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Abstract for whichthemixingtime, , is small.

We studytwo widely usedalgorithms, Glauber dynam-
ics andthe Swendsen-#hgalgorithm,onrectangularsub-
setsof the hypecubiclattice . We provethat undercer-
tain circumstanceghe mixingtimein a box of sidelength

with periodic boundaryconditionscan be exponential
in . In other words, under thesecircumstancesthe
mixing in thesewidely usedalgorithmsis not rapid; in-
stead,it is torpid. The modelswe studyare the indepen-
dentsetmodelandthe -statePotts model. For both mod-
els,we prove that Glauberdynamicds torpid in theregion
with phasecoexistence For the Potts model,we prove that
Swendsen-#gis torpid at the phasetransitionpoint.

1 Intr oduction

Monte Carlo Markov chains(MCMC) areusedin com-
puter scienceto designalgorithmsfor estimatingthe size
of large combinatoriallyde ned structures. In statistical
physics, they are usedto study the behaior of idealized
modelsof physical systemsin equilibrium. In the latter
case the modelsof interestareusuallyde ned on regular,
nite-dimensionalstructuressuchasthe hypercubiclattice

. In both applicationsjt is necessaryo run the chain,

, until it is closeenoughto its steadystate.Thusit is im-
portantto designrapidly mixing algorithms,i.e. algorithms
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In this paper we study two statisticalphysics models,
the -statePottsmodelandthe independenset problem.
We considerthesemodelson the graphson which they are
mostoftenstudiedin physicalapplicationspnamelyon sub-
setsof For the Pottsmodel, we study two types of
Monte Carlo Markov chains— Glauberdynamics,andthe
empirically morerapid Swendsen-\&hgdynamics.

Both the Pottsmodelandtheindependensetmodelare
characterizedby non-nejative parametersthe formerby a
so-callednversetemperature , andthelatterby aso-called
fugacity (seede nitions below). Both modelsareknown
to undego phasetransitionsfrom a so-calleddisordered
phasewith a uniqueequilibrium stateto an orderedphase
with multiple equilibriumstates Dueto the multiple states,
the orderedphaseis alsoknown asthe region of phaseco-
existence.

Thepointof thiswork is to relatethemixing timesof the
MCMCs to the phasestructuresof the underlyingequilib-
rium models.In particular we shav that Glauberdynamics
is slow, or torpid, for bothmodelsin their regionsof phase
coeistence ,while Swendsen-\&hgfor the Pottsmodelis
torpid atthe phasdransitionpoint. This latterresulthasap-
parentlycomeasa surpriseto somephysicistswho usethe
Swendsen-\&hgalgorithmto simulatethe Pottsmodel,and
who havetacitly assumedhatit mixesrapidlyfor all values
of theinversetemperature.

In addition to this “physically surprising” result, our
work is new in a numberof respects.While therehasre-
centlybeena gooddealof work in thetheoreticalCS com-
munity on slownessof Swendsen-\&ihg dynamicsfor the
Potts model (seecitations below), this is one of the rst
works to considerthe physically relevant caseof the hy-
percubiclattice and nite portionsthereof. (In

, two lattice pointsarejoined by anedgeif they differ by
1 in one coordinate.) From a technicalpoint of view, the
hypercubiclatticeis muchmorechallengingthanthe com-
pletegraph.However, thesgechnicalif culties give usthe
opportunityto usesomebeautifulanddeepresults.In par
ticular, ourwork bringsto bear andto someextentextends,



statisticalphysicsexpansiontechniquegor the problemof
controlling the numberof cutsetsin graphicalexpansions
of thesemodels. Speci cally, we use so-calledPirogor-
Sinaitheory[21] from the statisticalphysics literature,in
theform adaptedo the Pottsmodelby Borgs, Kotecky and
Miracle-Sole([4], [5]). We alsousethe new and power-
ful combinatoricestimatef Lebawitz andMazel[17] for
controllingthenumberof cutsets Finally, we usethelovely
isoperimetridnequalitiesof BollobasandLeader{2].

In this introduction,we will rst describeour work on
MCMC for the Pottsmodel,andthenfor the independent
setproblem.

The -statePottsModel (see[26], [27]) on an arbitrary
graph , isde nedasfollows: acoloring

is a mapfrom . Let be
the setof edgeswith endpointsof a differentcolor andlet

. Theweightof acoloring is .
Weturnthisinto aprobabilitydistribution by normalizing
with the partition function To studythis
modelempirically oneneeddo beableto generate with
probability (closeto)

— 1)
The modelis saidto be ferromayneticif , otherwise
it is anti-ferromaynetic Notethat correspond$o

randompropercolorings.
Thewidely usedSwendsen-\&hgalgorithm[24] for the
ferromagnetianodelusesa Markov chainwith statespace
which hassteadystate - seeSection3. Goreand
Jerrum[13] proved that on the completegraph with
, thereis a certainvalueof  (inversetempeature)
suchthat the mixing time of the algorithmis exponential
in . Jerrum[15] hascoinedthe phrasetorpid mixing to
describethis phenomenonCooperandFrieze[7] extended
theiramumentgo shaw thatin the Pottsmodelon theran-
domgraph , this phenomenopersistswith high prob-
ability for . Li andSokal[18] provedalinear
(in thenumberof siteg lower boundfor nite boxesin Z .
(For positiveresultsonthisalgorithmse€[7], CooperDyer,
FriezeandRue[6], Huber[14], Martinelli [20].)
Our rst resultconcernghis algorithmandthe simpler
Glauberdynamics— see Section3. Let
bethe -dimensionaltorusof side . We view
this asa graphwheretwo pointsareconnectedy anedge
if they differ by 1 (mod ) in onecomponentlt hasvertex
set andedgeset . Usingtheresultsof
Borgs, Koteclky andMiracle-Sok [5], we prove thefollow-
ing negative result:

Theorem1 For andsufciently large , there exists
sud that:

(a) Themixingtime of the Swendsen-#ng algorithm

on at satis es

for someabsoluteconstant
(b) The mixing time
satis es

of the Glauber dynamicsfor

for someabsoluteconstant

For anarbitrarygraph , anindependensetis
asetof vertices suchthatno pair of vertices
is incidentto the sameedge . Dyer, Friezeand Jer
rum [9] consideredhe problemof generatinga nearlyran-
domindependensetof a bipartitegraph. They prove that
Glauberdynamicsexhibits torpid mixing on almostall reg-
ulargraphsof degree6 or moreandthatthe problemis NP-
hardfor regular graphsof degree25 or more. In statistical
physics,theindependensetproblemis calledthehard-core
gasmodel.In generakhereis a parameter calledthe
fugacityandonewantsto generaténdependensets with
probability proportionatto ie.

(2)

Our secondresultconcernghis problem. The Glauberdy-
namicschainis a simple chainon the independensetsof
graph that selectsa randomvertex and adds/delete
to/from the currentindependensetwith someprobability
dependenbn - seeSection3. Dyer and Greenhill[10],
Luby andVigoda[19] have provedthatthis chainis rapidly
mixing for ——, where denoteghe maximumde-
greeof
We also prove boundson moregeneralMarkov chains.
To de ne this class,let be independentets,and let
. ForanergodicMarkov chain
on , let be the maximumof over
all and for whichthetransitionprobabilityis non-zero.
We saythat is local if is boundeduniformly in
, andwe saythatit is -quasi-localif for
some whichis independenof

Theorem?2 For and sufciently large, the mixing
time of theGlauberchainon satis es

for someconstant

sion . More geneally, let
ergodic Markov chain on
some . Then

dependingonly on the dimen-
be the mixing time for any
which is -quasi-localfor

for someconstant  dependingnlyon and .



Finally, we want to point out that our techniquesfor
proving slow mixing are quite robust, and can be applied
to mary modelsexhibiting the phenomenoif phasecoex-
istence. All thatwe requireis that the equilibrium model
have enegy barriersbetweendifferentphaseghatis high
enoughto applythe techniqueof [3], andthatthe dynam-
icsis notsufciently globalto permitjumpsoverthesebar
riers. (An exampleof a Markov chainwhich “jumps over”
enegy barriersis the Swendsen-\&hgalgorithmattemper
aturesbelow thetransitiontemperature.)

2 Mixing Time

Let beanemgodicMarkov chainona nite statespace
, With transitionprobabilities . Let
denotethe stationarydistribution of
Let be an arbitrary x ed state,and denoteby
the probabilitythatthe systemis in state attime
giventhat istheinitial state.
The variation distance
tions on isde nedhby

betweenrtwo distribu-

The variationdistanceat time  with respectto the initial
state isthende nedas

We de ne thefunction andthe mix-
ing time

A propertyof givenin [1] is that

implying in particularthat . It isthere-

fore both necessarnand sufcient that chainsbe run for
somemultiple of mixing timein orderto getasamplewhich
is closeto a samplefrom the steadystate.

For our purposes,the Swendsen-\&ihg algorithm is

rapidly mixingif its mixing time is boundedy apoly-
nomialin , thenumberof verticesof . Similarly for the
Glauberchain.

Jerrumand Sinclair [23] introducedthe notion of con-
ductanceto the study of nite time reversible Markov
chains.A chainis reversibleif it satis esthe detailedbal-
anceequations:

for all

Putting and
, we de ne the conductancef a set

of states as
where 3

The conductance of the chain itself is simply

. We prove our lower boundson mixing time by
shaowving that is small andthen using the well-known
bound[1]

4)
3 MCMC Algorithms

There are several MCMC algorithmsthat are usedto
generatea randomsamplefrom thesedistributions corre-
spondingto the hard-coremodel and ferromagneticPotts
model. The Glauberdynamicsis perhapghe simplestsuch
Markov chain. Its transitionsareasfollows: Choosea ver-
tex at random,andmodify the spin of thatvertex by choos-
ing from the distribution conditional on the spins of the
otherverticesremainingthe same. We will detail the al-
gorithmfor the hard-coremodelonindependensets.
Glauber Dynamics: Fromanindependensget

G1 Choose uniformly atrandomfrom

G2 Let
with probability
with probability
G3 If isanindependenset,thenmoveto , otherwise

stayatthecurrentindependenset .

For the ferromagnetic Potts model, an alternatie
method, the Swendsen-\&ihg process[24], is often pre-
ferred over otherdynamicsin Markov chain Monte Carlo
simulations.

Swendsen-Veng Algorithm:

SW1 Let be the setof edgegoining ver-
ticesof the samecolor. Deleteeachedgeof inde-
pendentlywith probability , where
This givesasubset of

SW2 Thegraph consistof connectedcomponents.
For each componenta colour (spin) is chosenuni-
formly atrandomfrom  andall verticeswithin the
componentreassignedhatcolour(spin).

The Swendsen-\&ihg algorithm was motivated by the
equialenceof the ferromagnetic -statePotts modeland
the randomcluster model of Fortuin and Kastelg/n [12],
whichwe now describe.



Givenagraph , let denote
the subgraplof  inducedby the edgeset . In the
randomclustermodel, is themeasurejivenby

- (®)

where is the numberof component®f and is
aprobability

Therelationshipbetweerthetwo modelsis elucidatedn
apaperby EdwardsandSokal[11]. The Pottsandrandom
clustermodelsarede ned onajoint probabilityspace

. Thejoint probability is de ned by

(6)

where is a normalizingconstant. By summingover

or we seethatthe mamginal distributionsarecorrect,and
(remarkably)the normalisingconstantsn both Pottsand
Clustermodelsarethe valueof  givenin the expression
above.

The Swendsen-\&hgalgorithmcanbe seenasgiven
(i) choosearandom accordingto andthen(ii)
choosearandom accordingto

After StepSW1we saythatwe arein the FK represen-
tationof thechain.

4 Minimal Cutsets

Let be a connectedyraph. For
we de ne asthegraph , Where is the set
of all edgesn thatjoin two verticesin . We saythat
is acomponenf if isthevertex setof a
componenbf . As usual,we de ne a subset to
be a cutsetif is disconnectedWe de ne to be

aminimal cutsetf all cutsetontainedn areidenticalto
.If  isminimal, hasexactly two components.

For ,welet denotethe complemenbf |, i.e.

o . We denotethe set of edgesbetweentwo

disjoint setsof vertices and by . Finally,
we use to denotethe setof componentsf
We considerthe cutset - anddecompose

it as . We will furtherdecompose
into minimal cutsetsseeLemmal below. In orderto state
thelemma,we introducethe sets

and

Lemmal Consider

(a) Let be different componentof

ist unique ~ and o
or equivalently

(b) For :

minimal cutsetsas .

(©If , are distinctthenthey are disjoint.

(d) Let and betwo (not necessarilydistinct) compo-

nentsof .If  or isacomponendbf and or

~ isacomponendf  then

Theg ex-
sud that

hasa uniquedecompositiorinto

or

Proof:
(@) We will rst prove uniquenessSince
and . Furthermore, is connectedHence
thereexistsa unique ~ suchthat . Forall
, . Thereforejf thereexistsa o
with ,  mustbetheuniquecomponentontaining
. Theuniquenessf is provedsimilarly. Next, we prove
existence. Let  beasabove,sothat . Since
is connectedor all - ,theset
o is connected.As a
consequence,  mustlie in oneof thecomponents
of .
(b) Obviously, is a decompositiorof
into minimal cutsetsof . To prove uniquenessassume
that is aminimal cutsetof . Thenthereexistsa
~ suchthat o . Otherwise, is
connectedn for every ~, whichwouldimply
that is connectedSince is minimal, o
implies o
(c) For cutsets and correspondingo the samecom-
ponent , disjointnesdollows from the explicit form given
in (b). Assumethat for two differentcomponents
and . Thiswouldimply that , whichin
turnimpliesthat and areconnectedn ,andhencean
. Butthiscontradictgsheassumptiothat and are
differentcomponent®f
(d) Without loss of generality ~ and
. Weconsiderseveralcases:

If then
If and ,then and aredifferent
component®f  whichimpliesthat
If thenwe usepart (a) of this lemma. We
conditiononwhether and/or aretheunique

~ and ~ suchthat

- __Since ~andpart(a)

impliesthat , Sowe have that



- : We saw in the previous case

andthus . The casewhen

is symmetric.
- . Since by part (a),
Let ~ beaminimal cutsetof , in particular
and areconnectedWethende ne Int  asthesmaller
(in termsof cardinality)of and . If and have

the samesize,we cande ne Int aseither or . For
de niteness,we de ne Int asthe onecontaininga x ed
point . Foracutset wedeneExt = Int ,and
for acollection of minimal cutsetswe de ne theinterior
of andthecommorexteriorof as

Int Int and Ext Ext

Notethatint  Ext for all sets of minimalcutsets.

Lemma?2 Let

(a) Let . If Int Int , theneither
Int Int orint Int .

(b) Either or s a subsebf Int

Proof:

(a) Let Int and Int , andassumewithout
lossof generalitythat . Applying the previous
lemma,we have threecases:

0] ", whichis equialentto ,

(i) , Whichis equivalentto ,and

G which is equivalentto . No-
ticethat which impliesthat and
o . This contradictghefactthat Int
~ unlessequalityholds,i.e. unless o
o . Togethemwith , thisimplies

in contrad|ct|onto ourassumption
(b) We considertwo cases Supposethatfor every

thereis a cutset with Int . Then,
clearly
Int

Supposénsteadhatthereis __ suchthat Int
forall . Thensince isasubsebf foreverycomponent
__of , theinterior of the correspondingutset

mustbe . Thus —Int . In particular
since isacomponenbf

- Int

Next we specializeto the torus
Considera set anda x ed minimal cutset

correspondindgo . For we de ne adual -
dimensionalcube  which is (i) orthogonalto and (ii)
bisects , when is consideredasimmersedn the con-
tinuum torus (In dimension , the two-
dimensionaldual cells are referredto as plaquettes We

de ne agraph where
and iff is a cubeof dimension
Thecomponent®f  arecalledthe co-componentsf

Theseco-componentgare connectechypersurbcesof dual
-dimensionatells.

In the following, we will call cutsetswith one co-
componentopologicallytrivial, andcutsetsvith morethan
oneco-componentopologicallynon-trivial. Smallcompo-
nentswhichcanbeembeddedh  giveriseto cutsetswith
only a single co-componentwhich are thereforetopolog-
ically trivial. Topologically non-trivial cutsetsarisefrom
certaincomponentswhich are large enoughto “feel” the
non-trivial topology of the torus. For example,the com-
ponent givesriseto a
cutsetwhosetwo co-connectedomponentaretwo parallel
interfaces eachof which hassize

Lemma3 (a) Givena xed edge there are at
most , distinct co-components of
size with

(b) If a cutsetis non-trivial, eat of its co-componentson-
tainsat least edees.

Proof:
(a) This follows from the obsenation thatthe proofsin
[22] and[17] maybeappliedwithout changedo thetorus.
(b) We needsomenotation. Considera setof edges
andits dual . De ne the boundary of as
the setof ( )-dimensionalhypercubeswhich belong
to an odd numberof ( )-dimensionalcellsin . If
,de nethe  windingvectorof asthevector
, where is the numberof times
intersectsan elementaryoopin the ™ lattice direction
mod .
Let bea cutset, , Where
Let be the union of all closedunit cubes
with center . Then is the boundaryof the set
, andhence . Obviously, eachelementarjoop
mustleave andentertheset  the samenumberof times,
implying thatthe winding vector of is . Ontheother
hand,it is not dif cult to prove that eachsetof edges
with and is a cutsetfor somesetof
points , ~ . Indeed,the assumptions
and imply thatevery closedloop in
intersects  anevennumberof times. Considering
anarbitraryvertex andthesetof all “walks” of the
form , wethende ne
asthe setof p0|ntswh|ch canbe reachedrom by a
walk whichintersects anoddnumberof times.



Considemow a non-trivial minimal cutset andoneof
its co-components. Since is a cutset, . This
propertyis inheritedby all its co-componentsmplying that

. Obviously, is differentfrom zero, since
otherwise would bea cutsetitself, in contradictionto the
assumptiothat isminimal. Let beadirectionfor which

. Then intersectsary fundamentaloop in
the -directionanoddnumberof times,givingthat  con-
tainsatleast dual( )-dimensionatells.

5 IndependentSets

In this section,we give a proof of Theorem2. We start
with somenotation. For a bipartitegraph we
arbitrarily call the verticesin one partition even, andthose

in theotherpartitionodd. We write for thesetof even
verticesin , and for the setof oddverticesin . We
denotethe collectionof independensetsof by . Let
beanindependensetin . Wethende ne asthe
setof verticesin or adjacento avertex in the set

Similarly is de ned for . We de ne
theset asthe setof minimal cutsetscorresponding
to , , andsimilarly for the
set . Finally, for a cutset , we de ne

Lemma4 (a)lf , then .
(b) For , theverticesin theset Int are
eitherall evenor all odd.
(c) For ,thereexistsanindependenset sud
that .
(d) Either or is a subsebf Int
Proof:
(a) We have to prove that wheneer
. First noticethatfor an odd ver
tex , Whereasf is eventhen
hasa neighbor . Supposehat
. If isoddthen . If iseven,
then . In eithercasewe have thecontradic-
tion that .

(b) If , then o for
somecomponent of andsomecomponent of
. As aconsequencesither Int , or

Int . If anoddvertex isintheset
then and for all neighbors

of . Thusanoddvertex cannotbe incident
to anedgein . As aconsequencdhe verticesof
Int areevenif Int andodd
otherwise.
(c) If theverticesof theset

Int Int
thesets and

Int areeventhenlet
. Otherwisegxchange
in thede nition of

(d) Lemma2 impliesthateither

Int or Int
Since and , the
resultfollows.
From now on, we specializeto the graph . For
a vertex and a “direction”
, we de ne theshift asthevertex with
coordinates for and sign for
, Wheresign . Foracutset ,
wede ne Int

Lemma5 For anycutset andanydirection

Proof: We rst prove thelemmafor . Let bethe
setof edgesddualto theedgesn . Theset isaunionof
cycles,andeachedgein the  or directionin ary of
thesdoopsis followedby anedgeinthe  or  direction
by Lemmad4 (b). We thereforehave that is
independentf thedirection . Since isacutset, must
be equalto , Which implies the claim. For ,
we considettheintersectiorof Int - with atwo-dimensional
plane . Sincealso
thepointsin Int areall evenorall odd,
theabove agumentscanbe appliedto theintersectiorof
and , implying that
sinceit is true for the intersectionof thesesetswith ary
of thehyperplanes . Applying this agumentfor an
arbitrarypair of directions,we getthelemma.

The next lemmais a generalizationof a lemma rst
provedby Dobrushinin [8].
Lemma6 Let bea setof minimalcutsetsandlet

. Then

Proof: We rst notethatit is enoughto prove thereexists
aninjective map suchthat

Indeed givensucha map,we have

In orderto constructsuchamap , we introducethe
partial order Int Int . We thenobsere
that, by induction,it is enoughto prove thatfor ary and
ary suchthat is minimalin  with respecto the
partial order we have aninjective map
suchthat



We will now constructsucha map. Consider
Let . Theproofholdsfor arny choiceof . De ning

Int Int Int Int

wewill haveto shaw that
is an independenset with

is aninjection,that
and that

The rst statemenis obviousfrom thefactthatthethree

sets Int | Int and Int Int
arepairwisedisjoint (useLemma4 (a) to seethat and
aredisjoint).

are ohviously independentind the independence
of  follows from andLemmad4(b). To then
prove that is anindependenset, we usethat, again by
Lemma4 (a), the sets and areindependent
sets.It remainsto show that is alsoanindependent
set. Consider Int Int and Int
Then Int andhence Int . Ontheother
hand, Int . Therefore, and
cannotbe adjacentoy Lemma4 (a), which implies that
and cannotbeadjacent.

To prove , we notice that
Int Int . Thus hasincreasedhesize
of theindependensetby exactly Int Int  whichis

by Lemmabs.

To seethat notethat
Int . There are two possibilities for :
Int Int implying thatdist Int  Int and

Int Int . Otherwise|nt Int  implying

distInt Ext and Ext Ext

Lemma?7 Let bethesetof independensets
which containa set of odd trivial cutsetsof sizes
. Thenfor )

and , wehave

Let be the setof sud that containsat
leastonenon-trivial cutset.Then
Proof: To generate with , we rst

chooseedges in acertain x eddirection,e.g.directionl,

andthencutsets . (Every cutsetcontainsanedgein

direction1 — seeLemmab) In thisway, each is

counted times,where isthenumberof with
. ThepreviouslemmaandLemmas3 (a) yield

(Note that it is safeto usethe boundfrom Lemma3(a)
to bound the number of trivial cutsets, since for each
trivial cutset,the dual is a single co-component.) Since

andhencetheresultfollows.

To prove the secondstatement,we use the previous
lemmaandthe factthat eachnon-trivial cutsethasat least
two co-connected@omponent$o bound

Herethe sum goesover minimal cutsetswith  co-

components.Using Lemma3, andthe fact that thereare
at most possibilitiesfor the startingedgesfor the

co-componentsf , we concludethat

which concludeghe proof of the secondstatement.

Lemma8 Let ,andlet

containsonly trivial cutsets,
and Int
If issufciently large, say , then

for someconstant dependingon and .

Proof: For , theisoperimetrianequalityof Bollobas
andLeader[2] impliesthat Int andhence
Int
Int

If thereis a cutsetin of size at least , then
Lemma? directly givesthe desiredbound.Assumeall cut-
setsareof sizeat most . Let



, . Then
since — , thereexists suchthat
where . Thus isin for some
and with and
. Let . Thefactthat

impliesthat . Thistogethewith Lemma gives
Since andthereareatmost  choicesfor
wherewe have usedthe fact that in the last

step. Bounding

we seethat for
for ) , onegets

large enough(e.g.

is chosenfrom the probability
is unlikely to be small.

. Then

We shav next that if
distribution (2), then

Lemma9 Let

Proof: Thereareat most independensubsetsn

andsotheweightof thoseof sizeat most is at
most . Ontheotherhand,the setof all even
pointshasweight . Thelemmafollows immediately

Lemma 10 For any , thereis aconstant sud that

for sufciently large,

Proof: Let . Lemma7 andLemma9 imply
that and aresmall enough.
Moreover, Lemma8 for impliesthat is

alsosmallenough.If noneof thethreeeventswhoseproba-

bilities wediscussabore occursthen and
Int . ThelatterandLemma4(d)
imply thateither or

. Thistogethewith theformeryieldsthateither

or

Since , thisconcludes

theproof.
Proof of Theorem?2: We now partition
where

By thelastlemma ,
and by symmetry Now consider
Glauberdynamics.Clearly, if and is obtained
by a singletransitionthen . Thesameis
trueif we generalizefrom Glauberdynamicsto anermgodic
Markov chainthatis -quasi-local.(Seethe paragraptbe-
fore Theoren® for thede nition of -quasi-local.)To com-

pleteour proof by estimating  (see(3)) for ,
rst notice Furthermore,

Thetheorennow follows.



6 Swendsen-Vdng Algorithm on a -
dimensional Torus

In this sectiorwe combinethe methodsandresultsof [5]
and[4] with thoseof thelastsectionto prove Theoreml.

Recallthe standardepresentationf the Pottsmodelin
Sectionl. Onthegraph , this modelis known
to undego a phaseransitionasthe inversetemperature, ,
passeshrougha certaincritical temperature
To male this statemenprecisewe introduce nite-v olume
distributions with boundaryconditions. We considerthe
graph , Where and consistsof
all pairs of verticesin  whose coordinatesdiffer by
in one coordinate. We say that a vertex lies in the (in-
ner) boundaryof if oneof its coordinatess either or

. Foracoloring of , we thenintroducethe weights

, Where is the number
of verticesin the boundaryof  thathave color . With
, the nite-v olumedistributions
with boundarycondition arethende ned as
, andthe spontaneoumagnetization

is de ned asthe limit of the nite-volumemagne-
tizations . The
above-mentionegbhaseransitioncanthenbecharacterized
asa transitionbetweena high-temperaturegisorderede-
gion wherethe spontaneoumagnetizations zero,
and a low-temperatureprderedregion wherethe
spontaneoumagnetizations positive.

As a rst steptowardsproving Theoreml, we de ne the
contourscorrespondingo a con guration . To
thisend,weembedhevertex set of thetorus
into the set . For aset
its diameterdiam dist
dist isthe -distancebetweerthetwo points and

in thetorus . For anedge , let  be
the setof pointsin  thatlie on the line between and

Given , we call a closed -dimensionalunit hyper
cube with verticesin  occupiedif all edges
with arein . We thende ne the set
asthe 1/3-neighbourhooaf the union of all occupied -
dimensionahypercubes, ,l.e.,
occupiedsuchthatdist
asthe intersectiorof
the discretetorus . Notethat
The set of contourscorrespondmgo acon gurat|on
arethenthecomponent®f the boundaryof

Following [5], we decomposéhe setof con gurations

into threesets o, dis and gg. To this end, we de-
ne acontour to besmallif diam . The set

Big IS thenjust the setof con gurations for which
containsat leastone contourthatis not small. Next,
restrictingourselhesto small contours , we de ne the set
Ext asthelargerof thetwo component®f , theset

,wede ne
, Where

, andthe set
with thevertex set  of

Ext astheintersectionof Ext
as Ext . For

with , andthe setint
Big, let Int Int

andExt Int . Thesets oq, disand gigarethen
de nedas
Big suchthat
diam
ord diam
and Ext
dis diam
and Ext
Lemmall Let ord, @ndlet gy
Ext . Then
(a) Ext Ext ,and
(b) Ext Ext ISconnected.
Proof:

(a) Proceedingsin the proofof Lemmaz2 (b), we obtain
thateither Int or Int . Since ords
we concludethatthe latter is the case which is equivalent
to the statementhat Ext Ext

(b) The proof of this statementwhich is implicit in [5],
is straightforvard but tedious.We leave it to thereader

In the next lemmawe summarizesomeof the resultsof
[5] usedin this paper We needsomenotation. Let

Big, andlet . We saythat is an exterior

contourin if Ext for all ,
anddenoteby ¢ the setof exterior contoursin
Also, we de ne the size of acontour asthenumber
of times intersectghe set . In orderto motivate
this de nition, assumédor a momentthat the de nition of
the set hadinvolved an -neighborhoodjnsteadof
the 1/3-neighborhoodisedabore. With sucha de nition,
the -dimensionakreaof a contour would actually
corvergeto as

Lemma 12 For all there are constants and
sud that the following statementéold for

(@)
(b) For all ,
Big

(c)If , then

ord — and

dis E—
(d) If , then

od ~——

(e)If and is a setof contous, then

big and ext



Observingthat for Big,» the setExt canbe
written as .. EXt , whichin turnimpliesthatint

.. Int , we cannow continueasin Section5 to prove
ananalogof Lemma8. De ning

ord ord EXt

dis dis Int
and g od s »Wethereforegetthefollowing
lemma.
Lemma13 Let and . Thenthere are
constants and sudh that for large enough
thefollowing statementsold.
(@)lf , then

Big
and
ord -

(b) If , then

ord

Proof of Theorem 1(a): Let ord - Theconductance
of theSwendsen-\&ihgchaincanthenbeestimateds
follows:

Nl ord ord (7)
Here is choseraccordingo themeasure de nedin (5)

and isconstructedrom by onestepof the Swendsen-
Wangalgorithm.We have

ord ord
dis ord
Big ord
Observingthat org IMplies while
4is IMplies Int ,
we seethat canonly bein 4 if atleast

edgesaredeletedin Step(SW1) of Swendsen-\Ahg. But
the numberof edgesdeletedis dominatedby the binomial
andso

dis ord

where we have usedLemma12(a) to bound
. Also

Big ord
Big

ord

by Lemma13(a). Using Lemmal3(b)to bound

org from belov, we obtainthat

Proof of Theorem 1(b):
Let be the setof colorings,andlet
bethe setof verticesthathave color

in thecoloring . We thende ne thesets

ord

dis —— forall

and
Rest ord dis
To estimatethe probability of , in the measurg1),
we usethefactthatboththe measurdl) (denoted in this

section)andthe measurg5) (denoted in this section)are
mauginalsof the Edwards-Sokameasurd€6). Thus

ord ord (8)

where is the conditional measureof
given . Observingthat ord iIMplies that all
verticesin Ext  havethesamecolorby Lemmall andthe
de nition (6) of , we havethat

ord

if ord (9)

For gis » ON the otherhand,all Ext
verticesin Ext arecoloredindependentlyof
eachother sothat

ord

Ext



for someconstant
guence,

dependingon and . As aconse-

dis if dis (10)
Combining(8) — (10) with Lemma13 andthe fact that
if ischosersmallenoughwethenget

dis ord
- ord
- ord
dis dis

Rest

We completeour proof by estimating  (see(3)) for
. First notice N Since
theheatbathalgorithmcanonly changeonevertex atatime,

it doesnotmalke transitionsbetweerthedifferentsets ,
nor doesit male transitionsbetween and . . Thus

Rest

Rest

Rest

Thetheoremnow follows.
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