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ABSTRACT

We investigateload balancingprocessedasedon the multiple-
choiceparadigm. In theserandomizedprocesses balls arein-
sertedinto  bins. In the classicalsingle-choicevarianteachball
is placedsimply into arandomlyselectedin. In amultiple-choice
processeachball canbe placedinto one out of randomly
selectedbins. It is well known that having morethanonechoice
for eachball canimprove theloadbalancesigni cantly. In contrast
to previous work on multiple-choiceprocessesye investigatethe
heaily loadedcasethatis, we assume ratherthan
The bestpreviously known resultsfor the multiple-choicepro-
cessesn the heaily loadedcasewere obtainedby majorization
from the single-choiceprocess. This yields an upperbound of
. We shaw, however, that the multiple-
choice processesare fundamentally different from the single-
choicevariantin thatthey have "short memory”. The greatconse-
quenceof this propertyis thatthe deviation of the multiple-choice
processefrom the optimalallocation(i.e., at most ballsin
every bin) doesnotincreasewith the numberof ballsasin caseof
the single-choicerocess.
In particular we investigatethe allocationobtainedby two differ-
entmultiple-choiceallocationschemesheoriginal greedyscheme
andthe recentlypresentedalways-go-leftscheme. We show that
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The Heavily Loaded Case

Angelika Steger Berthold Vocking

theseschemesesultin amaximumloadof only

We point out that our detailedboundsaretight up to additive con-
stants.

Furthermorewe investigatethe two multiple-choicealgorithmsin
acomparatre study We presenta majorizationresultshaving that
the always-go-leftschemenbtainsa betterload balancingthanthe
greedyschemedor ary choiceof , ,and .

1. INTRODUCTION

The study of balls-and-binsgamesor occupancyproblemshasa
very long history Thesevery commonmodelswereusedto derive
several resultsin the areaof probability theory with mary appli-
cationsto computerscienceg.g,hashingor randomizedounding.
In particular balls-and-bingamesanbe usedin orderto translate
realisticproblemsinto mathematicabnesin a naturalway. Exam-
plesareload balancingandresourceallocationin parallelanddis-
tributedsystemslin generalthe goalof a balls-and-binglgorithm
is to allocatea setof independenbbjects(tasks,jobs, balls) to a
setof resourcegseners,bins, urns)sothatthe loadis distributed
amongthebinsasevenly aspossible.

In the classicalsingle-toice game eachball is placedinto a bin

choserindependenthanduniformly atrandom(i.u.r.). Forthecase
of binsand ballsit is well known that thereexists

a bin receving balls (e.g. see[9]). This

resultholdsnot only on expectationbut with high probability*. Let

the maxheightabove avelage denotethe differencebetweenthe

numberof ballsin the fullest bin andthe averagenumberof balls

perbin. Thenthemaxheightabove averageof thesinglechoiceal-

gorithmis . In otherwords,thedeviation between
therandomizedsingle-choicellocationandthe optimalallocation
increasesvith the numberof balls.

We investigaterandomizedmultiple-choice allocation schemes.
The ideaof multiple-doicealgorithmsis to reducethe maximum
load by choosinga small subsetof the bins for eachball at ran-
domandplacingtheball into oneof thesebins. Usually, theball is
placedsimply into a bin with a minimum numberof ballsamong
the alternatves. It is well known that having more than one
choicefor eachball canimprove the load balancingsigni cantly.
Previous analysis,however, areonly ableto dealwith the lightly
loadedcasei.e., . We presenthe rst tight analysisfor
theheavilyloadedcase i.e., . In particular we investi-
gatetwo differentkinds of well known multiple-choicealgorithms,
thegreedyschemendthe always-go-leftscheme.

Algorithm chooses locationsfor eachball
i.u.r. from the setof bins. This processhasbeenintroduced

We say an event  to occur with high probability (w.h.p.) if
Pr for anarbitrarily choserconstant



by Azaretal. in [1]. It is assumedhatthe balls are
insertedone by one, and eachball is placedinto the least
loadedamongits locations. (If severallocationshave the
sameminimumload,thentheball is placedinto anarbitrary
oneamongthem.)Azaretal. shav thatthemaxheightabore
averageof is only , w.h.p.

Algorithm has been introduced and analyzedby
Vocking [11]. This algorithmpartitionsthe setof binsinto
groupsof equalsize. Thesegroupsare orderedfrom left
to right. For eachball, we choosethe th locationfor each
ball from the th groupi.u.r. Theball is placedin oneof the
leastloadedbins amongtheselocations.|f thereareseveral
locationshaving the sameminimumload, the ball is aways
placedinto the leftmostgroup containingoneof theseloca-
tions. Surprisingly the useof this unfair tie breakingmech-
anismleadsto a betterload balancinghana fair mechanism
thatsolvestiesatrandom.In particularthemaxheightabove
averageproducecby is only
with

In the lightly loadedcase,the boundsabove aretight up to addi-
tive constants.In the heavily loadedcase,however, thesebounds
areevennot asgoodasthe boundsknown for the classicalsingle-
choiceprocess. In fact, the bestknowvn boundfor the multiple-
choice algorithmsin the heavily loadedcaseare obtainedusing
majorizationfrom the single-choiceprocesshaving only thatthe
multiple-choicealgorithmsdoesnot behae worsethanthe single-
choiceprocess.

Unfortunately the known methodsfor analyzing the multiple-
choicealgorithmsdo notallow to obtainbetterresultsfor thehear-
ily loadedcase. Both the techniquesusedin [1] (“layeredinduc-
tion”) and[11] (“witnesstrees”)inherentlyassumeloadof
alreadyin their basecase.Alternative proof techniquesisingdif-
ferentialequationsassuggestedh [7; 8; 10; 12] fail for the hear-
ily loadedcasetoo, becausehe concentrationmesultsobtainedby
Kurtz'stheoremhold only for alimited numberof balls. Therefore,
the analysisof the hearily loadedcaserequiresnew ideas.Before
we proceedwith the detailedstatemendf our resultswe rst pro-
vide someterminology

1.1 Basicde nitions and notations

We modelthe stateof the systemby load vectos. A load vector

speci esthatthe numberof ballsin the th bin
is . If isnormalizedthenthe entriesin thevectoraresortedin
decreasingrdersothat describegshe numberof ballsin the th
fullestbin. In caseof , theorderamongthebinsdoesnot
mattersothatwe canrestrictthe statespaceo normalizedvectors.

In caseof , however, we needto considergeneralectors.
Suppose denotegheloadvectorattime , i.e., afterinserting
ballsusing or , respectiely. Thenthestochastic
process correspondso a Markov Chain

whosetransitionprobabilitiesarede ned by therespectie alloca-
tion process.In particular  is arandomvariableobeying some
probabilitydistribution  de nedby theallocationschemeWeuse
a standardneasuref discrepang betweentwo probability distri-
butions and onaspace . Thevariationdistancede ned as

A basictechniquevhichwe applyis coupling(cf., e.g.,[3]). A cou-
pling for two (possiblythe same)Markov chains

with statespace  and with statespace is

a stochastigqrocess on suchthat eachof
and is a faithfull copy of and , respec-

tively.

Anotherbasicconceptthatwe usefrequentlyis majorization(cf.,

e.g.,[2]). We saythata vector is majorizedby

avector , written , if for , if

where and are permutationsof suchthat

and . Givenan
allocationscheme de ning a Markov Chain
and an allocationscheme de ning a Markov Chain

, we saythat is majorizedby if thereis a coupling
betweerthetwo Markov chains and suchthat ,
for all
In orderto expressour resultsof the always-go-leftschemewe use
FibonaccinumbersDe ne for , ,and

for . Let -
sothat . Noticethat  correspondso thegolden

ratio. In general

1.2 NewResults

We presenthe rst tight analysisor multiple-choicealgorithmsas-
suminganarbitrarynumberof balls. In particular we shav thatthe
multiple-choicegamesarefundamentallydifferentfrom the classi-
cal single-choicegamein thatthey have “shortmemory”.

THEOREM 1. Let . Let be any integer. Let

and be any two load vectos describingthe allocation of

ballsto bins. Let () betherandomvariable that de-

scribesthe load vector after allocating further balls on top of

( , respectivelylsing protocol . Thenther is a
sud that

In otherwords,givenary con gurationwith a maximumload dif-
ference betweerary pairof bins,the procesdorgets
this inbalancein steps.The allocationafterinserting
further balls is undistinguishabldrom an allocation
obtainedby startingfrom atotally balancedsystem.Thisis in con-
trastto thesingle-choicggamerequiring stepdn order
to forgetaloaddifferenceof

We shaw thatthis propertyyieldsafundamentatlifferencebetween
theallocationobtainedby the multiple- andthe single-choicealgo-
rithms. While the allocationof the single-choicealgorithm devi-
atesmoreandmorefrom the optimalallocationwith anincreasing
numberof balls,the deviation betweerthe multiple-choiceandthe
optimalallocationis independenfrom the numberof balls.

THEOREM 2. Supposewe allocate  balls to  bins using
with . Thenthenumberof binswith load at least
— is boundedabove by , wh.p.,whee
denotesa suitableconstant.

This resultis tight up to additive constantsn the sensethat, for

, the numberof bins with load at least — is
also boundedbelon by , w.h.p. In particular our
resultyields an almostexact estimationfor the numberof ballsin
the fullest bin, that is, the max height abore averageis at most
, w.h.p.

Theresultfor thealways-go-leftschemas evenslightly better The
allocationis describedn termsof Fibonaccinumbergle nedin the
lastsection.



THEOREM 3. Supposewe allocate  balls to  bins using
with . Thenthe numberof bins with load at least
— is boundedabove by , Ww.h.p.,whee

denotesa suitableconstant.

Also this boundis tight up to additive constantdecausehe num-

ber of bins with load at least— is lower boundedby
, w.h.p.,too. In particular the max heightabove

averageproducedy is only , w.h.p.

In additionto theseguantitatve results we investigatetherelation-

shipbetweerthe greedyandthe always-go-leftschemedirectly.

THEOREM 4. is majorizedby

In otherwords,we shav thatthe always-go-leftschemeproduces

betterload balancingthanthe greedyschemeor ary choicesof
,and .

1.3 Outline

First,wewill presentheanalysidor thegreedyprocessin Section
2, we will shaw that hasshortmemory Basedon this
property we will shav in Section3 thatoneonly needgo consider
apolynomialnumberof ballsin orderto analyzethe allocationfor
an arbitrary numberof balls. In Section4, we will analyzethe
allocationgeneratedby assuming polynomialnumber
of balls.

Secondwe will presentheanalysisor thealways-go-leftprocess.

Herewe do notprove theshortmemorypropertyexplicitly. Instead
our maintool is majorizationof by . In Section
5, wewill shaw thismajorization.In Section6, we will analyzethe
allocationobtainedby basedon the knowvledgeaboutthe
allocationof

2. GREEDY HAS SHORT MEMORY

In this sectionwe prove Theoreml. For every ,let  denote

thesetof normalizedoadvectorswith balls.Let and denote

two vectorsfrom . Weaddfurtherballsontop of theallocations

describedby thesevectorsandasked hov mary balls do we have

to adduntil thetwo allocationsarealmostindistinguishable.

In our analysis,we shall investigatethe following Markov chain
, which models the behaior of protocol

Input: is ary loadvectorin
Transitions :
Pick atrandomsuchthat
Pr
is obtainedfrom by adding

anew ball to the th fullestbin

Let us remark that the choice of is equialent to the choice
obtained by the following simple randomizedprocess: Pick
i.u.r. andthenset .
Therefore, using the notation from Theorem1, conditionedon
, it holds , and similarly, conditionedon
it holds

Our maintool in the analysisof this Markov chainis a variantof
the path couplingargumentof Bubley and Dyer [4]. This variant

wasintroducedn [5] andis describedn thefollowing lemma.

LEMMA 1. (Neighboring-Coupling Lemma) Let
bea discrete-timeMarkov chainwith a statespace . Let
. Let beanysubsebf (elements
are called neighbos). Supposehat there is an integer  sudh
that for every there existsa sequence

, Whee for , and
If there existsa coupling for  sud that for some
it holdsPr — for all
,then
for every

PROOF. For ary pair of neighbors we have

by thewell knowvn couplinglemma(see.e.g.,[3, Lemma3.6]). As
aconsequence,

O

Thus, if we can nd a neighboring-couplingwe obtainimmedi-
ately a boundon the total variation distancein termsof the tail
probabilitiesof the couplingtime, i.e., arandomtime  for which
for all
In orderto applyLemmal, wemust rst de ne thenotionof neigh-
bors.Letus x and . Letusde ne andlet tobe
the setof pairsof thoseload vectorsfrom which correspond
to the balls' allocationgthatdiffer in exactly oneball. In thatcase,
if  canbeobtainedfrom by moving aball from the th fullest
bininto the th fullestbin, thenwe shallwrite
Thus,

for certain

Clearly, for each there exists a sequence

, where is thenumberof balls

onwhich and differ, and for every
. Notice furtherthat . Thus,we canapply
the Neighboring-Couplind-emmawith . In this way; it

only remaingo shav thefollowing lemmain orderto completethe
proofof Theoreml.

LEMMA 2. Let . Let beinteger. Then,there exists

sud that for any andany
it holdsthat

Pr —

In therestof this section we dealwith the proof of Lemma2. For

simplicity, we shallassume . (In fact,thecase requires
somemorearguments.)For ary load vectors

and with , , letusde ne
thedistancefunction to bethemaximumof and

Obsere that is alwaysa non-ngative integer, it is zero
only if , andthatit nevertakesthevalueof . Thefollowing
lemmadescribesnain propertief thedesiredcoupling.



X 9 8[6)6(6)5 3 3 2

y 9 8(7)6(5 5 3 3 2

Figurel: An exampleof vectors and
ball. In thiscase sothat

thatdiffer only in one

LeEmmA 3. If then there exists a coupling
for that, conditionedon ,
possessethe following properties:

for every Jif then ,
for every if then and differin at most
oneball,
for every
,and

for every if thenwehave

E
whee Pr picksthe th fullestbin
Pr picksthe th fullestbin
and .

ProoF. We usethe following naturalcoupling: eachtime we
increasdhevectors and by oneball, we usethesamerandom
choice. Thatis, in eachstepthe obtainedoad vectorswill be ob-
tainedfrom and , respectiely, by allocatinga new ball to the

th fullest bin for certain

The lemmafollows directly from the following propertiesof the
coupling.Consider from with for cer
tain .Let and beobtainedrom and ,respectiely,
by allocatinga new ball to the th fullestbin. Then,

- either and , or
- differ in oneball and

if andonly if
if andonly if
otherwise.

The proof for thesepropertieds by caseanalysiswhich is tedious
but otherwisestraightforvard,andthereforewe omit it here. [

Finally, we de ne , for . FromLemmas,
weobtainthat  behaeslike arandomwalk with drift towards0.
Analyzingthisrandomwalk yieldsthat with probability ,
for . ThisimpliesLemmaz2 and,hence,
Theoreml.

3. A REDUCTION TO A POLYNOMIAL NUMBER
OF BALLS

Now we shav how to usethe shortmemorypropertyfor theanaly-
sis of in the heavily loadedcase.We usethefollowing
corollary which follows directly from Theoreml assuminghat
is sufciently large.

COROLLARY 1. Suppose is any normal-
izedload vectordescribingan allocation of somenumberof balls
to bins.De ne to bethemaximumoad difference
in . Let betheloadvectordescribingthe optimalallocation
of thesamenumberof ballsto bins.Let and ,respectively
denotethe vectos obtainedafter inserting further balls to
both systemsising . Then

for ,whee denotesan arbitrary constant.

Using this corollary, we presenta generaltransformationwhich
shaws that the allocationobtainedby an allocation processwith
shortmemoryis moreor lessindependenbf the numberof balls.
Thefollowing theoremshaws thatthe allocationis basicallydeter
minedafterinsertinga polynomialnumberof balls.

THEOREM 5. Suppose is an allocation protocol that has

short memoryand is majorizedby the single-doice process. Let

be a load vectorobtainedafter allocat-

. De ne — —.
andbeinga multipleof

ing  balls with
Thenfor every

whee denotesan arbitrary constant.

The following lemmashaws that the variation distancebetween
two systemswith ~ and balls,respectiely, is very small.

LEMMA 4. Suppose and beingmultiplesof with
and . Then

PROOF. Set . We usethe majorizationfrom the
single-choiceprocessto describethe situationafter inserting
balls. With probability , eachbin contains

balls. Let . Applying anddoing some
calculationsyieldsthatevery bin containsbetween— and
— balls,with probability , for .
For the time being, let us assumethat the entriesin are
in the -rangespeci ed above. Let  describeanothersystem
in which the rst balls are insertedin an optimal way, that
is, — — . Now we add  balls using proto-
col  ontop of and , respectrely. Obsenre that
. Thus,applyingCorollary 1, we obtain
. o
For , Lemma4 directly implies Theorem5. Oth-

erwise, we have to apply the lemmarepeatedlyas follows. Let
denoteasequencef integerssuchthat ,
, ,and . Then

where the last equationfollows because
. This completegheproof of Theorenb.



4. THE ALLOCA TION GENERATED BY GREEDY

In this sectionwe investigatethe allocationobtainedby Greedy[d]
in the heavily loadedcase. In particular we prove the bounds
given in Theorem2. Our argumentsin the previous sections,2
and3, shav thatwe canrestrictoursehesto a polynomialnumber
of ballsin orderto analyzetheallocationfor anarbitrarynumberof
balls. In particular we assume . Furthermorewe assume
w.l.o.g. that isamultiple of . We will shaw thatthe number
of binswith load — is boundedabore by ,
w.h.p.,where is asuitableconstant.

For the analysis,we divide the setof ballsinto batdhesof size
each.Theallocationat time describeghe numberof ballsin the
binsafterwe have insertedtheballsof the rst  batchesi.e., after
placing balls,startingwith a setof emptybinsattime 0.

We prove the theoremby an inductionon . Our induction must
hold only for a polynomialnumberof steps.Neverthelessye are
not allowed to wealen the constraintson the allocationeven by
only oneball per step,asthis would resultin atoo large deviation
aftera polynomialnumberof steps.Ourtrick thatsolvesthis prob-
lem is consideringnot only the ballslying above the averageload
but alsothe “holes” belav the averageload.

Olwviously, the averagenumberof ballsperbin attime is . The
bins with lessthan balls are called light bins and the bins with
morethan balls arecalledheavybins The numberof holes at
time is de ned asthe numberof balls onehasto addto the bins
sothateachbin hasloadatleast .

We investigatehenumberof holesin thelight binsandthenumber
of ballsin theheary binsbatchby batchin aninterleavedinduction.
The analysedor the light andthe heary bins arealmostindepen-
dentfrom eachother Eachof themusesonly onesimplebut crucial
inductionassumptiomprovidedby theother Theseassumptionsre
given by thefollowing two invariants.

. attime , thereareatmost  holesbelow height .

: attime , thereareat most ballswith height

or larger.

Clearly, since is theaveragenumberof ballsperbin attime , the
numberof holesbelav height correspondso the numberof balls
above height . Thus,Invariant impliesthatthereareat most

ballswith height or largerattime . Obviously; thisis a
very helpfulassumptiorfor boundingthe heightof the heavy bins.

4.1 Analysisfor the light bins (Invariant L)

In orderto shaw the simple boundon the total numberof holes
givenin invariant , we have to give almostexactboundson the
distribution of theholesamonghelight bins. A simplecouplingar
gument(cf. also[2, Theorem3.5]) shaws thatthe numberof holes
generatedy with is majorizedby the number
of holesgeneratedy . The sameargumentshaws that
the tie breakingmechanisnis irrelevantin caseof the greedyal-

gorithm. Therefore we only needto consider usinga
randomizedie breakingmechanism.
Let denotethenumberof binswith loadatmost attime .

De ne , , and , for . We
will shav thefollowing invariantsby induction:

, for ,
, for ,
where denotesuitableconstants, . Conditioningon
thefactthat , ,and holduptotime , we shav that

, , and follow, w.h.p. Notice thatinvariant is
implied by and becauseheseinvariantsyield thatthe
numberof holesattime is at most

which is boundedabove by  .(Throughoutthe analysis,we as-
sumew.l.o.g. that is sufciently large.) Hence,it remainsto
shav only and . In therestof this subsectiorwe shall
conditionon , ,and for all

We startthe analysiswith a simpleobseration. The majorreason
why the numberof holesis very limited is, that bins with fewer
balls aremorelikely to geta ball thanbinswith moreballs. This
canbeformalizedasfollows.

OBSERVATION 1. Let beanarbitraryinteger andassumehat
at somepoint of time there exist at most bins with at most
balls and at most bins with lessthan balls. Supposedhat

is a bin with load exactly . Thenthe probability that the next
ball allocatedby will be placedinto bin is at least

Combiningthe boundin Obseration 1 with invariant ,
for , we concludethat the probability that a ball from
batch fallsintoa x edbin holding orlessballsis atleast
. For example,if contains
or lessballs thenthis probability is larger than which is
almosttwicetheaverageprobabilityoverall bins. Thisgivesaclear
intuition why noneof the binsfalls far behind,whichis formalized
in thefollowing lemma.

LEMMA 5. Let denotesuitableconstants.For any

with , at most bins contain or

lessballsattime , w.h.p. Furthermoe, everybin containsat least
balls, w.h.p.

PrROOF. Let ,where and will bespecied

denotethe numberof holesin
. Assume is such

later, andconsiderabin . Let
bin belov height afterround
that

and for all

Then, as outlined abore, Obsenration 1 togetherwith invariant
implies that the probability that a ball from a batch
falls into a bin is at leastat least . Thatis, the
numberof balls which are placedinto bin  during rounds
to isstochasticalldominatedby a binomially distributedrandom
variableBIN . Hence,

Pr Pr BIN

Pr BIN

We claim that, for  sufciently large, Pr BIN
. Thisis easilyshavn by inductionon

(conditionontheoutcomeof the rst  events).Hence,
Pr
Consequently , W.h.p.,sothatwe canconcludethat,

for somesuitableconstant , everybinincludesatleast
balls,w.h.p.



Next we shaw thatfor ary  with at most
binsinclude or lessballsattime , w.h.p. Let
denotethe eventthatbin includes or lessballs. Fromthe

above analysiswe canconcludethatfor ary

E Pr

for ary . Applying the zero-ondemmafor ballsand
bins[6] we concludethattherandomvariables  are“negatively
associatedsothatwe canapplya Chernof bound,whichyields

. Then
, whichyieldsthelemma. O

w.h.p. We set
, w.h.p,for

Lemmab yields invariant andinvariant

. Thus,it remainsto shav invariant for
Thefollowmg lemmaestimatediow theallocationof ballschanges
whenplacing ballswith onthetop of somepreviously
placedballs.

but only for

LEMMA 6. Let and with
beconstantreals. Let and denoteanyintegers. Supposdor
there are at most bins with load at most

ballsattime . Then,attime , thenumberof binswith load at
most islessthanor equalto , W.h.p.,wheethefunction

is de ned by , if or , andotherwise
whee

Thefunction is monotonicallyincreasingin ead of the (implicit)
parametes

Proor. Wedivide theallocationof the ballsinto phasesn
eachof whichweinsert ballsusingGreedy[2].(For simplicity

weassumehat isamultipleof .) For and ,
we shaw that is anupperboundon thenumberinswith
loadatmost afterphase .

For or the statementbove holdstrivially. Now sup-

posethestatemenis truefor . Consider
theallocationof the ballsin phase . Suppose is abin having
load ( ) atthe beginning of thatphase Obsenation
1 yields that the probability that recevesnoneof the next

ballsis at most

Thus,the expectednumberof binsthatincludeat most balls
attheendof phase is upperboundedby

for , Which, by our de nition, is equialent to

. Applying Azumas inequality we canobsere
that the deviation from this expectationis only , w.h.p. Fur-
thermore,as , we concludethatwe
deviate only by afactorof from theexpectedvalue,sothat

the numberof bins that include at most balls at the end of

phase isatmost , W.h.p.

Finally, we shawv themonotonicitypropertief . Weobserethat
is monotonicallyincreasingn and

for ary and . Thus, is monotonlcally

increasingn , whichcompletegheproofof thelemma.

o

For , setting

the recurrencein Lemma6 yields invariant Notice that
fulll theassumptionsnadein thelemmabecauseve

conditionon invariant . Therespectie calculationsare

donenumericallywith Maple usmgUsmg and

To shaw for , we usetherecurrencén Lemmas, too

Herethechallengingtask,homever, isto nd anappropriatevalue

for . Ontheonehand,we require . Onthe other
hand,we wantto shawv that . For example,we may
set asthisis atrivial upperboundon . It turnsout,
however, thatthis valueis too large sothat . Thus,we
have to usea moreclever way to upperbound

The numberof holesbelon height at time is

. As the numberof balls abore the averageheightis
equalto thenumberof holesbelav theaverageheight,we cancon-
clude that the numberof balls above height is at least ,
too. Furthermorewe canconcludefrom invariant that,
at the sametime, thereareat most balls of height

or larger. Combiningthesetwo bounds,

the numberof ballswhich have heightfrom to is at least

. This, however, requiresthatat least binsare

lled with atleast balls,which givesusthe desiredupperbound
on ,i.e.,

Now, we checkall possiblechoicesfor suchthat

, for , and
In orderto do sowe male useof the monoton|C|typropert|esof

. On one hand, the function is monotonicallyin-
creasingn  and is monotonicallydecreasingn eachof the
parameters . Ontheotherhand,for xed , thefunc-
tion is monotonicallyincreasingin eachof the parame-
ters . Therefore,|t is sufcient to checkthe parameters

in stepsof while assuming

We do all thesecomputationsaassuming and
For all possiblechoices,we obtainthe desiredresult,i.e.,

4.2 Analysisfor the heavy bins (Invariant H)

In orderto prove theboundson theallocationof ballsin the heary
bins, we usethe upperboundon the numberof holesgivenby in-
variant . Let denotethe numberof bins with load at least

attime . Wewill estimatehesenumberausingafunction



, which is de ned asfollows. Let ,
andlet denotea suitableconstantwhich will be speci ed
later. De ne

, for

For every point of time , we will shav thefollowing invariants.
, for ;

Roughly speaking, invariant states that the sequence
decreasesloubly exponentiallyfrom  down

to , and invariant statesthat thereis only a constant

numberof balls abore the last layer consideredn this sequence.

Clearly, thesenvariantsyield the boundsgivenin Theorem2.

We shaw theinvariants  and by induction. Our induction

assumptionsare , , and
We shav that theseassumptionsmply , , and ,
w.h.p. Obsenre that immediatelyimplies becauset

statesthat the numberof balls of height  or larger is at most
Thus,it remainsonly
to shaw and . We startour analysisby summarizing

somepropertief thefunction .

OBSERVATION 2.

Al) ;

A2) , for ;
A3) , for

A4) , for

is sufciently large so that
Property A3 follows from
Property A4 holds

is dened to be the smallest integer such that
, sothatfor all all , .

First, we shav usinga “layeredinduction” on , similar to
theanalysispresentedn [2]. For thebasecase(i.e.,i=0) we apply

Property A2 requires that

because

invariant . Thisinvariantyieldsthat,attime , thereareatmost
balls of heightlargerthan . Consequentlythe numberof bins

with or moreballsis atmost . Applying property

Al yields . Thus,invariant is shavn

for thecase

Now we shaw for . We assumehat holdsfor

. Let denotehenumberof binsthathold already
or moreballs at the beginning of round , andlet denotethe
numberof ballsfrom batch thatareplacedinto a bin containing
atleast balls. Obsenre that . Thus,
we only have to shaw that

Applying inductionassumption , weimmediatelyobtain

for .
Boundingabore requiressomefurther amguments. For
, the probability thata x ed ball of batch is allocatedto

height is at most . This is becausesachof its

locationshasto pointto oneof thebinswith or more
balls. By our inductionon , the numberof thesebinsis bounded
abore by . Takinginto accountall  ballsof round , we
obtain

E

Applying a Chernof boundyields

Pr
for . Consequently , w.h.p.,sothat
. Hence,invariant is shavn.
Finally, we prove invariant . For ,let  denote

a randomvariablewhich is oneif atleastoneball of round is

allocatedinto a bin with load larger than , and zero,
otherwise.Furthermorelet denotethe numberof ballsthatare
allocatedinto a bin with load larger than in round

Becauseof the invariants , the probability for a
x edball from batch to fall into a bin with morethan

balls is at most . Therefore,the
probability for
Furthermorethe probability that
atmost

is boundedabore by .
, for ary integer ,is

Thus, , w.h.p.,for somesuitableconstant . Thereforewe
mayassume , for . A violation of implies
thatthe binswith loadatleast containmorethan balls
of heightatleast . Obserethattheseballsmusthave been
placedduringthelast rounds,asotherwiseoneof theinvariants
would be violated. Thatis, a violation of

impliesimpliesthat . Consequently

Pr Pr

For sufciently large,we obtain
Pr

In otherwords,choosing sufciently large ensureghatinvariant
holds,w.h.p.,overall rounds.This completeghe proofof The-
orem2.

5. GREEDY MAJORIZES ALWAYS-GO-LEFT

In this section,we prove Theoremd, thatis, we shawv that
is majorizedby

Let denotetheloadvectorobtainedafterinsertingsomenumber

of ballswith ,andlet denoteheloadvectorobtainedafter
insertingthe samenumberof balls with . W.l.o.g.,we
assumehat and arenormalizedj.e., and

. (Noticethatthe normalizationof jumbles
thebinsin thedifferentgroupsusedby in someway which,



however, we do not needto specify here. Further obsere that
the normalizedvector doesnot specify the always-go-leftsystem
completely) By inductionwe assumehat

Furthermore,let and denotethe load vectorsobtainedby

addinganotherball  with and , respectiely.

For , let  denotethe th unit vector and de ne
Pr and Pr . For ,

set and

We usethe following coupling of and . The

randomselectionof the locationsof and 'sallocationto one
of theselocationsis simulatedby the following experiment. We
chooseuniformly at randomsomereal number from

allocateshall into the th bin (with respecto thenormal-
ization) f allocates into the th bin
if By de nition, the probabilitiesfor theseas-
signment$orrespondo theprobabilitiesfor the sameassignments
of the original schemes.Thus, the couplingis well de ned. We
have to shaw that

Suppose and for some and , thatis, and
specify the bins in which and , respectiely,
placedtheball . First, we assumehattheinitial vectors and

areequal.ln thls casewe have to shav that
Considettheplateausof , i.e.,index setsof binswith samehelght
The rst plateau includesall bins with load , andthe th
plateau , for , includesall binswith load

Let and denotethemde< of the plateauthat contain and
respectiely. Then implies becausaddlng
a ball to differentpositionsof the sameplateauresultsin the same
normalizedvector Thus,it remainsto shawv

Let . Thentherandomlyselectedvalue satis es
, which canbe seenasfollows. From we

canconclude . Further  correspondso the probability
that places in alocationwith index smallerthan or
equalto . dependwn the distribution of the balls amongthe
differentgroups. Let , for , denotethe numberof

binsin group with load
becauséhe th locationof

or larger Then
hasto point to oneof those bins

amongthe binsin group thathaveloadatleast . Notice
that is maximizedif we set , becausef the
constraint . Hence,

in dependencéom this bound
places in abin with index

Next we investigatethe value of
on . Theprobabilitythat

smallerthanor equalto is becauseall locationsof
musthave anindex in . Consequently , SO
that implies . Now, because ,we
obtain

Until now we have shawvn only . This, however,

yieldsthelemmaalmostimmediatelybecauséor ary two normal-
izedloadvectors and , implies (see
[2, Lemma3.4]). Consequentiywe canconcludefrom

that , Whichyields
Theorem.

6. ANALYSIS OF ALWAYS-GO-LEFT

In this section,we investigatethe allocationgeneratedy

In particular we prove Theorens, thatis, we shav thatthenumber

of binswith loadatleast— is ,W.h.p.,where
is a suitableconstant.

Similar to the proof for , we divide the setof ballsinto

batchesof size , andwe apply an induction on the numberof

batches. On the one hand, the proof for is slightly more

complicatedas we have to take into accountthat the setof bins
is partitionedinto  groups. On the otherhand,we canavoid the
detourthroughanalyzingthe holeshelow averageheightaswe can
usethemajorizationof by

In the following, we assumethat . (It is easyto
check,however, thata simpli ed variantof the following analysis
works for the case , too.) Basically our analysis

startsaftertheinsertionof the rst balls, that
is, we consideronly the insertionof the last balls. We
divide the setof theseballsinto batche®f size each.The
-th batchis insertedin round , for . LettimeO

denotethe point of time atthe beginningof round1, andlettime ,

for , denotethe point of time afterinsertingbatch .

Furthermoreset andlet denotethenumber
of binswith loadatleast in group attime , for

and .

We usemajorizationfrom do estimatethe allocationat
time 0. (Noticethatalready balls areinsertedat time 0.) For

,de ne

The following lemmagives a boundon the allocation of
obtainedby the majorizationfrom attime 0. Basedon
this relatively weak bound,however, we will be ableto prove the
strongboundson the allocationat the endof the procesgdescribed
in TheorenB. (Laterwe will usethe samdemmato estimateparts
of theallocationalsofor othertime steps )

LEMMA 7.

w.h.p.,for any

PROOF. Fix atime step . The analysisof ensures
that, for , the numberof bins with or more
ballsattime is boundedabore by , w.h.p.,

where . Furthermorethe numberof balls
above height is boundedabore by aconstant . Thus,for ,
thenumberof binswith height or largeris boundedabore
by . Consequentlyusing , thenumberof bins
with or moreballsis atmost

assumingthat is sufciently large. Unfortunately we needa
boundon the numberof ballsabose somegiven heightratherthan
a boundon the numberof bins abore the heightin orderto apply
the majorization. However, asthe boundgiven abose decreases
geometricallyin , we obtain that the numberof balls of height
at least when using is boundedabore by

. Now, becausef the majoriza-

tion, thisresultholdsfor , too. As thenumberof ballsabove

height upperboundghenumberof binswith
or moreballs, we obtainthatthe numberof binswith or
moreballsis boundedabore by . O

Basedon the knowledgeabouttheallocationattime 0 obtainedoy
themajorizationwe analyzethe allocationgeneratedy at
ary pointof time with . Forary ,de ne




andset

( denotesthe th -ary Fibonaccinumberas de ned in

the Introduction.) Obsere that and

, for ary , thatis, de-

termines attimeOand determines attime , whichis
thetime afterinsertingall balls.

Let denotethesmallestintegersuchthat . For

, de ne . For ,

de ne . Finally, for ,

set , where denotesasuitableconstanthatwill be

speci ed later.
For every pointof time , wewill shav thatthefollowing invariants
holdw.h.p. For , , let

: , for all ,
with

with

Considerthe invariantsfor the time . At this point of
time the term determines . This function decreases
“Fibonacciexponentially”,thatis, theinvariantsstatethatthenum-
berof binswith or moreballsis atmost

. Combiningthe two invariantsyields the
boundsgivenin Theorem3.
We shaw the invariantsby induction on the numberof rounds .
Lemma? yields that the invariantshold at time 0, thatis,

and areful lled. In the following, we assumehat
and areshawn for ary , andwe shav thatthesein-
ductionassumptiongmply and . Weusethefollowing

propertiesof thefunction .

LEMMA 8.
B1) , for ,
B2) , for ) ;
B3) , for ,
B4) , for ,
PrROOF. We startwith the proof of propertyB1. For
, . Thus,for ,
Next we shaw propertyB2. For ,
For , thisimplies
For , the last equationmay not hold, that s,
. In this case,however, the

de nition of ensureghat . Now we

obtaindirectly from thede nition of  that

For ,
,for sufciently large.

PropertyB3 canbe shavn asfollows. Fix

Dependingon the outcomeof , we distinguishthree

cases.
Suppose . In this case,
Suppose . Then,for ,
, too. Thus,
Suppose . Then .
In this caseeither or L f
then
If then sothat
, for . Thus,

Finally, we shov propertyB4. For , this property
follows immediatelyfrom the de nition of , and,for
, the propertyis ensuredy thede nition of
o

Now, exploiting the propertiesB1 to B4, we shaw that

implies . Weuseaninductionon . First,weshav
that holdsfor , correspondingo . In this case,
Lemma? yields . FurthermoreProperty
yields . Thus, , for ,
Now assumehat isshavnfor all . Let

denotethe numberof bins of group thatinclude balls



alreadyatthe beginningof round , andlet denote
thenumberof ballsfrom batch thatareplacedinto abin of group

containingatleast balls. Clearly,
Thereforewe calculateupperboundsfor and .
By de nition, is equalto . Thus,applying
inductionassumption , we canconcludethat
Theterm canbe estimatedasfollows. If a ball

is placedinto a bin of group with balls, the
possibldocationsfor thatball ful Il thefollowing constraintsThe
locationin group , for , pointsto a bin with loadatleast

. (Otherwisethe always-go-leftschemeavould assigrthe
ball to that locationinsteadof location !) The numberof these
binsis . By theinductionon .
Thus,the probability thatthe locationpointsto a suitablebin is a
most . Besidesthelocationin group , for ,
pointsto a bin with load at least . The numberof
thesebinsis . Thus,the probability for this eventis at most

. Now multiplying the probabilitiesfor all

locationsyieldsthatthe probabilitythata x edball is allocatedto
group with height or largeris atmost

Takinginto accountall  balls of round , we obtainE
. Applying a Chernof boundyields

Pr

As aconsequence, , w.h.p.
Combiningbothboundswe obtain

for , , and . Thus,invariant is
shavn.

Invariant statesthat thereare at most balls above layer

. This layeris reacheddy at most bins. Because
of theinvariants , theprobabilityfor a x edball
frombatch tofall aborethislayer(i.e.,to beplacednto abinwith
morethan balls)is atmost . Thus,the
probabilitythattherearemorethan ballsabore height
attheendof theprocesss atmost

Hence,
rem3.

is shavn aswell. This completegheproof of Theo-
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