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Abstract. Terminationposesoneof themainchallengesfor mechanicallyveri-
fying in�nite statesystems.In this paper, we developa powerful andextensible
framework basedon the ordinalsfor reasoningaboutterminationin a general
purposeprogramminglanguage.We have incorporatedour work into theACL2
theoremproving system,therebygreatly extendingits ability to automatically
reasonabout termination.The resultingtechnologyhasbeenadoptedinto the
newly releasedACL2 version2.8.Wediscussthecreationof this technologyand
presenttwo casestudiesillustratingits effectiveness.

1 Intr oduction

Terminationargumentsplay a critical role in thedesignandveri�cation of computing
systems.We are interestedin providing supportfor reasoningaboutthe termination
of arbitraryprogramswritten in actualprogramminglanguages.To that end,we de-
velop a powerful andextensibleframework —basedon our previous work on ordinal
arithmetic[15,16]— for reasoningaboutterminationin the ACL2 theoremproving
system[11,12].

Ourchoiceof ACL2 for thisprojectwasbasedon two criteria.Sinceterminationis
unsolvable,wewantedasystemwith theoremproving supportandin whichtermination
playsa key role. ACL2 meetsboth of thesecriteria. It is a powerful theoremproving
systemwhich hasbeenappliedto several large-scaleindustrialprojectsby companies
suchasAMD, IBM, Motorola,Rockwell Collins, andUnion Switch andSignal.Ter-
mination is a centerpieceof reasoningin ACL2, as all functionsadmittedusing the
de�nitional principalmustbeprovedto terminatebeforeACL2 will admitthem.This is
accomplishedby providing a measurefunctionthatmapsthefunctionparametersinto
theordinalsandshowing thatrecursive callsdecreaseaccordingto themeasure.

In previousworkwedevelopedandveri�ed algorithmsfor ordinalarithmetic.In this
paper, we discusshow we integratedthis work with ACL2 version2.8 [12] to createa
powerful, extensible,generalframework for reasoningabouttermination.It is extensi-
ble in thatnew techniquesandtheoremscanbeaddedto ACL2 to enhanceits ability to
automaticallyreasonabouttermination,e.g., weprovedthewell-foundednessof thelex-
icographicorderingover lists of naturalnumbers,which enablesACL2 to usemeasure
functionsthat insteadof mappinginto theordinals,mapinto lists of naturalnumbers.



The generalityof our approachis a byproductof our focuson providing supportfor
proving arbitraryterminationarguments,not on automaticallyproving terminationfor
a decidablefragmentof theterminationproblem.As anexampleof this generality, our
work hasbeenusedto proveDickson'sLemma[21], whichplaysacrucialrole in prov-
ing theterminationof Buchberger'salgorithmfor �nding Gröbnerbasesof polynomial
ideals(seeSection6.2).

Ourwork canalsobeusedto reasonaboutreactivesystems, nonterminatingsystems
thatparticipatein ongoinginteractionswith their environments(e.g., networking pro-
tocolsandoperatingsystems).In this context, terminationargumentsareusedto prove
livenessproperties,which assertthata desiredbehavior of thesystemis not postponed
forever. For example,imaginea complicatedbusprotocoloperatingon a systemwith
a dynamictopology. Supposethis protocolpartitionslong messagesinto packetsthat
aresentaccordingto a priority-basedscheme.The propertystatingthat the protocol
will never result in deadlockor livelock is a livenessproperty, which is proved with
terminationarguments.

While the currentliteratureon terminationis vast,mostof the relatedwork is fo-
cusedonvariousrestrictedinstancesof theterminationproblem.For example,muchof
thecurrentresearchon terminationis aimedat providing terminationproofsfor Term
Rewriting Systems(TRSs)[2,1,8]. Most of the remainingresearchis focusedon de-
veloping algorithmsand heuristicsfor the automaticgenerationof appropriatewell-
foundedmeasurefunctions[14,19,7,6,5]. Sinceterminationis an undecidableprob-
lem,this researchfocusesonsolvingdecidablefragmentsandis generallypresentedin
termsof toy languagesthat lack thefull functionalityof programminglanguagesused
in practice.The work we presenthere,on the otherhand,focuseson automatingthe
processof verifying terminationargumentsandnotonguessingmeasurefunctions.

In sections2 and3, wegiveanoverview of ACL2 andtheordinals.In Section4 we
brie�y review our previous work on developingef�cient algorithmsfor ordinal arith-
metic.In Section5,wepresentthechangeswemadeto ACL2 in integratingourordinal
arithmeticwork.Section6 containstwo casestudiesillustratingtheuseof ournew tech-
nology. In Section7, we discusssomelessonswe learnedin thecourseof this project.
Finally, wecover therelatedwork in moredetailandconcludein Sections8 and9.

2 ACL2 Overview

ACL2 standsfor “A ComputationalLogic for ApplicativeCommonLisp.” It comprises
aprogramminglanguage,a �rst-order mathematicallogic basedonrecursivefunctions,
andamechanicaltheoremprover for thatlogic.

Theprogramminglanguagecanbestbe thoughtof asanapplicative (“side-effect-
free” or “pure functional”) subsetof CommonLisp. We assumebasicknowledgeof
CommonLisp syntax.Becauseit is aprogramminglanguage,ACL2 is executable,and
executioncanreachspeedscomparableto programswritten in C [22].

Thelogic of ACL2 is a �rst-order predicatecalculuswith equality, recursive func-
tion de�nitions, andmathematicalinduction.The primitive built-in functionsareax-
iomatized.For example,oneaxiom is (car (cons x y)) = x andanotheris x
6= nil ) (if x y z) = y. After axiomatizingthebasicdatatypes,a representa-



tion of theordinalsup to " 0 is introducedalongwith anorderingrelation,“less than,”
de�ned recursively on this de�nition. This forms thebasisfor theprincipleof mathe-
maticalinductionin ACL2. To proveaconjectureby inductiononemustidentify some
ordinal-valuedmeasurefunction. The inductionprinciple thenallows one to assume
inductive instancesof theconjecturebeingproved,providedtheinstancehasa smaller
measureaccordingto thechosenmeasurefunction.

The ACL2 theoremprover is an exampleof the so-calledBoyer-Moore schoolof
inductive theoremproving [3,4]. It is an integratedsystemof adhocproof techniques
that includesimpli�cation, generalization,inductionandmany othertechniques.Sim-
pli�cation is,however, thekey techniqueandincludestheuseof evaluation,conditional
rewrite rules,de�nitions (includingrecursive de�nitions), propositionalcalculus,a lin-
eararithmeticdecisionprocedurefor the rationals,user-de�ned equivalenceandcon-
gruencerelations,user-de�ned andmechanicallyveri�ed simpli�ers, a user-extensible
type system,forward chaining,an interactive loop for enteringproof commands,and
variousmeansto controlandmonitorthesefeatures.SeetheACL2 onlineuser'smanual
for thefull details[12].

ACL2 hasbeenappliedto a wide rangeof commerciallyinterestingveri�cation
problems.We recommendvisiting theACL2 homepage[12] andinspectingthe links
onTours,Demo,BooksandPapers,andfor themostcurrentwork, TheWorkshopsand
RelatedMeetings.Seeespecially[10].

3 Ordinal Overview

Ordinalscanmosteasilybethoughtof asa trans�nite extensionof thenaturalnumbers
(0, 1, 2, . . . ). The�rst in�nite ordinalis ! , which is theleastordinalthatis greaterthan
all thenaturalnumbers.Thenext ordinalis ! + 1, then! + 2, andsoonuntil we reach
! + ! , whichis denoted! � 2. Wecancontinuethisprocessto get! � 2+ 1, ! � 2+ 2, . . . ,
! � 2+ ! = ! � 3, andsoon.Eventually, wegetto ! � ! , which is denoted! 2. Likewise,
wecankeeponcountingto ! 3 and! 4, andsoon.Theordinal! ! ! ���

is denoted"0 and
is theordinalonwhich terminationreasoningin ACL2 is based.

Not surprisingly, set theoristsde�ne the ordinalsin termsof sets.Eachordinal is
simply thesetof all ordinalslessthanitself. Thus,theordinaldenotedas0 is theempty
set,; . Theordinalcorrespondingto 1 is thesetcontaining0, f 0g = f;g . Theordinal
denotedby 2 is f 0; 1g = f; ; f;gg . Theothernaturalnumbersarede�nedsimilarly. The
ordinal! is just thesetof all naturalnumbers,f 0; 1; 2; : : :g. Notethatthis impliesthat
the“elementof operator”,2 , thepropersubsetoperator, � , andthe“lessthan”operator,
< , areall equivalenton theordinals.

For the purposesof termination,the most interestingpropertyof ordinalsis that
they arewell-founded. That is, thereis no in�nite sequenceof ordinals,(� 1; � 2; : : :),
suchthat � i > � i +1 for all i > 0. Thus,for any ordinal � , thepair h� ; < i is what is
known asa well-foundedstructure. In fact,it is a well-orderedstructure, which means
� is well-foundedunder< andfor any ordinals� ; 
 2 � , either � < 
 , 
 < � , or
� = 
 .

Proving terminationmeansshowing that a programhasno in�nite computations.
This is generallydoneby assigningavalueto eachprogramstateandshowing thatthis



valuedecreaseswith eachstepof theprogram.If thesevaluesrangeoverawell-founded
structure,thenby de�nition, the valuescannotdecreasein�nitely , which proves that
theprogramterminates.Any well-foundedstructurecanbeextendedto a well-ordered
structureby makingtherelationtotalwhile preservingwell-foundedness.Thetermina-
tion argumentbasedontheoriginalwell-foundedstructurethendirectlytransfersto this
well-orderedextension.A basicresultof settheoryis thatany well-orderedstructureis
order-isomorphicto auniqueordinal.In thissense,ordinalsarethemostgeneralsetting
for terminationarguments.This is why Turing saysthat for proving termination,“it is
naturalto giveanordinalnumber”[18].

3.1 Ordinal Arithmetic

Givena well-orderedstructure,hA; < A i , we denotetheuniqueordinal that is isomor-
phic to thisstructureasOr d(A; < A ).

Ordinal addition is de�ned as follows. Given two ordinals, � and � , � + � =
Or d(A; < A ), whereA = (f 0g � � ) [ (f 1g � � ), and< A is the lexicographicor-
deringon A. Thusadditioncorrespondsto startingwith the elementsof � and then
tackingon theelementsof � .

Ordinalmultiplication is de�ned asfollows. Giventwo ordinals,� and� , � � � =
Or d(A; < A ), whereA = � � � and< A is thestandardlexicographicordering.In other
words,wecreate� copiesof � .

Ordinalexponentiationis de�ned by trans�nite recursion.Givenanordinal,� 6= 0,
� 0 = 1, � � +1 = � � � � , and� � =

S

 <� � 
 . For the casewhere� = 0, we have

00 = 1, and0� = 0 for all ordinals� 6= 0.
Although the �nite ordinalscorrespondto the naturalnumbersand thereforeen-

joy all the algebraicpropertieswe expect,the in�nite ordinalsbehave differently. For
example,addition and multiplication are not commutative: 2 + ! = ! < ! + 2
and2 � ! = ! < ! � 2. Also, multiplication only distributesfrom the left. That is,
� � (� + 
 ) = (� � � ) + (� � 
 ), but it is not thecasethat(� + 
 ) � � = (� � � ) + (
 � � ).
Thismakesreasoningaboutordinalarithmeticmoreinteresting.

4 Algorithms for Ordinal Arithmetic

In previous work we developedalgorithmsfor ordinal arithmeticbasedon a notation
for theordinalsup to " 0. We developedef�cient algorithmson succinctnotationsthat
arenow usedby ACL2 to reasonaboutordinalexpressionsin theground(variable-free)
case.Wepresenthereabrief overview of thiswork.

4.1 Ordinal Notations

Thebasisfor theordinalnotationusedin ACL2, for versionsprior to version2.8,is the
following variantof Cantor's NormalFormTheorem.

Theorem1. For every ordinal � 2 " 0, there are unique� 1 � � 2 � � � � � � n > 0
such that � > � 1 and� = ! � 1 + � � � + ! � n + p.



Table1 OrdinalArithmeticComplexity Results

Function Complexity
(ocmp a b) O(min (# a; # b))
(o-p a b) O(# a(log # a))
(o+ a b) O(min (# a; jaj � #( o-first-expt b)))
(o- a b) O(min (# a; # b))
(o* a b) O(j(o-first-expt a)jj bj + #( o-first-expt a) + # b)
(o ^ a b) O((natpart b)[jajj bj + j(o-first-expt a)jj aj + # a]

+#( o-first-expt (o-first-expt a)) jbj + # b)

With this notation,the ACL2 representationof the ordinal � 2 " 0, with normalform
! � 1 + � � � + ! � n + p, is:

AC L2(� ) = (AC L2(� 1) AC L2(� 2) : : : AC L2(� n ) : p)

For example,! + 2 is (1 . 2) in ACL2 and! ! + ! ! + ! 2 + 3 is ((1 . 0) (1
. 0) 2 . 3) in ACL2.

Thebasisfor ourordinalnotation,whichis usedin thenewly releasedACL2 version
2.8, is basedon the following variantof Cantor's NormalForm Theorem.The ideais
to collect termswith the sameexponentusingthe left distributive propertyof ordinal
multiplicationoveraddition.

Theorem2. (CantorNormalForm) For everyordinal � 2 " 0, there are uniquen; p 2
! ; � 1 > � � � > � n > 0, andx1; : : : ; xn 2 ! nf 0g such that � > � 1 and� = ! � 1 x1 +
� � � + ! � n xn + p.

With thisnotation,theACL2 representationof theordinal� , with normalform ! � 1 x1+
� � � + ! � n xn + p, is:

CN F (� ) = ((CN F (� 1) : x1) (CN F (� 2) : x2) : : : (CN F (� n ) : xn ) : p)

Thedifferencebetweenthenotationsis conceptuallytrivial, but importantbecausethe
notationbasedon Theorem2 is exponentiallymore succinctthan the one basedon
Theorem1, wherethe sizeof an ordinal undera given representationis the number
of bits neededto denotetheordinal in that representation.To seethis, consider! � k:
it requiresO(k) bits with the representationin Theorem1 andO(logk) bits with the
representationin Theorem2.

4.2 Algorithms for Arithmetic

Despitethe fact that ordinalshave beenstudiedfor over 100 years,and that ordinal
notationsplay a critical role in several �elds of mathematics,we couldnot �nd a com-
pletesetof algorithmsfor the standardarithmeticoperatorson ordinal notations.We
thereforede�ned ef�cient algorithmsfor ordinal ordering(< ), addition,subtraction,
multiplication,andexponentiationfor our ordinalnotation.Analysisof thecorrectness



Fig. 1 BasicOrdinalFunctions

(defun natp (x)
(and (integerp x)

(<= 0 x)))

(defun posp (x)
(and (integerp x)

(< 0 x)))

(defun o-finp (x)
(atom x))

(defmacro o-infp (x)
`(not (o-finp ,x)))

(defun o-first-expt (x)
(if (o-finp x)

0
(caar x)))

(defun o-first-coeff (x)
(if (o-finp x)

x
(cdar x)))

(defun o-rst (x) (cdr x))

(defun make-ord (fe fco rst)
(cons (cons fe fco) rst))

andcomplexity of thesealgorithmscanbefoundin [15], andthecomplexity resultsare
summarizedin Table1. Complexity is givenin termsof thelength(denotedj j) andsize
(denoted# ) of thearguments.The lengthof anordinal is the lengthof its list repre-
sentation,andthesizeis 1 for naturalnumbersandthesumof thesizesof theordinal's
exponentsfor in�nite ordinals.The complexity of o^ is given in termsof natpart ,
which returnsthenaturalnumberat theendof thelist representationof anordinal.

Herewe presentthe ordinal additionalgorithmasan example.The basicordinal
functionsonwhichourarithmeticalgorithmsarebasedaregivenin Figure1. Notethat
natp andposp arerecognizersfor naturalnumbersandpositiveintegers,respectively.
Thefunctionfinp andmacroinfp recognizewhetheror notanordinalis �nite. Note
that(make-ord a b c) constructsanordinal in our representationwherea is the
�rst exponent,b is the�rst coef�cient, andc is therestof theordinal: ((a . b) .
c) . The functionso-first-expt , o-first-coeff , ando-rst deconstructan
ordinal,returningthe�rst exponent,�rst coef�cient, andrestof anordinal,respectively.

Giventhesede�nitions, binaryadditionof two ordinalsin ournotationis de�ned as
follows:
(defun ob+ (x y)

(let* ((fe-x (o-first-expt x)) (fco-x (o-first-coeff x))
(fe-y (o-first-expt y)) (fco-y (o-first-coeff y))
(cmp-fe (ocmp fe-x fe-y)))

(cond
((and (o-finp x) (o-finp y)) (+ x y))
((or (o-finp x) (eq cmp-fe 'lt)) y)
((eq cmp-fe 'gt) (make-ord fe-x fco-x (ob+ (o-rst x) y)))
(t (make-ord fe-y (+ fco-x fco-y) (o-rst y))))))

where(ocmp a b) is a functionthat returnslt , gt , or eq if a is lessthan,greater
than,or equalto b, respectively.

Thecorrectnessof this algorithmreliesheavily on thepropertiesof so-calledaddi-
tiveprincipal ordinals, whichareordinalsof theform ! � where� is anordinalgreater
than0. Therearetwo propertiesof theseordinalsthatconcernus.The�rst is thatthey



areclosedunderaddition.That is, � < ! 
 and� < ! 
 implies that � + � < ! 
 .
The secondis the additive principal property, which statesthat � < ! � implies that
� + ! � = ! � . Herewegiveseveralexamplesto illustrateordinaladdition.Multiplica-
tion andexponentiationaremuchmorecomplex.

The�rst is (! 5+ 8) + (! 23+ ! 7+ 1). By associativity andtheclosureof additive
principalordinals,wehave(! 5+ 8) + (! 23+ ! 7+ 1) = ! 5+ (8 + ! 23) + ! 7+ 1 =
(! 5 + ! 23) + ! 7 + 1 = ! 23 + ! 7 + 1. This correspondsto thesecondcaseof our
algorithm.For thesecondexample,consider(! 2 + ! 5 + 8) + (! 23 + ! 7 + 1). This is
equalto ! 2 + (! 23 + ! 7 + 1) by our lastexample.By theleft distributive propertyof
multiplication,this is equalto ! 24 + ! 7 + 1, whichcorrespondsto thelastcaseof our
algorithm.Finally, consider(! 3 + ! 2 + ! 5+ 8)+ (! 23+ ! 7+ 1). By our lastexample,
this is equalto ! 3 + ! 24 + ! 7 + 1, which is alreadyin normalform. Thiscorresponds
to thethird caseof ouralgorithm.

5 Changesto ACL2

In this section,we discusshow we integratedour new ordinal arithmeticresultswith
ACL2 to make a powerful, extensible,generaltool for reasoningaboutprogramter-
mination.We partition this discussioninto two sections.In Section5.1, we give an
overview of the interfacechanges, the changesthat usersof ACL2 will notice.This
includesalterationsto thecoreACL2 logic andour library. In Section5.2,we discuss
the internalsof our library, including how we tunedit to maximizeits ef�ciency and
effectiveness.

5.1 Interface Changes

The �rst andmostfundamentalchangewe madewasto the ACL2 logic itself, which
now usesour ordinal representationas its foundationfor reasoningaboutinduction,
well-foundedness,andtermination.This involved addingthe helperfunctionsin Fig-
ure1, theorderingfunction,o<, theordinalrecognizerpredicate,o-p , andthemacros
o<=, o>, ando>=. Oncethenew ordinalfunctionswereadded,weupdatedtheaffected
sectionsof thelogic to useourordinalnotation.Wedid notaddourarithmeticfunctions
to thebase“ground-zero”ACL2 theory, but includedthemin alibrary soasto maintain
thesimplicity andminimality of theground-zerotheory.

The next changeto ACL2 was to improve its ability to reasonaboutarithmetic
over the naturalnumbersandpositive integersusing the natp andposp functions.
Thiswascrucialfor ourordinalarithmeticlibrary, andin orderto betterintegratethese
resultsinto ACL2, wecreateda library, natp-posp , basedontheseresultsandadded
it to thearithmeticmodule,a collectionof theoremsaboutarithmeticover theintegers,
rationals,andcomplex rationals.Theresultis anarithmeticmodulewith bettersupport
for reasoningaboutnaturalnumbersandpositive integers.

Ourlibrary is comprisedof severalbooks, �les of de�nitions andtheorems.Herewe
review thetop-level booksthatatypicalACL2 usermightwantto use.Theordinals
andordinals-without-arithmetic booksprovideaneasywayto accessall of
our resultsaboutordinalarithmetic.Thedifferencebetweenthesebooksis simply that



ordinals-without-arithmetic doesnot includeACL2's arithmeticmodule,
which is usefulfor userswhousedifferentarithmeticmodules.

Thelexicographic-ordering bookcontainsaproofof thewell-foundedness
of lists of naturalnumbersunderthelexicographicordering,allowing ACL2 to usethe
lexicographicorderonnaturalsto prove termination,insteadof theordinals.Thisbook
is valuablefor two reasons.First, it is a goodtool for teachingnew ACL2 users,asthe
lexicographicorderon thenaturalsis simplerto explain thantheordinals.This allows
new usersto morequickly andeasilystartreasoningabouttermination.Second,it pro-
videsanexamplefor moreexperiencedusersof how to useour library to prove thatan
orderingis well-founded.

Thee0-ordinal bookis usefulfor transferinglegacy resultsto thenew version
of ACL2. It includesthe predicaterecognizingthe old ordinals,e0-ordinalp , the
correspondingorderingfunction,e0-ord-< , andfunctionsfor convertingordinalsin
thisnotationto andfrom ordinalsin ournotation(atoc andctoa respectively).These
functionsareprovedto beorder-isomorphismsandinversesof eachother.

We usedour ordinalarithmeticlibrary to certify theACL2 regressionsuite,which
is a collection of hundredsof booksthat formalize mathematicalconceptsin ACL2
and provide casestudiesillustrating how to model and verify large systemssuchas
microprocessors.To dealwith booksthat explicitly mentionthe old ordinalsonly in
terminationproofs, this requiressimply using the old ordinal representation,which,
given the isomorphismresult in the e0-ordinal book, involvesonecall to set-
well-founded-relation . However, somebookscontainmoresigni�cant reason-
ing aboutthe old ordinalsandthereforerequirethe full power of the ordinal isomor-
phismresult;anexampleappearsin Section6.1.

5.2 Inter nal Engineeringof the Books

Creatinganef�cient androbust library requireda considerableamountof effort andin
thissectionwediscusssomeof theissues.

First,wecon�guredACL2 to reasonabouttherepresentationof theordinalsandthe
basicoperationsonthemin analgebraicfashion.While ACL2 is a typelesslanguage,it
is still possibleto usealgebraicspeci�cationsby de�ning constructorsanddestructors
for theordinals,proving thatthey satisfytheappropriateproperties,andthendisabling
thede�nitions. SinceACL2 is notableto usethede�nitions of thefunctions,it is forced
to reasonusingonly the algebraictheory. We did this for the functionsmake-ord ,
o-first-expt , o-first-coeff , ando-rst (seeFigure1).Besidestheobvious
advantagesof algebraicspeci�cations,this approachis moreef�cient, asotherwisethe
rewrite rulesfor manipulatingordinalsarein termsof lists (which is how theordinals
arerepresented),but theserules interactwith ACL2's rulesfor reasoningaboutlists,
leadingto inef�ciencies.

Next, werelatedthemostef�cient versionof ouralgorithms[15] with asimplerbut
lessef�cient version[16] usinga new featureof ACL2 calledmbe (“must beequal”).
This featureallows the userto give two de�nitions for a singlefunction,which must
beprovedto beequivalentundersomeguard conditionsthatcharacterizetheintended
domainof application.The logic de�nition is usedby ACL2 duringproof attempts.
Theexec de�nition is usedastheexecutableversionof thefunction,whenthefunction



is appliedto theintendeddomain.This allows usto executeusingef�cient de�nitions,
but to reasonusingsimpler, cleanerde�nitions. Weusedmbefor ordinalmultiplication
andexponentiation.

Finally, we pro�led thebooks.We usedproof analysistoolsprovidedby ACL2 to
�nd sourcesof inef�ciency in proof attempts.Theoremsprovedby theusercausethe
ACL2 systemto behavedifferentlydependingonhow they aretagged.Thus,asonecan
imagine,a largecollectionof theoremssuchasthosein theordinal library caninteract
in very subtleandcomplex ways.This makes�nding sourcesof inef�ciency dif�cult.
For example,weoriginally hadthefollowing rule.
(defthm fe-o-p

(implies (o-p a) (o-p (o-first-exp a)))
:rule-classes ((:forward-chaining)))

Oncethis rule is admitted,ACL2 will add(o-p (o-first-exp a)) to thecon-
text, thesetof thingsit knows,when(op a) appearsin thecontext. Notethatthiswill
notcauseanin�nite loopsinceACL2 hasheuristicsfor applyingforwardchainingrules
thatavoid this.Therefore,this seemedlike a harmlessrule to us.However, whencom-
binedwith other forward chainingrulestriggeredby (o-p (o-first-exp a)) ,
this rule gave usa signi�cant slowdown in theveri�cation of our books.In orderto �x
this,wechangedthetheoremto this.
(defthm fe-o-p

(implies (o-p a) (o-p (o-first-exp a)))
:rule-classes ((:forward-chaining

:trigger-terms ((o-first-exp a)))
(:rewrite :backchain-limit-lst (5))))

The new trigger term insuresthat (o-first-exp a) is mentionedsomewherein
thetheorembeforetherule is used.Thissigni�cantly cutsdown onthenumberof times
this rule,andtherulesthataretriggeredby it, areused.We alsotaggedthis theoremto
be usedasasrewrite rule, but only if the hypothesiscanbe proved in 5 or lesssteps.
Pro�ling is a crucialpartof engineeringaneffective library of theorems.We therefore
carefullypro�led our library, andtheresultwasanorderof magnitudeimprovementin
performance.

6 Using the NewOrdinals : Two CaseStudies

In this sectionwe provide two casestudiesillustratingtheuseof our ordinal library in
ACL2. The�rst demonstrateshow existing librariesmakingsigni�cant useof theordi-
nalsin theold representationcaneasilybealteredto useour new representation.The
secondcasestudyillustrateshow otherusershaveusedourordinalarithmeticlibrary to
mechanicallyprove complex terminationarguments.

6.1 LegacyBooks:Multiset CaseStudy

ACL2's multisetorderinglibrary [20] makessigni�cant useof theordinals.A multiset
is a set in which items can appearmore than once.For example,f 1; 3; 2; 2; 4g is a
multisetover thenaturalnumberswhichcontainstwo 2's.Givenaset,A, with anorder
< , themultisetorder, < mul , of multisetsover A is de�ned asfollows.N < mul M iff



Fig. 2 OriginalMultisetResults

(encapsulate ((mp (x) booleanp)
(rel (x y) booleanp)
(fn (x) e0-ordinalp))

...

(defthm rel-well-founded-relation-on-mp
(and (implies (mp x) (e0-ordinalp (fn x)))

(implies (and (mp x) (mp y) (rel x y))
(e0-ord-< (fn x) (fn y))))

:rule-classes :well-founded-relation))

...

(defthm multiset-extension-of-rel-well-founded
(and (implies (mp-true-listp x)

(e0-ordinalp (map-fn-e0-ord x)))
(implies (and (mp-true-listp x)

(mp-true-listp y)
(mul-rel x y))

(e0-ord-< (map-fn-e0-ord x)
(map-fn-e0-ord y))))

:rule-classes :well-founded-relation)

thereexist multisetsX andY (over A), suchthat ; 6= X � M , N = (M � X ) [ Y ,
and8y 2 Y , 9x 2 X suchthaty < A x. If we restrictourselvesto �nite sets,thenif
< A is well-founded,it canbe shown that so is < mul . The multisetlibrary providesa
macrocalleddefmul which,givenawell-foundedrelationoverasetandarecognizer
for thatset,automaticallygeneratesthecorrespondingmultisetrelationandprovesit to
bewell-founded.

The defmul macrodependson resultsproved in anotherbook, calledmulti-
set , whichprovidesusefullemmasaboutmultisets,andusesACL2'sencapsulate
featureto prove in generalthata multisetextensionof a well-foundedrelationis well-
founded(SeeFigure2). Theencapsulatedcodehidesthedetailsof thefunctionsfrom
the rest of the book. All that is known outsidethe encapsulateis that mp and rel
return booleanvalues,fn returnsan ordinal in the old representation,and rel has
beenprovedto bewell-foundedon thesetrecognizedby mpusingtheembeddingfn .
Following this encapsulate,therearea numberof lemmasaboutthesefunctionsbased
only on that information,which culminatein theproof of thewell-foundednessof the
multisetextensionof rel .

Therearetwo problemsin certifying thisbookusingthenew versionof ACL2. The
�rst is that the original theoremdeclaringthe well-foundednessof rel is no longer
a proof of well-foundedness.The embedding,fn must return an ordinal in the new
representationin anorder-preservingway. Thesecondproblemis thatthe�nal theorem



aboutthe well-foundednessof the multisetextensionmustalsobe alteredto useour
new ordinals.

The solution is relatively simple,and relies on the resultsof our e0-ordinal
book.Usingourconversionfunctions,ctoa andatoc , wetransferedtheresultsof the
multisetbookto resultsaboutthenew ordinalnotation.First,wealteredtheencapsulate
sothatfn andthewell-foundednessresultwerein termsof thenew ordinals.Thissim-
ply requiredreplacinge0-ordinalp ande0-ord-< by o-p ando<, respectively.

Next, weaddedthefollowing macro.

(defmacro fn0 (x) `(ctoa (fn ,x)))

This simply convertstheordinal in thenew notationgivenby fn into thecorrespond-
ing ordinal in theold representation.The theoremsinvolving fn werechangedto use
fn0 instead.After the �nal result(which we renamedandretaggedasa rewrite rule),
we addedthe following linesof codeto convert the resultsinto a valid well-founded-
relationargumentusingthenew ordinalnotation.

(defun map-fn-op (x)
(atoc (map-fn-e0-ord x)))

(defthm multiset-extension-of-rel-well-founded
(and (implies (mp-true-listp x) (o-p (map-fn-op x)))

(implies (and (mp-true-listp x)
(mp-true-listp y)
(mul-rel x y))

(o< (map-fn-op x) (map-fn-op y))))
:rule-classes :well-founded-relation)

Finally, wechangedthedefmul macrosothatit usesthenew theoremandfunction
names.With this approach,we did not have to alter the lemmasabouttheold ordinals
in multiset . Doing so would have requiredessentiallymodifying the entirebook.
This “wrapping” methodcanbeusedto quickly andeasilyupdateold librariessothat
they canbecerti�ed usingthenew ordinals.

6.2 NewResults:Dickson's Lemma CaseStudy

Our library wasusedby Sustikto give a constructive proof of Dickson's Lemma[21].
This is akey lemmain theproofof theterminationof Buchberger's algorithmfor �nd-
ing a Gröbnerbasisof a polynomial ideal, andis thereforean importantsteptoward
thelargergoalof formalizingresultsfrom algebrain ACL2 [17]. Sustikmadeessential
useof the ordinalsandour library, ashis proof dependsheavily on the ordinalsand
couldnot have beenproved in olderversionsof ACL2 without essentiallybuilding up
a theoryof ordinalarithmeticsimilar to ourown. Our library wasableto automatically
dischargeall theproofobligationsinvolving theordinals.

Dickson'sLemmastatesthat,givenanin�nite sequenceof monomials,m0; m1; m2;
: : :, thereexistsi; j 2 N suchthati < j andm i dividesm j . Sustik'sargumentinvolves
mappinginitial segmentsof themonomialsequenceinto theordinalssuchthatif Dick-
son's lemmafails, the ordinal sequencewill be decreasing.Thus,the existenceof an



in�nite sequenceof monomialssuchthat no monomialdividesa later monomialim-
pliestheexistenceof anin�nite decreasingsequenceof ordinals,which is not possible
dueto thewell-foundednessof theordinals.

This proof reliesheavily on ordinaladditionandexponentiation.For example,sets
of monomials,which arerepresentedaslists of tuplesof naturalnumbers,aremapped
to theordinalsby thefollowing function.
(defun tuple-set->ordinal-partial-sum (k S i)

(cond ((or (not (natp k)) (not (natp i))) 0)
((zp k) 0)
((equal k 1)

(tuple-set-min-first S))
((<= (tuple-set-max-first S) i)

(o ^ (omega) (o+ (tuple-set->ordinal-partial-sum
(1- k) (tuple-set-projection S) 0)

1)))
(T (o+ (o ^ (omega)

(tuple-set->ordinal-partial-sum
(1- k) (tuple-set-filter-projection S i) 0))

(tuple-set->ordinal-partial-sum k S (1+ i))))))

Key lemmasaboutthis function thereforerequiredsophisticatedreasoningaboutthe
behavior of ordinaladditionandexponentiation.Onesuchlemmais asfollows.
(defthm map-lemma-3.2

(implies (and (tuple-setp k A) (natp k) (< 1 k) (natp i))
(o< (o ^ (omega) (tuple-set->ordinal-partial-sum

(1- k)
(tuple-set-filter-projection A i)
0))

(tuple-set->ordinal-partial-sum k A i))))

This andothersimilar theoremsrequireresultsaboutordinal arithmeticincluding the
following: (1) � < � ) 
 + � < 
 + � , (2) � � � ) � + 
 � � + 
 , (3)
� � � ^ 
 � � ) � + 
 � � + � , (4) � < � ) 
 � < 
 � , and(5) � � � ) � 
 � � 
 .

Initially, Sustikuseda preliminaryversionof our library, andhe needed26 addi-
tional theoremsaboutordinal arithmeticfor his proof. After streamliningour library,
noadditionalordinalarithmeticlemmaswererequired,andtheresultsspeci�c to Dick-
son's Lemma,suchasthoseabove,weredischargetwice asquickly. Theoverall result
wasa 70.5%speedupin the veri�cation of the Dickson's Lemmalibrary. This is an
exampleof thekind of terminationproof thatwouldbequitedif�cult to fully automate.

7 LessonsLearned

Duringthisprojectwe learnedseverallessonsthatwebelievewill beof bene�t to users
working on large projectsin ACL2 andsimilar systems.Theseincludelessonsabout
thefeaturesandshortcomingsof ACL2, aswell aslessonsabouteffectively designing
andimplementinglargeprojectsin ACL2. Here,wesharesomeof theselessons.

Oneinvaluablefeatureof ACL2 is its regressionsuite.Thislargecollectionof books
includesthe formalizationof many mathematicaltheoriesandindustrialcasestudies,



makingit a valuabletestbedfor new features.Runningthe regressionsuiteon our al-
teredversionof ACL2 stressedour library andhelpedus maximizeits ef�ciency and
effectiveness.Along theway we learnedtwo valuablelessons.The�rst is that it is im-
portantto haveageneralwayof integratingresultsinto theregressionsuite.In ourcase,
we usedtheordinal isomorphismresults,aswe illustratein Section6.1, to transferre-
sultsabouttheold ordinalsto thenew ordinals;thissavedusfrom having to understand
thedetailsof existing books.Thesecondlessonwe learnedis that theregressionsuite
canrevealpatternsin theuseof ACL2 thatcaninspirenew improvements.For exam-
ple, we did not originally plan on integratingour resultsaboutnatp andposp with
thearithmeticmodule.However, whenworkingwith theregressionsuite,wefoundthat
many librariescontainedfunctionssimilar to natp andposp , andthispromptedusto
createaseparatebookthatweaddedto thearithmeticmodule.

Another featureof ACL2 is its extensive documentation[12]. It describeseach
ACL2 featureandfunctionin detail,andanimportantpartof integratingourwork into
ACL2 wasupdatingthe documentation.This includeddescribingour functions,but,
moreimportantly, it requiredus to reasonat the meta-level, providing a hand-written
proof of the well-foundednessof our ordinal notation(which doesnot appealto the
ordinals),in orderto demonstratethesoundnessof our new additionsto ACL2. Thus,
updatingthedocumentationis importantbothfor keepingusersup-to-datewith thecur-
rentfeaturesof ACL2 andfor arguingatameta-level aboutthesoundnessof theACL2
logic.

As we mentionedearlier, pro�ling wasa crucial stepin makingour library more
ef�cient. Whatwe foundis thatthis is actuallyvery dif�cult to do in ACL2. Thereis a
mechanismcalledaccumulated-persistance thatallows theuserto gaugethe
performanceof eachindividual rule.However, many performanceproblemscomefrom
theinteractionamongtherules,not from eachrule's individual performance.We think
that ACL2 userswould bene�t from a mechanismfor analyzingthis interaction.For
example,onecanimaginehaving a mechanismfor reportingtheamountof time spent
on rulesof eachclass(e.g., forwardchainingrulesversusrewrite rules).Sincerulesof
oneclassoftentriggerotherrulesof thesameclass,this couldprove to beuseful.

Anothershortcomingof theACL2 systemis thenamingscheme,which it hasbor-
rowedfrom Lisp. Namespacecollisionscanbeavoidedin ACL2 by creatingnew pack-
ages.For example,we could have createda packagecalledORD, andde�ned all our
functionsin thatpackage(e.g., ORD::o< ). In fact,this would have beenusefulfor us,
sincewe found functionscalledop (the original nameof our predicatefunction) and
natp in several libraries in the regressionsuite.However, referring to one package
from anotherinvolveseitherpre�xing symbolswith packagenamesor importingsym-
bols into the currentpackage(thuscausingnamespaceissuesagain). It usually takes
several iterationsto determinewhich symbolsa packageshouldimport, but theACL2
implementationrequiresrestartingACL2 for every suchchange.In theend,we found
it easierto renameour predicatefunction to o-p andto renameor deletethe natp
functionsfoundin otherbooks.ACL2 userswouldbene�t from abettermechanismfor
dealingwith namespaceissues.

Our useof algebraicspeci�cationsto deal with make-ord , o-first-expt ,
o-first-coeff , and o-rst spedup our books,but it took several iterationsto



discover whereabstractionshouldbeused.We found thatalgebraicspeci�cationsare
often moretroublethanthey areworth. Whenin doubt,we recommendstartingwith
little or noabstraction,andaddingmorebasedonhow functionsarebeingusedin proof
attempts.If thetheoremprover seemsto bestrugglingwith theunderlyingrepresenta-
tion, thenperhapsabstractioncanhelp.

Finally, we learnedthevalueof recordinglessonslearnedwhile working on a big
projectin ACL2. Wehave noticedthroughpastexperiencethatusers(includingus)of-
tenmake thesamemistakesrepeatedly. They have to rediscover waysto improve their
librariesor avoid pitfalls. Having a recordof thesetips, tricks, andlessonscanpoten-
tially bea valuabletime-saver whenworking on new projects.They arealsovaluable
for �nding dif�culties with ACL2 suchasthe oneswe presentedhere,which canbe
usedto improve the theorem-proving systemand may provide insight that will help
developersof othertheoremproving systemsaswell.

8 RelatedWork

Therehasbeena signi�cant amountof work dealingwith theproblemof termination
in recentyears.Much of it hasfocusedon the terminationof term rewriting systems
(TRSs).Currenttechniquesfor proving the terminationof TRSscanbe found in [2].
Onesuchmethodis the interpretationmethod, which involvesmappingtermsinto a
well-foundedsetandshowing that the left-hand-sideof rewrite rulesmapto a bigger
value than the correspondingright-hand-sidefor all rules.Another methodinvolves
simpli�cation orders which areordersover termssuchthat termsarealwaysgreater
thantheir subterms.This often involvesextendinga well-foundedorderon thesigna-
ture of the TRS to apply to all terms.Popularsimpli�cation ordersinclude the lexi-
cographicpathorderingandKnuth-Bendixorderings. Onemethodfor proving termi-
nationof TRSsusingsimpli�cation ordersis calledthe dependencypair method[1].
Recentwork focusingonautomatingthismethodhasmetwith somesuccess[8]. These
methods,while usefulin thecontext of theoremproving andoptimizationin compilers,
aredesignedfor TRSsratherthanprogramminglanguagesusedin practice.They there-
forehavenotbeenshown to scaleto thecomplexitiesof actualprogramminglanguages.

Anotherapproachto terminationis thesize-changeprincipal[14]. This methodin-
volvesusingawell-orderon functionparameters,analyzingrecursivecallsto labelany
clearlydecreasingparameters.All possiblein�nite sequencesof functioncallsarethen
checkedto besurethat therearein�nite decreasesandonly �nitely many possiblein-
creasesin thevaluesof argumentsto recursive functioncalls.This is similar but much
lesssophisticatedthanACL2's terminationreasoning.For example,thereis noexplicit
descriptiononhow to determineif a functionparameter“decreases.” Theexamplesare
basedon a simple toy language,and the analysisof argumentsof the form (f x) ,
wheref is a user-de�ned function, is not considered.Only primitive operationsare
dealtwith. Theconditionsunderwhich recursive callsaremadearenot taken into ac-
count,e.g., if arecursivecall is madein theelsebranchof anif statement,weknow that
thetestof theif statementis falseat thatpoint.This informationis oftennecessaryfor
establishingtermination.



Therearemany othermethodsthatcanpotentiallybeextendedto dealwith full pro-
gramminglanguages.PodelskiandRybalchenko give a completemethodfor proving
terminationof non-nestedloopswith linear rankingfunctions[19]. Dams,Gerth,and
Grumberg give a heuristicfor automaticallygeneratingranking functions[7]. Colón
andSipmagive two algorithmsfor proving termination,onewhich synthesizeslinear
rankingfunctions,but is limited to programswith few variables,andonewhich is more
heuristicin natureandconvergesfasteron theinvariantsit candiscover [6,5].

What is novel aboutour approachis that we focuson extendabilityandgeneral-
ity. The resultis a systeminto which new heuristicsandtechniques(suchastheones
citedabove)canbeincorporatedin orderto improveautomation.However, whenthese
techniquesfail (asthey eventuallymust,sinceterminationis undecidable),theusercan
interactwith thetheoremprover to �nd aproof.

9 Conclusionsand Futur eWork

We have developeda generalframework basedon the ordinalsfor proving program
termination,whichhasbeenincorporatedinto ACL2 v2.8.Theresultingsystemallows
us to prove terminationin a generalcontext for arbitrary programsand in a highly
automatedfashion,aswe demonstratedwith thecasestudyof Dickson's Lemma.For
future work, we plan to adddecisionproceduresandheuristicsto our framework to
furtherautomateACL2'sability to reasonabouttermination.Wealsoplanto useACL2
asa back-endreasoningengine,combinedwith a front-endsystemcontainingstatic
analysistechniquesin order to reasonabout the terminationof programswritten in
imperative languagessuchasC andJava.
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