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ABSTRACT

We investigateload balancingprocessesbasedon the multiple-
choiceparadigm. In theserandomizedprocesses� balls are in-
sertedinto � bins. In the classicalsingle-choicevarianteachball
is placedsimply into arandomlyselectedbin. In a multiple-choice
processeachball canbe placedinto oneout of ���
	 randomly
selectedbins. It is well known that having morethanonechoice
for eachball canimprove theloadbalancesigni�cantly. In contrast
to previous work on multiple-choiceprocesses,we investigatethe
heavily loadedcase,thatis,weassume�
��� ratherthan �

�� .
The best previously known results for the multiple-choicepro-
cessesin the heavily loadedcasewere obtainedby majorization
from the single-choiceprocess. This yields an upperbound of

������������� ��������� �"! . We show, however, that the multiple-
choice processesare fundamentallydifferent from the single-
choicevariantin that they have ”short memory”. Thegreatconse-
quenceof this propertyis that thedeviation of themultiple-choice
processesfrom theoptimalallocation(i.e.,at most #$�%�&�(' balls in
every bin) doesnot increasewith thenumberof ballsasin caseof
thesingle-choiceprocess.
In particular, we investigatetheallocationobtainedby two differ-
entmultiple-choiceallocationschemes,theoriginalgreedyscheme
andthe recentlypresentedalways-go-leftscheme.We show that
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theseschemesresultin amaximumloadof only �%�&�)�����*���+���+�"! .
We point out thatour detailedboundsaretight up to additive con-
stants.
Furthermore,we investigatethetwo multiple-choicealgorithmsin
acomparative study. Wepresentamajorizationresultshowing that
thealways-go-leftschemeobtainsa betterloadbalancingthanthe
greedyschemefor any choiceof � , � , and � .

1. INTRODUCTION

The studyof balls-and-binsgamesor occupancyproblemshasa
very long history. Theseverycommonmodelswereusedto derive
several resultsin the areaof probability theorywith many appli-
cationsto computerscience,e.g,hashingor randomizedrounding.
In particular, balls-and-binsgamescanbeusedin orderto translate
realisticproblemsinto mathematicalonesin a naturalway. Exam-
plesareloadbalancingandresourceallocationin parallelanddis-
tributedsystems.In general,thegoalof a balls-and-binsalgorithm
is to allocatea setof independentobjects(tasks,jobs, balls) to a
setof resources(servers,bins,urns)so that the load is distributed
amongthebinsasevenly aspossible.

In the classicalsingle-choicegame, eachball is placedinto a bin
chosenindependentlyanduniformly atrandom(i.u.r.). For thecase
of � bins and �,�-�.����� balls it is well known that thereexists
a bin receiving �����/��01�

�

���2�����3�"! balls (e.g. see[9]). This
resultholdsnotonly onexpectationbut with highprobability1. Let
the maxheightabove average denotethe differencebetweenthe
numberof balls in the fullest bin andtheaveragenumberof balls
perbin. Thenthemaxheightaboveaverageof thesinglechoiceal-
gorithmis 01�

�
���������4�4! . In otherwords,thedeviationbetween

therandomizedsingle-choiceallocationandtheoptimalallocation
increaseswith thenumberof balls.

We investigaterandomizedmultiple-choiceallocation schemes.
The ideaof multiple-choicealgorithmsis to reducethemaximum
load by choosinga small subsetof the bins for eachball at ran-
domandplacingtheball into oneof thesebins.Usually, theball is
placedsimply into a bin with a minimum numberof ballsamong
the � alternatives. It is well known that having more than one
choicefor eachball canimprove the load balancingsigni�cantly.
Previous analysis,however, areonly able to dealwith the lightly
loadedcase, i.e., �657���*�"! . Wepresentthe�rst tight analysisfor
theheavilyloadedcase, i.e., �85:9;�*�"! . In particular, we investi-
gatetwo differentkindsof well known multiple-choicealgorithms,
thegreedyschemeandthealways-go-leftscheme.

< Algorithm =;>�?@?BADCFE �HG chooses�/�:	 locationsfor eachball
i.u.r. from thesetof bins. This processhasbeenintroduced

I

We say an event J to occur with high probability (w.h.p.) if
Pr E J�G"�7KMLN�3OQP for anarbitrarily chosenconstantRS�7K .



by Azar et al. in [1]. It is assumedthat the � balls are
insertedone by one, and eachball is placedinto the least
loadedamongits � locations. (If several locationshave the
sameminimumload,thentheball is placedinto anarbitrary
oneamongthem.)Azaretal. show thatthemaxheightabove
averageof �F?���� E �HG is only �*�������+�"! �4�����.� 01�*�%�&�"! , w.h.p.

< Algorithm � ?����&E �HG has been introducedand analyzedby
Vöcking [11]. This algorithmpartitionsthesetof bins into

� groupsof equalsize. Thesegroupsareorderedfrom left
to right. For eachball, we choosethe � th locationfor each
ball from the � th groupi.u.r. Theball is placedin oneof the
leastloadedbinsamongtheselocations.If thereareseveral
locationshaving thesameminimumload,theball is always
placedinto the leftmostgroupcontainingoneof theseloca-
tions. Surprisingly, theuseof this unfair tie breakingmech-
anismleadsto a betterloadbalancingthana fair mechanism
thatsolvestiesatrandom.In particular, themaxheightabove
averageproducedby � ?����&E �HG is only �2�����M�F���

�

��01�*�����"!

with �

�


�� �2�;	 .

In the lightly loadedcase,the boundsabove aretight up to addi-
tive constants.In the heavily loadedcase,however, thesebounds
areevennot asgoodastheboundsknown for theclassicalsingle-
choiceprocess. In fact, the bestknown boundfor the multiple-
choicealgorithmsin the heavily loadedcaseare obtainedusing
majorizationfrom thesingle-choiceprocessshowing only that the
multiple-choicealgorithmsdoesnot behave worsethanthesingle-
choiceprocess.

Unfortunately, the known methodsfor analyzing the multiple-
choicealgorithmsdonotallow to obtainbetterresultsfor theheav-
ily loadedcase.Both the techniquesusedin [1] (“layeredinduc-
tion”) and[11] (“witnesstrees”)inherentlyassumealoadof 	��%�&�

alreadyin their basecase.Alternative proof techniquesusingdif-
ferentialequationsassuggestedin [7; 8; 10; 12] fail for theheav-
ily loadedcase,too, becausetheconcentrationresultsobtainedby
Kurtz'stheoremholdonly for alimited numberof balls.Therefore,
theanalysisof theheavily loadedcaserequiresnew ideas.Before
we proceedwith thedetailedstatementof our resultswe �rst pro-
vide someterminology.

1.1 Basicde�nitions and notations

We model the stateof the systemby load vectors. A load vector
�

5 �

�

I	��
	
	
��

��


! speci�esthat thenumberof balls in the � th bin
is ��� . If � is normalizedthentheentriesin thevectoraresortedin
decreasingordersothat �

� describesthenumberof ballsin the � th
fullestbin. In caseof =;>�?@?@ADCFE �HG , theorderamongthebinsdoesnot
mattersothatwe canrestrictthestatespaceto normalizedvectors.
In caseof �F?�����E �HG , however, weneedto considergeneralvectors.

Suppose��� denotestheloadvectorat time � , i.e., after inserting �

ballsusing =;>�? ?BADCFE �HG or � ?����&E �HG , respectively. Thenthestochastic
process����� !

�����
correspondsto a Markov Chain �,5 ����� !

�����

whosetransitionprobabilitiesarede�ned by therespective alloca-
tion process.In particular, ��� is a randomvariableobeying some
probabilitydistribution  de�nedby theallocationscheme.Weuse
a standardmeasureof discrepancy betweentwo probabilitydistri-
butions ! and " ona space# . Thevariationdistance, de�ned as
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A basictechniquewhichweapplyis coupling(cf., e.g.,[3]). A cou-
pling for two (possiblythesame)Markov chains�%4 5 ���5� !

�����

with statespace# 4 and �76�5 ��8 � !

���)�

with statespace#96 is
a stochasticprocess�����

�;:

� !

�����

on #<4>=%# 6 suchthat eachof
��� � !

�����

and �

:

� !

���)�

is a faithfull copy of � 4 and �76 , respec-
tively.
Anotherbasicconceptthatwe usefrequentlyis majorization(cf.,
e.g.,[2]). We saythata vector �
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�
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! is majorizedby
a vector ? , written �A@

? , if for K
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I . Givenan
allocationschemeS de�ning a Markov Chain � 4 5 ��� � !

�����

and an allocation schemeT de�ning a Markov Chain � 6 5

��8 � !

�����

, we saythat S is majorizedby T if thereis a coupling
betweenthetwo Markov chains�U4 and � 6 suchthat ���

@

:

� ,
for all �WVYX .
In orderto expressour resultsof thealways-go-leftschemeweuse
Fibonaccinumbers.De�ne Z\[D��]Q! 5_^ for ]

@

^ , Z`[ � K&! 5 K , and
Z`[ ��] ! 5ba

[

��c

I

Z`[ ��])L�� ! for ] � 	 . Let d�[.5��fef+.g�hjilk � Z`[ ��]Q! ,
sothat Z [ ��]Q! 5 01��d

g

[

! . Noticethat d

M correspondsto thegolden
ratio. In generalK
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1.2 NewResults

Wepresentthe�rst tight analysisfor multiple-choicealgorithmsas-
suminganarbitrarynumberof balls. In particular, weshow thatthe
multiple-choicegamesarefundamentallydifferentfrom theclassi-
cal single-choicegamein thatthey have “shortmemory”.

THEOREM 1. Let tvuw^ . Let �
� 	 be any integer. Let
� and : be any two load vectors describingthe allocation of

x

balls to � bins. Let �
�

( :

�
) be the randomvariable that de-

scribesthe load vector after allocating � further balls on top of
� ( : , respectively)using protocol =;>�?@?BADCFE �HG . Thenthere is a

y

5bz �*�

M

x

� ��{ �2�F�

x

t

O

I

! ! such that
$

 ���}|D!QL� �

:

| !

$

@

t .

In otherwords,givenany con�gurationwith a maximumloaddif-
ference~ betweenany pair of bins,the =;>�?@?BA C"E �HG processforgets
this inbalancein ~•O0€�• � CF�*�4! steps.Theallocationafter inserting
further ~‚Oƒ€�• � C"�*�"! balls is undistinguishablefrom an allocation
obtainedby startingfrom atotally balancedsystem.This is in con-
trastto thesingle-choicegamerequiring ~

M

Of€�• � CF�*�"! stepsin order
to forgeta loaddifferenceof ~ .
Weshow thatthispropertyyieldsafundamentaldifferencebetween
theallocationobtainedby themultiple-andthesingle-choicealgo-
rithms. While the allocationof the single-choicealgorithmdevi-
atesmoreandmorefrom theoptimalallocationwith anincreasing
numberof balls,thedeviationbetweenthemultiple-choiceandthe
optimalallocationis independentfrom thenumberof balls.

THEOREM 2. Supposewe allocate � balls to � bins using
=;>�?@?BA C"E �HG with � ��	 . Thenthenumberof binswith load at least

„




�_� �,… is boundedabove by �7OH?�/H€F� L��

�

! , w.h.p., where …

denotesa suitableconstant.

This result is tight up to additive constantsin the sensethat, for
� �6� , the numberof bins with load at least

„




�b�‡†701� K&! is
also boundedbelow by �UO ?�/ˆ€F� L��

�

! , w.h.p. In particular, our
resultyieldsanalmostexactestimationfor thenumberof balls in
the fullest bin, that is, the max height above averageis at most
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‰ Š

[

† 01� K�! , w.h.p.

Theresultfor thealways-go-leftschemeis evenslightly better. The
allocationis describedin termsof Fibonaccinumbersde�ned in the
lastsection.



THEOREM 3. Supposewe allocate � balls to � bins using
� ?�����E �HG with ��� 	 . Thenthe numberof bins with load at least

„




�o�F� … is boundedabove by � O&?�/ˆ€F� L d

[

�

�

[

! , w.h.p.,where …

denotesa suitableconstant.

Also this boundis tight up to additive constantsbecausethenum-
berof bins with loadat least

„




�Q� †�01� K�! is lower boundedby
� O ?�/H€F� L d

[

�

�

[

! , w.h.p., too. In particular, the max heightabove
averageproducedby � ?����&E �HG is only
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‰ Š����

� 01� K�! , w.h.p.
In additionto thesequantitative results,we investigatetherelation-
shipbetweenthegreedyandthealways-go-leftschemedirectly.

THEOREM 4. � ?�����E �HG is majorizedby =;>�?@?@ADCFE �HG .

In otherwords,weshow thatthealways-go-leftschemeproducesa
betterloadbalancingthanthegreedyschemefor any choicesof � ,

� , and � .

1.3 Outline

First,wewill presenttheanalysisfor thegreedyprocess.In Section
2, we will show that =;>�? ?BADCFE �HG hasshortmemory. Basedon this
property, wewill show in Section3 thatoneonly needsto consider
a polynomialnumberof ballsin orderto analyzetheallocationfor
an arbitrary numberof balls. In Section4, we will analyzethe
allocationgeneratedby =;>�? ?BADCFE �HG assumingapolynomialnumber
of balls.
Second,wewill presenttheanalysisfor thealways-go-leftprocess.
Herewedonotprovetheshortmemorypropertyexplicitly. Instead
our maintool is majorizationof � ?�����E �HG by =;>�? ?BADCFE �HG . In Section
5, wewill show thismajorization.In Section6, wewill analyzethe
allocationobtainedby � ?�����E �HG basedon the knowledgeaboutthe
allocationof =;>�?@?BA CFE �HG .

2. GREEDY HAS SHORT MEMOR Y

In thissectionweproveTheorem1. For every ] �Q^ , let # g denote
thesetof normalizedloadvectorswith ] balls.Let � and : denote
two vectorsfrom #�� . Weaddfurtherballsontopof theallocations
describedby thesevectorsandasked how many balls do we have
to adduntil thetwo allocationsarealmostindistinguishable.
In our analysis,we shall investigatethe following Markov chain

��E �HG-5 �	�
�

!

�����

, which models the behavior of protocol
=;>�? ?BADCFE �HG :

Input: ��
 is any loadvectorin #��

Transitions �
��


�
���

I :

Pick � V E � G at randomsuchthat

Pr E � 5b] G 5

�*� � K�L%] !

[

L��*�/L7]Q!

[

�

[

�
���

I is obtainedfrom �
�

by adding
a new ball to the � th fullest bin

Let us remark that the choice of � is equivalent to the choice
obtained by the following simple randomizedprocess: Pick

�

I��

�

M

�	
�
	
��

�	[ VSE �(G i.u.r. andthenset ��5_+.- /����

���

K

@

�

@

��� .
Therefore,using the notation from Theorem1, conditionedon

�



5w� , it holds �
�

5��
� , and similarly, conditionedon

��
+5

: it holds :

�45�� � .
Our main tool in theanalysisof this Markov chainis a variantof
the pathcouplingargumentof Bubley andDyer [4]. This variant
wasintroducedin [5] andis describedin thefollowing lemma.

LEMMA 1. (Neighboring-Coupling Lemma) Let � 5

��8�� !

�����

bea discrete-timeMarkov chainwith a statespace# . Let
#

���

# . Let � beanysubsetof #

�

= #

�

(elements���

�C:

! V��

are called neighbors). Supposethat there is an integer � such
that for every ���

� :

! V #

�

=U#

�

there exists a sequence� 5
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� .
If there exists a coupling ��� �

�C:

� !

� �)�

for � such that for some
%

V X it holdsPr E �'&)( 5

:

&

*
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&! 5
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- for all
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�C:

!WV.� , then
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for every ���

�C:

!WVY#
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= #

�
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PROOF. For any pair of neighbors�
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!WV0� we have
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by thewell known couplinglemma(see,e.g.,[3, Lemma3.6]). As
a consequence,
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Thus, if we can �nd a neighboring-coupling,we obtain immedi-
ately a boundon the total variation distancein termsof the tail
probabilitiesof thecouplingtime, i.e., a randomtime

%

for which
��� 5

:

� for all � �

%

.
In orderto applyLemma1,wemust�rst de�ne thenotionof neigh-
bors.Let us�x

x

and � . Let usde�ne #

�

5R#�� andlet � to be
the setof pairsof thoseload vectorsfrom #

�
which correspond

to theballs' allocationsthatdiffer in exactly oneball. In thatcase,
if � canbeobtainedfrom : by moving a ball from the � th fullest
bin into the 4 th fullest bin, thenwe shallwrite � 5

:

L65

�

��5

D .
Thus,

� 5 � ���

�;:

!WV #
�

=A#
�

*

� 5

:

L75

�

�)5

D

for certain�

�

4�V E � G

�

�8( 5�49�




Clearly, for each �

�C:

V #
� there exists a sequence� 5

1;:


=<

�

1>:

I

<

�	
	
�
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1;:@?
O

I

<

�

1;:@?

<

5

: , where A is thenumberof balls
on which � and : differ, and �21>:

�

<

�

1;:

�

�

I

<

! VB� for every � ,
^

@

�

@

A"L�K . Notice further that A

@

x

. Thus,we canapply
the Neighboring-CouplingLemmawith � 5

x

. In this way, it
only remainsto show thefollowing lemmain orderto completethe
proof of Theorem1.

LEMMA 2. Let t}ub^ . Let � ��	 beinteger. Then,there exists
%

5 01�

x

�

M

����{ O&���"�

x

�0t ! ! such that for any y

�

%

andany
�

�C:

VC� it holdsthat
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In therestof this section,we dealwith theproof of Lemma2. For
simplicity, weshallassume�15:	 . (In fact,thecase��u 	 requires
somemorearguments.)For any load vectors � 58�	D

I	��
�
	
 �

D




!

and:

5 �	E

I��	
�
	


E




! with �85

:

L�5

�

�;5

D , �

�

4�V E � G , letusde�ne
thedistancefunction ~/���

�C:

! to bethemaximumof
*

D

�

L*D

D

*

and
*

E

�

LFE

D

*

.
Observe that ~/���

� :

! is alwaysa non-negative integer, it is zero
only if � 5

: , andthatit nevertakesthevalueof K . Thefollowing
lemmadescribesmainpropertiesof thedesiredcoupling.
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Figure1: An exampleof vectors� and : thatdiffer only in one
ball. In thiscase� 5

:

L*5Hp � 5

� sothat ~/���

�C:

!35,+.-0/��
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LEMMA 3. If ���

�C:

! V � then there exists a coupling
��� �

�C:

� !

�����

for � E 	&G that, conditionedon ��� 


�C:


 ! 5,���

�C:

! ,
possessesthefollowingproperties:

< for every � VAX , if � � 5

:

� then � �	�

I

5

:

�	�

I ,
< for every �<V X , if � � (5

:

� then � � and :

� differ in at most
oneball,

<

~/���
�	�

I��C:

�	�

I

!&L ~/���
�

�C:

�
!WVF� L;	

�

L K

�

^

�

K � for every � V

X , and
< for every � VAX , if �

�
(5

:

� thenwehave

E E ~/���
�	�

I��C:

�	�

I

!

*

�
�

�;:

�
G

@

~/���
�

�C:

�
!FL

�

�

where
�

5w+�e�� � Pr E =;>�?@?@ADCFE 	BG picksthe 4 th fullestbinG)L

Pr E =;>�?@?@ADCFE 	BG picksthe � th fullestbinG

�

�

�

4.V E � G

�

�<n�49�

and
�

�7K&�&�

M

.

PROOF. We usethe following naturalcoupling: eachtime we
increasethevectors� and : by oneball, weusethesamerandom
choice. That is, in eachsteptheobtainedloadvectorswill beob-
tainedfrom � and : , respectively, by allocatinga new ball to the

� th fullest bin for certain� V E � G .
The lemmafollows directly from the following propertiesof the
coupling.Consider�

�C: from #
�

with � 5

:

L 5

�

�.5

D for cer-
tain �Wn64 . Let ��� and :

� beobtainedfrom � and : , respectively,
by allocatinga new ball to the � th fullestbin. Then,

¬ either �
�

5

:

� and ~ ���
�

�C:

�
!35b~/���

�C:

!"LS	 , or

­ ���
�

� :

�
! differ in oneball and

~/�����

�C:

�&! 5

�

� �

~/���

�C:

!"L K if andonly if ��5�4

~/���

�C:

!(��K if andonly if ��5,�

~/���

�C:

! otherwise.

Theproof for thesepropertiesis by caseanalysiswhich is tedious
but otherwisestraightforward,andthereforewe omit it here.

Finally, we de�ne ~}� 5 ~ �����

�;:

� ! , for � � ^ . From Lemma3,
weobtainthat ~

� behaveslikearandomwalk with drift towards0.
Analyzingthis randomwalk yieldsthat ~}�35 ^ with probability � ,
for ��5 01�

x

�

M

� �
{

O����	� ! . This impliesLemma2 and,hence,
Theorem1.

3. A REDUCTION TO A POLYNOMIAL NUMBER
OF BALLS

Now weshow how to usetheshortmemorypropertyfor theanaly-
sisof =;>�?@?BA CFE �HG in theheavily loadedcase.We usethefollowing
corollarywhich follows directly from Theorem1 assumingthat �

is suf�ciently large.

COROLLARY 1. Suppose� 
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! is any normal-
izedload vectordescribingan allocationof somenumberof balls
to � bins.De�ne ~ 5 D




LFD

I to bethemaximumloaddifference
in �*
 . Let :


 betheload vectordescribingtheoptimalallocation
of thesamenumberof balls to � bins.Let ��g and :

g , respectively,
denotethe vectors obtainedafter inserting ] �6K further balls to
bothsystemsusing =;>�?@?BADCFE �HG . Then
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~ , where R denotesan arbitrary constant.

Using this corollary, we presenta generaltransformationwhich
shows that the allocationobtainedby an allocationprocesswith
shortmemoryis moreor lessindependentof thenumberof balls.
Thefollowing theoremshows thattheallocationis basicallydeter-
minedafterinsertinga polynomialnumberof balls.

THEOREM 5. Suppose
 is an allocation protocol that has
short memoryand is majorizedby the single-choiceprocess.Let
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where R denotesanarbitrary constant.

The following lemmashows that the variation distancebetween
two systemswith

x

and
x


�� � balls,respectively, is verysmall.

LEMMA 4. Suppose
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PROOF. Set �
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x

LS� . We usethemajorizationfrom the
single-choiceprocessto describethe situationafter inserting �
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For the time being, let us assumethat the entries in �

�

„

� are
in the ~ -rangespeci�ed above. Let : describeanothersystem
in which the �rst �
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balls are insertedin an optimal way, that
is, :
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�� � , Lemma4 directly implies Theorem5. Oth-
erwise,we have to apply the lemmarepeatedlyas follows. Let
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4. THE ALLOCA TION GENERATED BY GREEDY

In thissection,we investigatetheallocationobtainedby Greedy[d]
in the heavily loadedcase. In particular, we prove the bounds
given in Theorem2. Our argumentsin the previous sections,2
and3, show thatwe canrestrictourselvesto a polynomialnumber
of ballsin orderto analyzetheallocationfor anarbitrarynumberof
balls. In particular, we assume�

@

�

M

�

. Furthermore,we assume
w.l.o.g. that � is a multiple of � . We will show that the number
of binswith load

„




�Q�F� … is boundedabove by �YO�?�/H€ � L��

�

! ,
w.h.p.,where… is a suitableconstant.
For the analysis,we divide the setof balls into batchesof size �

each.Theallocationat time � describesthenumberof balls in the
binsafterwe have insertedtheballsof the�rst � batches,i.e.,after
placing � � balls,startingwith asetof emptybinsat time 0.
We prove the theoremby an inductionon � . Our inductionmust
hold only for a polynomialnumberof steps.Nevertheless,we are
not allowed to weaken the constraintson the allocationeven by
only oneball perstep,asthis would resultin a too largedeviation
afterapolynomialnumberof steps.Our trick thatsolvesthisprob-
lem is consideringnot only theballs lying above theaverageload
but alsothe“holes” below theaverageload.
Obviously, theaveragenumberof ballsperbin at time � is � . The
bins with lessthan � balls arecalled light bins and the bins with
morethan � balls arecalledheavybins. The numberof holes at
time � is de�ned asthenumberof ballsonehasto addto thebins
sothateachbin hasloadat least� .
Weinvestigatethenumberof holesin thelight binsandthenumber
of ballsin theheavy binsbatchby batchin aninterleavedinduction.
The analysesfor the light andthe heavy bins arealmostindepen-
dentfrom eachother. Eachof themusesonlyonesimplebut crucial
inductionassumptionprovidedby theother. Theseassumptionsare
givenby thefollowing two invariants.

<��

����! : at time � , thereareat most 	4� holesbelow height � .
<��

����! : at time � , thereareat most �"���H	0^�^�^ ballswith height
� ��K&	 or larger.

Clearly, since� is theaveragenumberof ballsperbin at time � , the
numberof holesbelow height � correspondsto thenumberof balls
above height � . Thus,Invariant �

����! implies thatthereareat most
	&� ballswith height �"� K or largerat time � . Obviously, this is a
very helpfulassumptionfor boundingtheheightof theheavy bins.

4.1 Analysis for the light bins (Invariant L)

In order to show the simple boundon the total numberof holes
given in invariant � , we have to give almostexact boundson the
distributionof theholesamongthelight bins.A simplecouplingar-
gument(cf. also[2, Theorem3.5]) shows thatthenumberof holes
generatedby =;>�?@?BA C"E �HG with � �
	 is majorizedby the number
of holesgeneratedby =;>�?@?BA C"E 	&G . Thesameargumentshows that
the tie breakingmechanismis irrelevant in caseof the greedyal-
gorithm. Therefore,we only needto consider=;>�? ?BADCFE 	&G usinga
randomizedtie breakingmechanism.
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� denotethenumberof binswith loadatmost �QL�� at time � .
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will show thefollowing invariantsby induction:
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M . Conditioningon
the fact that �
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M , and � hold up to time �)L:K , we show that
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��� ! follow, w.h.p. Noticethat invariant �

����! is
implied by �
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����! becausetheseinvariantsyield thatthe
numberof holesat time � is at most
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which is boundedabove by 	&� .(Throughoutthe analysis,we as-
sumew.l.o.g. that � is suf�ciently large.) Hence,it remainsto
show only �

I

����! and �

M

����! . In therestof this subsectionwe shall
conditionon �

I

��� ! , �

M

��� ! , and �

��� ! for all �bno� .
We starttheanalysiswith a simpleobservation. Themajor reason
why the numberof holesis very limited is, that bins with fewer
ballsaremorelikely to geta ball thanbinswith moreballs. This
canbeformalizedasfollows.

OBSERVATION 1. Let � beanarbitrary integer andassumethat
at somepoint of time there exist at most ��
 � bins with at most �

balls and at most �

I

� bins with lessthan � balls. Supposethat
�

is a bin with load exactly � . Thenthe probability that the next
ball allocatedby =;>�?@?BA C"E 	BG will be placedinto bin
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is at least
� 	;L�� 
 L��
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! ��� .

Combiningtheboundin Observation1 with invariant �
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����L�K�! ,
for K
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� , we concludethat the probability thata ball from
batch� falls into a �x edbin
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holding � LA� or lessballsis at least
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! �&� . For example,if
�

contains��L:K K

or lessballs then this probability is larger than K
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�&� which is
almosttwicetheaverageprobabilityoverall bins.Thisgivesaclear
intuition why noneof thebinsfalls farbehind,which is formalized
in thefollowing lemma.

LEMMA 5. Let 
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binscontain � L � or
lessballs at time � , w.h.p. Furthermore, everybin containsat least
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. Let ��� denotethe numberof holesin
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Then, as outlined above, Observation 1 togetherwith invariant
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�&� . That is, the
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to � is stochasticallydominatedby abinomiallydistributedrandom
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Consequently, ��� 5����*�N•��)�"! , w.h.p.,sothatwecanconcludethat,
for somesuitableconstant
 M , everybin includesatleast��L
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includes�7L%� or lessballs. From the
above analysiswecanconcludethatfor any �Wu
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 5 	 � . Applying thezero-onelemmafor ballsand
bins[6] we concludethattherandomvariables�

� are“negatively
associated”sothatwe canapplya Chernoff bound,whichyields
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Thefollowing lemmaestimateshow theallocationof ballschanges
whenplacing� ballswith =;>�?@?BA C"E 	BG onthetopof somepreviously
placedballs.

LEMMA 6. Let � uQ^ and � 
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K beconstantreals. Let ] and � denoteany integers. Supposefor
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� there are at most �

�

� bins with load at most �;LQ�

ballsat time �"LSK . Then,at time � , thenumberof binswith loadat
most� is lessthanor equalto �(��^
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]Q!HO � , w.h.p.,where thefunction
� is de�nedby �(���
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4 ! 5 �

� , if 4 5 ^ or �45 � , andotherwise

�(���

�

4 ! 5

� K ��� !`O �	�(��� � K

�

4FL�K�!(���	�(���

�

4FL�K�!4L
�(��� � K

�

4FL�K&! !\O�� !

�

where

� 5�?�/H€




L

	;L��(��� � K

�

4FL�K�!"L��(���

�

4FL�K�!

] �




Thefunction � is monotonicallyincreasingin each of the(implicit)
parameters �
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PROOF. We divide theallocationof the � ballsinto ] phasesin
eachof whichweinsert �F� ] ballsusingGreedy[2].(For simplicity
weassumethat � is amultipleof ] .) For ^
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� and ^
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] ,
weshow that ��O��(���

�

4 ! is anupperboundon thenumberbinswith
loadatmost � L � afterphase4 .
For 4 5v^ or � 5 � thestatementabove holdstrivially. Now sup-
posethestatementis truefor �(��^

�

4"L K�!

��
	
	
��

�(���

�
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Thus,theexpectednumberof binsthat includeat most ��L7� balls
at theendof phase] is upperboundedby
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4 ! �D� K ��� ! . Applying Azuma's inequality, we canobserve
that the deviation from this expectationis only �D�*�4! , w.h.p. Fur-
thermore,as � O��(���
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4 ! � �7O �
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5801�*�"! , we concludethat we
deviateonly by a factorof � K ��� ! from theexpectedvalue,sothat

the numberof bins that includeat most � Lo� balls at the endof
phase] is at most �5O��(���
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4 ! , w.h.p.
Finally, weshow themonotonicitypropertiesof � . Weobserve that
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the recurrencein Lemma 6 yields invariant �
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ful�ll theassumptionsmadein the lemmabecausewe
conditionon invariant �
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��� L7K&! . The respective calculationsare
donenumericallywith MapleusingUsing ]�5 ��^ and � 5�K	^ O

{ .
To show �
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����! for �)5 K , we usetherecurrencein Lemma6, too.
Herethechallengingtask,however, is to �nd anappropriatevalue
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The numberof holesbelow height �+L K at time ��L�K is J
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BƒD . As the numberof balls above the averageheight is
equalto thenumberof holesbelow theaverageheight,wecancon-
clude that the numberof balls above height �+L K is at least J ,
too. Furthermore,we canconcludefrom invariant �
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5 �"���H	0^�^�^ ballsof height
���)L:K�! ��K&	�5 � ��K K or larger. Combiningthesetwo bounds,
thenumberof ballswhich have heightfrom � to �3�:K	^ is at least

J�L�� . This,however, requiresthatat least � J�L��1! � K K binsare
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We do all thesecomputationsassuming]�5 �)^ and � 5 K�^DO
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For all possiblechoices,we obtainthe desiredresult, i.e., "
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4.2 Analysis for the heavy bins (Invariant H)

In orderto prove theboundson theallocationof ballsin theheavy
bins,we usetheupperboundon thenumberof holesgivenby in-
variant � . Let "
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�� denotethe numberof bins with load at least
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� � at time � . Wewill estimatethesenumbersusingafunction
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For everypoint of time � , we will show thefollowing invariants.
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decreasesdoubly exponentiallyfrom � down
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, and invariant �

M statesthat there is only a constant
numberof balls above the last layer consideredin this sequence.
Clearly, theseinvariantsyield theboundsgivenin Theorem2.
We show the invariants �

I and �

M by induction. Our induction
assumptionsare �

I

��^ !

��
	
	
��

�

I

���.L K�! , �

M

���.L K&! , and �

��� ! .
We show that theseassumptionsimply �

I

����! , �

M

����! , and �

��� ! ,
w.h.p. Observe that �

I

��� ! immediatelyimplies �

����! becauseit
statesthat the numberof balls of height KB	 or larger is at most

a

��


I

M

"


��

O

�

@

a

� 


{

�

��� !sO �

@

�F��� 	 ^ ^�^


 Thus,it remainsonly
to show �

I

����! and �

M

��� ! . We startour analysisby summarizing
somepropertiesof thefunction

�

.

OBSERVATION 2.

A1)
�

��^H! 5 ^




	

� ;

A2)
�

��� !)���

�

���(��K�! , for K

@

�

@

� ;

A3)
�

��� !)��	

�

���"L K�!

[ , for K

@

�

@

� ��K

A4)
�

��� !)�Q^




	

�

�

O


�� � , for ^

@

�

@

� .

Property A2 requires that � is suf�ciently large so that
�

��� ! � �

�

�&� 5 �

�

����� K�! . Property A3 follows from
	3?�/H€

M

�

L��

�

O

I

L K��

[

@

?�/H€

M

�

L��

�

L K�� . PropertyA4 holds
because � is de�ned to be the smallest integer such that

?�/ˆ€

M

� L��

�

L�K&!

@

�

O


�� � , sothatfor all all �Wn�� ,
�

��� ! u �

O


�� � .
First, we show �

I

����! usinga “layeredinduction” on � , similar to
theanalysispresentedin [2]. For thebasecase(i.e., i=0) we apply
invariant �

����! . Thisinvariantyieldsthat,at time � , thereareatmost
	&� ballsof heightlargerthan � . Consequently, thenumberof bins
with � �

� or moreballsis atmost 	&�F�

�

5��"� � . Applying property
A1 yields "







@

�F���15

�

��^H!3OB� . Thus,invariant �

I

����! is shown
for thecase�45b^ .
Now we show �

I

����! for ��� K . We assumethat �

I

��� ! holdsfor
� L K . Let �"��� ! denotethenumberof binsthatholdalready� �

�

�5�

or moreballsat thebeginningof round � , andlet �

/

��� ! denotethe
numberof balls from batch � thatareplacedinto a bin containing
at least�D�

�

�Y� L�K balls.Observe that "

�


��

@

�"��� ! �
�

/

��� ! . Thus,
we only have to show that �"��� ! ���

/

��� !

@

�

��� !3O � .
Applying inductionassumption�

I

��� LNK�! , we immediatelyobtain

�F��� !

@

"

�

O

I


��

�

I

@

�

���(��K&!\O �

G

1

M

I

@

�

��� !\O@�F���

�

for K

@

�

@

� .
Boundingabove �

/

��� ! requiressomefurther arguments.For K

@

�

@

� , the probability that a �x ed ball of batch � is allocatedto
height �3�

�

�o� is at most
�

���3L�K&!

[ . This is becauseeachof its

locationshasto point to oneof thebinswith � �

�

�7�(LSK or more
balls. By our inductionon � , thenumberof thesebins is bounded
above by

�

���3L�K&! . Taking into accountall � ballsof round � , we
obtain

E E �F��� ! G

@

�

��� L�K&!

[

O@�

G

1

p

I

@

�

��� !`OB�F� 	




Applying a Chernoff boundyields

Pr E �"��� ! �7K


 �

�

�

��� !3OB�F� 	 ! G

@

?�/H€

�

^


 �

M

�

�

��� !\OB�F� 	H! � 	 �

G

1

{

I

@

?�/ˆ€

�

�


��

I

���H	 �

�

for K

@

�

@

� . Consequently, �

/

��� !

@

^


 ���

�

��� !‡OB� , w.h.p.,sothat
"

�


��

@

�"��� !(���

/

��� !

@

�

��� !`OB� . Hence,invariant �

I

����! is shown.
Finally, we prove invariant �

M

��� ! . For ^

@

�

@

� , let D�� denote
a randomvariablewhich is oneif at leastoneball of round � is
allocatedinto a bin with load larger than �:�

�

��� , and zero,
otherwise.Furthermore,let ��� denotethenumberof ballsthatare
allocatedinto a bin with load larger than ���

�

��� in round � .
Becauseof the invariants�

I

� K&!

��
	
	
��

�

I

��� ! , theprobability for a
�x edball from batch � to fall into a bin with morethan � �

�

�

� balls is at most
�

���(!

[

@

�*�
O


�� �

!

[

@

�
O

I

� � . Therefore,the
probability for D

�
58K is boundedabove by � O �

O

I

� �

5 �
O


�� � .
Furthermore,theprobabilitythat ���S�"# , for any integer # � � , is
at most �

�

#��
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�


�� �

�

!

@

�

?

# �


�� �

�

!

@

�

O


�� �

!




Thus, � �

@

# , w.h.p.,for somesuitableconstant# . Therefore,we
mayassume�

�

@

# , for K

@

�

@

� . A violationof �

M

����! implies
thatthebinswith loadat least � �

�

��� containmorethan
�

balls
of heightat least� �

�

��� . Observethattheseballsmusthavebeen
placedduring the last

�

rounds,asotherwiseoneof the invariants
�

M

� K&!

�	
�
	
	�

�

M

���)L:K�! would be violated. That is, a violation of
�

M

��� ! impliesimpliesthat # O
a

�

�

c

�

O

�

D
�

�

�

. Consequently,
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For � suf�ciently large,we obtain

Pr E �
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!




In otherwords,choosing
�

suf�ciently largeensuresthat invariant
�

M holds,w.h.p.,overall rounds.Thiscompletestheproofof The-
orem2.

5. GREEDY MAJORIZES ALWAYS­GO­LEFT

In this section,we prove Theorem4, that is, we show that � ?����&E �HG

is majorizedby =;>�?@?BADCFE �HG .

Let � denotetheloadvectorobtainedafter insertingsomenumber
of ballswith �F?����&E �HG , andlet ? denotetheloadvectorobtainedafter
insertingthe samenumberof balls with =;>�? ?BADCFE �HG . W.l.o.g., we
assumethat � and ? arenormalized,i.e., �

I

�

�

M

�_O�O	O �

�

 and

?

I

� ?

M

� O	O	O(� ?


 . (Noticethatthenormalizationof � jumbles
thebinsin thedifferentgroupsusedby � ?����&E �HG in somewaywhich,



however, we do not needto specify here. Further, observe that
the normalizedvectordoesnot specify the always-go-leftsystem
completely.) By inductionwe assumethat �

� ? .
Furthermore,let �

/

and ?

/

denotethe load vectorsobtainedby
addinganotherball

�

with �F?���� E �HG and =;>�?@?@ADCFE �HG , respectively.
For K

@

�

@

� , let �

� denotethe � th unit vector, and de�ne
�

�

5 Pr E

�

/

5

�

���

�

G and
�

�

5 Pr E ?

/

5_? ���

�

G . For ^

@

�

@

� ,
set J

�

5ba

�

D

c

I

�

� and �

�

5ba

�

D

c

I

�

� .

We use the following coupling of �F?����&E �HG and =;>�?@?BADCFE �HG . The
randomselectionof the � locationsof

�

and
�

's allocationto one
of theselocationsis simulatedby the following experiment. We
chooseuniformly at randomsomereal number D from E ^


	
�


K G .
� ?�����E �HG allocatesball

�

into the � th bin (with respectto thenormal-
ization) if J

�

O

I

n D

@

J

� . =;>�? ?BADCFE �HG allocates
�

into the � th bin
if �

�

O

I

n D

@

�

� . By de�nition, the probabilitiesfor theseas-
signmentscorrespondto theprobabilitiesfor thesameassignments
of the original schemes.Thus, the coupling is well de�ned. We
have to show that �

/

@

?

/

.

Suppose�

/

5

�

���

� and ?

/

5,?F���

D for some� and4 , thatis, � and
4 specify the bins in which � ?����&E �HG and =;>�? ?BADCFE �HG , respectively,
placedtheball

�

. First, we assumethat the initial vectors� and ?

areequal.In thiscase,we have to show that �

���

�3@o�

���

D .
Considertheplateausof � , i.e.,index setsof binswith sameheight.
The �rst plateau

�

I includesall bins with load �

I , and the ] th
plateau

�

g , for ]%��	 , includesall binswith load ���	��

���

k

�����

�

I .
Let � and � denotethe index of the plateauthat contain � and 4 ,
respectively. Then � ��� implies �

���

�‡@ �

���

D becauseadding
a ball to differentpositionsof thesameplateauresultsin thesame
normalizedvector. Thus,it remainsto show ����� .
Let � 5‚+.- /��

���

� . Thenthe randomlyselectedvalue D satis�es
D

@

J��

@

� �B�&�"!

[ , which canbeseenasfollows. From �

@

� we
canconcludeD

@

J
�
. Further, J

�
correspondsto theprobability

�

that �F?���� E �HG places
�

in a location with index smallerthan or
equalto � .

�

dependson the distribution of the balls amongthe
differentgroups. Let �	g , for K

@

]

@

� , denotethe numberof
binsin group ] with load �

�
or larger. Then

�

5��

[

g

c

I

� �	g O � ! ���

becausethe ] th locationof
�

hasto point to oneof those��g bins
amongthe �D�&� bins in group ] thathave load at least �

� . Notice
that

�

is maximizedif weset �

I

5 O�O	O 5 ��[.5 �@��� , becauseof the
constrainta

[

g

c

I

�
g

5 � . Hence,D

@

J�� 5

�

@

� �@���"!

[ .
Next we investigatethevalueof 4 in dependencefrom this bound
on D . Theprobability that =;>�? ?BADCFE �HG places

�

in a bin with index
smallerthan or equalto � is � �B�&�4!

[ becauseall � locationsof
�

musthave an index in K

�	
	
�
q�

� . Consequently, �
�

5 � �@���"!

[ , so
that D

@

� �@���"!

[ implies 4

@

� . Now, because� 5P+.- /��

�
�

� , we
obtain �

@

� .
Until now we have shown only �

���

� @P�

���

D . This, however,
yieldsthelemmaalmostimmediatelybecausefor any two normal-
izedloadvectors� and �

/

, �

@

�

/

implies �%���

� @

�

/

���

� (see
[2, Lemma3.4]). Consequently, we canconcludefrom �

���

�
@

�

���

D that �

/

5

�

���

�
@_�

���

D

@

? ���

D

5 ?

/

, which yields
Theorem4.

6. ANALYSIS OF ALWAYS­GO­LEFT

In this section,we investigatetheallocationgeneratedby �F?���� E �HG .
In particular, weproveTheorem3, thatis,weshow thatthenumber
of binswith loadatleast

„




��� �}… is � O ?�/H€"� L d

[

�

�

[

! , w.h.p.,where
… is a suitableconstant.
Similar to theproof for =;>�? ?BADCFE �HG , we divide thesetof balls into
batchesof size � , and we apply an induction on the numberof
batches.On the onehand,the proof for �F?����&E �HG is slightly more

complicatedas we have to take into accountthat the set of bins
is partitionedinto � groups. On the otherhand,we canavoid the
detourthroughanalyzingtheholesbelow averageheightaswecan
usethemajorizationof � ?����&E �HG by =;>�? ?BADCFE �HG .
In the following, we assumethat � � �.�f•��

M

� . (It is easyto
check,however, thata simpli�ed variantof the following analysis
works for the case � n��.�f•��

M

� , too.) Basically, our analysis
startsaftertheinsertionof the�rst �

/

5��
L �.�f•��

M

� balls,that
is, we consideronly the insertionof the last �.�f•��

M

� balls. We
divide thesetof theseballsinto �f•��

M

� batchesof size � each.The
� -th batchis insertedin round � , for K

@

�

@

�f•��

M

� . Let time 0
denotethepointof timeat thebeginningof round1, andlet time � ,
for K

@

�

@

�f•��

M

� , denotethepointof timeafterinsertingbatch� .
Furthermore,set � 5:�

/

��� ��K&	 andlet "

G

D! 

�

I


�� denotethenumber
of binswith loadat least���7�Q�7� in group 4 at time � , for �

�

�)�o^

and K

@

4

@

� .
We usemajorizationfrom =;>�?@?@ADCFE �HG do estimatetheallocationat
time 0. (Notice that already �

/

balls are insertedat time 0.) For
� �o^ , de�ne

�


 ��� ! 5

K

�

�

O K

m

�




The following lemmagives a boundon the allocationof � ?����&E �HG

obtainedby themajorizationfrom =;>�? ?BADCFE �HG at time 0. Basedon
this relatively weakbound,however, we will be ableto prove the
strongboundson theallocationat theendof theprocessdescribed
in Theorem3. (Laterwewill usethesamelemmato estimateparts
of theallocationalsofor othertime steps�)�7K .)

LEMMA 7.

"

G

D! 

�

I


��

@

�


H��� !`OB�F���

� w.h.p.,for any �

�

4

�

� �Q^

�

4�n��




PROOF. Fix a time step � . The analysisof =;>�?@?BA C"E �HG ensures
that, for ^

@

�

@

� , the numberof bins with �%�,� �,� or more
ballsat time � is boundedabove by ?�/ˆ€

M

� L��

{

�

�

L�K�!‡O&� , w.h.p.,
where ��5 �f•��

[

���M� �7��� K�! . Furthermore,the numberof balls
above height � is boundedabove by a constant

�

. Thus,for �<u�� ,
thenumberof binswith height � � � � � or largeris boundedabove
by

�

� ���"L �(! . Consequently, using =;>�?@?BA C"E �HG , thenumberof bins
with � �U� �U� or moreballsis atmost

+.-0/

"

?�/H€

M

�

L��

{

�

�

L�K

�

O@�

�

�

�"L �$#

@

�

�

�

O �H	&�

M

5

�


H��� !`OB�

	��

�

assumingthat � is suf�ciently large. Unfortunately, we needa
boundon thenumberof ballsabove somegivenheightratherthan
a boundon the numberof binsabove theheightin orderto apply
the majorization. However, as the boundgiven above decreases
geometricallyin � , we obtain that the numberof balls of height
at least �S�P���P� when using =;>�?@?BADCFE �HG is boundedabove by

	 O

�


H��� ! O �F�D� 	�� ! 5

�


H��� ! O��F��� . Now, becauseof themajoriza-
tion, thisresultholdsfor � ?����&E �HG , too. As thenumberof ballsabove
height � ��� ���HL�K upperboundsthenumberof binswith � �5�H���

or moreballs,we obtainthatthenumberof binswith �/�U�F� � or
moreballsis boundedabove by

�



��� !`O@�F�&� .

Basedon theknowledgeabouttheallocationat time 0 obtainedby
themajorization,weanalyzetheallocationgeneratedby � ?�����E �HG at
any pointof time � with K

@

�

@

�N•��

M

� . For any ]

�

�)�o^ , de�ne

�

I

��] ! 5

?�/H€

M

� L Z [D��] LN� ��K&! !

K

m

�

�



andset
�

/

��]

�

��!,5 +.-0/��

�


 ����] ������!`O�	

O

�

�

�

I

��] ! �




( Z [D��] ! denotesthe ] th � -ary Fibonacci number as de�ned in
the Introduction.) Observe that

�

/

��]

�

^H! 5

�


H����] �&����! and
�

/

��]

�

�N•��

M

�"!

@

�

I

��] ! � K&� � 	��"! , for any ]�� ^ , that is,
�


 de-
termines

�

/

at time0 and
�

I determines
�

/

at time �f•��

M

� , which is
thetime afterinsertingall balls.
Let ��� denotethesmallestintegersuchthat

�

/

�����

�

� !

@

�3O


�� � . For
^

@

]on � � , de�ne
�

��]

�

� !�5

�

/

��]

�

��! . For � �

@

] n � � ��� ,
de�ne

�

��]

�

� !35 +.- /��&� O


�� �

� �

�

�

/

���

�

��! � . Finally, for ] ��� � �/� ,
set

�

��]

�

� ! 5




��� , where 
 denotesa suitableconstantthatwill be
speci�ed later.
For everypointof time � , wewill show thatthefollowing invariants
hold w.h.p.For �

�

4��o^ , 4�n�� , let ](���

�

4 !35,�`O �.�F4 .
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��](���
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��! O��F��� , for all �
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4 �v^ , 4 n �
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@

] ���

�
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@

� � .
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M

��� ! : a
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 D

with g

G
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 D�I

�

���

"

G

D! 

�

I
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@�
 .

Considerthe invariantsfor the time � 5 �f•��

M

� . At this point of
time the term

�

I

��]Q! determines
�

��]

�

� ! . This function decreases
“Fibonacciexponentially”,thatis, theinvariantsstatethatthenum-
berof binswith ��� �D�Y�35������ � K�� �Y� or moreballsis atmost

# ?�/H€

M

� L Z`[ ��� OH� !<O �(' . Combiningthe two invariantsyields the
boundsgivenin Theorem3.
We show the invariantsby inductionon the numberof rounds � .
Lemma7 yields that the invariantshold at time 0, that is, �

I

��^H!

and �

M

��^H! areful�lled. In the following, we assumethat �

I

���

/

!

and �

M

���

/

! areshown for any �

/

nv� , andwe show that thesein-
ductionassumptionsimply �

I

����! and �

M

����! . Weusethefollowing
propertiesof thefunction

�

.

LEMMA 8.

B1)
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]5n � , �)�,^ .

B2)
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B3)
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��]
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��� � ! O �
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��! , for �
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]5n��
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� � , � �o^ .

PROOF. We startwith theproof of propertyB1. For ^

@

]%n
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��] !35�?�/ˆ€

M

� L � ! �&� 5 KB�D�
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Next we show propertyB2. For ] � ��L�K ,
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For ��L K
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]�n��
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L � , this implies
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For �
�

L��

@

] n �
� , the last equationmay not hold, that is,

�

/
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