

��� .

Via theseconditions,it is easyto seethat an optimal solution to the Eisenberg and Gale programgives
equilibriumallocationsfor Fisher's linearcase,andthecorrespondingdualvariablesgiveequilibriumprices
of goods.The Eisenberg andGaleprogramalsohelpsprove, in a very simplemanner, basicpropertiesof
thesetof equilibria: Equilibrium existsundercertainconditions(themild conditionsstatedabove), theset
of equilibriais convex, equilibriumutilities andpricesareunique,andif theprogramhasall rationalentries
thenequilibriumallocationsandpricesarealsorational.

3 High level ideaof the algorithm

Let 
 � � � �
���������

�
�

� denotea vectorof prices.If at thesepricesbuyer 
 is givengood � , shederives � ���

�

���

amountof utility perunit amountof money spent.Clearly, shewill be happiestwith goodsthatmaximize
this ratio. De®neherbangper buck to be �

�
�

#P$�&

���
�

���

�

�
��� ; clearly, for each
 F �

�
� FN� , �

� J
�

���

�

�
� .

If thereareseveralgoodsmaximizingthis ratio, sheis equallyhappy with any combinationof thesegoods.
Thismotivatesde®ningthefollowing bipartitegraph,� . Its bipartitionis � �

�
� � andfor 
TF��

�
� F�� �Z


�
� �

is an edgein � if f � � � �����

�

� � . We will call this graphthe equalitysubgraph andits edgesthe equality
edges.

Any goodssoldalongtheedgesof theequalitysubgraphwill make buyershappiest,relative to thecurrent
prices.Computingthelargestamountof goodsthatcanbesoldin thismanner, withoutexceedingthebudgets
of buyersor theamountof goodsavailable(assumedunit for eachgood),canbeaccomplishedby computing
max-�ow in the following network: Direct edgesof � from � to � andassigna capacityof in®nity to all
theseedges.Introducesourcevertex � andadirectededgefrom � to eachvertex �PFQ� with acapacityof �

� .
Introducesinkvertex � andadirectededgefrom eachvertex 
7F�� to � with acapacityof � � . Thenetwork is
clearlya functionof thecurrentprices
 andwill bedenoted� ��

� . Thealgorithmmaintainsthefollowing
throughout:

Invariant: Theprices
 aresuchthat ���
�

��� � �!� � is amin-cutin �	��

� .

TheInvariantensuresthat,at currentprices,all goodscanbesold. Theonly eventualityis thatbuyersmay
beleft with surplusmoney. Thealgorithmraisespricessystematically, alwaysmaintainingtheInvariant,so
that surplusmoney with buyerskeepsdecreasing.Whenthesurplusvanishes,market clearingpriceshave
beenattained.This is equivalentto theconditionthat ���"���#���

�
��� is alsoamin-cutin �	��

� , i.e.,max-�ow

in � ��

� equalsthetotal amountof money possessedby thebuyers.

Remark 1 With this setup,wecande�ne our market equilibriumproblemasan optimizationproblem: �nd
prices
 underwhich network� ��

� supportsmaximum�ow.

4 The enhancedsettingand how to deal with it

We will usethe notationsetup in the previous sectionto pinpoint the dif®culties involved in solving the
Eisenberg-Galeprogramcombinatoriallyandthemannerin which thesedif®cultiesarecircumvented.
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As is well known, theprimal-dualschemahasyieldedcombinatorialalgorithmsfor obtaining,eitheroptimal
or near-optimal, integral solutionsto numerouslinearprogrammingrelaxations.Otherthanoneexception,
namelyEdmonds'algorithmfor maximumweightmatchingin generalgraphs[9], all otheralgorithmsraise
dualvariablesvia agreedyprocess.

Thedisadvantageof agreedydualgrowth processis obvious– thefactthataraiseddualis “bad”, in thesense
thatit “obstructs”otherdualswhich couldhave led to a largeroverall dualsolution,maybecomeclearonly
laterin therunof thealgorithm.In view of this, theissueof usingmoresophisticateddualgrowth processes
hasreceived a lot of attention,especiallyin the context of approximationalgorithms. Indeed,Edmonds'
algorithmis ableto ®nd anoptimaldualfor matchingby aprocessthatincreasesanddecreasesduals.

Theproblemwith suchaprocessis thatit will makeprimalobjectsgotight andlooseandthenumberof such
reversalswill haveto beupperboundedin therunningtimeanalysis.Theimpeccablecombinatorialstructure
of matchingsupportssuchanaccountingandin factthis leadsto astronglypolynomialalgorithm.However,
thusfar, all attemptsat makingsuchaschemework out for otherproblemshave failed.

Thefundamentaldifferencebetweencomplimentaryslacknessconditionsfor linearprogramsandKKT con-
ditionsfor nonlinearconvex programsis thatwhereastheformerdonotinvolvebothprimalanddualvariables
simultaneouslyin an equalityconstraint(obtainedby assumingthat oneof the variablestakesa non-zero
value),thelatterdo.

Now, our dual growth processis greedy– pricesof goodsarenever decreased.Yet, becauseof the more
complex natureof KKT conditions,edgesin the equalitysubgraphappearanddisappearasthe algorithm
proceeds.Hence,we areforcedto carryout thedif®cult accountingprocessalludedto above for bounding
therunningtime.

We next point out which KKT conditionsour algorithmenforcesandwhich onesit relaxes,aswell asthe
exactmechanismby whichit satis®esthelatter. Throughoutouralgorithm,weenforcethe®rsttwoconditions
listedin Section2. As mentionedin Section3, at any point in thealgorithm,via a max-�ow in thenetwork

�	��

� , all goodscanbesold; however, buyersmayhave surplusmoney left over. W.r.t. a balanced�o w in
network �	��

� (seeSection8 for a de®nitionof sucha �o w), let � � be themoney spentby buyer 
 . Thus,
buyer 
 'ssurplusmoney is �

�

���
���

�
� . Wewill relaxthethird andfourthKKT conditionsto thefollowing:
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Weconsiderthefollowing potentialfunction:

�

���

�

�	�

�

�

�
�

�����

�

�

�

�

-

�

andwe give a processby which this potentialfunctiondecreasesby aninversepolynomialfractionin poly-
nomialtime(in eachphase,asdetailedin Lemma23). When

�

dropsall thewayto zero,all KKT conditions
areexactlysatis®ed.

Thereis amarkeddifferencebetweenthewaywesatisfyKKT conditionsandthewayprimal-dualalgorithms
for LP'sdo. Thelattersatisfycomplimentaryconditionsin discretesteps, i.e., in eachiteration,thealgorithm
satis®esat leastonenew condition.So,if eachiterationcanbeimplementedin stronglypolynomialtime,the
entirealgorithmhasasimilar runningtime. On theotherhand,wesatisfyKKT conditionscontinuously– as
thealgorithmproceeds,theKKT conditionscorrespondingto eachbuyergetsatis®edto agreaterextent.
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Next, let us considerthespecialcaseof Fisher's market in which all � ��� 's are L

�

I . Thereis no known LP
thatcapturesequilibriumallocationsin this caseaswell andtheonly recourseseemsto bethespecialcase
of theEisenberg-Galeprogramin which all � ��� 's arerestrictedto L

�

I . Althoughthis is a nonlinearconvex
program,it is easyto derive a stronglypolynomialcombinatorialalgorithmfor solvingit. Of course,in this
caseaswell, theKKT conditionsinvolvebothprimalanddualvariablessimultaneously. However, thesetting
is soeasythatthis dif®culty never manifestsitself. Thealgorithmsatis®esKKT conditionsin discretesteps,
muchthesameway thataprimal-dualalgorithmfor solvinganLP does.

In retrospect,[19] (andperhapsotherpapersin thepast)have implicitly givenstronglypolynomialprimal-
dual algorithmsfor solving nonlinearconvex programs.Somevery recentpapershave alsoalsodoneso
explicitly, e.g.,[15]. However, theproblemsconsideredin thesepapersaresosimple(e.g.,multicommodity
�o w in whichthereis only onesource),thattheenhanceddif®culty of satisfyingKKT conditionsis mitigated
andtheprimal-dualalgorithmsarenotmuchdifferentthanthosefor solvingLP's.

5 A simplealgorithm

In this section,we give a simplealgorithm,without the useof balanced�o ws. Althoughwe do not know
how to establishpolynomialrunningtimefor it, it still providesvaluableinsightsinto theproblemandshows
clearlyexactlywheretheideaof balanced�o ws®ts in. Wepick up theexpositionfrom theendof Section3.

How do we pick pricesso the Invariantholdsat the startof the algorithm? The following two conditions
guaranteethis:

� Theinitial pricesarelow enoughpricesthateachbuyercanafford all thegoods.Fixing pricesat I

�

�

suf®ces,sincethegoodstogethercostoneunit andall �)� 's areintegral.

� Eachgood � hasaninterestedbuyer, i.e.,hasanedgeincidentat it in theequalitysubgraph.Compute
�O� for eachbuyer 
 at theprices®xedin thepreviousstepandcomputetheequalitysubgraph.If good

� hasno edgeincident,reduceits priceto

� � �

#%$�&

�

�

�8�"�

�
���

�

Theiterative improvementstepsfollow thespirit of theprimal-dualschema:The“primal” variablesarethe
�o ws in theedgesof � ��

� andthe“dual” variablesarethecurrentprices.Thecurrent�o w suggestshow to
improve thepricesandviceversa.

For ���\� , de®neits money � ��� � � B

� Y��

��� . W.r.t. prices
 , for set ���\� , de®neits money � ��� � �

B

��Y3[

� � ; thecontext will clarify thepricevector
 . For �	�U� , de®neits neighborhoodin � ��

�




��� � �
�

�PF�� ��� 
TF
� with �Z

�

� � F �
� �

By theassumptionthateachgoodhasa potentialbuyer,



� � � � � . TheInvariantcannow bemoreclearly
stated.

Lemma 2 For givenprices
 network� ��

� satis�estheInvariant iff

E��	�M� R � ��� � G � �




���
� �
�
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Proof : Theforwarddirectionis trivial, sinceundermax-�ow (of value � � � � ) every set � ��� mustbe
sending� ���
� amountof �o w to its neighborhood.

Let'sprove thereversedirection.Assume��� � � � � � ��� � � � � � � � � is amin-cutin � ��

� , with � �A� � � �M�

and � � � � � � � . Thecapacityof this cut is � � � � �

�

� � � � � . Now,



� � � � �
� � , sinceotherwisethecut
will have in®nite capacity. Moving � � and




� � � � to the � sidealsoresultsin a cut. By theconditionstated
in theLemma,thecapacityof this cut is no larger thanthepreviousone.Thereforethis is alsoa min-cut in

�	��

� . HencetheInvariantholds.

If theInvariantholds,it is easyto seethatthereis auniquemaximalset � � � suchthat � ���
� � � �




���
� � .
Saythat this is the tight setw.r.t. prices
 . Clearly thepricesof goodsin the tight setcannotbe increased
without violating the Invariant. Henceour algorithm only raisespricesof goodsin the active subgraph
consistingof thebipartition � � � � � � �




��� � � . Wewill saythatthealgorithmfreezesthesubgraph��� �




��� � � .
Observe that in general,the bipartitegraph ��� �




��� � � may consistof several connectedcomponents(w.r.t.
equalityedges).Let thesebe ��� � �

�

� � ��������� ����� �

�

� � .

Clearly, assoonaspricesof goodsin �
�

� areraised,edges�Z

�

� � with 
TF




��� � and � F � �
�

� � will not
remainin theequalitysubgraphanymore.We will assumethat theseedgesaredropped.Beforeproceeding
further, wemustbesurethatthesechangesdo notviolatetheInvariant.This follows from:

Lemma 3 If theInvariantholdsand � �U� is thetight set,theneach good� F � �
�

� � hasan edge, in the
equalitysubgraph,to somebuyer 
TF � �

�




��� � � .

Proof : SincetheInvariantholds,� F � �
�

� � musthave anequalitygraphedgeincidentat it. If all such
edgesareincidentsat buyersin




���
� , then



��� ��� � �




���
� andtherefore

� ��� ��� �
V

� ��� � � � �




��� � � � � �




��� �%� � �
�

ThiscontradictsthefactthattheInvariantholds.

We would like to raisepricesof goodsin theactive subgraphin sucha way that theequalityedgesin it are
retained.This is ensuredby multiplying pricesof all thesegoodsby D andgraduallyincreasingD , starting
with D �\I . To seethatthishasthedesiredeffect,observe that �Z


�
� � and �Z


�
��� arebothequalityedgesiff

� �

���

�

�����

�
�

�

�

ThealgorithmraisesD , startingwith DQ�\I , until oneof thefollowing happens:

� Event 1: A set ��� �
	 goestight in theactive subgraph.

� Event 2: An edge �Z

�

� � with 
 F � �
�




���
� � and ��F � becomesanequalityedge.(Observe thatas
pricesof goodsin �

�
� areincreasing,goodsin � arebecomingmoreandmoredesirableto buyers

in �
�




���
� , which is thereasonfor thisevent.)

If Event 1 happens,we rede®nethe active subgraphto be � �
�

��� ��� �
�

�
�




��� ��� � � , and proceed
with thenext iteration. SupposeEvent2 happensandthat � F �
� . Becauseof thenew equalityedge �Z


�
� � ,




������� �

�

� � 
 . Therefore��� is not tight anymore.Hencewemove �����
�

�

��� into theactive subgraph.

To completethealgorithm,we simply needto computethesmallestvaluesof D at which Event1 andEvent
2 happen,andconsideronly the smallerof these.For Event 2, this is straightforward. Below we give an
algorithmfor Event1.
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6 Finding tight sets

Let 
 denotethecurrentpricevector(i.e. at D � I ). We®rst presenta lemmathatdescribeshow themin-cut
changesin �	�ZD�� 
 � as D increases.Throughoutthis section,we will usethe function � to denotemoney
w.r.t. prices
 . W.l.o.g. assumethatw.r.t. prices
 thetight setin � is empty(sincewe canalwaysrestrict
attentionto theactive subgraph,for thepurposesof ®ndingthenext tight set).De®ne

D

�

�

#%'��

���

0��
	�[

� �




��� � �

� ��� �

�

thevalueof D at which a nonemptysetgoestight. Let �

�

denotethetight setat prices D

�

� 
 . If ��� ��� � �

� � � � � �Q� � �!� � is acut in thenetwork, wewill assumethat � � � � � �U� and � � � � � �M� .

Lemma 4 W.r.t. prices D���
 :

� if D G D

�

then ���
�

��� � �!� � is a min-cut.

� if D
V

D

�

then ���
�

� �%� � ��� is nota min-cut.Moreover, if ��� �%� � �%� �
�

� � � � �"� � � is a min-cutin
� �ZD���

� then �

�

�U� � .

Proof : SupposeD G D

�

. By de®nitionof D

�

,

E � �M� R D
� � ��� � G � �




��� � �
�

Thereforeby Lemma2, w.r.t. pricesD���
 , theInvariantholds.Hence ���
�

� � � � ��� is amin-cut.

Next supposethat D
V

D

�

. Since D�� � ���

�

�
V

D

�

� � ���

�

� � � �




���

�

� � , w.r.t. prices D�� 
 , the cut
��� � �

�

�




���

�

�
�

��� hasstrictly smallercapacitythanthecut ��� � � � �
�

� � . Thereforethelattercannotbea
min-cut.

Let �

���

� � � � � and �

�

�
� �H� � � . Suppose� � �� 	 . Clearly




��� � � �
� � (otherwisethecut will have
in®nite capacity).If � �




��� � �

�

� � ��� D�� � ��� � � , thenby moving � � and



��� � � to the � side,we canget
a smallercut, contradictingtheminimality of thecut picked. In particular, if � � � �

�

, thenthis inequality
musthold, leadingto acontradiction.Hence,�
� �� 	 . Furthermore,

� �




��� � �

�

� � �
J

D�� � ��� � �
V

D

�

� ��� � �
�

Ontheotherhand,
� �




��� � �

�

� � �

�

� �




��� � � � G D

�

� � ��� � �

�

� ��� � � �
�

Thetwo imply that
� �




��� � � �

� ���
�

�

� D

�

�

contradictingthede®nitionof D

�

. Hence� � � 	 and �

�

�M� � .

Remark 5 A morecompletestatementfor the�r st part of Lemma4, which is notessentialfor our purposes,
is: If D�� D

�

, then ���
�

� � ��� � � is theuniquemin-cutin � �ZD�� 
 � . If D � D

�

, thenthemin-cutsareobtained
bymoving a bunch of connectedcomponentsof ���

�

�




���

�

� � to the � -sideof thecut ���
�

� � � � � � .
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Lemma 6 Let D � � � � �

�

� � � � andsupposethat D V D

�

. If ��� �N� � �N� � � � � ��� � � ��� bea min-cutin
�	�ZD
� 
 � then � � mustbea propersubsetof � .

Proof : If � � ��� , then � �7��� (otherwisethiscuthas � capacity),and ��� �%�#�%� � � � is amin-cut.But
for thechosenvalueof D , this cut hasthesamecapacityas ��� � � �N� �!��� . Since D V D

�

, thelatter is not a
min-cutby Lemma4. Hence,� � is apropersubsetof � .

Lemma 7 D

�

and �

�

canbefoundusing � max-�ow computations.

Proof : Let DQ� � � � �

�

� � � � . Clearly, D J D

�

. If ��� � � � � � � � is amin-cutin �	�ZD�� 
 � , thenby Lemma
4 D

�

� D . If so, �

�

� � .

Otherwise,let ��� ��� � ��� � � � � �N� � � ��� bea min-cut in �	�ZD�� 
 � . By Lemmas4 and6, �

�

�
� ��� � .
Therefore,it is suf®cient to recurseon thesmallergraph � � �

�




� � � � � .

Initialization:
E=�%F��

�
� ��� I

�

� ; E 
7F��
�

�����

#%'��

� �8�"�

�

� � ;
Computeequalitysubgraph� ;

E=�%F�� if �����
	 ����� �+� �T�
L then � �
�

#%$�&

�.�8���

�

��� ;
Recompute� ;

���
�

�
�

��� � 	
�

	 � (Thefrozensubgraph);���
�

�
�

��� � �
�

� � (Theactive subgraph);
while � ��
	 do

D�� I ;
De®neE(�%F�� , priceof � to be � �AD ;
RaiseD continuouslyuntil oneof two eventshappens:
if � ��� becomestight then

Move ���
�




��� � � from ���
�

� � � to ���
�

�H� � ;
Removeall edgesfrom �

� to � ;

if an edge �Z

�

� �
�


 F�� � , �PF�� attainsequality, � � � �����

�

� � , then
Add �Z


�
� � to � ;

Moveconnectedcomponentof � from ���
�

� � � to ���
�

� � � ;

Algorithm 1: TheBasicAlgorithm

7 Termination with market clearing prices

Let � be the total money possessedby the buyersandlet � be the max-�ow computedin network �	��

�

at currentprices
 . Thus �
�

� is thesurplusmoney with thebuyers. Let us partition the runningof the
algorithminto phases, eachphaseterminateswith theoccurrenceof Event1. Eachphaseis partitionedinto
iterationswhich concludewith a new edgeenteringthe equalitysubgraph.We will show that � mustbe
proportionalto thenumberof phasesexecutedsofar, henceshowing thatthesurplusmustvanishin bounded
time.

Let ���

#%$�&

�ZY���� ��Y3[ �
�

�"��� andlet � � ���

� .
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Lemma 8 At theterminationof a phase, thepricesof goodsin thenewly tight setmustberationalnumbers
with denominatorG � .

Proof : Let � be the newly tight set and considerthe equality subgraphinducedon the bipartition
��� �




��� � � . Assumew.l.o.g. that this graphis connected(otherwisewe prove the lemmafor eachconnected
componentof thisgraph).Let �PF
� . Pickasubgraphin which � canreachall othervertices��� F
� . Clearly,
at most

�

� � � G

�

� edgessuf®ce. If � reaches� � with a pathof length
�

� , then � �

-

����� �

�

� where � and �

areproductsof � utility parameters( � � � 's) each.Sincealternateedgesof this pathcontribute to � and � , we
canpartition the � � � 's in this subgraphinto two setssuchthat � and � use � � � 's from distinct sets. These
considerationsleadeasilyto showing that � ��� � � �8���

�

� where�HG � . Now,

� � � � �




��� � � �

�

� �

henceproving thelemma.

Lemma 9 Each phaseconsistsof at most� iterations.

Proof : Eachiterationbringsgoodsfrom thetight setto theactive subgraph.Clearly this cannothappen
morethan � timeswithoutasetgoingtight.

Lemma 10 Considertwo phases� and �
� , not necessarilyconsecutive, such that good � lies in thenewly

tight setsat theendof � aswell as � � . Thentheincreasein thepriceof � , goingfrom � to � � , is J
I

�

�

� .

Proof : Let thepricesof � at theendof � and �
� be �

���

and 	

�

� , respectively. Clearly, 	

�

�
V

�

���

. By
Lemma8,

�

G � and 	�G � . Thereforetheincreasein priceof � ,

	

�

�

�

�

J

I

�

�

�

Lemma 11 After 	 phases,� J
	

�

�

� .

Proof : Considerphase� andlet � bea goodthat lies in thenewly tight setat theendof this phase.Let
�H� be the lastphase,earlierthan � , suchthat � lies in thenewly tight setat theendof �P� aswell. If there
is no suchphase(because� is the®rst phasein which � appearsin a tight set),thenlet � � be the startof
the algorithm. Let us charge to � the entire increasein the price of � , going from �

� to � (even though
this increasetakesplacegraduallyover all the intermediatephases).By Lemma10, this is J

I

�

�

� . In this
manner, eachphasecanbecharged I

�

�

� . Thelemmafollows.

Corollary 12 Algorithm 1 terminateswith market clearing prices in at most � �

� phases,and executes



� �
�

�

�

�

� max-�ow computations.

Remark 13 Theupperboundgivenaboveis quiteloose, e.g., it is easyto shaveoff a factorof � by givinga
tighterversionof Lemma9.
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8 Establishingpolynomial running time

For agiven�o w � in thenetwork � ��

� , de®nethesurplusof buyer 
 , � � ��
 � � � , to betheresidualcapacityof
theedge�Z
 � ��� with respectto � , which is equalto � � minusthe�o w sentthroughtheedge�Z
 � � � .

In this sectionwe are trying to speedup Algorithm 1 by increasingthe pricesof goodsadjacentonly to
“high-surplus”buyers.However, thesurplusof a buyermight bedifferentfor two differentmaximum�o ws
in the samegraph. Therefore,we will restrictourselves to a speci®c�o w so that thesurplusof a buyer is
well-de®ned.Thefollowing de®nitionservesthispurpose:

De®nethesurplusvector� ��
 � � �TR � ����� ��
 � � � � � � ��
 � � � �������.� � � ��
 � � � � . Let ����� denotethe ��� normof vector
� .

De�nition 14 Balanced�o w For anygiven
 , a maximum�ow thatminimizes� � ��
 � � ��� overall choicesof
� is calleda balanced�o w.

If � � ��

�

� ��� ��� � ��

�

� � ��� , thenwesay � is morebalancedthan �O� .

For a given 
 anda �o w � in � ��

� , let � ��

�

� � betheresidualnetwork of � ��

� with respectto the�o w � .
Wewill giveacharacterizationof balanced�o w via � ��


�
� �

Lemma 15 Let � and � � beanytwo maximum�ows in � ��

� . If �
�

��

�

� � � ���
�

��

�

� � for some
 F � , then
there exist a � F�� such that � � ��


�
� � �	�3� ��


�
�

�
� and

1. There is a pathfrom � to 
 in � ��

�

� ��

�

�
�

�
� .

2. There is a pathfrom 
 to � in � ��

�

� � ��

�

�
�

�
� .

Proof : Considerthe�o w �
�

�
� . It de®nesafeasiblecirculationin thenetwork � ��


�
� � . Since� � ��


�
�

�
� �

� � ��

�

� � , thereis a positive �o w alongtheedge �Z

�

��� in �O�
�

� . By following this �o w all theway backto �

in thecirculation,onecan®nd a node� , suchthatthereis apositive �o w from � to � andthento 
 in �
�

�
� .

Sinceboth �o ws aremaximum, � is anisolatedvertex in � �
�

� andthis �o w doesnot go through � . Now,
�

�

�
� is a valid �o w in � ��


�
� � andthereforethereexistsa pathfrom � to 
 in � ��


�
� ��


�
�

�
�

� . Moreover
having a positive �o w from � to � impliesthat � � ��


�
� � ���3� ��


�
� � � . A similar argumentshows thatthereis

alsoapathfrom 
 to � in � ��

�

� � ��

�

�
�

�
� .

Lemma 16 If �
J

���
J L(�


 � I
�

�

�������.�
� and 


J
B

�

�C0 �


 � where 

�


;�
J L(�

�S� I
�

�

�������.�
� , then

� � �
�

� �
�

� �
�������.�

�
�

���

�

G�� � �

�



�

� �
�


 �
�

� �
�


 �
���������

�
�

�



�
���

�

�



� .

Proof :

� �

�


 �

�

�

�

/

�+0 �

� ���
�


C� �

�

�
�

�

�

�

/

�10 �

���

�

J



�

�

�

� ��

�

�

/

�10 �


C� �
JML

Thefollowing propertycharacterizesall balanced�o ws. It de®nesthe�o ws for which thereis no pathfrom
a low-surplusnodeto ahigh-surplusnodein theresidualnetwork.

12



Property 1 Thereis no pathfrom node
 F � to node�QF � in � ��
 � � � if surplusof 
 is morethansurplus
of � in �	��
 � � � .

Theorem17 A maximum-�ow� is balancediff it hasProperty1.

Proof : Suppose� is a balanced�o w. Let � � ��
 � � � V �6� ��
 � � � for some
 and � , andsupposefor thesake
of contradiction,thatthereis apathfrom � to 
 in � ��
 � � � 
 � � � � � . Thenonecansendacirculationof positive
valuealong �

�

�

�




�

� in � ��
 � � � , decreasing� � andincreasing� � . ¿FromLemma16theresulting�o w
is morebalancedthan � , contradictingthefactthat � is a balanced�o w.

To prove the otherdirection,supposethat � is not a balancedmaximum�o w. Let � � be a balanced�o w.
Since � � ��
 � �!� ��� � � � ��
 � � ��� , thereexists 
 F�� suchthat �=� ��
 � � � � �	� � ��
 � � � .

By Lemma15, thereexists � F � suchthat �	� ��

�

� � � �6� ��

�

�
�

� andthereis a pathfrom � to 
 in � ��

�

� ��


�
�

�
�

� . Since� hasProperty1 , �(� ��

�

� � G	�3� ��

�

� � . Theabovethreeinequalitiesimply � ����

�

� � � � �3� ��

�

� � .
But againby Lemma15, thereis a pathfrom 
 to � in � ��


�
��� � 


�
�

�
�

� so � � doesn't have Property1. This
contradictstheassumptionthat �

� is abalanced�o w by whatweprovedin the®rst half thetheorem.

Thefollowing lemmaprovidesour maintool for proving polynomialrunningtime of Algorithm 2. We will
useit to prove anupperboundon the � � -normof thesurplusvectorof buyersat theendof everyphase.

Lemma 18 If � and �

�

are respectivelya feasibleand a balanced�ow in �	��
 � and for some
 FU� and



V�L
��� � � � � ����� �

�

�

�


 , thenthere is a �ow � � andfor some	 there is a setof vertices
 �
�


 �
�

� � �
�


 � and
values


���



�3�
� � �

�

 � such that

�

B

�

�
0 �


 � G 


�

��� � �
�

� ����� � � �
�




�

����� � � ��� � � ��� � � �

�


 �

�

��� � �
�

�
J

���
�

� �
�

� .

Proof : Consider�

�

�
� in � ��


�
� � andin a similar fashionasin Lemma15 follow the incoming�o w

of node 
 until you reach � or thenode 
 itself. Let �
� be the �o w augmentedfrom � by sendingbackthe

�o w throughall thesecirculationsandpaths. We will have �8� � � � � � ����� � �
�


 andfor a setof vertices

 �

�

 �

�
� � �

�

 � andvalues
 �

�

 �

�
� � �

�

 � s.t. B

�

�
0 �


 ��G 
 , wehave � �
�

� �
�

� �����
�

� � �

�


 � . Moreover, since�

�

is
balanced,� ��� � � � � ��� � �

�

�
J

����� � �

�

�
J

����� � � ��� .

Corollary 19 � � ��

�

� ���

�

J
� � ��


�
�

�

���

�

�




� .

Proof : By Lemma16, � � � �
�



���

�

J
� � � �

�

�


���

�

�




� and since �

�

is a balanced�o w in �	��
 � ,
� � � � �

�


���

�

J
� � � �

�

�


���

� .
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Corollary 20 For anygiven
 , all balanced�ows in �	��

� havethesamesurplusvector.

As a result,onecande®nethesurplusvectorfor a givenpriceas � ��

� R � � ��
 � � � where � is thebalanced
�o w in � ��

� . This vector can be found by computinga balanced�o w in the equality subgraphin the
following way:

Corollary 21 For a givenpricevector 
 thebalanced�ow canbecomputedby at most� max-�ow compu-
tation.

Proof : We will usethedivide andconquermethod.Let ������� R �

B

�

-

���
	

�����

B

�

�
��	

���

�

-

. Computethemax-
imum �o w in the equalitysubgraphafter subtracting� ����� from the capacityof eachedgeadjacent� . Let

��� �

�

� bethemaximalmin-cut in thatnetwork. �PF � � �HF

�

. If � � � thenthecurrentmaximum�o w is
balanced.Otherwise,let � � and � � be thenetworks inducedby

�

�
�

�
� and �#�

�
�

� respectively. Claim
thattheunionof balanced�o ws in � � and � � is abalanced�o w in � .

In orderto prove theclaim, it is enough(from Theorem17) to show that thesurplusof all buyersin � � (in
a balanced�o w) is at least�

�����
andthatof all buyersin � � is at most �

�����
. We will prove theformer;the

proof of the latter is similar. Let
�

be the setof all buyersin � � with the lowestsurplus,say � . Suppose
� � ������� . Let � bethesetof goodsreachableby

�

in theresidualnetwork of � � w.r.t a balanced�o w. By
Theorem17 no otherbuyersarereachablefrom

�

in this network. Hence,

��

	

��� � �

�

. Sincethesurplus
of all buyersin

�

is � , � ��� � � � �

�

�
�

�(�

�

�
V

� �

�

�
�

�
�����

�

�

� . This is a contradictionto the fact that
���

�

�

� wasamin-cut.

In asetof feasiblevectors,avector � is calledmin-maxfair iff for every feasiblevector � andanindex 
 such
that �8��� �3� thereis a � for which �=� � ��� and ��� � �3� . Similarly, � is max-minfair iff �!�

V
�3� impliesthat

thereis a � for which � ��� ��� and ���
V

�3� .

Remark: Thesurplusvectorof abalanced�o w is bothmin-maxandmax-minfair.

8.1 The polynomial time algorithm

The main ideaof Algorithm 2 is that it tries to reduce � � ��

�

� ��� in every phase. Intuitively, this goal is
achieved by ®nding a setof high-surplusbuyersin thebalanced�o w andincreasingthepricesof goodsin
which they areinterested.If a subsetbecomestight asa resultof this increase,we have reduced� � ��


�
� ���

becausethesurplusof a formerly high-surplusbuyer is droppedto zero.Theothereventthatcanhappenis
that a new edgeis addedto theequalitysubgraph.In thatcase,this edgewill help us to make the surplus
vectormorebalanced:we canreducethe surplusof high-surplusbuyersand increasethe surplusof low-
surplusones.Thisoperationwill resultin thereductionof � � ��


�
� ��� .

Thealgorithmstartswith ®ndinga pricevectorthatdoesnot violatetheinvariant.Therestof thealgorithm
is partitionedinto phases. In eachphase,we have anactive graph ���

�
�

�
� with � � � and �

�
� � andwe

increasethepricesof goodsin � � like Algorithm 1. Let 
 be themaximumsurplusin � . Thesubset� is
initially thesetof buyerswhosesurplusis equalto 
 . � � is thesetof goodsadjacentto buyersin � .

Eachphaseis divided into iterations. In eachiteration,we increasethe pricesof goodsin � � until either
a new edgejoins the equalitysubgraphor a subsetbecomestight. If a new edgeis addedto the equality
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Initialization:
E=�%F�� � � ��� I

�

� ;
E 
7F�� � �O� �

#P'��

� �����

�

�(� ;
De®ne � � � � � ��� � with �Z
 � � � F � if f �A�O� �8�"�

�

� � ;
E=�%F�� if �����
	 ����� �+� �T� L then � �
�

#%$�&

�.�8���

�

��� ;
Recompute� ; 
X� � ;
repeat

Computeabalanced�o w � in � ;
De®ne 
 to bethemaximumsurplusin � ;
De®ne � to bethesetof buyerswith surplus
 ;
repeat

Let � � bethesetof neighborsof � in � ;
Removeall edgesfrom � 
 � to � � ;

D�� I ; De®neE(� F��
� , priceof � to be �(�AD ;

RaiseD continuouslyuntil oneof thetwo eventshappens:
Event 1: An edge �Z


�
� �

�

 F��

�
� F�� 
 �

� attainsequality, � ��� �8�"�

�

� � ;
Add �Z


�
� � to � ;

Recompute� ;
In theresidualnetwork correspondingto � in � , de®ne� to bethesetof buyersthatcan
reach� ; � � � ��� ;

Event 2: �	� � becomestight;
until somesubset� ��� is tight;

until � is tight ;

subgraph,we recomputethebalanced�o w � . Thenwe addto � all verticesthatcanreacha memberof �

in � ��

�

� ��

�

�
�

�
� . If asubsetbecomestight asa resultof increaseof theprices,thenthephaseterminates.

Considera phasein the executionof Algorithm 2. De®ne 


�

and �%� to be the price vectorandthe setof
nodesin � afterexecutingthe 
 ' th iterationin thatphase.Let ��� denotethesetof nodesin � beforethe
®rst iteration.

Lemma 22 Thenumberof iterationsexecutedin a phaseis at most� . Moreover, in everyphase, there is an
iteration in which surplusof at leastoneof theverticesis reducedby at least

�

�

.

Proof : Let 	 denotethenumberof iterationsin thephase.Every time an edgeis addedto theequality
subgraph,� � � � is increasedby at leastone.Therefore	 is at most � .

De®ne 
����

#%'��

��Y��

�

���3� ��


�

� � , for L
G 
TG 	 . 
	� � 
 andthephaseendswhenthesurplusof onebuyerin �

becomeszeroso 
 �K�
L . Sothereis aniteration � in which 
�


�

�


�

� J

�

�

.

Considertheresidualnetwork correspondingto thebalanced�o w computedat iteration � . In thatnetwork,
every vertex in �

�

��


�

� canreacha vertex in ��


�

� andtherefore,by Theorem17, its surplusis greater
thanor equalto thesurplusof thatvertex. This meansthatminimumsurplus




is achievedby a vertex 
 in

��


�

� . Hence,thesurplusof vertex 
 is decreasedby at least
�


�

� �

�
 duringiteration � .

Lemma 23 If 


�

and 


�

arepricevectors before andaftera phase, � � ��


�

���

�

G�� � ��


�

���

�

� I
�

�

���

� .
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Proof : In every iterationwe increasepricesof goodsin � or addnew edgesto the equalitysubgraph.
Moreover, all theedgesof thenetwork thataredeletedin thebeginningof aphasehavezero�o w. Therefore,
thebalanced�o w computedat iteration 
 is a feasible�o w for �	��


��� �

� . Thereforeby Lemma19 � � ��


�

��� J

� � ��


�

��� J � � ��


�

��� J � � � J � � ��


�

��� . Furthermore,by thepreviouslemmathereis aniteration � andnode

 suchthat � ����





�

�

� � ��� ��





� J

�

�

. Sowehave: � � ��





���

�

G � � ��





�

�

���

�

� �

�

�

�

� whichmeansthat

� � ��


�

���

�

G�� � ��





���

�

G�� � ��





�

�

���

�

� �




�

�

�

G�� � ��


�

���

�

� �




�

�

�

�

Now � � ��


�

���

�

G 


�

� so

� � ��


�

���

�

G�� � ��


�

���

�

� I �

I

�

�

� �

Remark 24 Theupperboundgivenaboveis quiteloosee.g. onecanreducetheupperboundto � I
�

�

���

� by
consideringall iterations � in which 





�

�
�






VML .

By theboundgivenin theabove, it is easyto seethatafter



�Z�

�

� phases,� � � � ���

� is reducedto atmosthalf
of its previous value. In the beginning, � � � � ���

�

G �

� . Oncethe valueof � � � � ���

�

G

�

��� , the algorithm
takesat mostonemorestep.This is becauseLemma8, andconsequently, Lemma10 holdsfor Algorithm 2
aswell. Hence,thenumberof phasesis atmost


	�

�

�

2+465 � ��
 �

�

�
�%�


��

�

�

� 214657�

�

�K2+465 �

�

2+465 � ���

As notedbefore,thenumberof iterationsin eachphaseis at most � . Eachiterationrequiresat most



�Z� �

max-�ow computations.

Henceweget:

Theorem25 Algorithm2 executesat most


	�

�



� 2+465T�

�

�K2+465 �

�

2+465 � ���

max-�ow computationsand�nds market clearingprices.

9 Discussion

As mentionedin Section1.2,animportantquestionremainingis whetherthereis astronglypolynomialalgo-
rithm for computingequilibriumfor Fisher's linearcaseandsolvingtheEisenberg-Galeprogram.Another
issueis whetherthe machinerydevelopedin Section8 is necessaryfor obtaininga polynomialtime algo-
rithm, i.e.,doesthealgorithmgivenin Sections5 and6 have a polynomialrunningtime?If not, it would be
niceto ®nd a family of instanceson which it takessuper-plynomial time.

Theprimal-dualschema®rst introducedby Kuhn[18] in thecontext of solvingbipartitematching,andover
theyearsit ledto themostef®cientknown algorithmsfor many fundamentalproblemsin P, includingmatch-
ing, �o ws,shortestpathsandbranchings.Themechanismof relaxingcomplementaryslacknessconditions,

16



®rst identi®edandformalizedin [28], gave anadaptationof this schemato thesettingof approximational-
gorithms,whereagainit yieldedalgorithmswith goodapproximationfactorsandrunningtimesfor several
fundamentalproblems.Is therea suitablemechanismthat yieldsan adaptationof this paradigmto ®nding
approximationalgorithmsfor solvingnonlinearconvex programs?This questionis particularlysigni®cant
for nonlinearprogramssinceothertherareexceptions,suchprogramswill have only irrationalsolutionson
someinputsandso a combinatorialalgorithm(e.g.,onethat doesnot outputits solutionsin radicals)will
necessarilyhave to ®nd anapproximatesolution.
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