Finding a Maximum Independent Set in a Sparse
Random Graph

Uriel Feige Eran Ofek
September 15, 2005

Abstract

We consider the problem of finding a maximum independent set in a random
graph. The random gragh is modelled as follows. Every edge is included inde-
pendently with probability%, whered is some sufficiently large constant. There-
after, for some constamt, a subsef of an vertices is chosen at random, and all
edges within this subset are removed. In this model, the planted independént set
is a good approximation for the maximum independent sgt., but bothI \ 1,44
andl .. \ I are likely to be nonempty. We present a polynomial time algorithms
that with high probability (over the random choice of random gr&@plnd without
being given the planted independent Befinds a maximum independent setGh
whena > \/co log d/d, wherecg is some sufficiently large constant independent
of d.

1 Introduction

LetG = (V, E) be agraph. An independent dak a subset of vertices which contains

no edges. The problem of finding a maximum size independent set in a graph is NP-
hard. Moreover, for any > 0 there is non'~¢ (polynomial time) approximation
algorithm for it unless NP=ZPPLP]. The best approximation ratio currently known

for maximum independent sed][is O(n(loglogn)?/(logn)?).

In light of the above mentioned negative results, one may try to design a heuristic
which performs well on typical instances. Karp4] proposed trying to find a maxi-
mum independent set in a random graph. However, even this problem appears to be
beyond the capabilities of current algorithms. For examplé-lgt ,, denote the ran-
dom graph om vertices obtained by choosing randomly and independently each pos-
sible edge with probability /2. A randomG,, ; /2 graph has almost surely maximum
independent set of sizZX1 + o(1)) log, n. A simple greedy algorithm almost surely
finds an independent set of sikeg, n [11]. However, there is no known polynomial
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Figure 1: The vertex € I is not contained in any maximum independent set because
no other edges touch w.

time algorithm that almost surely finds an independent set of(dize ¢) log, n (for
anye > 0).

To further simplify the problem, Jerrunid] and Kucera 15] proposed glanted
modelin which a random graplt/,, ; /> is chosen and then a clique of sizéds ran-
domly placed in the graph. (A clique in a graghis an independent set in the edge
complement of7, hence all algorithmic results that apply to one of the problems apply
to the other.) Alon Krivelevich and Sudakog][gave an algorithm based on spectral
techniques that almost surely finds the planted cliqué ferQ(y/n). More generally,
one may extend the range of parameters of the above model by planting an independent
setinG,, ,, wherep need not bé /2, and may also depend en TheG,, ,, , model is
as follows:n vertices are partitioned at random into two sets of verti¢es,sizean
andC of size(1 — a)n. No edges are placed within the dethus making it an inde-
pendent set. Every other possible edge (with at least one endpoint Apisimdded
independently at random with probability The goal of the algorithm, given the input
G (without being given the partition intd andC) is to find a maximum independent
set. Intuitively, as becomes smaller the size of the planted independent is closer to
the probable size of the maximum independent set,in), and the problem becomes
harder.

We consider values gf as small asi/n whered is a large enough constant. A
difficulty which arises in this sparse regime (e.g. whies constant) is that the planted
independent setis not likely to be a maximum independent set. Moreover, with high
probability I is not contained in any maximum independent sezof For example,
there are expected to ke 9n vertices inC of degree one. It is very likely that two
(or more) such vertices, w € C will have the same neighbor, and that it will be some
vertexu € I. This implies that every maximum independent set will contai and
notw, and thud contains vertices that are not contained in any maximum independent
set.

A similar argument shows that there are expected te &% n isolated edges.
This implies that there will be an exponential number of maximum independent sets.



1.1 Ourresult

We give a polynomial time algorithm that searches for a maximum independent set of
G. Given a random instance 6f, . ,, the algorithm almost surely succeeds, when

d > dg anda > +/cologd/d (dy, co are some universal constants). The paraméter
can be also an arbitrary increasing functiomof

Remark: A significantly more complicated version of our algorithm works for a
wider range of parameters, namely, o> \/co/d rather thare > /¢ logd/d. The
improved algorithm will appear in the full version of this paper

1.2 Related work

Forp = 1/2, Alon Krivelevich and Sudakov?] gave an efficient spectral algorithm
which almost surely finds the planted independent set when Q(1/4/n). For the

above mentioned parameters, the planted independent set is almost surely the unique
maximum independent set.

A few papers deal witlsemi-randommodels which extend the planted model by
enabling a mixture of random and adversarial decisions. Feige and Kiljaofsid-
ered the following model: a randod,, ;, . graph is chosen, then an adversary may
add arbitrarily many edges betweérand C', and make arbitrary changes (adding or
removing edges) insid€. For any constantr > 0 they give a heuristic that almost
surely outputs a list of independent sets containing the planted independent set, when-
everp > (1 + ¢)lnn/an (for anye > 0). The planted independent set may not be the
only independent set of sizen since the adversary has full control on the edges inside
C. Possibly, this makes the task of finding the planted independent set harder.

In [8] Feige and Krauthgamer considered a less adversarial semi-random model
in which an adversary is allowed to add edges to a randb,r%% graph. Their
algorithm almost surely extracts the planted independent set and certifies its optimality.

Heuristics for optimization problems different than max independent set will be
discussed in the following section.

1.2.1 Technique and outline of the algorithm

Our algorithm builds on ideas from the algorithm of Alon and Kaha]ewWhich was
used for recovering a plant&dcoloring in a random graph. The algorithm we propose
has the following8 phases:

1. Get an approximation of, C' denoted byl’, C’, OUT, wherel’ is an indepen-
dent set. The error terf@ A C'| + |I A I'| should be at most—<!°&n where
c is a large enough universal constant (this phase is analogous to the first two
phases of1]).

2. Move toOUT vertices ofl’, C’ which have non typical degrees.

1Can be found in http://wisdom.weizmann.aeJérano



We stop when!’, C’ becomepromising every vertex ofC’ has at least edges

to I’ and no vertex of’ has edges t&®UT. At this point we have a promising
partial solution’, C’ and the error term (with respect g C) is still small.

Using the fact that (almost surely) random graphs have no small dense sets, it
can be shown that' is extendablel’ C I,,,.. for some optimal solutiod,,, .

3. Extend the independent sEtoptimally using the vertices @ddUT. This is done

by finding a maximum independent in graph induced i7" and adding it to
r.
With high probability the structure @dUT will be easy enough so that a maxi-
mum independent set can be efficiently foudel/T" is a random graph of size
n/poly(d). Notice however, that the sé&tUT depends on the graph itself thus
we can not argue that itis a randc@hﬁy(d),% graph.

The technique of ] was implemented successfully on various problems in the
planted model: hypergraph colorirg} SAT, 4-NAE, min-bisection (by Chen and Frieze
[3], Flaxman P] , Goerdt and Lankal[0], Coja-Oghlan 4] respectively).

Perhaps the work closest in nature to the work in the current paper is that of Amin
Coja-Oghlan ] on finding a bisection in a sparse random graph. Both in our work and
in that of [4], one is dealing with an optimization problem, and the density of the input
graph is such that the planted solution is not an optimal solution. The algorithm for
bisection in fi] is based on spectral techniques, and has the advantage that it provides
a certificate showing that the solution that it finds is indeed optimal. Our algorithm
for maximum independent set does not use spectral techniques and does not provide a
certificate for optimality.

An important difference between planted models for independent set and those for
other problems such &scoloring and min-bisection is that in our case the planted
classed, C are not symmetric. The lack of symmetry betwdeandC makes some
of the ideas used for the more symmetric problems insufficient. In the approath of [

a vertex is removed from its current color class and placedlii" if its degree into

some other current color class is very different than what one would typically expect to
see between the two color classes. This procedure is shown to "clean” every color class
C from all vertices that should have been from a different color class, but were wrongly
assigned to clas§' in phase 1 of the algorithm. (The argument proving this goes as
follows. Every vertex remaining in the wrong color class by the end of phase 2 must
have many neighbors that are wrongly assigned themselves. Thus the set of wrongly
assigned vertices induces a small subgraph with large edge densit¢z iBagif does

not have any such subgraphs, and hence by the end of phase 2 it must be the case that
all wrongly assigned vertices were moved i@ 7'.) It turns out that this approach
works well when classes are of similar nature (such as color classes, or two sides of
a bisection), but does not seem to suffice in our case wHeiesupposed to be an
independent set whereéS is not. Specifically, the sat’ might still contain wrongly
assigned vertices, and might not be a subset of a maximum independent set in the graph.
Under these circumstances, phase 3 will not result in a maximum independent set. Our
solution to this problem involves the following aspects, not present in previous work. In
phase2 we remove froml’ every vertex that has even one edge connectingGttf@".



This adds more vertices U T and may possibly create large connected components
in OUT. Indeed, we do not show th@/T" has no large connected components, which

is a key ingredient in previous approaches. Instead, we analyz&dbee of OUT

and show that the-core has no large components. Then, in phase 3, we use dynamic
programming to find a maximum independent s&dinT", and use the special structure

of OUT to show that the algorithm runs in polynomial time.

1.3 Notation and Terminology

Let G = (V,E) and letU C V. The subgraph ofr induced by the vertices @ is
denoted byG[U]. We denote byleg” (v);; the number of edges from that connect
avertexv toU C V; whenFE is clear from the context we will uséeg(v)y. We use
I'(U) to denote the vertex neighborhood®fC V' (excludingU). The parameted
(specifying the expected degree in the random gi@pis assumed to be sufficiently
large, and some of the inequalities that we shall derive implicitly use this assumption,
without stating it explicitly. The termnwith high probability(w.h.p.) is used to denote a
sequence of probabilities that tendsltasn tends to infinity.

2 The Algorithm

FindIS(G)
1. (@ Set: I, ={v:deqv)<d—ad/2},
Cy ={v:deqv) >d—ad/2},
ouT; = 0.
(b) For every edgéu, v) such that bothu, v are inI;, moveu, v to OUT}.
2. SetIQ = Il, 02 = 017 OUT2 = OUT1

A vertexv € Cy is removablef deg(v);, < 4.
Iteratively: find a removable vertex Movev andI'(v) N Iy to OUTs.

3. Output the union of; and a maximum independent set@fOUT»]. We will
explain later how this is done efficiently.




Figure 2.  After step 2
of the algorithm, 5 is an
independent set, there are
no edges betweeh, and
OUT;, and every vertex
v € (5 has at least four
neighbors inl,.

3 Correctness

Whend > n??/¢ a simple argument (using the union and the Chernoff bounds), which
we omit, shows that after stedof the algorithm it holds that; = I, C; = C. In fact,
whend > n3?/< the planted independent set is the unique maximum independent set
and this case was already coveredsh From now we will assume that < n32/¢o,

Let 1,4, be a maximum independent set@f We establish two theorems. Theo-
rem 3.1 guarantees the algorithm correctness and The@@8muarantees its efficient
running time. Here we present these two theorems, and their proofs are deferred to
later sections.

Theorem 3.1. W.h.p. there exist8,, .., such thatls C 1,40, Co N Iinge = 0.

Definition 3.2. The2-core of a graphG is the maximal subgraph in which the minimal
degree is at leas2.

Clearly the2-core is unique and can be found by iteratively removing vertices
whose degree is smaller than

Theorem 3.3. W.h.p. the largest connected component infware of G[OU T3] has
cardinality of at mose log n.

Let G be any graph. Those vertices@tthat do not belong to th-core form trees.
Each such tree is either disconnected from2fwore or it is connected by exactly one
edge to the2-core. To find a maximum independent set&{DU T3] we need to find
a maximum independent set in each connected componeG{@¥/1T»] separately.
For each connected compondpt of G[OUT:] we find the maximum independent
set as follows: letC; be the intersection ab; with the 2-core of G. We enumerate
all possible independent setsdh (there are at mostl“:| possibilities), each one of
them can be optimally extended to an independent sé?;dby solving (separately)
a maximum independent set problem on each of the trees conneatéd For some
trees we may have to exclude the tree vertex which is connectégditd is connected
to a vertex of the independent set that we try to extend. On each tree the problem can
be solved by dynamic programming.

Corollary 3.4. A maximum independent set@fOUT5] can be found efficiently.



3.1 Dense Sets and Degree Deviations

In proving the correctness of the algorithm, we will use structural properties of the
random graplG. In particular, such a random graph most likely has no small dense
sets (small sets of vertices that induce many edges). This fact will be used on several
occasions to derive a proof by contradiction. Namely, certain undesirable outcomes of
the algorithm cannot occur, as otherwise they lead to a discovery of a small dense set.
The lemmas relating to these properties are rather standard and their proofs are omitted
due to lack of space.

Lemma 3.5. Let G be a random graph taken frof,, , o (p = 4, d < n3?/®). The
following holds:

1. W.h.p. for every sel/ C V of cardinality smaller thar2n/d® the number of
edges insidé/ is bounded by |U|.

2. Letc > 3. With probability of at least—2-2(c=1) for every set of vertice§ of
size smaller tham /d? the number of edges insid&is less thare|U|.

3. W.h.p. there is n@’ C C such that,% < [C'| < 2224 and [T(C") N I| <
|C’].

Corollary 3.6. LetG be a graph which has the property from Lemf&apart 1. Let
A, B be any two disjoint sets of vertices each of size smaller thah. If every vertex
of B has at leas® edges going intal, then|A| > |B|/2.

Lemma 3.7. Letd < n3?/“_ The following hold with probability> 1 — e=""":
1. The number of vertices frofwhich are notl; is at moste—"4/64y,

2. The number of vertices froi' whose degree intd is < «d/2 is at most

2
e~ d/64n.

3. The number of vertices frodi which are not inC; is moste—" /64y,
4. The number of edges that contain a vertex with degree at RA#t at most
3e~%n.
3.2 Proof of Theorem3.1

We would have liked to prove that with high probability C I C I, U OUT5. How-
ever, this is incorrect whethis a constant.

Lemma 3.8. Let I be any independent set 6fand letC' £ V \I. LetI’,C",OUT’
be an arbitrary partition ofV” for whichI’ is an independent set. If the following hold:

1 |(I'nC)u(INC)| <n/d.

2. Every vertex ofz’ has4 neighbors inI’. There are no edges betweé&hand
ouT'.
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Figure 3: A vertexs € (I’ N C) which has exactly one edge infa) C’.

3. The graphG has no small dense subsets as described in Lefbyzart 1.

then there exists an independent $gt,, (and C,,.., Ly \ Inew) such thatl’” C
I'n,ewa Cl g Cnew and ‘Inew| Z |I|

Proof. If we could show that on average a verteXdf= (I'NC)U(INC") contributes

at leastd/3 internal edges t@/, thenU would form a small dense set that contradicts
Lemma3.5. This would imply thatyU = (I’ N C) U (I N C’) is the empty set, and
we could takel,.,, = I in the proof of Lemma3.8. The proof below extends this
approach to cases where we cannot thkeg, = 1.

Every vertexv € C’ has at least edges into vertices aof. Since! is an inde-
pendent set it follows that every vertex b\ C” has at least edges intal’ N C. To
complete the argument we would like to show that every verteX of C' has at least
2 edges intal N C’. However, some vertices € I’ N C might have less than two
neighbors inf N C’. In this case, we will modifyl to get an independent séf..,
(and Ch e Ly \ I,e) @t least as large af for which every vertex off’ N Chew
has2 neighbors inI,.,, N C’. This is done iteratively; after each iteration we set
I = I1ew, C = Chew. Consider a vertex € (I’ N C) which has strictly less than

1 /.
edg.eslgr;}t%la@ %’o'neighbors ihN C’, then defind ¢, = T U {v}. I,,eq, iS an indepen-
dent set because(being inI’) has no neighbors iff nor inOUT".

e If v has only one edge into € (I N C’) then definel,,e,, = (I \ {w}) U {v}.
I, is an independent set becausfbeing inI’) has no neighbors i nor in
OUT'. The only neighbor of in I N C" is w.

The three properties (from the statement of this lemma) are maintained also with re-
Spect tol,,c.,, Crew (replacingl, C): propertie2, 3 are independent on the sdts’'
and propertyl is maintained since after each iteration it holds thdt N Ceq) U
(Inew NCN| < |(I'nCYU (I NC].

When the process ends, [Etdenote(I’ NC)U (INC"). Each vertex of' N C has
atleas® edges intd NC’, thus|INC’| > £|I'NC| (see CorollanB.6). Each vertex of



INC’ has4 edges intd’ NC so the number of edgesinis atleast|INC’| > 4|U|/3
and alsqU| < n/d®, which implies that/ is empty (by Lemma&.5part1). O

To use Lemm&.8with I = I,,4.,1' = I», we need to show that conditidnis
satisfied, i.€]lax & o] < n/dP.

Lemma 3.9. With high probability| 1,4, & 12| < n/d®.

Proof. |Inae A o] < |Lmae A& I|+ |I A Io|. By Lemma3.7 the number of wrongly
assigned vertices (in sté) is e = ¢/64p. By Lemma3.10|0OUTy| < e~/ |t
follows that|I A I| << n/d®. It remains to boundll, .. A I|:

|Ima:c A I‘ == ‘Imax \ I| + ‘I\Imaa:‘ S 2|Imaz \I| = 2‘I771ar N C‘

ez = (ImazND)U(Lna:NC). One can always replade,,.NC with I'(1,,,,.NC)NI
to get an independent s@t,q. N 1) U (T'(1 4. N C) N T). The maximum independent
set inG[C] is w.h.p. of cardinality at most*1?2¢ (the proof is standard using first
moment), this upper bound$,,.. N C|. From Lemma3.5part3if |14 N C| >
n/(2d%) then|T(C N Lpaz) N I| > |[Inae N C| which contradicts the maximality of
Imax- O

It follows that I, is contained in some maximum independentisgt,. It remains
to show that th@-core of OUT5 has no large connected components.

3.3 Proof of Theorem3.3

Lemma 3.10. With probability of at least — e—ere’dlogn the cardinality ofOU TS is
at moste— 4/70p, (wherec, is a universal constant independentcgy.

Proof. We will use the assumptioth < n=3%/¢_ If u, v were moved taUT} in step
1bthen at least one of them belongsdon I;. Thus:

|OUT1| < |C’ﬂIl| + |F(CﬁIl)| <
e—a24/64n+3de—a2d/64n+3e—ddn < e—azd/64+logd+0(1)n

with probability > 1 — e ! (we use Lemma&.7 parts3, 4).

LetC’ = {v € C : dedv); < ad/2}. The cardinality ofC” is at moste—" /64
with probability at least — e (using LemméB.7 part2). We will now show that
|OUT,| < 2(|JOUTy| + |C'|). LetU = OUT; U C’. Start adding tdJ vertices of
OUT; \ U by the order in which the algorithm moved them@&/T5. In each step
we add at most vertices toUU. Assume that at some poifi| becomes larger than
2(|OUT1| + |C’|). The number of edges insidéis at least:

11 ad

- = d/2 =—|U|. 1

1 3/Uled/2= 221U 1)
At this point|U| < e="4/64+10gd+0(M)y 4 4 << n/d> andU contains?|U| edges.

By Lemma3.5 part 2 the probability that7 contains such a dense détis at most
e~09logn(ad/16-1) < o—cia’dlogn (we yse hered >> a2d). O



Having established thabUT> is small, we would now like to establish that its
structure is simple enough to allow one to find a maximum independentG§Oaf T»)
in polynomial time. Establishing such a structure would have been easy if the vertices
of OUT; were chosen independently at random, because a small random subgraph of
a random grapld- is likely to decompose into connected components no larger than
O(logn). However,OUT, is extracted fromG using some deterministic algorithm,
and hence might have more complicated structure. For this reason, we shall now con-
sider the 2-core off[OUT>] and bound the size of its connected components.

Let A denote the2-core of G[OUT5]. In order to show thatl has no large con-
nected component, it is enough to show tHalhas no large tree. We were unable to
show such a result for a general tree. Instead, we proveAtmsts no largdalanced
trees, that is trees in which at leag8 fraction of the vertices belong 8. Fortunately,
this turns out to be enough. Any set of vertiéés— V' is calledbalancedf it contains
at Ieast‘%| vertices fromC'. We use the following reasoning: any maximal connected
component of4 is balanced - see Lemn3allbelow. Furthermore, any balanced con-
nected component of size at le@dbg n (in vertices) must contain a balanced tree of
size is in[logn,2logn — 1] — see Lemma.12 We then complete the argument by
showing thalDUT; does not contain a balanced tree with siz8dg n, 21og n].

Lemma 3.11. Every maximal connected component of Pheore of OUT5; is bal-
anced.

Proof. Let A; be such a maximal connected component. Every verte bfas degree

of at least2 in A; becaused; is a maximal connected component d-gore. |4;| <
|OUT;| < . If ‘ﬁ‘j{‘f' is more than%, then the number of internal edges is

> 2 2|4;| > 3| A;] which contradicts Lemma.5. O

Lemma 3.12. LetG be a connected graph whose vertices are partitioned into two sets:
C andl. Let% be a lower bound on the fraction 6f vertices, wherg: is an integer.
Foranyl <t < [V(G)|/2 there exists a tree whose size iffiret — 1] and at least;
fraction of its vertices ar€’.

Proof. We use the following well know fact: any trdecontains aentervertexv such
that each subtree hanged@nontains strictly less than half of the verticesiof

Let 7" be an arbitrary spanning tree 6f with centerv. We proceed by induction
on the size off’. Consider the subtreds, ..., T hanged onv. If there exists a subtree
T; with at leastt vertices then als@” \ T; has at least vertices. In at least one of
T;,T \ T; the fraction ofC' vertices is at least and the lemma follows by induction
on it. Consider now the case in which all the trees have lesstthertices. If in some
subtreeT; the fraction ofC vertices is at mos, then we remove it and apply induction
to 7'\ T;. The remaining case is that in all the subtrees the fractioff vértices is
strictly more than};. In this case we start adding subtrees to the vagttil for the first
time the number of vertices is at leas®t this point we have a tree with at magt— 1
vertices and the fraction @f vertices is at Iea%. To see that the fraction @f vertices
is at Ieast%, we only need to prove that the tree formedbgnd the first subtree has
% fraction of C vertices. Let be the number of vertices in the first subtree and let

be the number of vertices in it. Sinéds integer we have} > + —> i +. O




We shall now prove thadUT; contains no balanced tree of sizdliog n, 2 logn].
To simplify the following computations, we will assume that< 1/2 (the proof
can be modified to work for ang, we omit the details). Fix to be some value in
[logn, 2logn]. We will use the fact that the number of spanning trees Btkque is
=2 (Cayley's formula). The probability thadU T, contains a balanced tree of size
is at most:

> PrT CE]-Pr[V(T) COUT, | T C E] < 2
T is balanced
|T|=t
n AN
t—1 (¢ C C <
<t)t <n) ng}gﬁged{Pr[V(T) COUT,TCE|} < (3)
|T|=t
n(ed) max {Pr[V(T)C OUT,|T C E]} < 4)
T is balanced
|T|=t
t(log d+1)+logn C C
e Tisrglazggced{Pr[V(T) COUT, | T C E|} (5)
|T|=t

To upper bound the above expressiony/ logn) (so we can use union bound over
all choices ott), it is enough to prove that for some universal constarand any fixed
balanced tre& of sizet it holds that:

Pr[V(T) C OUT, | T C E] < e~ (o7,

The last term is bounded by e—¢¢tled pecauser’d > cylogd. By choosing
co > 3/c¢q we derive the required bound. We will use the following equality

Pr[V(T) C OUT, | T € E] = Pr[V(T) C OUT,(EUT)), (6)

which is true because the distribution Bfgiven thatl” C F is exactly the distribu-
tion of E U T. We have to show that for any balanced tfeef sizet, Pr[V(T) C
OUT,(EUT)] < e~<12°?_ We use the technique introduced Htdnd modify it to our
setting. To simplify the notation we will usg to denote the algorithm FindIS defined
at Section2. Given a fixed balanced trég of size < 2logn, we define an interme-
diate algorithmF” that knows the partitiod, C and alsol (T") (which isI NV (T)).
F’ has no knowledge of which vertices areGi{T") (in fact they can be chosen after
the algorithm is run).F’ is identical toF" except for the following difference: after
step 1(a), it uses a step 1'(a) that puts all vertice5(8f) and all vertices o N I; in
OUTy, it then continues to step 1(b) after which, it also throws frin(to OUT}) all
the vertices connected @UT; (step 1(c)).

We useOUT,(E) to denoteOU T in the outcome of”(E). As we shall seef”
dominated” in the following senseOU T4 (E) containsOU T, (E UT). Nevertheless,
sinceF’ has no knowledge of (T'), the setC(T) is likely to be inOUT}(E) as any
other subset of’ with the same size (where the random variabl&)s An argument
similar to the one in Lemma.10(which we omit) shows thadUT4(E) is likely to be



small: [OUT}(E)| < e=*"@/70p with probability> 1 — e¢1*”dlosn e get:
PriC(T) C OUT,(EUT) < Pr(C(T) € OUTy(E))

< Pr{C(T) € OUTH(E) | #OUT4(E) N C < e=@"/70) 4 g=eroidlogn

Given thal OUT,(E) N C| = m, the seDUT,(E) N C is just a random subsets 6f
of sizem. It then follows thatPr[C(T) C OUT(E) | #OUT4(E) N C < e~ /0]

is bounded by the probability that a binary random variabler Bin(m,p = fgl@i)

has|C(T')| successes. Sinoa < e~*"4/70n and|C(T)| > t/3 this probability is
bounded by:

. 2 t/3
m\ o o (me 43\ _ (T e
t/3 —\t/3 |C|-m - n/3 -

In the second inequality we ugé — a)n —m > n/3 which is true fora < 1/2. (If
we let(1 — «) to be too small we get a small factor in the denominator which becomes
significant. Nevertheless, a more careful estimation in equaBjoyi€lds a factor that
cancels it out.) It follows thaPr [V (T) € OUTy(E UT)] < e~“*"d as needed.

It remains to show thaDUT»(E U T) C OUT4(FE). This is done in Lemma&.13

Lemma 3.13. OUTy(E UT) C OUT4(EUT) C OUTY(E).

Proof. There are three executions that we consider:

(i) F(EUT)which produced”, " in step 1 and”, C{" in step 2,
(ii) F'(EUT)which produced!"”, c{"" in step 1 and{™”, C§'") in step 2,
(iii) F'(E) which produced("™ ¢ in step 1 and{"™, C{"™ in step 2.

First we analyse step 1 and show thﬁf.) 2 If”) 2 I{“i) andO{i) 2 C’{”) -
" The inclusionsl\” D 1) ¢ > ¢ are easy as after step 1(a) they are
in fact equalities and in steps 1'(a),1(b),1(€) removes more vertices then what
removes in 1(b) t@&UT;. We now prove the inclusionﬁf“) > Il(“i), Cf”) 2 Cf”).

The only difference (due t@ edges) in step 1(a) is that some verticei{é’f) NV(T)
will be put in C\* (instead of being i\"”). This does not pose a problem since
anyway all the vertices df """ NV (T") are moved t€UT; by F” at step 1'(a) (because
Il(i“) NV(T) is contained i (T)U (CN Il(iii))). Any two vertices which are removed
in step 1(b) fromZ ™ will be removed fromZ{* either in step 1(b) or in step 1(c).

Given the inclusions of step 1 we are ready to prove the inclusions of suéﬁ 2
12(”) ) Iéiii) and Céi) 2 CQ(”) ) C’Q(i”). Notice that these inclusions imply the
Lemma. We begin with{” 2 1{") c$? o> ¢{"). Consider the execution of step
2 of F(EUT). We show a parallel execution of step 2 Bf(E U T'), for which
the invariantr{” > 1§ c{? > ¢l is kept. It is enough to show one possible
execution of step 2 of”(E U T), because the order by which vertices are removed
does not affect the final outcome (once a vertex becomes removable it will be removed).



Initially, the required inclusions are true due to the inclusions after step 1. Whenever
a vertexv € Cé” is removed, it becomes removable frcﬂﬁé”) and we remove it

(if it had already been removed then also its neighbors fféiﬁ% had been removed
becausd™ ensures there are no edges betwkeandOUT>). Proving the inclusions

Iz(”) 2 IQ(”“, Céii) o) Cé”“ is done in a similar way, only that now we have the edges
of T which influence the execution &' (E U T'), but do not exist in the execution of
F'(E). Again, whenever a vertex € Cé“) is removed, it becomes removable from
Oém) and we remove it (if it is was not already moved®&/75). Letu be a neighbor

of v from I that is moved together with to OUT5. If (u,v) € E thenu can not
stay inZ{""") as there are no edges betwderandOUT in F'. If (u,v) € T thenu is
either in[ém) NC(T)orin Iém) N I(T). In both cases belonged to eitheff”i) nc

or I(t) and was already removed in step 1'(a). O
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