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Abstract

The paper considers spin systems on the d-dimensional integer lattice Z¢ with nearest-
neighbor interactions. A sharp equivalenceis proved betweendecay with distance of spin corre-
lations (a smatial property of the equilibrium state) and rapid mixing of the Glauber dynamics
(a temporal property of a Markov chain Monte Carlo algorithm).  Speci cally, we show that
if the mixing time of the Glauber dynamicsis O(nlogn) then spin correlations decay exponen-
tially fast with distance. We also prove the converseimplication for monotone systems, and
for general systemswe prove that exponertial decay of correlations implies O(nlogn) mixing
time of a dynamics that updates sutciently large blocks (rather than single sites). While the
above equivalencewas already known to hold in various forms, we give proofs that are purely
combinatorial and avoid the functional analysis machinery employed in previous proofs.
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1 Intro duction

Lattice spin systemsare a classof modelsthat originated in Statistical Physics, though interest in
them has since expandedto many other areas, including Probability Theory, Statistics, Arti cial
Intelligence, and Theoretical Computer Science. A (lattice) spin system consists of a collection
of sites which are the vertices of a regular lattice graph. A con guration of the spin system is
an assignmem of one of a nite set of spins to ead site. The sites interact locally, according
to potentials speci ed by the system, such that di®erert combinations of spins on neighboring
sites have di®eren relative likelihoods. This interaction givesrise to a well-de ned probability
distribution over con gurations of any nite subset (volume) of the sites, conditional on a xed
con guration of the siteson the boundary of this subset. Suc a distribution is referredto asa nite
volume Gibbs distribution, and is regardedasthe equilibrium state of the given subsetconditional
on the given boundary con guration.

A Glauber dynamicsis a Markov chain Monte Carlo algorithm usedto samplefrom the Gibbs
distribution. A step in this Markov chain is a random update of the spin of a single site (or of a
“nite set of sites), conditional on its neighboring spins and in a manner which is reversible with
respect to the Gibbs distribution. As a result, such a Markov chain convergesto the corresponding
Gibbs distribution. The Glauber dynamics plays a certral role not just asan algorithm for sampling
from the Gibbs distribution but also asa model for the physical processof reaching equilibrium.

A striking phenomenonin the eld of spin systems,at least for lattices with \sub-exponertial
growth" such asthe integer lattice 29, is the equivalenceof (a priori unrelated) notions of temporal
and spatial mixing. By temporal mixing we meanthat the Glauber dynamics corverges\v ery fast”
to its stationary Gibbs distribution, while by spatial mixing we meanthat in the Gibbs distribution,
correlations betweenthe spinsof di®eren sitesdecay \v ery fast" with the (lattice) distancebetween
them. This equivalenceis interesting becauseit precisely relates the running time of an algorithm
to purely spatial properties of the underlying model. In addition, a common heuristic in computer
scienceis that local algorithms should work well (run fast) for local problems. The equivalence
betweentemporal and spatial mixing is an example of the above heuristic in a restricted setting,
where the relationship is formally proven and where there are preciseinterpretations for the terms
\lo cal algorithm", \lo cal problem", and \run fast".

The above equivalencehasbeenexplored by a number of previous authors, using various notions
of spatial and temporal mixing. This line of work was initiated by Holley [10] and Aizenman and
Holley [1], followed by Zegarlinski [18] and culminating in the work of Stroock and Zegarlinski [17],
who were the rst to establish the above equivalencein full. We further mertion Martinelli and
Olivieri [13, 14], who later obtained sharper results by working with a weaker spatial mixing as-
sumption, and Cesi [4], who recertly simpli ed someof the proofs. Seealso [12] for a review of
results in the "eld.

The referencesmertioned above make crucial use of functional analysis in their proofs, and
usually discuss quartities sud as the spectral gap and the logarithmic Solwlev constant of the
dynamics as a measureof its temporal mixing (these quarntities measurethe cortraction of the
semi-group assaiated with the dynamics). In this paper, we give purely combinatorial proofs of
this equivalence,basedon the elemenary technigue of coupling probability distributions. Although
someof the ideaswe usehave appearedbefore, our main cortribution liesin presering a complete
argumert which is purely combinatorial, wherethe readerdoesnot needto resort to conceptsfrom
functional analysis.



We note that the result we preseri in the direction going from spatial mixing to temporal mixing
(of the single-siteGlauber dynamics)is limited in the sensehat it only appliesto monotonesystems.
For general systems, however, we show that spatial mixing implies temporal mixing of a \ nite-
block" Glauber dynamics, in which a suzciently large block of spinsis updated at ead step. The
corresponding implication for the single-site dynamics in the general caseis known [4, 12, 14, 17],
but currently we do not have a conmbinatorial proof of it.

The remainder of the paper is organized as follows. Section 2 includes exact de nitions and
statemerts of results. In Sect. 3 we list a few basictools we usein the proofs. In Sect. 4 we prove
that temporal mixing implies spatial mixing while in Sects.5 and 6 we prove that spatial mixing
implies temporal mixing for monotone and general systemsrespectively.

2 De nitions and statemen ts of results

2.1 Spin systems

Consider the d-dimensional integer lattice as apgraph with vertex setV = Z9 and edgeset E,
where (v;u) 2 E, denotedv » u, if and only if idzl jVi i uijj = 1. We usethe statistical physics
terminology and refer to the vertices as sites. For a nite subset® %2V, we de ne its boundary as

@ =fvz?2 : thereexistsu2?2 s.t. v» ug:

Each site is assigneda spin from the spin spaceS = f1;:::;qg, and the con guration spaceis
denotedby - = - = S". Givena con guration %2 -, we write ¥}v] for the spin that ¥%assigns
to v and abusethis notation with ¥jr] standing for the con guration of the subseta under %

We consider spin systemswith nearest neighbor interactions (although everything we do can
be generalizedto nite range interactions). Namely, we have a (Symmetric) pair potential? U :
SES! R, and a self potential W : S ! R. Then, for a nite subset? and a boundary
con guration ¢, 2 - @ , the Hamiltonian H¢ : -2 ! Risde ned as

. X X X
He(3) = U(¢lvl; #4u]) + U(34v], ¥u]) + W (#v]):

V2@ ;u22 ;v»u v;u22 ;v» u v22

The value this Hamiltonian assignscan be consideredasthe \energy" of %when ¢, is the boundary
con guration. The nite volume Gibbsdistribution assaiated with the subset® and the boundary
con guration ¢, assignsprobability to % which is proportional to the inverse exponertial of its
energy Formally,

1

- exp(i HE (A); @

= 5

where Z¢ is the appropriate normalizing factor.

IMost of our results hold | with suitable modications | for any lattice with \sub-exp onertial growth" (i.e., the
volume of increasing balls around any site increasessub-exponertially with the radius). For simplicity, in this paper
we focus just on Z¢.

2The given de nition of the pair potential doesnot cover systemswith hard constraints, where U may be in nite.
Systemswith hard constraints are discussedin section 2.5 below.



Example:  Probably the best known spin systemis the ferromagnetic Ising model. In this case,
the spin spaceis S = fj 1;+1g, while U(sy;s2) = |  ¢s18s, and W(s) = j ~ ¢hds, where™ 2 R* is
the inversetemperature and h 2 R is an external eld. Thus, the energyof a con guration is linear
in the number of edgeswith disagreeingspins, as well as the number of spins with sign opposite
to that of h. For example,if h = 0 and if we ignore the e®ectof the boundary con guration (the
so-called\free-boundary condition") then the minimum energy (highest probability) con gurations
are the two constart con gurations where all the spins have the samevalue (either +1 or j 1).

2.2 The Glaub er dynamics

We study the following simple Markov chain (X;), known as the (heat-bath) Glauker dynamics
which is usedto samplefrom 1¢. Given the current con guration X; 2 - a, the transition X!
Xt+1 is de ned as follows:

2 Choosea vertex v uniformly at random from 2,

2 Let Xt41[u] = X¢[u] for all u 6 v.
2 Choose X +1 [v] from 1?&;, where X 0 is the con guration of @vg dened by X Ju] = X¢[u]
foru22 and XJu] = ¢[u] foru2 @.

It is not too dixcult to verify that this Markov chain is reversible with respect to the Gibbs
distribution *¢ and, in particular, that * ¢ is the unique stationary distribution.

Remark: In the literature, a Glauber dynamicsis usually any Markov chain that makessingle-site
updates that are reversible with respect to the single-site Gibbs measure. Indeed, all the results
below apply to any choice of Glauber dynamics. However, for de nitenesswe will assumethe above
de nition throughout this paper.

We also discussa generalization of the Glauber dynamicsto a Markov chain where at ead step
a block of sites is updated rather than a single site. Let Q. = [1;:::;L]® be the d-dimensional
regular box of gide length L. Consider all the translations,of Q. that intersect the subset® and
let B@:;L)= ©6;jo=(z+Qu)\ 2 forsomez2 Z% . Wethink of eath & 2 B(® ;L) asa
black. We then denote by HB(L) the heat-bath block dynamics that makes updates to blocks
from B (2 ;L). Giventhe current con guration Xy, the transition X;! X1 is de ned asfollows:

2 Choosea block @ uniformly at random from B(? ;L).

2 Let X1 [u] = X¢[u] for all u 2 a.

2 Choose X +1 [#] from 1§t0, where X 0 is the con guration of @ dened by XJu] = X{[u]
foru22 and XJu] = ¢[u] foru2 @.

2.3 Temporal and Spatial Mixing

The statemerts in this paper relate an appropriate notion of temporal mixing (convergencein time
of the Glauber dynamics) with an appropriate notion of spatial mixing (decay of correlation with
distancein the Gibbs distribution). The exact de nitions are given below.



Let!, and? ; betwodistributions on- a . Wewrite k* 1j * ok = maxay-. j* 1(A)i * 2(A)j for the
total variation distance betweenthe two distributions, and k* 1j *2ka = maxay-, j* 1(A)i *2(A)j
for the distance when projecting the two distributions on - 5 for o p 2

De nition 2.1. We say that the Glauker dynamics has optimal temporal mixing if there exist
constants b and ¢ > 0 suchthat for any subset? with any boundary con guration, the dynamics
on 2 has the following property. For any two instances (Xt) and (Y;) of the chain and for any
positive integer k, kXxn i Yknk - bnexp(j ck), where n = j2 j is the volume of 2 .

In particular, optimal temporal mixing meansthat the distance from the stationary measure
kXkni *ék - bnexp(j ck) for any instance (X). Beforewe move on to the de nition of the spatial
mixing notion, we pauseto compare optimal temporal mixing as de ned here with some of the
other notions of temporal mixing found in the literature. The mixing time of a Markov chain (as
a function of 2) is the time it takesto get within a variation distance of 2 from the stationary
measure. Notice that optimal temporal mixing is equivalent to a mixing time of O(nlog(%)).
Optimal temporal mixing also implies that the spectral gap of the dynamics is at least £. While
such a spectral gap doesnot immediately imply optimal temporal mixing, it is not too dixcult
to seethat if the log-Sotolev constart assaiated with the dynamics is bounded from below by £
then the dynamics has optimal temporal mixing. We notice that in fact, in the context of spin
systems, all the above notions of temporal mixing are known to be equivalent when consideredto
hold uniformly in the subset?2 and in the boundary con guration (sincethey are all equivalert to
an appropriate notion of spatial mixing as below).

Remark: We note that the word optimal in De nition 2.1 should not be taken literally . Although
it is indeed believed that the mixing time of the Glauber dynamics cannot be o(nlogn), there is
not yet a rigorous proof of this conjecture for general spin systems.

The corresponding spatial notion we consider states that changing the spin of a site on the
boundary has an exponertially small e®ecton the con guration of sites far away from the changed
site. The distance betwelgntwo sitesv and u is de ned as the graph distance betweenthem, or
equivalertly, dist(v;u) =  _; jvii Ujj. The distance betweensubsetsis the natural extension,i.e.,
the minimal distance betweentwo sites, onein ead subset.

De nition  2.2. We say the systemhas strong spatial mixing if there exist constants and ®> 0
such that for any two subsetso;2 where o p 2, any site u 2 @, and any pair of boundary
congurations ¢ and ¢ that di®eronly at u, k!¢ | 1¢'ka - ~jajexp(j ®¢dist(u;a)):

Remark: In the literature, the de nition of strong spatial mixing may vary, where the di®erence
lies in which classof subsets? the assumption appliesto (for example,2 may be restricted to be
a regular box). We work with the strongestversion by requiring it to apply to all subsetsin order
to simplify our argumernts.

In order to illustrate the above de nitions 3, let us concludethis sectionwith a brief discussionof
how they apply to the Ising model (as de ned in Example 2.1) on the squarelattice Z2. Recall that

3strictly speaking, the discussionin the three paragraphs starting here applies to slightly modi'ed denitions of
spatial and temporal mixing where the subset? is restricted to have a \nice" shape (seeremark following De ni-
tion 2.2).



in the de nition of the Ising model,  standsfor the inversetemperature and h for an external eld.
The following fact is an example of the equivalence betweentemporal and spatial mixing: There
exists a critical ¢ such that, when h = 0 (no external “eld), for ~ < ¢ both optimal temporal
mixing (De nition 2.1) and strong spatial mixing (De nition 2.2) hold for the Ising model on Z2,
while for ~ > 7 both fail.

It is worth mertioning here that in the special caseof the Ising model on Z?, the critical 7
mertioned above coincides[15] with the critical inversetemperature . where a phasetransition
occursin the in nite volume limit, namely, for ~ < " there exists a unique in nite volume Gibbs
measurewhile for ~ > ~ there are multiple such measures. Though we do not discussin nite
volume Gibbs measuresin this paper (see for example [8, 9] for more on this topic), one can
interpret the uniquenessof the in nite volume Gibbs measureas an alternativ e notion of spatial
mixing (which is weaker than strong spatial mixing provided the underlying lattice is of sub-
exponertial growth). Notice that in generalit is not true that the two critical inversetemperatures
7. and " coincide, and there are exampleswherethe in nite volume Gibbs measureis unique while
strong spatial mixing doesnot hold (see[12] for a discussionon the matter).

Finally, againin the special caseof the Ising model on Z?2, the correspnding phasetransition in
the mixing time is known to be very sharp [5]. Specically, for ~ > “¢ = ~¢, not only doesoptimal
temporal mixing not hold, but in fact the mixing time is super-polynomial (speci cally, exp(c™ n)
for someconstart ¢ > 0).

2.4 Monotone systems

Someof the statemerts in this paper apply only to monotone systems. In a monotone system, ead
site v is assaiated with a linear ordering of the spin space,denoted by © . Sincethe spin space
is nite, ead of the linear orderings has unique maximal and minimal elemers, which we call the
plus and minus elemerts respectively. The single-site orderings give rise to a partial ordering © a
of the con guration space. Speci cally, ¥ © 2 % if and only if 34[v] °© , ¥[v] for every v 2 &
The systemis monotone with respect to the above partial ordering if, for every subset® and any
two boundary congurations ¢; and ¢» such that ¢; © @ ¢2, the Gibbs measure® ¢ statistically
dominates the Gibbs measure! &€ with respectto © a . Equivalertly, the two distributions can be
coupledsuch that with probability 1,34 © = %, where¥; and ¥, are a pair of coupledcon gurations
chosenfrom 1 ¢ and t & respectively. Notice that it is enoughthat the above property holds for
all single sites to ensurethat it holds for all subsets®. Also, since the single-site orderings are
linear, the systemis \realizably" monotone [7]. This meansthat, given a collection of boundary
con gurations ¢4; ¢éo; it ; ék, We can simultaneously couple the k corresponding Gibbs distributions
sudh that if ¢; © @ ¢, the corresponding coupled con gurations satisfy % © = % with probability 1
(simultaneously for ead sud pair i; ).

Many well known spin systems are monotone, including the Ising model and the hard-core
model (independert sets).

2.5 Systems with hard constrain ts

Recall that according to our de nition above, the edge potential U may only take on nite real
values. However, there are interesting models where U is in nite for some combinations of spin
values, i.e., there is a hard constraint forbidding certain combinations of spins along an edge. Ex-
amples of such systemsare the hard-core model (whose con gurations are independert sets) and

5



the anti-ferromagnetic Potts model at zero temperature (whose con gurations are proper color-
ings) - seee.g.[9] for de nitions of thesemodels. In general,the results of this paper apply to these
kinds of systemsas well. However, someof the notions we de ned above are not necessarilywell
de ned for systemswith hard constraints. In order to avoid cumbersomedetails but still consider
systemswith hard constraints, we make the compromiseof allowing U to bein nite but restricting
our results to permissive systems A permissive systemis one where, for any nite subset? and
any boundary con guration ¢, there is at least one con guration %2 - = suc that H¢(3) < 1,
and in particular, 1¢(%) > 0. We also require that the spaceof \legal" con gurations (those in
the support of the stationary distribution) is connectedunder the Glauber dynamics. Notice that
by de nition, systemswithout hard constraints are always permissiwe. It is easyto verify that the
hard-core model is permissive, as is the model of proper colorings when the number of colors is
strictly larger than the degreeof the lattice, i.e., g > 2d.

The main importance of assumingthe systemis permissiwe is that * ¢ is well de ned for any
value of ¢. An alternativ e to this assumptionis to extend the de nition of 1 &, but this requires
additional details which we wish to avoid. Oncethe nite Gibbs distributions are well de ned for
any value of the boundary con guration, strong spatial mixing is alsowell de ned. In addition, the
transitions of the Markov chains above are well de ned for any current con guration, even if it is
not in the support of the stationary distribution. In permissive systems,the chain is guaraneed to
reach a legal con guration at some nite time, and thus corvergeto the stationary Gibbs measure.
Hence,without lossof generality, we may think of the chains asrunning on the whole con guration
space- a . In particular, when we say the dynamics has optimal temporal mixing, the error bound
is good for chains that start from illegal con gurations as well. Notice, howeer, that this has a
negligible quartitativ e e®ectsince once every site is updated at least once (which takes O(n logn)
time with high probability) the con guration is guaranteed to be a legal one.

2.6 Results

Seweral notions of temporal and spatial mixing for models on integer lattices are known to be
equivalent to one another [4, 12, 13, 14, 17], though the proofs are often rather complexand castin
the languageof functional analysis. In this paper we presen combinatorial proofs of the following
implications.

Theorem 2.3. If the single-site dynamics has optimal temporal mixing then the systemhas strong
spatial mixing.

For monotone systemswe show the converseas well:

Theorem 2.4. If a monotone systemhas strong spatial mixing then the single-site dynamics has
optimal temporal mixing.

In the generalcase(without assumingmonotonicity), we show that

Theorem 2.5. If a systemhas strong spatial mixing then there existsa nite integer L for which
the heat-bath block dynamics HB(L) has optimal temporal mixing.

The converseof Theorem 2.5 (that optimal temporal mixing of HB(L) implies strong spatial mixing)
can be proved using the sameideasasin the proof of Theorem 2.3 (with the addition of a few minor
technical details), sowe skip it here.



Notice that strong spatial mixing implies optimal temporal mixing of the single-site Glauber
dynamics in the generalcaseaswell [4, 12, 14, 17], but we have not yet beenableto nd a purely
combinatorial proof of this implication. The main obstacleis translating the rapid mixing result
for the block dynamicsinto rapid mixing of the single-sitedynamics (at the cost of only a constart
factor), a problem which is still open for general spin-systems. The functional analysis proofs
mertioned above analyze the log-Sololev constart of the block dynamics, and the implication for
the single-site dynamics follows since the log-Sotolev constart of the block dynamics translates
easily to that of the single-site dynamics.

3 Preliminaries

In this section we identify someof the commontools we usein our proofs.

3.1 Coupling and Mixing Time

A commontool for bounding the total variation distance betweentwo distributions, and in partic-
ular for bounding the mixing time of Markov chains, is coupling. A coupling of 1 ; and 1, is any
joint distribution whosemarginals are* ;1 and ! , respectively. If ¥ and ¥ are a pair of random
con gurations chosenfrom a given coupling of 1 1 and * , then Pr(34 6 %) is an upper bound on
the total variation distance between?!; and 1,. Also, there is always an optimal coupling, i.e., a
coupling such that Pr(3% 6 3) = k1 1.k

In the proofs we give in this paper we use the following coupling of the Glauber dynamics,
which we call an identity coupling. This coupling allows us to simultaneously couple any num-
ber of instancesof the chain. An identity coupling is determined by specifying, for ead site v,
a coupling of all the single-site Gibbs distributions (ranging over all possible values for the con-
“guration of the neighbors of v). Namely, we have a joint distribution °, whose marginals are

L ﬁ,g; it ;‘\‘/g, wherethe setfég; i1 ;&g = - @vg- Given®y, we couplea collection of instancesof
the Glauber dynamics (X {); (X2);::: ; (X{) using a Markovian coupling (i.e., the joint distribution

of XL ;i ;Xt'+1 is a function only of the coupled con gurations X {&;::: ; X!) where the coupled
transition (X&;::: ;X)) (X&q 005 X{,,) is asfollows:

2 Choosea site v u.a.r. from 2 (the sameonefor all chains).
2 Choosea collection of spins(s;;::: ;sk) from the joint distribution °,.
2 Forewery1- i- |setX!, [v]=s if andonly if X{[@vg]= ¢.

An important property of this coupling is that if X|[@vg] = X{ [@vg] then X[, [V] = X!, [v] with
probability 1. Notice that in a monotone systemthere exists a monotone identity coupling, i.e., a
joint distribution °, such that whenewer ¢ ° gvg ¢, Si ° v Sj with probability 1.

We say that an identit y coupling has optimal mixing if for any two instancesof the chain (X;)
and (), we have Pr(Xyn 6 Ykn) - bnexp(j ck), wherethe probability spaceis the coupling of X
and Yy, resulting from the identit y coupling of the two processesNotice that optimal mixing of an
identit y coupling implies optimal temporal mixing of the dynamics. Finally, the coupling time of an
identit y coupling is the minimum T such that Pr(X 1 6 Y7) - % As aresult, Pr(X,t 6 Yi7) - e K
for any positive integer k.



3.2 Bounding the Speed of Propagation of Information

A certral ideain the analysisof the mixing time of the Glauber dynamics, in particular when using
spatial mixing assumptions, is to bound the speed at which information propagatesduring the
dynamical process. In this section we give a lemma of this sort following an argumert explained
to us by van den Berg, based on the idea of paths of disagreement (also known as disagrement
percolation [2]). The idea of bounding the speedof propagation of information originally appeared
in [17], and similar boundscan alsobe found in [12, 11]. The quartitativ e analysisin the argumert
in fact goesbadk to the Richardsonmodel [16]. Our versionbelow appliesto the Glauber dynamics
on generalgraphs of bounded degree(as in [11]), rather than just for nite subsetsof Z9.

Lemma 3.1. Let G = (V;E) be a graph of maximum degree ¢ > 1, and let n = jVj. Let (Xy)
and (;) be two copies of a Glauker dynamics on G such that the two initial con gurations agree
everywhee exept on A 4 V. Let B p V be another subsetand let r = dist(A; B). Then, for

any positive integer k - © 1r1)e , iIf we run the dynamicsfor T = kn steps,Pr(X+[B] 6 Yr[B]) -

4minfj Aj;jBjg (mirﬂ)r, whetre the probability space is the coupling of Xt and Yt resulting from
any identity coupling of (Xt) and (Y;). In particular, if T = kn and dist(A;B), (¢ | 1)e?k, then
Pr(Xt[B] 6 Y7[B]) - 4minfjAj;jBjge dSUAB),

In words, Lemma 3.1 states that in kn steps, with high probability, information percolatesa
distance of at most (¢ | 1)e’k.

Pro of: Sincewe couple X; and Y; using an identity coupling, if at time zerov had the samespin
in both chains and at time T the spinsat v di®erthen it must be the casethat at sometime t°- T
the site chosento be updated was v and immediately before the update of v at time t° the two
chains had di®erert spins at one of the neighbors of v. Carrying this argumert inductiv ely, if we
assumethat at time zerothe only sites whosespins may di®er are included in A then in order for
a site v to have di®eren spins at time T there must be a path of disagreement going from A to v.

Speci cally, there must be vp;vy;:i:;vy = vand 0< t3 < tp < ::: <t - T such that vp 2 &
andfor 1- i - I, vi » vj;; 1 and at time t; the site chosento be updateq vgas vi. Notice that for
a given path vo;::: ;v the probability of this evert occurring is at most | (). Now, if the two

con gurations at time T di®erat somesite in B, there must be a path of disagreemen of length at
leastr = dist(A; B) goingfrom A to B. Sincethe number of (simple) paths of length | going from A
to B is bounded from above by min fj Aj;jBjg¢(¢ ; 1)'i 1 we can concludethat the probability of
a disagreemeh in B at time T = kn is at most

Xn Mo Tu T[| ¥ u . ﬂl
minfiAijBige-—C—¢ @ 9 " 1 mingajjBjge——¢ (&1 Dek
¢il I=r ! n ¢i1l I=r [
) YR
aminfj Ajjjg LU
wherein the last inequality we usedthe fact that r , (¢ j 1)e’k. -

Remark: Wewill often useLemma3.1in a setting whereonly a subsetof the sitesmay be updated
in the Markov chain (i.e., the spins on somesites - typically those on the boundary - are held xed
throughout the process). Notice that the proof above is still valid in this setting (regardlessof
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whether or not the xed spins disagree- i.e., are of sitesin A). In fact, it is valid even if the two
compared chains have di®erer setsof xed sites as long as the sites which are xed in only one
of the chains are all included in the subsetA, i.e., we just assumethat the spins of these sites
disagreein the two chains. An important point to keepin mind in thesescenariosis the meaning of
the parameter n. Rather than the volume of the graph, n stands for the inverseof the probability
that a given site is chosento be updated (and it must be the samein both chains). Indeed, this is
the only usewe made of this parameter in the proof. The scenariosmertioned in this remark will
becomeclearer when they arise in the proofs below.

4 From Temporal to Spatial Mixing

In this sectionwe prove Theorem 2.3, which statesthat if the Glauber dynamics has optimal tem-
poral mixing then strong spatial mixing holds. The rst step in the proof is to derive a stronger
notion of temporal mixing, given in Lemma 4.1 below. Temporal mixing as de ned earlier (Def-
inition 2.1) guaranteesthat if we run the dynamics on a rectangle? for suzcient time then the
distance betweenany two chains will be small enoughas a function of the time we run the chains.
The distance consideredis the total variation distance betweenthe two distributions on - a . How-
ever, if we project the distributions on - », wherea %2 it may very well be that after the same
amournt of time the distance betweenthe two projected distributions is smaller than the distance
betweenthe original distributions. Ideally, we look for a bound which is of the sameform asthe one
we get from running the dynamics on g, i.e., bjajexp(j ¢k). We usethe sub-exponertial growth
of Z9 to arguethat if the Glauber dynamics has optimal temporal mixing then indeedthis stronger
notion, which we call projected optimal mixing, holds as well.

Lemma 4.1. If the Glauker dynamics has optimal mixing then there exist constants b® and c°> 0
such that, for any subset? of volume n, any boundary con guration, any two instances (Xt)
and (V;) of the chain on 2 and any subseta p 2 , we havethat kXyn i Yenke - Biajexp(j ck)
for any positive integer k.

Pro of: The idea of the proof is one we usethroughout this paper, which involvesusing Lemma 3.1
in order to localize the dynamics we consider. Namely, when we run the dynamics for kn steps,
with high probability information from sites which are at distance at least (2dj 1)e’k from & does
not percolate into ©. Therefore, if we take a subseta surrounding @ and whoseboundaries are
at distance at least (2dj 1)e’k from =@, we can assumethat the sites on the boundary of &, are
“xed throughout the process.Thus, we can usethe optimal temporal mixing bound for a dynamics
on the local subset oy, whosevolume is smaller than that of & As shavn below, the fact that
the volume of &y grows only sub-exponertially in k (this is the rst place where we use the sub-
exponertial growth of Z9) givesthe required bound. An additional point we needto make in order
to carry out the above argumert is that when running the dynamics on 2, with high probability,
an appropriate portion of the time is spert in the subseta . This, howewer, is an easyconsequence
of the Cherno®bound.

We proceedwith the formal proof. Consider the subsetof all sites within distance (2d; 1)e?k
from =, and let @} bethe intersection of this subsetwith 2. Notice that dist(a ;2 na,) , (2dj 1)e’k
and that ja,j - [2(2di 1)e*k]%zj.

In addition to the chains (Xt) and (Y;), we considertwo additional chains, denoted by (X )
and (Y,"¥), whoseinitial con gurations inside @y are the sameas (X) and (Y;) respectively. The
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con guration of 2 noy is xed to the samearbitrary con guration in both (X{*) and (Y,"*) and
remains xed throughout the process,i.e., (X¢*) and (Y,"%) represern modi ed processeswhere,
in a given step, if the chosensite to be updated is outside @ then the spin of that site remains
unchanged, while if it is in o then it is updated as usual. Notice that this modi ed processis the
sameas running the dynamics on o exceptthat the probability of a site being chosenat a given
stepis = instead of .

Using the triangle inequality, we have kKX kni YknKa = KXkni X fKa + KX gk i YkKa + KY€ |
Yiknka . Lemma 3.1 (together with the remark following it) givesabound onthe rst and third terms
in the r.h.s. of the last inequality. To seethis, couple (X{) and (X{*) using a modied identity
coupling, where an update of a site outside @y in (X{) is coupled with doing nothing in (X *).
Notice that at time zerothe two chains agreeon & . Disagreemeh may percolatefrom @ noy into
the bulk of @, aswe run the chains, but sincedist(a;2 nay) . (2d; 1)e’k, we canuseLemma 3.1
to deducethat kXyn i X ka - 4jnjel @di ek,

It remainsto bound kXX j Y, “ks. Recall that both these chains have the samexed con-
“guration outside = sowe can usethe optimal temporal mixing assumption for a processon @ .
Notice that when running the chain X' for kn steps,on averagekjzj of the stepshit . Using

a Cherno®bound, with probability at least1j exp(j kjg”), the number of stepsthat hit @ is at

least k’%” Thus, we can use the samebound as when running a processon o for k’%"’ steps.
Speci cally,

XY R e

Kjakj

bogjexp jcé¢- +exp |
2
H TR |

b2(2d; 1)e’k]%rjexp i c¢g +exp | g
tajexp(j c’¢k)
for appropriate constarts b’ and c®> 0. n

We now proceedwith the proof of Theorem 2.3.

Pro of of Theorem 2.3: Let? bea subsetof volumen, ¢ and ¢" be two boundary con gurations
that di®eronly at u, andlet @ pu 2 Following Lemma 4.1, we assumethe dynamics has projected
optimal mixing and show that
H 0 1 '
k¢ ¢k - Blojexp | 2d; D& ¢dist(u; @)+ 4jmjel dstuR) .

The idea of the proof is that when running the Glauber dynamics, the time neededin order
for the projected distribution on & to be closeto the stationary oneis lessthan the time it takes
for the disagreemen at u to percolate into @. Formally, consider the following two instances
of the Glauber dynamics on @ The rst, denoted by Z;, is an instance with ¢ asthe boundary
con guration while the second,denotedby Z2, is an instancewith ¢" asthe boundary con guration.
The initial con guration of 2 in both chains is chosenfrom the distribution *¢'. Notice that this
is the stationary distribution of Z?and therefore z0= 1 ¢" for all t.
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Using the triangle inequality, we have k¢ j 1¢'ka = k¢ | Zka - K ¢ | Zika + KZ¢ i ZKa.
By letting t = % ¢n we can make sure both terms are small. We bound the rst term

using the temporal mixing time assumption. Namely, for t = ?2'%‘1)‘22 ¢n we have k'¢ | Ziks -

e jexp(j c°¢?2'%“1;)"e)z). We use Lemma 3.1 in order to bound the secondterm. Notice that Z;
and Z?have the sameinitial distribution on?2 and thus they can be coupledsuc that at time zero
they have the samecon guration on?2 with probability 1. We cortinue to couple the two processes
using an identit y coupling. Disagreemem may percolate from u, but sincedist(u; ®) = (2dj 1)e2%

we have kZ; | Zko - 4jnjei distue) g

We concludethis sectionwith a couple of remarks on the generalization of the argumerts made
aboveto other settings. First, notice that we never usedthe fact that the di®erenceon the boundary
is only at a single site u. Indeed, if the di®erenceis on a subset¢ we have the samebound (as
a function of dist(¢ ;=)) without adding any factor that dependson ¢. Second,the argumert for
shawing that projected temporal mixing implies spatial mixing usesonly Lemma 3.1 and can thus
be carried out in models with any underlying nite degreegraph. On the other hand, the proof
of Lemma 4.1 usesthe sub-exponertial growth of Z9 and breaks down for graphswith exponertial
growth. Indeed,the Ising model on atree at an appropriate temperature provides a courterexample
to the claim of Lemma 4.1 in such graphs. This counterexample can be deducedfrom [11], where
it is shown that there are temperatures where the Glauber dynamics for the Ising model on a tree
has optimal temporal mixing but a modi ed form of strong spatial mixing (where the di®erence
on the boundary may include many sites) doesnot hold, which in particular meansthat projected
optimal mixing doesnot hold.

5 From Spatial to Temporal Mixing: The Monotone Case

In this section we shav that in monotone systemsthe strong spatial mixing assumption implies
optimal temporal mixing of the single-site Glauber dynamics (Theorem 2.4). Actually, we state two
theoremswhosecombination givesTheorem 2.4. The rst theorem, whoseproof usesideasfrom the
proof of Theorem 4.2 of [13], states that the strong spatial mixing assumption implies O(n log?n)
coupling time of any monotone identit y coupling, uniformly in the volume n and in the boundary
con guration. The secondtheorem, which is basedon Theorem 3.12 of [12], states (for general
systems)that if there exists ng for which the coupling time of any identit y coupling of the Glauber
1+1=d

. , c : .
dynamics on subsetsof volume ng is at most fog 6 1o for an appropriate constart c, uniformly

in the boundary con guration, then this identity coupling has optimal mixing. In particular, any

nl+l =d

upper bound of O(W) on the asymptotic coupling time immediately implies that the identity

coupling has optimal mixing.

Theorem 5.1. Strong spatial mixing implies that the coupling time of any monotoneidentity cou-
pling of the Glauber dynamics on any subsetof volume n is at most T(n) = cn(logn)? for some
constant ¢, uniformly in n and in the boundary con guration.

Pro of: As in our earlier argumerts, the idea of the proof is again to localize the dynamics, which
allows us to useinductiv e boundsfrom smaller volume subsets. However, here we usestrong spatial
mixing to achieve the localization, rather than the bound on the speedof propagation of information
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from Lemma 3.1.

Fix alarge enoughng (to be determined later). By choosing an appropriate constart ¢ = c(ny),
the coupling time statemert is true for all n - ng. This is a consequenceof the fact that any
two instancesof the chain will coalescein nite time under any monotone coupling, e.g., because
evertually both instanceswill simultaneously reach a maximal or minimal state. We go on to shaw
the statemert of the theorem is valid for n > ng, by inductiv ely assumingits validity for volumes
m- [2 ¢é|og(3e_n)]d, where ®; are the constarts in the de nition of strong spatial mixing
(De nition 2.2).

Let 2 be a subsetof volume n with an arbitrary boundary con guration. Let (X;) and (Y;)
be two instances of the chain with arbitrary initial con gurations inside 2 We will shav that
after T(n) steps,for every site v 2 2, the probability that the two spins at v di®er is at most %
and therefore, the probability that two con gurations (on the whole of ) di®eris at most % as
required.

Considerthe regular box of radius %Iog(Be_n) around v, and let @, be the intersection of this
box with @ Let m = jo,j and notice that m - [2(% log(3e n)]9. We now intro duce four additional
chains that may only update sitesin @,. We will couple thesechains alongwith (X) and (Y;) suc
that, whene\er the site chosento be updated is outside &, only X; and Y; are updated while the
additional four chains remain unchanged. On the other hand, when the site to be updated belongs
to o, all six chains are updated simultaneously accordingto the monotoneidentit y coupling. Below
we describe the additional four chains and their initial con gurations. Notice that we only describe
the initial con guration inside? Outside 2, all four chains have the sameboundary con guration
as (Xt) and ().

1. ;””V : the chain starting from the all plus con guration on 2,

2. Q] "V : the chain starting from the all minus con guration on 2.

3.z, " : the chain starting from the all plus con guration outside @, while the initial con-
“guration inside = is chosenfrom the (stationary) Gibbs measureon =, with this boundary
con guration.

4, 7| v - the chain starting from the all minus con guration outside &, and the stationary
Gibbs measurecorresponding to this boundary con guration inside @,.

Notice that we can simultaneously couplethe six chains sud that at time zero, with probability
one,Qp" © Xo° QLY, QpY ° Yo©° Qh°v,and z{ " ° Z] . Sincewe usea monotone
identit y coupling, we have by induction that theserelations hold for all t. Thus, we have

Pr(X[v]6 Yi[v)) - Pr(Q;{ “*[v16 Q{ "*[V]) -

Pr(Q; °'[v16 Z; "v[v]) + Pr(z;"v[v]6 Z] "'[v]) + Pr(Z] "'[v]& Qi "V[v]):
We use the strong spatial mixing assumption to bound the middle term of the last expres-
sion. Notice that sinceZ; ®¥ and Z/ °¥ represen the stationary Gibbs distributions on =, with

the appropriate boundary cqn_gurations then strong spatial mixing (together with the triangle
inequality®) giveskz ™" i Z! "'kryg - j@N@ j exp(i ®ist(@,n@ ;v)). This bound on the

“The strong spatial mixing assumption givesbounds only for comparing two Gibbs distributions whose boundary
conditions di®er at a single site. We use the triangle inequality in order to extend the bound to comparing two
distributions whose boundary conditions di®er at multiple sites.
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total variation distance does not guarantee the samebound on disagreemeh under the coupling
becausethe coupling we useis not necessarilythe optimal one. However, monotonicity guarantees
that our coupling is within a factor of qj 1 (recall that q is the size of the spin space)from the
optimal coupling, as explained next. We embed the ordering assaiated with v in the linear order-
ing 1;2;:::;qwith integer arithmetic. Sincethe spinsat v are coupled such that with probability
oneZ; *'[v], Zi*"[v], we have

Pr(z;"v[v16 z! ®'[v]) - E(Z{"'i Z{"'[V])
= E(Z{'[V]) i E(zZ{ "v])
(qi 1)kzt+;uv i Zti ;nkavg
(@i Di@yn@ | exp(; ®¢dist(@yn@ ;V))
1
3en

for large enoughn. Notice that in order to get the inequality in the middle line we usedan optimal
coupling of Z; *®¥[v] and Z{ **"[v] together with the fact that the oscillation of any function whose
rangeis [1;q] is at most g 1.

In order to complete the proof we have to show that Pr(Q{ "*[v] 6 Z{"V[v]) - zi- when
t = T(n) (by symmetry, the samewill hold for the minus chains). Using a Cherno®bound, if we
run the dynamics on 2 for cn(logn)? stepsthen with probability at least 1 % the number of
stepsin which = is hit is at least

%cm(log n)?2 = (2log n)cmlo% . (2logn)cm(log m)?

for large enoughn. If we assumethat indeed = is hit this often then we can use the induction
hypothesis to bound the probability that the spins at v di®er becausethe two chains we are
comparing have the same xed boundariesoutside a,. Indeed, after T(m) = cm(log m)? stepsin
a,, the con gurations (on the whole of =) disagreewith probability at most % and thus after
(2logn)T(m) steps, they disagreewith probability at most 2. Hence,Pr(Q7 ;Y [v] 6 Z;(;;:)V[v]) :

T(n)
1 1 1 i
gen ¥ nz * =3en fOr large enoughn, asrequired. u

Remark: The reader may have noticed that, by carrying through a more careful analysisin the
above proof, one can get a slightly better bound | for example, O(nlogn(loglogn)?) | on the
coupling time. Howewer, sincein any casewe will reducethe coupling time to O(nlogn) using the
next theorem, we chooseto keepthe calculations simpler by only showing a bound of O(n log? n).

Theorem 5.2. Supmsethere exists an identity coupling such that for all subsetsa of volume at

most ng, where ng is a suxciently large constant, the coupling time of the given identity coupling
1=d
on @ is at most mlg‘g—nojnj uniformly in the boundary con guration. Then for all n and for

all subsets® of volume n with any boundary con guration, Pr(X, 6 Ykn) - j2 jexp(j ck), where
o1
c=2(2dj 1)é?ny ?. Namely, this identity coupling has optimal mixing.

Pro of: Consider the Glauber dynamics on @ with an arbitrary boundary con guration. We will
show that for any two instancesof the chain (X;) and (Y;) and any v 2 & we have Pr(Xgn[v] 6
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Ykn[V]) - exp(j ck) under the given identity coupling. Using a union bound, this implies that
Pr(Xkn & Ykn) - jajex;?gi ck).

1

Letlg= d%ez dz(zr;?—l)eze. As before,we will useLemma 3.1to localizethe dynamics. Together
with the hypothesis of the theorem, this will imply that after Ign stepsthe spins at v agreewith
high probability. What we want, however, is that the probability of disagreemen will continue to
decay exponertially with the number of steps. Notice that such a result would follow if, oncethe
spins at v agreed,they cortinued to agreethrough the rest of the process,but this is clearly not
the case.However, using the sub-exponertial growth of Z9 and another localization argumert, we
canshow that if all the spinswithin a large enoughradius around v agreeat a given time, then the
spinsat v will continue to agreefor suxciently many steps(depending on the radius of agreemen).
Bootstrapping from the suzciently small probability of disagreemen after Ion steps, we get the
required exponertial decyy.

We proceedwith the formal proof. Let %£k) = maxx,:v,.v22 Pr(Xkn[V] & Ykn[Vv]). We have the
following two claims.

Claim 1. Under the hypothesis of the theorem, %lg) -

1 — 1
e2d(no+1) ~ e29([2(2dj 1)e?lo]d+1) *

Claim 2. Without any assumptions,for any ky and ko, ¥k + ko) - [2(2d 1)e?kz]9%k:)%ko) +
4ei Kz,

Theorem 5.2 follows from the combingtion of the above two claims. To seethis, let Ak) =
29([2(2d i 1)e2k] + 1) ¢max k);2ei 5 . Using Claim 2, we have by an explicit calculation
that A(2k) - A(k)2. On the other hand, from Claim 1 we get that A(lp) - % (where we used

the fact that |y is large enoughto handle the caseof #4lg) < 2e |7°). We then conclude that
k) - Ak) - exp(i ), asrequired.

Pro of of Claim 1: Let v2 2 beany site. Asin Lemma 4.1, the idea is to take a regular box of
volume ng around v. Then, since we run the coupled chains for only Ign steps, information from
the boundary of this box doesnot have enoughtime to percolateto v. We can therefore assume
the boundariesaround this box are xed. But then, the assumption of the theorem guaranteesthat
the spinsat v will agreewith the required probability.

Formally, let =, be the intersection of the regular box of volume ng around v with 2, Let (X{V)
and (Y,"¥) be two chains whoseinitial con gurations inside @, agreewith X and Yy respectively,
and which have the same xed arbitrary boundary con guration on @, n@. We have Pr(X[v] 6
Yi[v]) - Pr(Xi[v] 8 X{V[v]) + Pr(X{V[v]1 6 Y"V[v]) + Pr(Y,"'[v] & Y[v]). Notice that dist(v; @ n
@) . %n(l):d = (2d i 1)e?lo. Therefore, using Lemma 3.1, we have Pr(X,n[v] 6 X[ v[V]) -
4ei 2di 1)e2Io'

We go on to bound Pr(Xl‘;;[v] 6 Y,(‘)‘g [v]). Notice that sincein both chains the con guration
outside &, is xed and is identical in both chains and sinceja,j - ng, we can usethe hypothesisof
the theorem to bound the above probability. If we run the coupled chains for Ign steps,then with
probability at least 1 exp(j |gf’jlci\,j) the number of stepsthat hit o, is at least I7(’jli:l\,j. If indeed
that many stepshit =, then according to the hypothesis of the theorem, Pr(X{V[v] 8 Y,"V[V]) -
el 21090 = ni 2 Thus, Pr(X 4[] 6 Y,2¢[V]) - nh?+ exp(i 'gjayj). Putting this together with the
result of the previous paragraph we get Pr(Xon[v] 6 Yign[V]) - N2+ exp(j ') + 8ei 2di Delo .
m for sutciently large ng, asrequired. o
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Pro of of Claim 2: We use Lemma 3.1 once again, this time in the sensethat in kyn steps,
information can percolate over a distance of at most (2d j 1)e®k,. Thus, if the spins of all the
sites within that radius from v agreeafter kin steps, then the spin at v will continue to agree
after (k1 + k2)n stepswith high probability.

Formally, let @, be the intersection of the regular box of radius (2d; 1)e’k, around v with 2,
and let A stand for the evert that Xy n[®v:k,] & Yk,n[®vik,]- Then, using Lemma 3.1 we have

Pr(X (kp+ ko)n[V1 6 Yy ko)nlVD) © (L7 Pr(A))dei @di DEkz + Pr(A)¥ky):
The proof is concludedoncewe notice that Pr(A) - jay,j%ki) - [2(2d 1)e?k,]9%k). =
This completesthe proof of Theorem 5.2. [

Remark: Notice that, in fact, the proof of Theorem 5.2 givesthe stronger property of projected
optimal mixing, asin Lemma 4.1. The hypothesis of Theorem 5.2 di®ersfrom that of Lemma 4.1
in two respects. On one hand, the hypothesis of Theorem 5.2 is stronger becauseit works with
the coupling time of an identity coupling rather than with the mixing time in general. On the
other hand, the hypothesisin Theorem 5.2 is weaker becausethe time bounds are weaker. The
reasonwhy a weaker time bquind is suxcient for coupling time is that we can appeal to the union
bound Pr(X¢[=] 6 Y;[q]) - v2a Pr(X¢[v] & Y{[v]). We usedthis union bound twice, rst when
we reduced the proof to bounding the probability of disagreemeh at a single site, and second
when we bounded the probability of the event A. Notice that the corresponding inequality for
the total varigtion distance is not necessarilytrue. Namely, we cannot in general assert that
kXti Yika - vaa KXti Yikiyg. If this assertionweretrue then we could have donewith assuming
a fast mixing time (rather than a fast coupling time) and working with the total variation distance
rather than with the probability of disagreemen throughout the proof.

As remarked at the beginning of this section, conbining Theorems 5.1 and 5.2 immediately
yields Theorem 2.4.

6 From Spatial to Temporal Mixing: The General Case

In this sectionwe prove Theorem 2.5. Namely, we show that in general (without assumingmono-
tonicity), strong spatial mixing implies that the heat-bath block dynamics has optimal temporal
mixing if the blocks usedare large enough. Using path coupling [3], the proof is reducedto showing
that strong spatial mixing implies that the so-called Dobrushin-Shlosmancondition for complete
analyticity [6] holds. This last implication was proven in [6], but we include a simple proof of it
here.

Pro of of Theorem 2.5: Considerthe heat-bath dynamics HB(L) on a rectangle?® of volume n
with an arbitrary boundary con guration. Notice that L hereis a large enoughconstart to be set
later and will depend only on the dimensiond and the constarts from the de nition of strong spatial
mixing. In particular, L is uniform in n and the boundary con guration. Recall that the dynamics
choosesa block to be updated from B (2 ;L), which is the set of translations of the regular box of
side-length L that intersect® We denotethe number of blocks by m = jB (2 ;L)j and notice that
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n- m- L9 (the lower bound is due to the fact that the number of translations that intersect?
is at least the volume of @ while the upper bound crudely usesthe fact that ead site is covered
by LY translations). Using the path coupling method [3], it is enoughto show that there exists a
constart ¢> 0 (independert of n and the boundary con guration) suc that, for any siteu 2 2 and
any two con gurations ¥34 that di®eronly at u, there exists a coupling of the two chains whose
current con gurations are ¥%and ¥4 respectively such that after one step, the average Hamming
distance betweenthe two coupled con gurations is at most 1j =<, i.e, decreasedy at least <.

We couple thesetwo chains using a speci ¢ identity coupling. Namely, the block chosento be
updated is the samein both chains, and if the boundaries of that block are the samein both %
and 34 then we couple the update of the block suc that the con gurations inside the block agree
with probability one. If the boundaries are not the same (this can happen only if u is on the
boundary of the chosenblock), we usea coupling to be described below.

From the way we de ned the heat-bath block dynamics, ead site in @ is included in exactly
L9 blocks. Sincewe usean identit y coupling, if a block including the site u is chosento be updated
then the Hamming distance betweenthe two con gurations will be zero(i.e., decreaseby one) since
the boundariesof this block are the samein both ¥%and ¥4'. The probability of choosing a block as
above is ';n—d Thus, it is enoughto show that the cortribution to the expected changein Hamming

distance from choosing the rest of the blocks is at most L—‘:n'—c

As we already mentioned, the Hamming distance may increaseonly if the block chosento be
updated is one whoseboundariesinclude u. Sincethere are at most 2dL% 1 such blocks, we will
be done oncewe show that we can couple the update of eat such block @ sudh that the resulting
averageHamming distancein @ is strictly lessthen 2L—d

Consider a block & such that u 2 @. Letr = %(k—d)%, o, = fv2 ajdist(v;u) - rg, and
a, = ona,. By the strong spatial mixing assumption, kt %; % kg Tjo jexp(j ®er) - Lidfor
a large enoughL. We can thus couple the update of @ such that the two coupled con gurations
disagreeover o, with probability at most Li 9. A trivial upper bound on the resulting average
Hamming distancein = in this coupling is then joj+ Li 9o j. &+ 1. n

References

[1] M. Aizenman and R. Holley, Rapid convergenceto equilibrium of stochastic Ising models in
the Dobrushin Shlosmanregime, in: H. Kesten, Percolation Theory and Ergadic Theory of
In nite Particle Systems IMS Volumesin Math. and Appl. 8, 1-11, Springer-Verlag, New
York (1987).

[2] J. van den Berg, A uniquenesscondition for Gibbs measures,with applications to the 2-
dimensional Ising antiferromagnet, Comm. Math. Phys., 152, 161-166(1993).

[3] R. Bubley and M.E. Dyer, Path coupling: a technique for proving rapid mixing in Markov
chains, Proceedings of the 38th IEEE Symmsium on Foundations of Computer Sciene, 223-231
(1997).

[4] F. Cesi, Quasi-factorization of the entropy and logarithmic Sobolev inequalities for Gibbs
random “elds, Prokab. Theory and Related Fields, 120, 569-584(2001).

16



[5] F. Cesi,G. Guadagni, F. Martinelli and R.H. Schonmann, On the 2D stochastic Ising model in
the phasecoexistenceregion closeto the critical point, Journ. Stat. Phys. 85, 55-102(1996).

[6] R.L. Dobrushin and S.B. Shlosman,Completely Analytical Gibbs Fields, in: J. Fritz, A. Ja®e,
D. Szasz,Statistical Mechanics and Dynamical Systems 371-403,Birkhauser, Boston (1985).

[7] J.A. Fill and M. Machida, Stochastic monotonicity and realizable monotonicity, Annals of
Prokability, 29, 938-978(2001).

[8] H.-O. Georgii, Gibbs Measures and Phase Transitions, de Gruyter, Berlin (1988).

[9] H.-O. Georgii, O. HAggstdm and C. Maes, The random geometry of equilibrium phases,
Phase Transitions and Critic al Phenomena Volume 18 (C. Domb and J.L. Lebowitz, eds),
1-142, Academic Press,London (2001).

[10] R. Holley, Possiblerates of convergencein nite range, attractiv e spin systems,in: R. Durret,
Particle systems,Random media, and Large deviations, AMS Volumeson Contemp. Math. 41,
215-234,(1985).

[11] C. Kenyon, E. Mosseland Y. Peres, Glauber dynamics on trees and hyperbolic graphs, Pro-
ceedings of the 42nd IEEE Symposium on Foundations of Computer Sciene, 568-578(2001).

[12] F. Martinelli, Lectures on Glauber dynamics for discrete spin models, Lectures on Prolability
Theory and Statistics (Saint-Flour, 1997), Lecture notes in Math. 1717, 93-191, Springer,
Berlin (1998).

[13] F. Martinelli and E. Olivieri, Approach to equilibrium of Glauber dynamicsin the one phase
region I: The attractiv e case,Comm. Math. Phys. 161, 447-486(1994).

[14] F. Martinelli and E. Olivieri, Approach to equilibrium of Glauber dynamics in the one phase
region |I: The generalcase,Comm. Math. Phys. 161, 487-514(1994).

[15] F. Martinelli, E. Olivieri and R.H. Schonmann, For Gibbs state of 2D lattice spin systems
weak mixing implies strong mixing, Comm. Math. Phys. 165, 33-47(1994).

[16] D. Richardson, Random growth in a tesselation, Proc. Cambr. Phil. Sac. 74, 515-528(1973).

[17] D.W. Stroock and B. Zegarlinski, The logarithmic Sobolev inequality for discrete spin systems
on a lattice, Comm. Math. Phys. 149, 175-194(1992).

[18] B. Zegarlinski, On log-Sololev inequalities for in nite lattice systems,Lett. Math. Phys. 20,
173-182(1990).

17



