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Abstract

We consider the problem of finding a maximum independent set in a random
graph. The random graphG is modelled as follows. Every edge is included inde-
pendently with probabilityd

n
, whered is some sufficiently large constant. There-

after, for some constantα, a subsetI of αn vertices is chosen at random, and all
edges within this subset are removed. In this model, the planted independent setI
is a good approximation for the maximum independent setImax, but bothI \Imax

andImax \ I are likely to be nonempty. We present a polynomial time algorithms
that with high probability (over the random choice of random graphG, and without
being given the planted independent setI) finds a maximum independent set inG
whenα ≥

√
c0 log d/d, wherec0 is some sufficiently large constant independent

of d.

1 Introduction

Let G = (V,E) be a graph. An independent setI is a subset of vertices which contains
no edges. The problem of finding a maximum size independent set in a graph is NP-
hard. Moreover, for anyε > 0 there is non1−ε (polynomial time) approximation
algorithm for it unless NP=ZPP [12]. The best approximation ratio currently known
for maximum independent set [6] is O(n(log log n)2/(log n)3).

In light of the above mentioned negative results, one may try to design a heuristic
which performs well on typical instances. Karp [14] proposed trying to find a maxi-
mum independent set in a random graph. However, even this problem appears to be
beyond the capabilities of current algorithms. For example letGn,1/2 denote the ran-
dom graph onn vertices obtained by choosing randomly and independently each pos-
sible edge with probability1/2. A randomGn,1/2 graph has almost surely maximum
independent set of size2(1 + o(1)) log2 n. A simple greedy algorithm almost surely
finds an independent set of sizelog2 n [11]. However, there is no known polynomial
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Figure 1: The vertexu ∈ I is not contained in any maximum independent set because
no other edges touchv, w.

time algorithm that almost surely finds an independent set of size(1 + ε) log2 n (for
anyε > 0).

To further simplify the problem, Jerrum [13] and Kucera [15] proposed aplanted
modelin which a random graphGn,1/2 is chosen and then a clique of sizek is ran-
domly placed in the graph. (A clique in a graphG is an independent set in the edge
complement ofG, hence all algorithmic results that apply to one of the problems apply
to the other.) Alon Krivelevich and Sudakov [2] gave an algorithm based on spectral
techniques that almost surely finds the planted clique fork = Ω(

√
n). More generally,

one may extend the range of parameters of the above model by planting an independent
set inGn,p, wherep need not be1/2, and may also depend onn. TheGn,p,α model is
as follows:n vertices are partitioned at random into two sets of vertices,I of sizeαn
andC of size(1 − α)n. No edges are placed within the setI, thus making it an inde-
pendent set. Every other possible edge (with at least one endpoint not inI) is added
independently at random with probabilityp. The goal of the algorithm, given the input
G (without being given the partition intoI andC) is to find a maximum independent
set. Intuitively, asα becomes smaller the size of the planted independent is closer to
the probable size of the maximum independent set inGn,p and the problem becomes
harder.

We consider values ofp as small asd/n whered is a large enough constant. A
difficulty which arises in this sparse regime (e.g. whend is constant) is that the planted
independent setI is not likely to be a maximum independent set. Moreover, with high
probability I is not contained in any maximum independent set ofG. For example,
there are expected to bee−dn vertices inC of degree one. It is very likely that two
(or more) such verticesv, w ∈ C will have the same neighbor, and that it will be some
vertexu ∈ I. This implies that every maximum independent set will containv, w and
notu, and thusI contains vertices that are not contained in any maximum independent
set.

A similar argument shows that there are expected to bee−Ω(d)n isolated edges.
This implies that there will be an exponential number of maximum independent sets.



1.1 Our result

We give a polynomial time algorithm that searches for a maximum independent set of
G. Given a random instance ofGn, d

n ,α, the algorithm almost surely succeeds, when

d > d0 andα ≥
√

c0 log d/d (d0, c0 are some universal constants). The parameterd
can be also an arbitrary increasing function ofn.

Remark: A significantly more complicated version of our algorithm works for a
wider range of parameters, namely, forα ≥

√
c0/d rather thanα ≥

√
c0 log d/d. The

improved algorithm will appear in the full version of this paper1.

1.2 Related work

For p = 1/2, Alon Krivelevich and Sudakov [2] gave an efficient spectral algorithm
which almost surely finds the planted independent set whenα = Ω(1/

√
n). For the

above mentioned parameters, the planted independent set is almost surely the unique
maximum independent set.

A few papers deal withsemi-randommodels which extend the planted model by
enabling a mixture of random and adversarial decisions. Feige and Kilian [7] consid-
ered the following model: a randomGn,p,α graph is chosen, then an adversary may
add arbitrarily many edges betweenI andC, and make arbitrary changes (adding or
removing edges) insideC. For any constantα > 0 they give a heuristic that almost
surely outputs a list of independent sets containing the planted independent set, when-
everp > (1 + ε) lnn/αn (for anyε > 0). The planted independent set may not be the
only independent set of sizeαn since the adversary has full control on the edges inside
C. Possibly, this makes the task of finding the planted independent set harder.

In [8] Feige and Krauthgamer considered a less adversarial semi-random model
in which an adversary is allowed to add edges to a randomGn, 1

2 , 1√
n

graph. Their

algorithm almost surely extracts the planted independent set and certifies its optimality.
Heuristics for optimization problems different than max independent set will be

discussed in the following section.

1.2.1 Technique and outline of the algorithm

Our algorithm builds on ideas from the algorithm of Alon and Kahale [1], which was
used for recovering a planted3-coloring in a random graph. The algorithm we propose
has the following3 phases:

1. Get an approximation ofI, C denoted byI ′, C ′, OUT , whereI ′ is an indepen-
dent set. The error term|C M C ′|+ |I M I ′| should be at moste−c log dn where
c is a large enough universal constant (this phase is analogous to the first two
phases of [1]).

2. Move toOUT vertices ofI ′, C ′ which have non typical degrees.

1Can be found in http://wisdom.weizmann.ac.il/∼erano



We stop whenI ′, C ′ becomepromising: every vertex ofC ′ has at least4 edges
to I ′ and no vertex ofI ′ has edges toOUT . At this point we have a promising
partial solutionI ′, C ′ and the error term (with respect toI, C) is still small.
Using the fact that (almost surely) random graphs have no small dense sets, it
can be shown thatI ′ is extendable: I ′ ⊆ Imax for some optimal solutionImax.

3. Extend the independent setI ′ optimally using the vertices ofOUT . This is done
by finding a maximum independent in graph induced onOUT and adding it to
I ′.

With high probability the structure ofOUT will be easy enough so that a maxi-
mum independent set can be efficiently found.OUT is a random graph of size
n/poly(d). Notice however, that the setOUT depends on the graph itself thus
we can not argue that it is a randomG n

poly(d) , d
n

graph.

The technique of [1] was implemented successfully on various problems in the
planted model: hypergraph coloring,3-SAT,4-NAE, min-bisection (by Chen and Frieze
[3] , Flaxman [9] , Goerdt and Lanka [10], Coja-Oghlan [4] respectively).

Perhaps the work closest in nature to the work in the current paper is that of Amin
Coja-Oghlan [4] on finding a bisection in a sparse random graph. Both in our work and
in that of [4], one is dealing with an optimization problem, and the density of the input
graph is such that the planted solution is not an optimal solution. The algorithm for
bisection in [4] is based on spectral techniques, and has the advantage that it provides
a certificate showing that the solution that it finds is indeed optimal. Our algorithm
for maximum independent set does not use spectral techniques and does not provide a
certificate for optimality.

An important difference between planted models for independent set and those for
other problems such as3-coloring and min-bisection is that in our case the planted
classesI, C are not symmetric. The lack of symmetry betweenI andC makes some
of the ideas used for the more symmetric problems insufficient. In the approach of [1],
a vertex is removed from its current color class and placed inOUT if its degree into
some other current color class is very different than what one would typically expect to
see between the two color classes. This procedure is shown to ”clean” every color class
C from all vertices that should have been from a different color class, but were wrongly
assigned to classC in phase 1 of the algorithm. (The argument proving this goes as
follows. Every vertex remaining in the wrong color class by the end of phase 2 must
have many neighbors that are wrongly assigned themselves. Thus the set of wrongly
assigned vertices induces a small subgraph with large edge density. ButG itself does
not have any such subgraphs, and hence by the end of phase 2 it must be the case that
all wrongly assigned vertices were moved intoOUT .) It turns out that this approach
works well when classes are of similar nature (such as color classes, or two sides of
a bisection), but does not seem to suffice in our case whereI ′ is supposed to be an
independent set whereasC ′ is not. Specifically, the setI ′ might still contain wrongly
assigned vertices, and might not be a subset of a maximum independent set in the graph.
Under these circumstances, phase 3 will not result in a maximum independent set. Our
solution to this problem involves the following aspects, not present in previous work. In
phase2 we remove fromI ′ every vertex that has even one edge connecting it toOUT .



This adds more vertices toOUT and may possibly create large connected components
in OUT . Indeed, we do not show thatOUT has no large connected components, which
is a key ingredient in previous approaches. Instead, we analyze the2-core ofOUT
and show that the2-core has no large components. Then, in phase 3, we use dynamic
programming to find a maximum independent set inOUT , and use the special structure
of OUT to show that the algorithm runs in polynomial time.

1.3 Notation and Terminology

Let G = (V,E) and letU ⊂ V . The subgraph ofG induced by the vertices ofU is
denoted byG[U ]. We denote bydegE(v)U the number of edges fromE that connect
a vertexv to U ⊂ V ; whenE is clear from the context we will usedeg(v)U . We use
Γ(U) to denote the vertex neighborhood ofU ⊂ V (excludingU ). The parameterd
(specifying the expected degree in the random graphG) is assumed to be sufficiently
large, and some of the inequalities that we shall derive implicitly use this assumption,
without stating it explicitly. The termwith high probability(w.h.p.) is used to denote a
sequence of probabilities that tends to1 asn tends to infinity.

2 The Algorithm

FindIS(G)

1. (a) Set: I1 = {v : deg(v) < d− αd/2},
C1 = {v : deg(v) ≥ d− αd/2},
OUT1 = ∅.

(b) For every edge(u, v) such that bothu, v are inI1, moveu, v to OUT1.

2. SetI2 = I1, C2 = C1, OUT2 = OUT1.
A vertexv ∈ C2 is removableif deg(v)I2 < 4.
Iteratively: find a removable vertexv. Movev andΓ(v) ∩ I2 to OUT2.

3. Output the union ofI2 and a maximum independent set ofG[OUT2]. We will
explain later how this is done efficiently.
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Figure 2: After step 2
of the algorithm,I2 is an
independent set, there are
no edges betweenI2 and
OUT2, and every vertex
v ∈ C2 has at least four
neighbors inI2.

3 Correctness

Whend > n32/c0 a simple argument (using the union and the Chernoff bounds), which
we omit, shows that after step1aof the algorithm it holds thatI1 = I, C1 = C. In fact,
whend > n32/c0 the planted independent set is the unique maximum independent set
and this case was already covered in [5]. From now we will assume thatd < n32/c0 .

Let Imax be a maximum independent set ofG. We establish two theorems. Theo-
rem3.1guarantees the algorithm correctness and Theorem3.3guarantees its efficient
running time. Here we present these two theorems, and their proofs are deferred to
later sections.

Theorem 3.1. W.h.p. there existsImax such thatI2 ⊆ Imax, C2 ∩ Imax = ∅.

Definition 3.2. The2-core of a graphG is the maximal subgraph in which the minimal
degree is at least2.

Clearly the2-core is unique and can be found by iteratively removing vertices
whose degree is smaller than2.

Theorem 3.3. W.h.p. the largest connected component in the2-core ofG[OUT2] has
cardinality of at most2 log n.

Let G be any graph. Those vertices ofG that do not belong to the2-core form trees.
Each such tree is either disconnected from the2-core or it is connected by exactly one
edge to the2-core. To find a maximum independent set ofG[OUT2] we need to find
a maximum independent set in each connected component ofG[OUT2] separately.
For each connected componentDi of G[OUT2] we find the maximum independent
set as follows: letCi be the intersection ofDi with the 2-core ofG. We enumerate
all possible independent sets inCi (there are at most2|Ci| possibilities), each one of
them can be optimally extended to an independent set ofDi by solving (separately)
a maximum independent set problem on each of the trees connected toCi. For some
trees we may have to exclude the tree vertex which is connected toCi if it is connected
to a vertex of the independent set that we try to extend. On each tree the problem can
be solved by dynamic programming.

Corollary 3.4. A maximum independent set ofG[OUT2] can be found efficiently.



3.1 Dense Sets and Degree Deviations

In proving the correctness of the algorithm, we will use structural properties of the
random graphG. In particular, such a random graph most likely has no small dense
sets (small sets of vertices that induce many edges). This fact will be used on several
occasions to derive a proof by contradiction. Namely, certain undesirable outcomes of
the algorithm cannot occur, as otherwise they lead to a discovery of a small dense set.
The lemmas relating to these properties are rather standard and their proofs are omitted
due to lack of space.

Lemma 3.5. Let G be a random graph taken fromGn,p,α (p = d
n , d < n32/c0). The

following holds:

1. W.h.p. for every setU ⊂ V of cardinality smaller than2n/d5 the number of
edges insideU is bounded by43 |U |.

2. Let c ≥ 3. With probability of at leastn−0.9(c−1) for every set of verticesU of
size smaller thann/d2 the number of edges insideU is less thanc|U |.

3. W.h.p. there is noC ′ ⊆ C such that n
2d5 ≤ |C ′| ≤ 2n log d

d and |Γ(C ′) ∩ I| ≤
|C ′|.

Corollary 3.6. Let G be a graph which has the property from Lemma3.5 part 1. Let
A,B be any two disjoint sets of vertices each of size smaller thann/d5. If every vertex
of B has at least2 edges going intoA, then|A| ≥ |B|/2.

Lemma 3.7. Letd < n32/c0 . The following hold with probability> 1− e−n0.1
:

1. The number of vertices fromI which are notI1 is at moste−α2d/64n.

2. The number of vertices fromC whose degree intoI is < αd/2 is at most
e−α2d/64n.

3. The number of vertices fromC which are not inC1 is moste−α2d/64n.

4. The number of edges that contain a vertex with degree at least3d is at most
3e−ddn.

3.2 Proof of Theorem3.1

We would have liked to prove that with high probabilityI2 ⊆ I ⊆ I2 ∪ OUT2. How-
ever, this is incorrect whend is a constant.

Lemma 3.8. Let I be any independent set ofG and letC
M= V \ I. LetI ′, C ′, OUT ′

be an arbitrary partition ofV for whichI ′ is an independent set. If the following hold:

1. |(I ′ ∩ C) ∪ (I ∩ C ′)| < n/d5.

2. Every vertex ofC ′ has4 neighbors inI ′. There are no edges betweenI ′ and
OUT ′.
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Figure 3: A vertexv ∈ (I ′ ∩ C) which has exactly one edge intoI ∩ C ′.

3. The graphG has no small dense subsets as described in Lemma3.5part 1.

then there exists an independent setInew (and Cnew
M= V \ Inew) such thatI ′ ⊆

Inew, C ′ ⊆ Cnew and|Inew| ≥ |I|.

Proof. If we could show that on average a vertex ofU = (I ′∩C)∪(I∩C ′) contributes
at least4/3 internal edges toU , thenU would form a small dense set that contradicts
Lemma3.5. This would imply thatU = (I ′ ∩ C) ∪ (I ∩ C ′) is the empty set, and
we could takeInew = I in the proof of Lemma3.8. The proof below extends this
approach to cases where we cannot takeInew = I.

Every vertexv ∈ C ′ has at least4 edges into vertices ofI ′. SinceI is an inde-
pendent set it follows that every vertex ofI ∩ C ′ has at least4 edges intoI ′ ∩ C. To
complete the argument we would like to show that every vertex ofI ′ ∩ C has at least
2 edges intoI ∩ C ′. However, some verticesv ∈ I ′ ∩ C might have less than two
neighbors inI ∩ C ′. In this case, we will modifyI to get an independent setInew

(andCnew
M= V \ Inew) at least as large asI, for which every vertex ofI ′ ∩ Cnew

has2 neighbors inInew ∩ C ′. This is done iteratively; after each iteration we set
I = Inew, C = Cnew. Consider a vertexv ∈ (I ′ ∩ C) which has strictly less than2
edges intoI ∩ C ′:

• If v has no neighbors inI ∩C ′, then defineInew = I ∪{v}. Inew is an indepen-
dent set becausev (being inI ′) has no neighbors inI ′ nor inOUT ′.

• If v has only one edge intow ∈ (I ∩ C ′) then defineInew = (I \ {w}) ∪ {v}.
Inew is an independent set becausev (being inI ′) has no neighbors inI ′ nor in
OUT ′. The only neighbor ofv in I ∩ C ′ is w.

The three properties (from the statement of this lemma) are maintained also with re-
spect toInew, Cnew (replacingI, C): properties2, 3 are independent on the setsI, C
and property1 is maintained since after each iteration it holds that|(I ′ ∩ Cnew) ∪
(Inew ∩ C ′)| < |(I ′ ∩ C) ∪ (I ∩ C ′)|.

When the process ends, letU denote(I ′∩C)∪ (I ∩C ′). Each vertex ofI ′∩C has
at least2 edges intoI∩C ′, thus|I∩C ′| ≥ 1

2 |I
′∩C| (see Corollary3.6). Each vertex of



I∩C ′ has4 edges intoI ′∩C so the number of edges inU is at least4|I∩C ′| ≥ 4|U |/3
and also|U | < n/d5, which implies thatU is empty (by Lemma3.5part1).

To use Lemma3.8 with I = Imax, I ′ = I2, we need to show that condition1 is
satisfied, i.e.|Imax M I2| < n/d5.

Lemma 3.9. With high probability|Imax M I2| < n/d5.

Proof. |Imax M I2| ≤ |Imax M I| + |I M I2|. By Lemma3.7 the number of wrongly
assigned vertices (in step1a) is e−α2d/64n. By Lemma3.10|OUT2| < e−α2d/70n. It
follows that|I M I2| << n/d5. It remains to bound|Imax M I|:

|Imax M I| = |Imax \ I|+ |I \ Imax| ≤ 2|Imax \ I| = 2|Imax ∩ C|.

Imax = (Imax∩I)∪(Imax∩C). One can always replaceImax∩C with Γ(Imax∩C)∩I
to get an independent set(Imax ∩ I)∪ (Γ(Imax ∩C)∩ I). The maximum independent
set inG[C] is w.h.p. of cardinality at most2n log d

d (the proof is standard using first
moment), this upper bounds|Imax ∩ C|. From Lemma3.5 part 3 if |Imax ∩ C| >
n/(2d5) then|Γ(C ∩ Imax) ∩ I| > |Imax ∩ C| which contradicts the maximality of
Imax.

It follows thatI2 is contained in some maximum independent setImax. It remains
to show that the2-core ofOUT2 has no large connected components.

3.3 Proof of Theorem3.3

Lemma 3.10. With probability of at least1− e−c1α2d log n the cardinality ofOUT2 is
at moste−α2d/70n (wherec1 is a universal constant independent ofc0).

Proof. We will use the assumptiond < n−32/c0 . If u, v were moved toOUT1 in step
1b then at least one of them belongs toC ∩ I1. Thus:

|OUT1| ≤ |C ∩ I1|+ |Γ(C ∩ I1)| <

e−α2d/64n + 3de−α2d/64n + 3e−ddn < e−α2d/64+log d+O(1)n

with probability> 1− e−n0.1
(we use Lemma3.7parts3, 4).

Let C ′ = {v ∈ C : deg(v)I < αd/2}. The cardinality ofC ′ is at moste−α2d/64

with probability at least1 − e−n0.1
(using Lemma3.7part2). We will now show that

|OUT2| ≤ 2(|OUT1| + |C ′|). Let U = OUT1 ∪ C ′. Start adding toU vertices of
OUT2 \ U by the order in which the algorithm moved them toOUT2. In each step
we add at most4 vertices toU . Assume that at some point|U | becomes larger than
2(|OUT1|+ |C ′|). The number of edges insideU is at least:

1
4

1
2
|U |αd/2 =

αd

16
|U |. (1)

At this point |U | ≤ e−α2d/64+log d+O(1)n + 4 << n/d5 andU containsαd
16 |U | edges.

By Lemma3.5 part 2 the probability thatG contains such a dense setU is at most
e−0.9 log n(αd/16−1) ≤ e−c1α2d log n (we use hereαd >> α2d).



Having established thatOUT2 is small, we would now like to establish that its
structure is simple enough to allow one to find a maximum independent set ofG[OUT2]
in polynomial time. Establishing such a structure would have been easy if the vertices
of OUT2 were chosen independently at random, because a small random subgraph of
a random graphG is likely to decompose into connected components no larger than
O(log n). However,OUT2 is extracted fromG using some deterministic algorithm,
and hence might have more complicated structure. For this reason, we shall now con-
sider the 2-core ofG[OUT2] and bound the size of its connected components.

Let A denote the2-core ofG[OUT2]. In order to show thatA has no large con-
nected component, it is enough to show thatA has no large tree. We were unable to
show such a result for a general tree. Instead, we prove thatA has no largebalanced
trees, that is trees in which at least1/3 fraction of the vertices belong toC. Fortunately,
this turns out to be enough. Any set of verticesU ⊂ V is calledbalancedif it contains
at least|U |

3 vertices fromC. We use the following reasoning: any maximal connected
component ofA is balanced - see Lemma3.11below. Furthermore, any balanced con-
nected component of size at least2 log n (in vertices) must contain a balanced tree of
size is in[log n, 2 log n − 1] – see Lemma3.12. We then complete the argument by
showing thatOUT2 does not contain a balanced tree with size in[log n, 2 log n].

Lemma 3.11. Every maximal connected component of the2-core of OUT2 is bal-
anced.

Proof. Let Ai be such a maximal connected component. Every vertex ofAi has degree
of at least2 in Ai becauseAi is a maximal connected component of a2-core. |Ai| ≤
|OUT2| < n

d5 . If |Ai∩I|
|Ai| is more than2

3 , then the number of internal edges inAi is

> 2 · 2
3 |Ai| > 4

3 |Ai| which contradicts Lemma3.5.

Lemma 3.12. LetG be a connected graph whose vertices are partitioned into two sets:
C andI. Let 1

k be a lower bound on the fraction ofC vertices, wherek is an integer.
For any1 ≤ t ≤ |V (G)|/2 there exists a tree whose size is in[t, 2t− 1] and at least1k
fraction of its vertices areC.

Proof. We use the following well know fact: any treeT contains acentervertexv such
that each subtree hanged onv contains strictly less than half of the vertices ofT .

Let T be an arbitrary spanning tree ofG, with centerv. We proceed by induction
on the size ofT . Consider the subtreesT1, ..., Tk hanged onv. If there exists a subtree
Tj with at leastt vertices then alsoT \ Tj has at leastt vertices. In at least one of
Tj , T \ Tj the fraction ofC vertices is at least1k and the lemma follows by induction
on it. Consider now the case in which all the trees have less thant vertices. If in some
subtreeTj the fraction ofC vertices is at most1k , then we remove it and apply induction
to T \ Tj . The remaining case is that in all the subtrees the fraction ofC vertices is
strictly more than1

k . In this case we start adding subtrees to the rootv until for the first
time the number of vertices is at leastt. At this point we have a tree with at most2t−1
vertices and the fraction ofC vertices is at least1k . To see that the fraction ofC vertices
is at least1k , we only need to prove that the tree formed byv and the first subtree has
1
k fraction ofC vertices. Letr be the number ofC vertices in the first subtree and letb
be the number of vertices in it. Sincek is integer we have:rb > 1

k =⇒ r
b+1 ≥

1
k .



We shall now prove thatOUT2 contains no balanced tree of size in[log n, 2 log n].
To simplify the following computations, we will assume thatα < 1/2 (the proof
can be modified to work for anyα, we omit the details). Fixt to be some value in
[log n, 2 log n]. We will use the fact that the number of spanning trees of at-clique is
tt−2 (Cayley’s formula). The probability thatOUT2 contains a balanced tree of sizet
is at most: ∑

T is balanced,
|T |=t

Pr[T ⊆ E] · Pr[V (T ) ⊆ OUT2 | T ⊆ E] ≤ (2)

(
n

t

)
tt−1

(
d

n

)t−1

max
T balanced,
|T |=t

{Pr[V (T ) ⊆ OUT2|T ⊆ E]} ≤ (3)

n (ed)t max
T is balanced,

|T |=t

{Pr[V (T ) ⊆ OUT2 | T ⊆ E]} ≤ (4)

et(log d+1)+log n max
T is balanced,

|T |=t

{Pr[V (T ) ⊆ OUT2 | T ⊆ E]} (5)

To upper bound the above expression byo(1/ log n) (so we can use union bound over
all choices oft), it is enough to prove that for some universal constantc1 and any fixed
balanced treeT of sizet it holds that:

Pr[V (T ) ⊆ OUT2 | T ⊆ E] ≤ e−c1(α
2dt).

The last term is bounded by≤ e−c1c0t log d becauseα2d ≥ c0 log d. By choosing
c0 > 3/c1 we derive the required bound. We will use the following equality

Pr
E

[V (T ) ⊆ OUT2 | T ⊆ E] = Pr
E

[V (T ) ⊆ OUT2(E ∪ T )], (6)

which is true because the distribution ofE given thatT ⊆ E is exactly the distribu-
tion of E ∪ T . We have to show that for any balanced treeT of sizet, Pr[V (T ) ⊆
OUT2(E∪T )] ≤ e−c1α2dt. We use the technique introduced at [1] and modify it to our
setting. To simplify the notation we will useF to denote the algorithm FindIS defined
at Section2. Given a fixed balanced treeT of size≤ 2 log n, we define an interme-
diate algorithmF ′ that knows the partitionI, C and alsoI(T ) (which is I ∩ V (T )).
F ′ has no knowledge of which vertices are inC(T ) (in fact they can be chosen after
the algorithm is run).F ′ is identical toF except for the following difference: after
step 1(a), it uses a step 1’(a) that puts all vertices ofI(T ) and all vertices ofC ∩ I1 in
OUT1, it then continues to step 1(b) after which, it also throws fromI1 (to OUT1) all
the vertices connected toOUT1 (step 1(c)).

We useOUT ′
2(E) to denoteOUT2 in the outcome ofF ′(E). As we shall see,F ′

dominatesF in the following sense:OUT ′
2(E) containsOUT2(E ∪T ). Nevertheless,

sinceF ′ has no knowledge ofC(T ), the setC(T ) is likely to be inOUT ′
2(E) as any

other subset ofC with the same size (where the random variable isE). An argument
similar to the one in Lemma3.10(which we omit) shows thatOUT ′

2(E) is likely to be



small: |OUT ′
2(E)| < e−α2d/70n with probability> 1− ec1α2d log n. We get:

Pr
E

[C(T ) ⊆ OUT2(E ∪ T ) ≤ Pr
E

[C(T ) ⊆ OUT ′
2(E)]

≤ Pr
E

[C(T ) ⊆ OUT ′
2(E) | #OUT ′

2(E) ∩ C < e−α2d/70] + e−c1α2d log n.

Given that|OUT ′
2(E) ∩ C| = m, the setOUT ′

2(E) ∩ C is just a random subsets ofC

of sizem. It then follows thatPr[C(T ) ⊆ OUT ′
2(E) | #OUT ′

2(E) ∩ C < e−α2d/70]
is bounded by the probability that a binary random variableX ∼ Bin(m, p = |C(T )|

|C|−m )

has|C(T )| successes. Sincem ≤ e−α2d/70n and |C(T )| ≥ t/3 this probability is
bounded by:

(
m

t/3

)
pt/6 ≤

(
me

t/3
· t/3
|C| −m

)t/3

≤

(
e−α2d/70+1n

n/3

)t/3

≤ e−c1α2dt.

In the second inequality we use(1 − α)n − m > n/3 which is true forα < 1/2. (If
we let(1−α) to be too small we get a small factor in the denominator which becomes
significant. Nevertheless, a more careful estimation in equation (3) yields a factor that
cancels it out.) It follows thatPrE [V (T ) ⊆ OUT2(E ∪ T )] < e−c1α2dt as needed.

It remains to show thatOUT2(E ∪ T ) ⊆ OUT ′
2(E). This is done in Lemma3.13.

Lemma 3.13. OUT2(E ∪ T ) ⊆ OUT ′
2(E ∪ T ) ⊆ OUT ′

2(E).

Proof. There are three executions that we consider:
(i) F (E ∪ T ) which producesI(i)

1 , C
(i)
1 in step 1 andI(i)

2 , C
(i)
2 in step 2,

(ii) F ′(E ∪ T ) which producesI(ii)
1 , C

(ii)
1 in step 1 andI(ii)

2 , C
(ii)
2 in step 2,

(iii) F ′(E) which producesI(iii)
1 , C

(iii)
1 in step 1 andI(iii)

2 , C
(iii)
2 in step 2.

First we analyse step 1 and show that:I
(i)
1 ⊇ I

(ii)
1 ⊇ I

(iii)
1 andC

(i)
1 ⊇ C

(ii)
1 ⊇

C
(iii)
1 . The inclusionsI(i)

1 ⊇ I
(ii)
1 , C

(i)
1 ⊇ C

(ii)
1 are easy as after step 1(a) they are

in fact equalities and in steps 1’(a),1(b),1(c)F ′ removes more vertices then whatF

removes in 1(b) toOUT1. We now prove the inclusionsI(ii)
1 ⊇ I

(iii)
1 , C

(ii)
1 ⊇ C

(iii)
1 .

The only difference (due toT edges) in step 1(a) is that some vertices ofI
(iii)
1 ∩ V (T )

will be put in C
(ii)
1 (instead of being inI(ii)

1 ). This does not pose a problem since

anyway all the vertices ofI(iii)
1 ∩V (T ) are moved toOUT1 byF ′ at step 1’(a) (because

I
(iii)
1 ∩V (T ) is contained inI(T )∪ (C ∩ I

(iii)
1 )). Any two vertices which are removed

in step 1(b) fromI
(ii)
1 will be removed fromI

(iii)
2 either in step 1(b) or in step 1(c).

Given the inclusions of step 1 we are ready to prove the inclusions of step 2:I
(i)
2 ⊇

I
(ii)
2 ⊇ I

(iii)
2 and C

(i)
2 ⊇ C

(ii)
2 ⊇ C

(iii)
2 . Notice that these inclusions imply the

Lemma. We begin withI(i)
2 ⊇ I

(ii)
2 , C

(i)
2 ⊇ C

(ii)
2 . Consider the execution of step

2 of F (E ∪ T ). We show a parallel execution of step 2 ofF ′(E ∪ T ), for which
the invariantI(i)

2 ⊇ I
(ii)
2 , C

(i)
2 ⊇ C

(ii)
2 is kept. It is enough to show one possible

execution of step 2 ofF ′(E ∪ T ), because the order by which vertices are removed
does not affect the final outcome (once a vertex becomes removable it will be removed).



Initially, the required inclusions are true due to the inclusions after step 1. Whenever
a vertexv ∈ C

(i)
2 is removed, it becomes removable fromC(ii)

2 and we remove it

(if it had already been removed then also its neighbors fromI
(ii)
2 had been removed

becauseF ′ ensures there are no edges betweenI2 andOUT2). Proving the inclusions
I
(ii)
2 ⊇ I

(iii)
2 , C

(ii)
2 ⊇ C

(iii)
2 is done in a similar way, only that now we have the edges

of T which influence the execution ofF ′(E ∪ T ), but do not exist in the execution of
F ′(E). Again, whenever a vertexv ∈ C

(ii)
2 is removed, it becomes removable from

C
(iii)
2 and we remove it (if it is was not already moved toOUT2). Let u be a neighbor

of v from I
(ii)
2 that is moved together withv to OUT2. If (u, v) ∈ E thenu can not

stay inI
(iii)
2 as there are no edges betweenI2 andOUT2 in F ′. If (u, v) ∈ T thenu is

either inI
(iii)
2 ∩C(T ) or in I

(iii)
2 ∩ I(T ). In both casesu belonged to eitherI(iii)

1 ∩C
or I(t) and was already removed in step 1’(a).
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