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Abstract

We studytwo widely usedalgorithms,Glauberdynam-
icsandtheSwendsen-Wangalgorithm,on rectangularsub-
setsof thehypercubic lattice �

�

. We provethat undercer-
tain circumstances,themixing time in a boxof sidelength

�

with periodic boundaryconditionscan be exponential
in

�

�	��


. In other words, under thesecircumstances,the
mixing in thesewidely usedalgorithms is not rapid; in-
stead,it is torpid. Themodelswe studyare the indepen-
dentsetmodeland the � -statePottsmodel.For bothmod-
els,weprovethat Glauberdynamicsis torpid in theregion
with phasecoexistence. For thePottsmodel,weprovethat
Swendsen-Wangis torpid at thephasetransitionpoint.

1 Intr oduction

MonteCarloMarkov chains(MCMC) areusedin com-
puter scienceto designalgorithmsfor estimatingthe size
of large combinatoriallyde�ned structures. In statistical
physics, they are usedto study the behavior of idealized
modelsof physical systemsin equilibrium. In the latter
case,themodelsof interestareusuallyde�ned on regular,
�nite-dimensionalstructuressuchasthehypercubiclattice

�

�

. In both applications,it is necessaryto run the chain,



, until it is closeenoughto its steadystate.Thusit is im-
portantto designrapidly mixingalgorithms,i.e. algorithms
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for which themixingtime, ��� , is small.
In this paper, we study two statisticalphysics models,

the � -statePottsmodel and the independentset problem.
We considerthesemodelson thegraphson which they are
mostoftenstudiedin physicalapplications,namelyonsub-
setsof �

�

. For the Pottsmodel, we study two typesof
Monte Carlo Markov chains– Glauberdynamics,andthe
empiricallymorerapidSwendsen-Wangdynamics.

Both thePottsmodelandtheindependentsetmodelare
characterizedby non-negative parameters,the former by a
so-calledinversetemperature� , andthelatterby aso-called
fugacity � (seede�nitions below). Both modelsareknown
to undergo phasetransitionsfrom a so-calleddisordered
phasewith a uniqueequilibrium stateto an orderedphase
with multipleequilibriumstates.Dueto themultiplestates,
theorderedphaseis alsoknown astheregion of phaseco-
existence.

Thepointof thiswork is to relatethemixing timesof the
MCMCs to the phasestructuresof the underlyingequilib-
rium models.In particular, weshow thatGlauberdynamics
is slow, or torpid, for bothmodelsin their regionsof phase
coexistence,while Swendsen-Wangfor the Pottsmodel is
torpidat thephasetransitionpoint. This latterresulthasap-
parentlycomeasa surpriseto somephysicistswho usethe
Swendsen-Wangalgorithmto simulatethePottsmodel,and
whohavetacitly assumedthatit mixesrapidlyfor all values
of theinversetemperature.

In addition to this “physically surprising” result, our
work is new in a numberof respects.While therehasre-
centlybeena gooddealof work in thetheoreticalCScom-
munity on slownessof Swendsen-Wangdynamicsfor the
Pottsmodel (seecitationsbelow), this is one of the �rst
works to considerthe physically relevant caseof the hy-
percubiclattice �

���

�

�

and �nite portionsthereof. (In
�

� , two latticepointsarejoinedby anedgeif they differ by
1 in onecoordinate.)From a technicalpoint of view, the
hypercubiclattice is muchmorechallengingthanthecom-
pletegraph.However, thesetechnicaldif�culties giveusthe
opportunityto usesomebeautifulanddeepresults.In par-
ticular, ourwork bringsto bear, andto someextentextends,



statisticalphysicsexpansiontechniquesfor theproblemof
controlling the numberof cutsetsin graphicalexpansions
of thesemodels. Speci�cally, we useso-calledPirogov-
Sinai theory [21] from the statisticalphysics literature,in
theform adaptedto thePottsmodelby Borgs,Kotecḱy and
Miracle-Sole([4], [5]). We also usethe new and power-
ful combinatoricestimatesof Lebowitz andMazel [17] for
controllingthenumberof cutsets.Finally, weusethelovely
isoperimetricinequalitiesof BollobásandLeader[2].

In this introduction,we will �rst describeour work on
MCMC for the Pottsmodel,andthenfor the independent
setproblem.

The � -statePottsModel (see[26], [27]) on an arbitrary
graph�

���������
	 , �

�

�

�
� is de�nedasfollows: acoloring
� is a mapfrom �����

���

�������������������

�� . Let !

�

�

	 be
the setof edgeswith endpointsof a differentcolor andlet

"

�

�

	 �

� !

�

�

	

� . Theweightof acoloring #

�

�

	 is $

�&% �('

�*)

.
Weturnthis into aprobabilitydistribution + by normalizing
with the partition function ,

�.-

�

#

�

�

	�� To studythis
modelempirically, oneneedsto beableto generate� with
probability(closeto)

+

�

�

	 �

#

�

�

	

,

� (1)

Themodelis saidto be ferromagneticif �0/21 , otherwise
it is anti-ferromagnetic. Notethat �

�43*5 correspondsto
randompropercolorings.

Thewidely usedSwendsen-Wangalgorithm[24] for the
ferromagneticmodelusesa Markov chainwith statespace

�

���76 which hassteadystate + – seeSection3. Goreand
Jerrum[13] proved that on the completegraph 8:9 with

�;/=< , thereis a certainvalueof � (inversetemperature)
suchthat the mixing time of the algorithm is exponential
in � . Jerrum[15] hascoinedthe phrasetorpid mixing to
describethis phenomenon.CooperandFrieze[7] extended
their argumentsto show that in thePottsmodelon theran-
domgraph �>9@? A , this phenomenonpersistswith high prob-
ability for B

�DCE�F�

� 
HGHI

	 . Li andSokal[18] proveda linear
(in thenumberof sites) lower boundfor �nite boxesin Z

�

.
(For positiveresultsonthisalgorithmsee[7], Cooper, Dyer,
FriezeandRue[6], Huber[14], Martinelli [20].)

Our �rst resultconcernsthis algorithmandthe simpler
Glauberdynamics– seeSection3. Let J

�

JLKM?

� �

�

�
N

�

�

	

�

be the
"

-dimensionaltorusof side
�

. We view
this asa graphwheretwo pointsareconnectedby anedge
if they differ by 1 (mod

�

) in onecomponent.It hasvertex
set � �2�

KM?

� andedgeset � ���

KM?

� . Usingtheresultsof
Borgs,Kotecḱy andMiracle-Soĺe [5], we prove thefollow-
ing negative result:

Theorem1 For
"

/

� andsuf�ciently large � , there exists
�PO

�

�PO

�

�

�

"

	 such that:
(a) Themixingtime �RQ�S of theSwendsen-Wangalgorithm

on JTKM?

� at �TO satis�es

�RQ�S�/U$(VXW

K

GY'[Z \^]

K

)7_

for someabsoluteconstant8


*`

1 .
(b) The mixing time ��aLb of the Glauber dynamicsfor
�c/ �PO satis�es

��aLbd/
$(V

_

K

GY'[Z \e]

K

)7_

for someabsoluteconstant8gf

`

1 .

For anarbitrarygraph�

���������h	 , anindependentsetis
asetof verticesi:j

� suchthatnopair of verticesk

�mlon

i

is incidentto thesameedge $

np� . Dyer, FriezeandJer-
rum [9] consideredtheproblemof generatinga nearlyran-
dom independentsetof a bipartitegraph. They prove that
Glauberdynamicsexhibits torpid mixing on almostall reg-
ulargraphsof degree6 or moreandthattheproblemis NP-
hardfor regulargraphsof degree25 or more. In statistical
physics,theindependentsetproblemis calledthehard-core
gasmodel.In generalthereis a parameter� `

1 calledthe
fugacityandonewantsto generateindependentsetsi with
probabilityproportionalto ��q r�q i.e.

+

�

i

	 �

�sq r�q

-0tvu w�x�y{z(y�wYx�y�we|

�

q

t

q

� (2)

Our secondresultconcernsthis problem.TheGlauberdy-
namicschain is a simplechainon the independentsetsof
graph � that selectsa randomvertex and adds/deletesit
to/from the currentindependentsetwith someprobability
dependenton � – seeSection3. Dyer andGreenhill [10],
Luby andVigoda[19] haveprovedthatthischainis rapidly
mixing for �U}

f

~ �

f

, where • denotesthe maximumde-
greeof � .

We alsoprove boundson moregeneralMarkov chains.
To de�ne this class,let i

�

i�€ be independentsets,and let
!

�

i

�

i�€

	 �

� i‚•Xi�€m�Yƒ0� i„€�•Xi�� . For anergodicMarkov chain



K on J�K…?

� , let ! �‡† be the maximumof !

�

i

�

i
€

	 over
all i and i�€ for which thetransitionprobabilityis non-zero.
We saythat




K is local if ! �‡† is boundeduniformly in
�

, andwe saythat it is ˆ -quasi-localif ! �‡†Š‰‹ˆ

�

�

for
somêŒ}

� which is independentof
�

.

Theorem2 For
"

/

� and � suf�ciently large, themixing
time ��aLb of theGlauberchainon JLK…?

� satis�es

��aLbd/
$(VŽ•

K••e‘

W

G’'“Z \e]

K

)7_

for someconstant8

I”`

1 dependingonly on the dimen-
sion

"

. More generally, let �RK be the mixing time for any
ergodic Markov chain on JLK…?

� which is ˆ -quasi-localfor
somêŒ}

� . Then

��K•/U$
VŽ–

K••e‘

W

GY'[Z \^]

K

)—_

for someconstant8™˜ dependingonlyon
"

and ˆ .



Finally, we want to point out that our techniquesfor
proving slow mixing arequite robust, andcanbe applied
to many modelsexhibiting thephenomenonof phasecoex-
istence. All that we requireis that the equilibrium model
have energy barriersbetweendifferentphasesthat is high
enoughto applythetechniquesof [3], andthat thedynam-
ics is notsuf�ciently globalto permitjumpsover thesebar-
riers. (An exampleof a Markov chainwhich “jumps over”
energy barriersis theSwendsen-Wangalgorithmat temper-
aturesbelow thetransitiontemperature.)

2 Mixing Time

Let



beanergodicMarkov chainona�nite statespace
C , with transitionprobabilities �

���L���•	����L���Un0C . Let �

denotethestationarydistributionof



.
Let �=n C be an arbitrary �x ed state,and denoteby

���{? 	

��
 	 theprobability that thesystemis in state
 at time
�

giventhat � is theinitial state.
Thevariation distance•

�

�


��

�Tf

	 betweentwo distribu-
tions �


��

�Tf on C is de�ned by

•

�

�


��

�Tf

	 � 
����

Q����

� �


(���X	s3

�Tf

���X	

�

�




f

�

���

�

� �


���
 	 3

�Tf

��
 	

�

�

The variationdistanceat time
�

with respectto the initial
state� is thende�ned as

•�	

�

�

	 �

•

�

���{? 	

�

�

	��

We de�ne thefunction
"

�

�

	 ��
�� �

	

�

� •�	

�

�

	 andthemix-
ing time

�

�!
�"$#P�

�&%

�

"

�

�

	

‰U$

��


 

�

A propertyof
"

�

�

	 givenin [1] is that
"

�('

ƒ

�

	

‰

�

"

�('�	

"

�

�

	��

implying in particularthat
"

�

�

	

‰*)

�,+L�^3�-

�

N ��.

	 . It is there-
fore both necessaryand suf�cient that chainsbe run for
somemultipleof mixing timein orderto getasamplewhich
is closeto asamplefrom thesteadystate.

For our purposes,the Swendsen-Wang algorithm is
rapidlymixingif its mixing time ��Q�S is boundedby apoly-
nomial in � , thenumberof verticesof � . Similarly for the
Glauberchain.

JerrumandSinclair [23] introducedthe notion of con-
ductanceto the study of �nite time reversible Markov
chains.A chainis reversibleif it satis�esthedetailedbal-
anceequations:

�

���T	

�

���L���&	 �

�

���•	

�

���…���T	�� for all �L�/�™n•C �

Putting 0

���L���•	 �

�

���T	

�

���L�/�•	 and 0

�21 ��3 	 �

-

'

	R? 4

)

�6587:9
0

���L�/�•	 , we de�ne the conductanceof a set

of states;=<

���

j

C as

>

Q

�

0

��� �@? � 	

�

���X	

�

�A? �Ž	

where ?� �DC

•

� � (3)

The conductance
>

� of the chain itself is simply

�"$#

QCB

D@E

>

Q . Weproveour lowerboundsonmixing timeby
showing that

>

� is small andthenusingthe well-known
bound[1]

$

� 
HGGFGH

/

�v3

>

�

� (4)

3 MCMC Algorithms

There are several MCMC algorithmsthat are usedto
generatea randomsamplefrom thesedistributions corre-
spondingto the hard-coremodel and ferromagneticPotts
model.TheGlauberdynamicsis perhapsthesimplestsuch
Markov chain. Its transitionsareasfollows: Choosea ver-
tex at random,andmodify thespinof thatvertex by choos-
ing from the distribution conditional on the spins of the
other verticesremainingthe same. We will detail the al-
gorithmfor thehard-coremodelon independentsets.
Glauber Dynamics: Fromanindependentset I ,

G1 ChooseJ uniformly at randomfrom � .

G2 Let

I

€

�LK

INM

�

J& with probability �PN

�^�

ƒ �

	

I:•

�

J• with probability �

N

�^�

ƒ �

	��

G3 If I�€ is anindependentset,thenmove to IL€ , otherwise
stayat thecurrentindependentset I .

For the ferromagnetic Potts model, an alternative
method, the Swendsen-Wang process[24], is often pre-
ferredover otherdynamicsin Markov chainMonte Carlo
simulations.
Swendsen-WangAlgorithm:

SW1 Let 3 �‹�

•*!

�

�

	 be thesetof edgesjoining ver-
ticesof the samecolor. Deleteeachedgeof 3 inde-
pendentlywith probability �v3

B , whereB

���v3

$

�&%

.
Thisgivesasubset1 of 3 .

SW2 Thegraph ���Ž�/1‚	 consistsof connectedcomponents.
For eachcomponenta colour (spin) is chosenuni-
formly at randomfrom �

��� andall verticeswithin the
componentareassignedthatcolour(spin).

The Swendsen-Wang algorithm was motivated by the
equivalenceof the ferromagnetic� -statePottsmodel and
the randomcluster model of Fortuin and Kasteleyn [12],
whichwenow describe.



Given a graph �

�����Ž�e�
	 , let �

�21‚	 �c�����/1‚	 denote
thesubgraphof � inducedby theedgeset 1��2� . In the
randomclustermodel, �

�21‚	 is themeasuregivenby

+

�

�

�21‚	^	 �

�

,

B

q

5

q

�^�v3

B

	

q � q

�

q

5

q

�

O

'

5

)

� (5)

where �

�21‚	 is thenumberof componentsof �

�21‚	 andB is
aprobability.

Therelationshipbetweenthetwo modelsis elucidatedin
a paperby EdwardsandSokal[11]. ThePottsandrandom
clustermodelsarede�nedonajoint probabilityspace�

���

9��

�

� . Thejoint probability �

�

�

�/1‚	 is de�ned by

�

�

�

� 1‚	 �

�

,

�

'��

? 	

)

�

�

�^�^�v3

B

	�


'��

? 	

)

B

�65

ƒ B




'��

? 	

)

�65


�
��

D


���	��

(6)

where , is a normalizingconstant. By summingover �

or 1 we seethat themarginal distributionsarecorrect,and
(remarkably)the normalisingconstantsin both Pottsand
Clustermodelsarethe valueof , given in the expression
above.

TheSwendsen-Wangalgorithmcanbeseenasgiven � ,
(i) choosea random1

€ accordingto �

�

�

�/1

€

	 andthen(ii)
choosea random�

€ accordingto �

�

�

€

� 1

€

	 .
After StepSW1we saythatwe arein theFK represen-

tationof thechain.

4 Minimal Cutsets

Let �

� �������h	 be a connectedgraph. For � j

�

we de�ne � S asthegraph �

�

�e�

S

	 , where �

S is theset
of all edgesin � that join two verticesin � . We saythat

�

j�� is a componentof � if
�

is the vertex setof a
componentof � S . As usual,we de�ne a subset� j

� to
bea cutsetif ���Ž�e�

•��

	 is disconnected.We de�ne � to be
aminimalcutsetif all cutsetscontainedin � areidenticalto

� . If � is minimal, �������

•��

	 hasexactly two components.
For � j

� , we let � denotethe complementof � , i.e.
�

� �

•�� . We denotethe set of edgesbetweentwo
disjoint setsof vertices � and �Š€ by �

�

%

�0€

	 . Finally,
weuse�

�

�

	 to denotethesetof componentsof � .
We considerthecutset���

�2�

�

%

�

	 anddecompose
it as ���

�

M��

���

'

S

)

�

�

. We will furtherdecompose�

�

into minimal cutsets,seeLemma1 below. In orderto state
thelemma,we introducethesets

�

�

�Š���

�

%

!

	

� !

n

�

�

�

	

 

�Š���

!

%

!

	

� !

n

�

�

�

	

 

and
�

�

�

	 � �

�

���

'

S

)

�

�

�

Lemma 1 Consider� j

� .
(a) Let

�

�

�

€ be different componentsof � . There ex-
ist unique !

n

�

�

�

	 and !™€

n

�

�

�

€

	 such that !

�

! € or equivalently!

€

�

! .
(b) For

�

n

�

�

�

	 , �

�

hasa uniquedecompositioninto
minimalcutsetsas �

�

�

M! 

��"$#

� .
(c) If � , �M€

n

�

�

�

	 aredistinctthenthey aredisjoint.
(d) Let

�

and
�

€ be two (not necessarilydistinct) compo-
nentsof � j

� . If % or % is a componentof
�

and & or
& is a componentof

�

€

then

%(')&

�

;

�

%�' &

�

;

�

%(')&

�

;

� or %�' &

�

;

�

Proof:
(a) We will �rst prove uniqueness.Since

�

'

�

€

�

; ,
�

€Lj

�

and
�

j

�

€

. Furthermore,
�

is connected.Hence,
thereexistsaunique! €

n

�

�

�

€

	 suchthat
�

jU! € . For all
!

n

�

�

�

	 ,
�

j ! . Therefore,if thereexistsa !™€

n

�

�

�

€

	

with !=jp! € , !™€ mustbetheuniquecomponentcontaining
�

. Theuniquenessof ! is provedsimilarly. Next, weprove
existence. Let !

€ be as above, so that !

€

j

�

. Since
�

M‡! € € is connectedfor all !™€ €

n

�

�

�

€

	 , the set !

€

�

�

€�M+*

�

! € €

n

�

�

�

€

	

%

! € € <

�

!™€7 is connected.As a
consequence,!

€

j

�

mustlie in oneof thecomponents!

of
�

.
(b) Obviously, �

�

�

M! 

��"
# is a decompositionof �

�

into minimal cutsetsof � . To prove uniqueness,assume
that �pj,�

�

is a minimal cutsetof � . Thenthereexistsa
!

n

�

�

�

	 suchthat �

!

%

!

	

j-� . Otherwise,
�

M•! is
connectedin � •.� for every !

n

�

�

�

	 , whichwould imply
that �D•/� is connected.Since � is minimal, �

!

%

!

	

j0�

implies �

!

%

!

	 �

� .
(c) For cutsets� and �P€ correspondingto thesamecom-

ponent
�

, disjointnessfollows from theexplicit form given
in (b). Assumethat �/'1�P€ <

�

; for two differentcomponents
�

and
�

€ . This would imply that �

�

'2�

�

€&<

�

; , which in
turn impliesthat

�

and
�

€ areconnectedin � , andhencein
� S . But this contradictstheassumptionthat

�

and
�

€ are
differentcomponentsof �hS .

(d) Without loss of generality %

n

�

�

�

	 and &

n

�

�

�

€

	 . Weconsiderseveralcases:

3 If %

�

& then %�' &

�

; .

3 If
�

�

�

€ and % <

�

& , then % and & aredifferent
componentsof

�

which impliesthat %�'4&

�

; .

3 If
�

<

�

�

€ then we usepart (a) of this lemma. We
conditionon whether% and/or & aretheunique !

n

�

�

�

	 and !™€

n

�

�

�

€

	 suchthat !

�

!™€ .

– % <

�

!

�

& <

�

! €

%

Since & j !

€

andpart (a)
impliesthat % j !�jD!

€ , sowe have that %5'

&

�

; .



– % <

�

!

�

&

�

! € : We saw in the previouscase
% j ! € andthus %�' &

�

; . The casewhen
%

�

!

�

& <

�

! € is symmetric.

– %

�

!

�

&

�

!™€ : Since %�j & by part (a),
%(' &

�

; .
�

Let �

�4�

!

%

!

	 bea minimal cutsetof � , in particular
! and ! areconnected.Wethende�ne Int � asthesmaller
(in termsof cardinality) of ! and ! . If ! and ! have
the samesize,we cande�ne Int � aseither ! or ! . For
de�niteness,we de�ne Int � asthe onecontaininga �x ed
point ���‚n•� . For acutset� wede�ne Ext � = �

• Int � , and
for a collection � of minimal cutsets,wede�ne theinterior
of � andthecommonexterior of � as

Int �

� �

 

� "

Int � and Ext �

���

 

��"

Ext �

�

NotethatInt � M Ext �

�0� for all sets� of minimalcutsets.

Lemma 2 Let � j

� .
(a) Let �

�

�
€

n

�

�

�

	 . If Int � ' Int �
€

<

�

; , theneither
Int � j Int �P€ or Int �P€�j Int � .
(b) Either � or � is a subsetof Int �

�

�

	 .

Proof:
(a) Let %

� Int � and &

� Int �P€ , andassumewithout
lossof generalitythat % ' & <

�

; . Applying theprevious
lemma,wehave threecases:

(i) %(' &

�

; , which is equivalentto % j & ,
(ii) %�'4&

�

; , which is equivalentto & j % , and
(iii) % ' &

�

; which is equivalent to % j5& . No-
tice that � %p�M/‹�

�

� N

� which implies that � & �M/‹�

�

� N

� and
� & ��‰��

�

� N

� . Thiscontradictsthefactthat � & �

�

� Int �P€H��‰

� & � unlessequalityholds,i.e. unless � & �

�

� & �

�

� %p�

�

� % �

�

�

�

� N

� . Togetherwith % j & , this implies %

�

&

in contradictionto ourassumption%�'4& <

�

; .
(b) We considertwo cases.Supposethat for every

�

n

�

�

�

	 thereis a cutset�

n

�

�

�

	 with
�

j Int � . Then,
clearly

�

�
�

�

���

'

S

)

�

j

�

 

� "

'

S

)

Int �

�

Supposeinsteadthatthereis
�

n

�

�

�

	 suchthat
�

<j Int �

for all � . Thensince
�

is asubsetof ! for everycomponent
! of

�

, theinterior of thecorrespondingcutset���

�4�

!

%

!

	 mustbe ! . Thus
�

�

M

b

���

'

�

) Int �
� . In particular,

since
�

is acomponentof � ,

� j

�

j

�

 

� "

'

S

)

Int �

�

�

Next we specializeto the torus JLK…?

� � ���

KM?

�„���

KM?

� 	 .
Considera set � j

�

KM?

� and a �x ed minimal cutset �

correspondingto � . For $

n

� we de�ne a dual �

"

3
��	 -
dimensionalcube $	� which is (i) orthogonalto $ and (ii)
bisects$ , when J�K…?

� is consideredasimmersedin thecon-
tinuum torus ��


N �

	

�

. (In dimension
"

�

< , the two-
dimensionaldual cells are referredto as plaquettes). We
de�ne a graph ���

���

�
�

���

�

	 where �
�

� �

$	�

%

$

n

�L 

and �

$��




�

$��

f

	 n �

� if f $��




' $��

f

is a cubeof dimension
"

3 � .
The componentsof ��� arecalledthe co-componentsof � .
Theseco-componentsareconnectedhypersurfacesof dual

�

"

3 ��	 -dimensionalcells.
In the following, we will call cutsetswith one co-

componenttopologicallytrivial, andcutsetswith morethan
oneco-componenttopologicallynon-trivial. Smallcompo-
nentswhichcanbeembeddedin ,

�

giveriseto cutsetswith
only a singleco-component,which are thereforetopolog-
ically trivial. Topologically non-trivial cutsetsarisefrom
certaincomponentswhich are large enoughto “feel” the
non-trivial topology of the torus. For example,the com-
ponent

�

��� �dnd�

K…?

�

�

�

‰

� 


‰

�

N

�

 givesrise to a
cutsetwhosetwo co-connectedcomponentsaretwo parallel
interfaces,eachof whichhassize

�

�	��


.

Lemma 3 (a) Given a �xed edge $

n‹�

K…?

� there are at
most ���

�

�

� 
�"$#M�

<

�

"��

˜

G �

 , distinct co-components� of
size � with $

n

� .
(b) If a cutsetis non-trivial, each of its co-componentscon-
tainsat least

�

�	� 


edges.

Proof:
(a) This follows from theobservation that theproofsin

[22] and[17] maybeappliedwithoutchangesto thetorus.
(b) We needsomenotation. Considera set of edges

% and its dual %
� . De�ne the boundary � %

� of %
� as

the set of (
"

3�� )-dimensionalhypercubeswhich belong
to an odd numberof (

"

3 � )-dimensionalcells in %�� . If
� %��

�

; , de�ne the ,Xf windingvectorof %�� asthevector
�

�

%
�

	 �‹��� 
������������ ��	 , where � � is thenumberof times
%�� intersectsanelementaryloop in the k

th latticedirection
mod � .

Let % be a cutset, %

� �

�

%

�

	 , where � j

� .
Let � j

��


N �

	

�

be the union of all closedunit cubes
with center #

n

� . Then %�� is the boundaryof the set
� , andhence� %��

�

; . Obviously, eachelementaryloop
mustleave andentertheset � thesamenumberof times,
implying that thewinding vectorof %�� is 1 . On theother
hand,it is not dif�cult to prove that eachsetof edges%

with � %��

�

; and
�

�

%��

	 �

1 is a cutsetfor somesetof
points � j

� , %

�=�

�

%

�

	 . Indeed,theassumptions
� %��

�

; and
�

�

%��

	 �

1 imply thatevery closedloop in
JTKM?

� intersects%�� an even numberof times. Considering
anarbitraryvertex #��

n � andthesetof all “walks” of the
form �

# �

�

#


��������Y�

#

�

	 , �

#

�H�

#

�"! 


 

n$#

K…?

� , wethende�ne
� asthesetof pointswhich canbereachedfrom #%� by a
walk which intersects%�� anoddnumberof times.



Considernow a non-trivial minimal cutset� andoneof
its co-components�� . Since � is a cutset, �.� �

�

; . This
propertyis inheritedby all its co-components,implying that

��� �
�

�

; . Obviously,
�

�

�� �

	 is different from zero,since
otherwise�� would bea cutsetitself, in contradictionto the
assumptionthat � is minimal. Let l beadirectionfor which

�

	

�

��
�

	

<

�

1 . Then ��
� intersectsany fundamentalloop in
the l -directionanoddnumberof times,giving that �� � con-
tainsat least

�

�	� 


dual(
"

3p� )-dimensionalcells.
�

5 IndependentSets

In this section,we give a proof of Theorem2. We start
with somenotation. For a bipartitegraph �

� �������
	 we
arbitrarily call theverticesin onepartitioneven,andthose
in theotherpartitionodd.Wewrite �

�����

9 for thesetof even
verticesin � , and ��� � � for thesetof oddverticesin � . We
denotethecollectionof independentsetsof � by C . Let i

beanindependentsetin C . We thende�ne �

� � ���

i

	 asthe
setof verticesin or adjacentto a vertex in theset i '

� � � � .
Similarly �

�����

9

�

i

	 is de�ned for i '

�

�����

9 . We de�ne
theset �

� � ���

i

	 asthesetof minimal cutsetscorresponding
to �

� � ���

i

	 , �

� � ���

i

	 �

�

�

�

� � ���

i

	^	 , andsimilarly for the
set �

�����

9

�

i

	 . Finally, for a cutset � , we de�ne � �

�

	 �

*��

	R? 4
	

�

 

� �L�/�

 .

Lemma 4 (a) If �

n

�

� � ���

i

	 , then �
�

�

	

'™i

�

; .
(b) For �

n

�

� � ���

i

	 , theverticesin theset �o�

�

	

' Int � are
eitherall evenor all odd.
(c) For �

n

�

� � ���

i

	 , thereexistsanindependentset i  such
that �

� � ���

i  

	 � �

�L .
(d) Either i '

��� � � or i '

�

�����

9 is a subsetof Int �

� � ���

i

	 .

Proof:
(a) We have to prove that � �L���

 ';i

�

; whenever
� �L���

 

n

�
j ���

� � ���

i

	 . First noticethat for anoddver-
tex J , J

n

�

� � ���

i

	��

J

n

i , whereasif J is even then
J

n

�

� � ���

i

	
�

J hasa neighbor #

n

i . Supposethat
� n

i

���

<

n

i . If � is oddthen �L���gn

�

� � ���

i

	 . If � is even,
then �L���

<

n

�

� � ���

i

	 . In eithercase,wehave thecontradic-
tion that � �L���

 �<

n

���

� � ���

i

	 .
(b) If �

n

�

� � ���

i

	 , then �

�=�

!

%

!

	 ���

�

%

!

	 for
somecomponent

�

of �

� � ���

i

	 andsomecomponent! of
�

. As a consequence,either ���o�

�

	

' Int �

	1�

�

� � ���

i

	 , or
���o�

�

	

' Int �

	 �

�

� � ���

i

	 . If anoddvertex J is in theset
�

� � ���

i

	 then J

n

i and #

n

�

� � ���

i

	 for all neighbors#

of J . Thusanoddvertex J

n

�

� � ���

i

	 cannotbe incident
to anedgein ���

� � ���

i

	 . As a consequence,theverticesof
�o�

�

	

' Int � areevenif ���
�

�

	

' Int �

	/�

�

� � ���

i

	 andodd
otherwise.

(c) If theverticesof theset � �

�

	

' Int � areeventhenlet
i  

������� � �

' Int �

	

M

���

�����

9 ' Int �

	 . Otherwise,exchange
thesets��� � � and �

�����

9 in thede�nition of i  .

(d) Lemma2 impliesthateither

�

� � ���

i

	

j Int �

� � ���

i

	 or �

� � ���

i

	

j Int �

� � ���

i

	��

Since i '

��� � �

j �

� � ���

i

	 and i '

�

�����

9 j �

� � ���

i

	 , the
resultfollows.

�

From now on, we specializeto the graph JLKM?

� . For
a vertex J

� �

J


��������Y�

J

� 	pn.� and a “direction” �

n

��� �������������

"

 , we de�ne theshift I��

�

J

	 asthevertex with
coordinatesJ

� for k=<

�

� � � and J

�

ƒ sign�

�

	:��
����

�

	 for
k

�

� �v� , wheresign�

�

	 �

�ŽN&� � � . For a cutset�

n

�

� � ���

i

	 ,
wede�ne ���

�Š���

J

�

#

	

�

�

J

�

#

	 n

�

�

J

n Int �

�

#

�

I��

�

J

	

 .

Lemma 5 For anycutset�

n

�

� � ���

i

	 andanydirection � ,
� ��� �

�

� � � N

�

"

.

Proof: We �rst prove the lemmafor
"

�‹� . Let � � be the
setof edgesdualto theedgesin � . Theset � � is a unionof
cycles,andeachedgein the ƒ

� or 3‚� directionin any of
theseloopsis followedby anedgein the ƒ

� or 3 � direction
by Lemma4 (b). We thereforehave that � �

�

�@ƒ � �

� �

� is
independentof thedirection k . Since� is acutset,� �

�

� must
be equal to � �

� �

� , which implies the claim. For
"

` � ,
weconsidertheintersectionof Int � with atwo-dimensional
plane � �m�

�

�

 

	 � � �•n

J2�

� � �

�

�^�

k‚N

n �������

  . Sincealso
thepointsin ���o�

�

	

' Int �

	

'

� �m�

�

�

 

	 areall evenor all odd,
theabove argumentscanbeappliedto theintersectionof �

and � �m�

�

�

 

	 , implying that � �




�

�

� �

��


�

�

� �•f„�

�

� �

�

f„�

sinceit is true for the intersectionof thesesetswith any
of thehyperplanes� �m�

�

�

 

	 . Applying this argumentfor an
arbitrarypair of directions,wegetthelemma.

�

The next lemma is a generalizationof a lemma �rst
provedby Dobrushinin [8].

Lemma 6 Let � bea setof minimalcutsets,andlet C

"

�

�

i

%

�‡j �

� � ���

i

	

 . Then

+��

C

"��

‰ �

��� �"!$#�'

q

 

q

G

f

�

)

Proof: We �rst notethat it is enoughto prove thereexists
aninjectivemap %

"

%

C

"

� C suchthat

+

�

i

	 �

�

���

q

 

�

q

G

f

�

+

�

%

"

�

i

	^	��

Indeed,givensuchamap,we have

+

�{C

"

	 �

�

���

q

 

�

q

G

f

�

+

�

%

"

�{C

"

	^	

‰ �

���

q

 

�

q

G

f

�

�

In order to constructsucha map %

" , we introducethe
partial order �2‰��M€

� Int �2j Int �P€ . We thenobserve
that,by induction,it is enoughto prove that for any � and
any �

n

� suchthat � is minimal in � with respectto the
partialorder, we have aninjective map %  

%

C

"

� C

"�&

�

 '	

suchthat +

�

i

	 �

�

�

q

 

q

G

f

�

+

�

%  

�

i

	^	 .



We will now constructsucha map. Consideri

nŠC

" .
Let I

�

I�� . Theproofholdsfor any choiceof � . De�ning

%  

�

i

	 ���

i ' Int �

	

M�I

�

i ' Int �

	

M

� Int �o•&I

� Int �

	^	��

wewill haveto show that %  is aninjection,that i�€

�

%  

�

i

	

is an independentset with +

�

i�€

	 �

+

�

i

	

�sq

 

q

G

f

�

and that
i�€

n•C

" &

�

 	

.
The�rst statementis obviousfrom thefactthatthethree

setsi


 �

i.' Int � , i(f

�

I

�

i.' Int �

	 andi

I � Int ��• I

� Int �

	

arepairwisedisjoint (useLemma4 (a) to seethat i


 and i(f

aredisjoint).
i


��

i�f areobviously independentand the independence
of i

I follows from i

I � �o�

�

	 andLemma4(b). To then
prove that i�€ is an independentset,we usethat, again by
Lemma4 (a), thesetsi




M i(f and i




M i

I areindependent
sets.It remainsto show that i�f8M i

I is alsoanindependent
set. ConsiderJ

n Int � • I

� Int �

	 and #

n

I

�

i�' Int �

	 .
Then J‡N

n

I

� Int �

	 andhenceI

�

�

�

J

	

N

n Int � . On theother
hand,I

�

�

�

#

	 n

i ' Int � . Therefore,I

�

�

�

J

	 and I

�

�

�

#

	

cannotbe adjacentby Lemma4 (a), which implies that J

and # cannotbeadjacent.
To prove +

�

i�€

	 �

+

�

i

	

�sq

 

q

G

f

�

, we notice that �

�

i '

Int �

	

MNI

�

i ' Int �

	

�

�

� i�� . Thus %  hasincreasedthesize
of theindependentsetby exactly � Int � • I

� Int �

	

� which is
� �

�

���

�

� � � N

�

"

by Lemma5.
To seethat i�€

n C

" &

�

 '	

notethat �

� � ���

i�€

	 �

�

� � ���

i

	

•

Int � . There are two possibilities for �P€

n

� •

�

�L :
Int � ' Int �M€

�

; implying that dist� Int �

� Int �P€

	

/

� and
i ' Int �P€

�

i�€ ' Int �M€ . Otherwise,Int �

� Int �P€ implying
dist� Int �

� Ext �M€

	

/

� and i ' Ext �M€

�

i�€$' Ext �M€ .
�

Lemma 7 Let CE�

�


��������T�

� �

	 bethesetof independentsets
i

n C which containa set of odd trivial cutsetsof sizes
�


��������T�

� � . Thenfor �

� 
�" # 
�� ���

� �

� , �

� 
�� � 
�� ���

� �

�

and �

�0-

�

�

D




�

� , wehave

+

�{CE�

�


��������T�

� �

	^	

‰

�

$

�

�

3

�

ƒ

��	

�

�

N

�

	

�

�

� �

��
mGY'

f

�

)

	

�

�

Let C

9 � be thesetof i

npC such that �

� � ���

i

	 containsat
leastonenon-trivial cutset.Then

+

�{C

9 �

	

‰

�

�

�

�

� �

��
mG

f

�

	

K&•e‘

W

�v3

� �

��
mG

f

�
	

f

)

�,+

�

�

�

�

� �

� 
HG

f

�

	

K••e‘

W

�v3

� �

� 
HG

f

�
	

�

Proof: To generate�

�


����“� �“�

�A�^ with � �

�

�

�

�

� , we �rst
chooseedges$

� in acertain�x eddirection,e.g.direction1,
andthencutsets�

���

$

� . (Every cut setcontainsanedgein
direction1 – seeLemma5) In this way, each�

�


���� �“� �

�,�^ is
counted
��

	

D��

�

	�� times,where
�

	 is thenumberof �

� with
�

� � l . ThepreviouslemmaandLemma3 (a)yield

+

�{CE�

�


��������T�

� �

	^	

‰

�

�

�



�

	

D��

�

�

	��

	

�

� �

��
mGY'

f

�

)

	

�

�

(Note that it is safe to use the bound from Lemma 3(a)
to bound the number of trivial cutsets,since for each
trivial cutset, the dual is a single co-component.) Since

-

�

	

D��

�

	

�

�

,

�

�

	

D��

�

�

	��

	

/

�

�

	

D��

�

�

	

$

	

�

�

/ �

�

$

�

�

3

�

ƒ

��	

�

�

andhencetheresultfollows.
To prove the secondstatement,we use the previous

lemmaandthe fact thateachnon-trivial cutsethasat least
two co-connectedcomponentsto bound

+

�{C

9 �

	

‰��

�

�

D

f

�

 ������

���

�

�

q

 �����

���

q

G

f

�

�

Herethesum -

 
�����

���

goesover minimal cutsetswith � co-
components.Using Lemma3, and the fact that thereare
at most

�

�

�

possibilitiesfor the � startingedgesfor the �

co-componentsof �

'

�

)

9 �

, weconcludethat

+

�{C

9 �

	

‰ �

�

�

D

f

�

� �

�

�

�

!

D

K

•e‘

W

�

�

�

� �

�

f

�

	

!

	

�

‰
�

�

�

D

�

�

� �

�

�

�

!

D

K

•e‘

W

�

�

�

� �

�

f

�

	

!

	

�

!

f

�

whichconcludestheproofof thesecondstatement.
�

Lemma 8 Let 1o} � }

� , andlet

C

�

�Š�

i

n C

%

�

� � ���

i

	 containsonly trivial cutsets,
and "

"

Int �

� � ���

i

	

"

"

/ �

�

�

 

�

If � is suf�ciently large, say �


mGY'

f

�

)

/

�

1 1 �…N � , then

+

�{C

�

	

‰

�

�

O�#�K&•^‘

W

GY'[Z \^]

K

)7_

for someconstant� � dependingon � and
"

.

Proof: For i

n C

� , theisoperimetricinequalityof Bollobás
andLeader[2] impliesthat � � ��/�� Int � �

' �	��


)

G �

andhence

�

 

� "%$

•�•

'

r

)

� � �

��GY' �	��


)

/

�

 

��"%$

•m•

'

r

)

� Int � �

/ �

�

 

� "%$

•�•

'

r

)

Int � �

/ �

�

�

�

If thereis a cutsetin �

� � ���

i

	 of size at least
�

�	��


, then
Lemma7 directly givesthedesiredbound.Assumeall cut-
setsareof sizeat most

�

�	� 


. Let �

�^�

i

	 �Œ�

�

n

�

� � ���

i

	

%



�

� � 


‰Œ� � �•}

�

�

 , k

�Œ��������� �“� ��� ����� ���

f

�

��� 


ƒ

�	� . Then
since -

�

�

D







�

_

�

�

f

N�
 , thereexists k suchthat
�

 

� "

�{'

r

)

� � �

��GY' ��� 


)

/ �

�

#

�

�

N�k

f

where � �

#

�


��ŽN �

f . Thus i is in CE�

�


����“� � �

� �

	 for some
�

and �


���� �“� �

� � with �

� ��


‰ � 	 ‰

�

�

and -

�

	

D




�
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6 Swendsen-Wang Algorithm on a � -
dimensionalTorus

In thissectionwecombinethemethodsandresultsof [5]
and[4] with thoseof thelastsectionto proveTheorem1.

Recallthestandardrepresentationof thePottsmodelin
Section1. On the graph �

�

,
"

/

� , this model is known
to undergo a phasetransitionastheinversetemperature,� ,
passesthrougha certaincritical temperature�LO

�

�PO

�

�
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"

	 .
To make this statementprecise,we introduce�nite-v olume
distributions with boundaryconditions. We considerthe
graph �

� ���Ž�e�
	 , where � � �
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and � consistsof
all pairs of verticesin � whosecoordinatesdiffer by �

in one coordinate. We say that a vertex lies in the (in-
ner) boundaryof � if oneof its coordinatesis either � or
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. For a coloring � of � , we then introducethe weights
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	 is the number
of verticesin the boundaryof � that have color � . With
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� 5 limit of the�nite-v olumemagne-
tizations� K

�

�

	 �

�

� �

-

	

�

6

�

+sKM?


(�

IC	

�2�(	�3p�

N	�

	 . The
above-mentionedphasetransitioncanthenbecharacterized
asa transitionbetweena high-temperature,disorderedre-
gion �d} �TO wherethespontaneousmagnetizationis zero,
anda low-temperature,orderedregion �

`

�LO wherethe
spontaneousmagnetizationis positive.

As a �rst steptowardsproving Theorem1, wede�ne the
contourscorrespondingto acon�guration 1 n•C �D�

� . To
thisend,weembedthevertex set � of thetorus J

�2���Ž�e�
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� . Given 1 , we call a closed � -dimensionalunit hyper-
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1�n C arethenthecomponentsof theboundaryof �
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Proof:
(a)Proceedingasin theproofof Lemma2 (b), weobtain
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Proof of Theorem 1(a): Let � � C
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Q�S of theSwendsen-Wangchaincanthenbeestimatedas
follows:

>

Q�S�‰

>

Q

�

�

+

� �X	����

�21

€

N

n C

'

�

)

ord �

1 n•C

'

�

)

ord
	�� (7)

Here 1 is chosenaccordingto themeasure+ de�ned in (5)
and 1

€ is constructedfrom 1 by onestepof theSwendsen-
Wangalgorithm.Wehave

���

�21

€

N

n•C

'

�

)

ord �

1 n C

'

�

)

ord
	 �

���

�21

€

n C

'

�

)

dis �

1�n C

'

�

)

ord
	

ƒ

���

�21

€

n C

'

�

)

Big �

1 n C

'

�

)

ord
	��

Observingthat 1Œn C

'

�

)

ord implies �

1

�•/

�^� 3

�

	

"
�

�

while
1

€

npC

'

�

)

dis implies �

1

€m�L‰

"

�

�o�21

€

	

�L‰

"

� Int 1

€m�L‰

"

�

�

�

,

we seethat 1

€ canonly be in C

'

�

)

dis if at least �^� 3;�

�

	

"
�

�

edgesaredeletedin Step(SW1) of Swendsen-Wang. But
thenumberof edgesdeletedis dominatedby thebinomial

3:�

"
�

�

���v3

BMO

	 andso

���

�21

€

n C

'

�

)

dis �

1 n•C

'

�

)

ord
	

‰

�

"
�

�

�^�v3”�

�

	

"
�

�

	

�^�v3

BMO

	

' 
 �

f �

)

�

K&•

‰

�

$

�^�v3

BMO

	

�v3‡�

�

	

' 
 �

f �

)

�

K&•

�

$

�

�

'7'“Z \e]��

)

K&•

)

�

where we have usedLemma 12(a) to bound �g3

B�O

�

$

�&%��

�

$

�

�

'[Z \e]��

)

. Also

���

�21

€

n C

'

�

)

Big �

1�n C

'

�

)

ord
	

‰

���

�21

€

n C

'

�

)

Big
	

�	�

�21 n C

'

�

)

ord
	

�

�

�

�

�

OmK

	

ƒ �

�

�

�

O�#�K&•^‘

W

GY'[Z \^]

K

)7_

	��
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Proof of Theorem1(b):
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Thetheoremnow follows.
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