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Abstract. Terminationposesoneof the main challengesor mechanicallyeri-
fying in nite statesystemsin this paperwe develop a powverful andextensible
framevork basedon the ordinalsfor reasoningaboutterminationin a general
purposeprogramminganguageWe have incorporatedur work into the ACL2
theoremproving system,therebygreatly extendingits ability to automatically
reasonabouttermination.The resultingtechnologyhasbeenadoptedinto the
newly released\CL2 version2.8.We discusshe creationof this technologyand
presentwo casestudiesllustratingits effectiveness.

1 Intr oduction

Terminationargumentsplay a critical role in the designandveri cation of computing
systemsWe are interestedin providing supportfor reasoningaboutthe termination
of arbitrary programswritten in actualprogramminglanguagesTo that end, we de-
velop a powerful and extensibleframenork —basedon our previous work on ordinal
arithmetic[15, 16]— for reasoningaboutterminationin the ACL2 theoremproving
system[11,12].

Our choiceof ACL2 for this projectwasbasedn two criteria. Sinceterminationis
unsohable ,we wanteda systemwith theorenproving supporiandin whichtermination
playsakey role. ACL2 meetsboth of thesecriteria. It is a powerful theoremproving
systemwhich hasbeenappliedto several large-scalé@ndustrial projectsby companies
suchasAMD, IBM, Motorola, Rockwell Collins, and Union Switch and Signal. Ter
minationis a centerpieceof reasoningn ACL2, asall functionsadmittedusing the
de nitional principalmustbeprovedto terminatebeforeACL2 will admitthem.Thisis
accomplishedby providing a measurdunctionthat mapsthe function parameterinto
theordinalsandshawving thatrecursve callsdecreasaccordingto the measure.

In previouswork we developedandveri ed algorithmsfor ordinalarithmetic.In this
paper we discusshow we integratedthis work with ACL2 version2.8[12] to createa
powerful, extensible generafframenork for reasoningabouttermination.lt is extensi-
blein thatnew techniguesandtheoremganbeaddedo ACL2 to enhancats ability to
automaticallyreasoraboutterminationge.g., we provedthewell-foundednessf thelex-
icographicorderingover lists of naturalnumberswhich enablesACL2 to usemeasure
functionsthatinsteadof mappinginto the ordinals,mapinto lists of naturalnumbers.



The generalityof our approachis a byproductof our focus on providing supportfor
proving arbitraryterminationargumentsnot on automaticallyproving terminationfor
adecidabldragmentof theterminationproblem.As anexampleof this generality our
work hasbeenusedto prove Dickson's Lemma[21], which playsacrucialrolein prov-
ing theterminationof Buchbeger's algorithmfor nding Grobnerbasef polynomial
ideals(seeSection6.2).

Ourwork canalsobeusedto reasoraboutreactivesystemsnonterminatingystems
that participatein ongoinginteractionswith their ervironments(e.g., networking pro-
tocolsandoperatingsystems)In this context, terminationargumentsareusedto prove
livenesgropertieswhich asserthata desiredoehaior of the systemis not postponed
forever. For example,imaginea complicatedbus protocoloperatingon a systemwith
a dynamictopology Supposehis protocol partitionslong message@to pacletsthat
are sentaccordingto a priority-basedschemeThe propertystatingthat the protocol
will never resultin deadlockor livelock s a livenessproperty which is proved with
terminationarguments.

While the currentliteratureon terminationis vast,mostof the relatedwork is fo-
cusedonvariousrestrictednstance®f theterminationproblem.For example muchof
the currentresearclhon terminationis aimedat providing terminationproofsfor Term
Rewriting SystemgTRSs)[2, 1,8]. Most of the remainingresearchs focusedon de-
veloping algorithmsand heuristicsfor the automaticgenerationof appropriatewell-
foundedmeasurdunctions[14,19,7,6,5]. Sinceterminationis an undecidablerob-
lem, this researctiocuseon solvingdecidabléragmentsandis generallypresentedn
termsof toy languageshatlack thefull functionality of programmindanguagesised
in practice.The work we presenthere,on the otherhand,focuseson automatingthe
procesof verifying terminationargumentsandnot on guessingneasurdunctions.

In section® and3, we give anoverview of ACL2 andtheordinals.In Sectiord we
briey review our previous work on developingef cient algorithmsfor ordinal arith-
metic.In Sections, we presenthechangesve madeto ACL2 in integratingourordinal
arithmeticwork. Section containgwo casestudiesllustratingtheuseof our new tech-
nology In Section7, we discusssomelessonawve learnedn the courseof this project.
Finally, we cover therelatedwork in moredetailandconcludein Sections8 and9.

2 ACL2 Overview

ACL2 standdor “A Computational ogic for Applicative CommonLisp.” It comprises
aprogrammindanguagea rst-order mathematicalogic basednrecursve functions,
anda mechanicatheoremprover for thatlogic.

The programminganguagecanbestbe thoughtof asan applicative (“side-efect-
free” or “pure functional”) subsetof CommonLisp. We assumebasicknowledge of
CommonLisp syntax.Becauset is aprogramminganguageACL?2 is executableand
executioncanreachspeedsomparabléo programsarittenin C [22].

Thelogic of ACL2 is a rst-order predicatecalculuswith equality recursve func-
tion de nitions, and mathematicalnduction. The primitive built-in functionsare ax-
iomatized.For example,oneaxiomis (car (cons x y)) = x andanotheris x
6 nil ) (f x y z) = y.After axiomatizingthe basicdatatypes,arepresenta-



tion of the ordinalsupto "¢ is introducedalongwith anorderingrelation,“lessthan’
de ned recursvely on this de nition. This formsthe basisfor the principle of mathe-
maticalinductionin ACL2. To prove a conjectureby inductiononemustidentify some
ordinal-valuedmeasurefunction. The induction principle then allows oneto assume
inductive instance®f the conjecturebeingproved, providedtheinstancehasa smaller
measureccordingto thechosermeasurdunction.

The ACL2 theoremprover is an exampleof the so-calledBoyer-Moore schoolof
inductive theoremproving [3, 4]. It is anintegratedsystemof ad hoc proof techniques
thatincludesimpli cation, generalizationinductionandmary othertechniquesSim-
pli cation is, however, thekey techniqueandincludesthe useof evaluation,conditional
rewrite rules,de nitions (includingrecursve de nitions), propositionalkcalculus,alin-
eararithmeticdecisionprocedurefor the rationals,userde ned equivalenceand con-
gruencerelations,userde ned andmechanicallyeri ed simpli ers, a userextensible
type system forward chaining,an interactie loop for enteringproof commandsand
variousmeando controlandmonitorthesdeaturesSeethe ACL2 onlineusers manual
for thefull details[12].

ACL2 hasbeenappliedto a wide rangeof commerciallyinterestingveri cation
problems We recommendrisiting the ACL2 homepage[12] andinspectingthe links
on Tours,Demo,BooksandPapersandfor the mostcurrentwork, The Workshopsand
RelatedMeetings.Seeespecially{10].

3 Ordinal Overview

Ordinalscanmosteasilybethoughtof asatrans nite extensionof the naturalnumbers
(0,1,2,...). The rst in nite ordinalis! , whichis theleastordinalthatis greatertthan
all thenaturalnumbersThenext ordinalis! + 1, then! + 2, andsoonuntil we reach
I +!  whichisdenoted 2.Wecancontinuethisprocessoget! 2+ 1,! 2+2,...,
I 2+1 =1 3, andsoon.Eventuallywegetto! ! ,whichisdenoted 2. Likewise,

we cankeepon countingto ! 3 and! 4, andsoon. Theordinal! ! is denoted' o and
is the ordinalon which terminationreasoningn ACL2 is based.

Not surprisingly settheoristsde ne the ordinalsin termsof sets.Eachordinal is
simplythesetof all ordinalslessthanitself. Thus,the ordinaldenotedasO is theempty
set,; . Theordinal correspondingo 1 is the setcontaining0, f0g = f;g . The ordinal
denotedby 2isf0; 1g = f; ;f,gg . Theothernaturalnumbersarede ned similarly. The
ordinal! isjustthesetof all naturalnumbersf 0; 1; 2; : : :g. Notethatthisimpliesthat
the“elementof operator”,2, thepropersubsebperator , andthe“lessthan”operatoy
<, areall equvalentontheordinals.

For the purposesof termination,the mostinterestingpropertyof ordinalsis that
they arewell-founded Thatis, thereis noin nite sequenc®f ordinals,( 1; 2;:::),
suchthat ; > 41 foralli > 0. Thus,for ary ordinal , thepairh ;<i is whatis
known asawell-foundedstructuee. In fact, it is a well-ordered structuie, which means

is well-foundedunder< andfor ary ordinals ; 2 ,either < , < ,or

Proving terminationmeansshawving that a programhasno in nite computations.
Thisis generallydoneby assigninga valueto eachprogramstateandshowing thatthis



valuedecreasewith eachstepof theprogramlIf thesevaluesrangeoverawell-founded
structure then by de nition, the valuescannotdecreasén nitely , which provesthat
the programterminatesAny well-foundedstructurecanbe extendedto a well-ordered
structureby makingtherelationtotal while preservingvell-foundednessThetermina-
tion agumentbasedntheoriginalwell-foundedstructurghendirectly transfergo this

well-orderedextension A basicresultof settheoryis thatary well-orderedstructureis

orderisomorphicto auniqueordinal.In this senseoprdinalsarethe mostgeneraketting
for terminationargumentsThis is why Turing saysthatfor proving termination,it is

naturalto give anordinalnumber”[18].

3.1 Ordinal Arithmetic

Givena well-orderedstructure hA; < o i, we denotethe uniqueordinalthatis isomor
phicto this structureasOrd(A; < ).

Ordinal additionis de ned as follows. Given two ordinals, and , + =
Ord(A; <a), whereA = (fOg ) [ (flg ), and< a is the lexicographicor-
deringon A. Thus addition correspondgo startingwith the elementsof andthen
tackingon the elementof

Ordinalmultiplicationis de ned asfollows. Giventwo ordinals, and |, =
Ord(A; <a),whereA = and< p isthestandardexicographiocordering.In other
words,we create copiesof

Ordinalexponentiatioris de ned bg trans nite recursionGivenanordinal, 6 0O,

0=1 *= ,and =~ _ . Forthecasewhere = 0, we have

0° = 1,and0 = Ofor all ordinals 6 O.
Although the nite ordinalscorrespondo the naturalnumbersand thereforeen-
joy all the algebraicpropertieswe expect,thein nite ordinalsbehae differently. For

example, addition and multiplication are not commutatve: 2+ ! = | < | + 2
and2 ! =1 < | 2 Also, multiplication only distributesfrom the left. Thatis,
(+ )=( )+ ( ), butitisnotthecasethat( + ) = ( )+ ( ).

This makesreasoningaboutordinal arithmeticmoreinteresting.

4 Algorithms for Ordinal Arithmetic

In previous work we developedalgorithmsfor ordinal arithmeticbasedon a notation
for the ordinalsup to "o. We developedef cient algorithmson succinctnotationsthat
arenow usedby ACL2 to reasoraboutordinalexpressionsn theground(variable-free)
caseWe presenterea brief overview of thiswork.

4.1 Ordinal Notations

Thebasisfor theordinalnotationusedin ACL2, for versionsprior to version2.8,is the
following variantof Cantors NormalForm Theorem.

Theorem1. For everyordinal 2 ", there are unique ; 2 hn>0
sudhthat > ;and =1 *+ +1 0 +p.



Table 1 Ordinal Arithmetic Complity Results

Function Complexity

(ocmp a b) O(min (# a; # b))

(o-p a b) O(# a(log # a))

(o+ a b) O(min (# a;jaj #( o-first-expt b)))

(o- a b) O(min (# a; # b))

(o* a b) O(j(o-first-expt a)jjbj + #( o-first-expt a) + #b)

(on a b) O((natpart  b)[jajjbj + j(o-first-expt a)jjaj + # a]
+#( o-first-expt (o-first-expt a))jbj + #b)

With this notation,the ACL2 representationf the ordinal 2 "¢, with normalform
I 1+ + ! n+p,is:

ACL2( )= (ACL2( 1) ACL2( 5) ::: ACL2( 1) :p)

Forexample,! + 2is(1 . 2) inACL2and! ' +!' +12+3is((1 . 0) (1
0) 2 . 3)inACL2.

Thebasisfor ourordinalnotationwhichis usedn thenawly released\CL2 version
2.8, is basedon the following variantof Cantors Normal Form Theorem.Theideais
to collecttermswith the sameexponentusingthe left distributive propertyof ordinal
multiplicationover addition.

Theorem 2. (CantorNormal Form) For everyordinal 2 ", there are uniquen; p 2
1y 1> > > 0,andxy;:::;X, 2 ! nfOgsudhthat > ;and =1 1x;+
+!1 "Xy, +p.

With thisnotation the ACL2 representationf theordinal , with normalform! 1x;+
+ 1 72X, + p,is:

CNF( )= ((CNF( 1):x1)(CNF( 2):x2) ::: (CNF( n) :Xn):p

The differencebetweerthe notationsis conceptuallytrivial, but importantbecausehe
notationbasedon Theorem?2 is exponentiallymore succinctthan the one basedon
Theoreml, wherethe sizeof an ordinal undera given representatiorfis the number
of bits neededo denotethe ordinalin thatrepresentationlo seethis, consider  k:

it requiresO(Kk) bits with the representatioin Theoreml1 andO(logk) bits with the
representatiom Theorem?.

4.2 Algorithms for Arithmetic

Despitethe fact that ordinalshave beenstudiedfor over 100 years,and that ordinal
notationsplay a critical role in several elds of mathematicsywe couldnot nd acom-
plete setof algorithmsfor the standardarithmeticoperatorson ordinal notations.We
thereforede ned ef cient algorithmsfor ordinal ordering (<), addition, subtraction,
multiplication,andexponentiatiorfor our ordinalnotation.Analysisof the correctness



Fig. 1 BasicOrdinal Functions

(defun  natp  (x) (defun  o-first-expt )
(and (integerp X) (if  (o-finp X)
(<= 0 X)) 0
(caar X))
(defun  posp (x) _
(and (integerp X) (defun o-ﬁrst—coeﬁ (x)
(< 0 X)) (if  (o-finp X)
X
(defun  o-finp  (x) (cdar X))
(atom X)) (defun o-rst (x) (cdr X))
(defmacro  o-infp () (defun make-ord (fe fco rst)
‘(not  (o-finp X)) (cons (cons fe fco) rst)

andcompleity of thesealgorithmscanbefoundin [15], andthe compleity resultsare
summarizedn Tablel. Compleity is givenin termsof thelength(denoted j) andsize
(denoted# ) of the agumentsThelengthof anordinalis the lengthof its list repre-
sentationandthesizeis 1 for naturalnumbersandthe sumof the sizesof theordinal's
exponentsfor in nite ordinals.The compleity of o” is givenin termsof natpart
whichreturnsthe naturalnumberatthe endof thelist representatioof anordinal.
Herewe presentthe ordinal addition algorithm as an example.The basicordinal
functionsonwhich our arithmeticalgorithmsarebasecdaregivenin Figurel. Notethat
natp andposp arerecognizergor naturalnumbersandpositive integers,respectiely.
Thefunctionfinp andmacroinfp recognizevhetheror notanordinalis nite. Note
that(make-ord a b c) constructsanordinalin our representatiomherea is the
rst exponentp is the rst coefcient, andc is therestof theordinal:((a . b)
¢) . Thefunctionso-first-expt , o-first-coeff , ando-rst deconstrucan
ordinal,returningthe rst exponent,rst coefcient, andrestof anordinal,respectiely.
Giventhesede nitions, binaryadditionof two ordinalsin our notationis de ned as
follows:
(defun  ob+ (x V)
(let* ((fe-x (o-first-expt X)) (fco-x  (o-first-coeff X))
(fe-y  (o-first-expt y)) (fco-y  (o-first-coeff y)
(cmp-fe  (ocmp fe-x fe-y)))
(cond
((and  (o-finp X) (o-finp y) (+ Xxy)
((or  (o-finp x) (eq cmp-fe 'It)) y)
((eqg cmp-fe 'gt) (make-ord fe-x fco-x (ob+ (o-rst X)) vy)))
(t (make-ord fe-y (+ fco-x fco-y) (o-rst y))))
where(ocmp a b) isafunctionthatreturnslt , gt , or eq if a is lessthan,greater
than,or equalto b, respectiely.
The correctnessf this algorithmreliesheavily onthe propertiesof so-calledaddi-
tive principal ordinals which areordinalsof theform! where isanordinalgreater
thanO0. Therearetwo propertieof theseordinalsthatconcernus. The rst is thatthey



areclosedunderaddition.Thatis, < ! and < ! impliesthat + <!
The secondis the additive principal property which statesthat < ! impliesthat

+ ! =1 | Herewegive sereralexampledo illustrateordinaladdition.Multiplica-
tion andexponentiatioraremuchmorecomple.

The rst is(! 5+ 8)+ (! 23+ | 7+ 1). By associatiity andthe closureof additive
principalordinalswehave (! 5+ 8)+ (1 23+ 1 7+ 1) = |5+ (8+!23)+ 17+ 1 =
(!5+123)+ 17+ 1 = 123+ | 7+ 1 Thiscorrespondso the secondcaseof our
algorithm.For the secondexample,consider(! 2+ ! 5+ 8)+ (! 23+ ! 7+ 1). Thisis
equalto! 2+ (! 23+ | 7+ 1) by ourlastexample.By theleft distributive propertyof
multiplication, thisis equalto ! 24+ ! 7+ 1, which correspondso thelastcaseof our
algorithm.Finally, consider(! 3+ ! 2+ 1 5+ 8)+ (! 23+ | 7+ 1). By ourlastexample,
thisisequalto! 2+ ! 24+ | 7+ 1, whichis alreadyin normalform. This corresponds
to thethird caseof our algorithm.

5 Changesto ACL2

In this section,we discusshow we integratedour new ordinal arithmeticresultswith

ACL2 to make a powerful, extensible,generaltool for reasoningaboutprogramter

mination. We partition this discussioninto two sections.In Section5.1, we give an
overview of the interfacechangs the changeghat usersof ACL2 will notice. This

includesalterationgo the core ACL2 logic andour library. In Section5.2, we discuss
the internalsof our library, including how we tunedit to maximizeits ef ciency and
effectiveness.

5.1 Interface Changes

The rst andmostfundamentathangewe madewasto the ACL2 logic itself, which

now usesour ordinal representatioms its foundationfor reasoningaboutinduction,
well-foundednessandtermination.This involved addingthe helperfunctionsin Fig-

urel, theorderingfunction, o<, theordinalrecognizeipredicatep-p , andthemacros
0<=, 0>, ando>=. Oncethenew ordinalfunctionswereaddedwe updatedheaffected
sectionof thelogic to useour ordinalnotation.We did notaddour arithmeticfunctions
tothebase'ground-zero”ACL2 theory butincludedthemin alibrary soasto maintain
the simplicity andminimality of the ground-zerdheory

The next changeto ACL2 wasto improve its ability to reasonaboutarithmetic
over the naturalnumbersand positive integersusingthe natp andposp functions.
Thiswascrucialfor our ordinalarithmeticlibrary, andin orderto betterintegratethese
resultsinto ACL2, we createdalibrary, natp-posp , basedntheseresultsandadded
it to thearithmeticmodule,a collectionof theoremsaboutarithmeticover theintegers,
rationals,andcomple rationals.Theresultis anarithmeticmodulewith bettersupport
for reasoningaboutnaturalnumbersandpositive integers.

Ourlibrary is comprisedf severalbooks les of de nitions andtheoremsHerewe
review thetop-level booksthatatypical ACL2 usermightwantto use.Theordinals
andordinals-without-arithmetic booksprovide aneasywayto accessll of
our resultsaboutordinalarithmetic.The differencebetweernthesebooksis simply that



ordinals-without-arithmetic doesnot include ACL2's arithmeticmodule,
whichis usefulfor userswho usedifferentarithmeticmodules.

Thelexicographic-ordering bookcontainsaproofof thewell-foundedness
of lists of naturalnumbersunderthelexicographicordering,allowing ACL2 to usethe
lexicographicorderon naturalsto prove termination,insteadof the ordinals.This book
is valuablefor two reasonsFirst, it is a goodtool for teachingnev ACL2 usersasthe
lexicographicorderon the naturalsis simplerto explain thanthe ordinals.This allows
new usergto morequickly andeasilystartreasoningabouttermination.Secondijt pro-
videsanexamplefor moreexperiencedusersof how to useour library to prove thatan
orderingis well-founded.

TheeO-ordinal bookis usefulfor transferingegacy resultsto the new version
of ACL2. It includesthe predicaterecognizingthe old ordinals,e0-ordinalp  , the
correspondingrderingfunction,e0-ord-< , andfunctionsfor corvertingordinalsin
this notationto andfrom ordinalsin our notation(atoc andctoa respectiely). These
functionsareprovedto be orderisomorphismsandinversesof eachother

We usedour ordinal arithmeticlibrary to certify the ACL2 regressiorsuite,which
is a collection of hundredsof booksthat formalize mathematicatonceptsn ACL2
and provide casestudiesillustrating how to modeland verify large systemssuchas
microprocessorslo dealwith booksthat explicitly mentionthe old ordinalsonly in
terminationproofs, this requiressimply using the old ordinal representationwhich,
given the isomorphismresultin the e0-ordinal book, involves one call to set-
well-founded-relation . However, somebookscontainmoresigni cant reason-
ing aboutthe old ordinalsandthereforerequirethe full power of the ordinalisomor
phismresult;anexampleappearsn Section6.1.

5.2 Internal Engineering of the Books

Creatinganef cient androbustlibrary requireda considerablemountof effort andin
this sectionwe discusssomeof theissues.

First,we con gured ACL2 to reasorabouttherepresentationf theordinalsandthe
basicoperation®nthemin analgebraidashion While ACL2 is atypelesdanguageit
is still possibleto usealgebraicspeci cationsby de ning constructoranddestructors
for theordinals,proving thatthey satisfythe appropriatgoropertiesandthendisabling
thede nitions. SinceACL2 is notableto usethede nitions of thefunctionsi,it is forced
to reasonusing only the algebraictheory We did this for the functionsmake-ord ,
o-first-expt , o-first-coeff ,ando-rst (seeFigurel).Besidegheobvious
adwantage®f algebraicspeci cations this approachis moreef cient, asotherwisethe
rewrite rulesfor manipulatingordinalsarein termsof lists (whichis how the ordinals
arerepresented)ut theserulesinteractwith ACL2's rulesfor reasoningaboutlists,
leadingto inef ciencies.

Next, we relatedthe mostef cient versionof ouralgorithmg[15] with asimplerbut
lessef cient version[16] usinga new featureof ACL2 calledmbe (“must be equal”).
This featureallows the userto give two de nitions for a single function, which must
be provedto be equivalentundersomeguard conditionsthatcharacteriz¢he intended
domainof application.Thelogic de nition is usedby ACL2 during proof attempts.
Theexec de nition is usedastheexecutablesersionof thefunction,whenthefunction



is appliedto theintendeddomain.This allows usto executeusingef cient de nitions,
but to reasorusingsimplet cleanerde nitions. We usedmbefor ordinalmultiplication
andexponentiation.

Finally, we pro led the books.We usedproof analysistools provided by ACL2 to

nd sourceof inefciency in proof attempts.Theoremsroved by the usercausethe
ACL2 systento behae differentlydependingon how they aretagged.Thus,asonecan
imagine,alarge collectionof theoremssuchasthosein the ordinallibrary caninteract
in very subtleandcomple ways. This makes nding sourcesf inefciency dif cult.
For example,we originally hadthefollowing rule.

(defthm  fe-o-p

(implies (o-p a) (o-p (o-first-exp a)))
‘rule-classes ((:forward-chaining)))
Oncethis rule is admitted ACL2 will add(o-p  (o-first-exp a)) tothecon-

text, thesetof thingsit knows,when(op a) appearsn thecontext. Notethatthis will
notcauseanin nite loopsinceACL2 hasheuristicsfor applyingforwardchainingrules
thatavoid this. Therefore this seemedik e a harmlesgule to us. However, whencom-
binedwith otherforward chainingrulestriggeredby (o-p  (o-first-exp a)) ,
thisrule gave usasigni cant slowdown in theveri cation of our books.In orderto x
this, we changedhetheoremto this.

(defthm  fe-o-p

(implies (o-p a) (o-p (o-first-exp a)))
:rule-classes ((:forward-chaining
‘trigger-terms ((o-first-exp a)))
(:rewrite :backchain-limit-Ist 5)
The new trigger term insuresthat (o-first-exp a) is mentionedsomevherein

thetheorenbeforetheruleis used.Thissigni cantly cutsdown onthenumberof times
thisrule, andtherulesthataretriggeredby it, areused We alsotaggedhis theoremto
be usedasasrewrite rule, but only if the hypothesiscanbe provedin 5 or lesssteps.
Pro ling is a crucial partof engineeringan effective library of theoremsWe therefore
carefullypro led our library, andtheresultwasanorderof magnitudeémprovementin
performance.

6 Usingthe New Ordinals : Two CaseStudies

In this sectionwe provide two casestudiesillustratingthe useof our ordinallibrary in
ACL2. The rst demonstratebBow existing librariesmakingsigni cant useof the ordi-
nalsin the old representatioganeasilybe alteredto useour new representationlThe
seconctasestudyillustrateshow otherusershave usedour ordinalarithmeticlibrary to
mechanicallyprove comple terminationarguments.

6.1 LegacyBooks: Multiset CaseStudy

ACL2's multisetorderinglibrary [20] makessigni cant useof the ordinals.A multiset
is a setin which items can appeamore than once.For example,f1;3;2;2;4g is a
multisetover the naturalnumberswvhich containgwo 2's. Givena set,A, with anorder
<, the multisetorder, <y , of multisetsover A is de ned asfollows.N <y M iff



Fig. 2 Original Multiset Results

(encapsulate ((mp (x) booleanp)
(rel  (x y) booleanp)
(fn  (x) eO0-ordinalp))

(defthm  rel-well-founded-relation-on-mp
(and (implies (mp x) (e0-ordinalp (fn X))
(implies (and (mp x) (mp y) (rel x vy))
(e0-ord-< (fn x) (V)
:rule-classes :well-founded-relation))

(defthm  multiset-extension-of-rel-well-founded

(and (implies (mp-true-listp X)
(e0-ordinalp (map-fn-e0-ord X)))
(implies (and (mp-true-listp X)
(mp-true-listp y)
(mul-rel X Y))
(e0-ord-< (map-fn-e0-ord X)
(map-fn-e0-ord )
:rule-classes :well-founded-relation)

thereexist multisetsX andY (overA), suchthat; 6 X M,N=M X)[ Y,

and8y 2 Y, 9x 2 X suchthaty <, Xx. If werestrictoursehesto nite setsthenif

< is well-founded,it canbe shavn thatsois < . The multisetlibrary providesa
macrocalleddefmul which, givenawell-foundedrelationover a setandarecognizer
for thatset,automaticallygenerateshe correspondingnultisetrelationandprovesit to

bewell-founded.

The defmul macrodependson resultsproved in anotherbook, called multi-
set , which providesusefullemmasaboutmultisetsandusesACL2's encapsulate
featureto prove in generathata multisetextensionof a well-foundedrelationis well-
founded(SeeFigure2). The encapsulatedodehidesthe detailsof the functionsfrom
the restof the book. All thatis known outsidethe encapsulatés that mp and rel
return booleanvalues,fn returnsan ordinal in the old representationandrel has
beenprovedto be well-foundedon the setrecognizedby mpusingthe embeddindgn .
Following this encapsulateherearea numberof lemmasaboutthesefunctionsbased
only on thatinformation,which culminatein the proof of the well-foundednessf the
multisetextensionof rel .

Therearetwo problemsn certifying this bookusingthenew versionof ACL2. The
rst is that the original theoremdeclaringthe well-foundednessf rel is no longer
a proof of well-foundednessThe embeddingfn mustreturnan ordinal in the new
representatiom anorderpreservingvay. Thesecondproblemis thatthe nal theorem



aboutthe well-foundednessf the multisetextensionmustalso be alteredto useour
new ordinals.

The solutionis relatively simple, and relies on the resultsof our e0-ordinal
book.Usingour conversionfunctions,ctoa andatoc , wetransferedheresultsof the
multisetbookto resultsaboutthe new ordinalnotation First, we alteredtheencapsulate
sothatfn andthewell-foundednessesultwerein termsof thenew ordinals.This sim-
ply requiredreplacinge0-ordinalp andeO-ord-< byo-p ando<, respectiely.

Next, we addedhefollowing macro.

(defmacro fn0 (x) “(ctoa (fn X))

This simply convertsthe ordinalin the new notationgivenby fn into the correspond-
ing ordinalin the old representatioriThe theoremsnvolving fn  werechangedo use
fnO instead After the nal result(which we renamedandretaggedasa rewrite rule),
we addedthe following lines of codeto corvert the resultsinto a valid well-founded-
relationargumentusingthe new ordinal notation.

(defun  map-fn-op  (X)
(atoc  (map-fn-e0-ord X)))

(defthm  multiset-extension-of-rel-well-founded

(and (implies (mp-true-listp X) (o-p (map-fn-op  x)))
(implies (and (mp-true-listp X)
(mp-true-listp y)

(mul-rel X Y))
(o< (map-fn-op  x) (map-fn-op Vy))))
:rule-classes :well-founded-relation)

Finally, we changedhedefmul macrosothatit useghenew theoremandfunction
namesWith this approachye did not have to alterthe lemmasaboutthe old ordinals
in multiset . Doing so would have requiredessentiallymodifying the entire book.
This “wrapping” methodcanbe usedto quickly andeasilyupdateold librariessothat
they canbecerti ed usingthe new ordinals.

6.2 NewResults:Dickson's Lemma CaseStudy

Our library wasusedby Sustikto give a constructve proof of Dickson's Lemma[21].
Thisis akey lemmain the proof of theterminationof Buchbeger's algorithmfor nd-
ing a Grobnerbasisof a polynomialideal, andis thereforean importantsteptoward
thelargergoal of formalizingresultsfrom algebrain ACL2 [17]. Sustikmadeessential
useof the ordinalsandour library, as his proof dependsheaily on the ordinalsand
couldnot have beenprovedin olderversionsof ACL2 without essentiallybuilding up
atheoryof ordinalarithmeticsimilar to our own. Our library wasableto automatically
dischageall the proof obligationsinvolving the ordinals.
DicksonsLemmastateghat,givenanin nite sequencef monomialsmg; mq; my;
i1, thereexistsi; j 2 N suchthati < j andm; dividesm; . Sustiks argumentinvolves
mappinginitial sgmentsof themonomialsequencénto theordinalssuchthatif Dick-
son’s lemmafails, the ordinal sequencevill be decreasingThus,the existenceof an



in nite sequencef monomialssuchthat no monomialdivides a later monomialim-
pliesthe existenceof anin nite decreasingequencef ordinals,whichis notpossible
dueto thewell-foundednessf theordinals.

This proofreliesheavily on ordinaladditionandexponentiationFor example,sets
of monomialswhich arerepresenteaslists of tuplesof naturalnumbersaremapped
to the ordinalsby thefollowing function.

(defun  tuple-set->ordinal-partial-sum k Si)
(cond ((or (not (natp Kk)) (not (natp i))) 0)

((zp k) 0)

((equal k 1)

(tuple-set-min-first S))

((<= (tuple-set-max-first S) i)

(o™ (omega) (o+ (tuple-set->ordinal-partial-sum
(1- k) (tuple-set-projection S) 0)
)

(T (o+ (0" (omega)
(tuple-set->ordinal-partial-sum
(1- k) (tuple-set-filter-projection Si) 0)
(tuple-set->ordinal-partial-sum k S (1+ )
Key lemmasaboutthis function thereforerequiredsophisticatedeasoningaboutthe
behaior of ordinaladditionandexponentiationOnesuchlemmais asfollows.

(defthm  map-lemma-3.2
(implies (and (tuple-setp k A) (natp k) (< 1 k) (natp i)
(o< (0™ (omega) (tuple-set->ordinal-partial-sum

1- K
(tuple-set-filter-projection A i)
0))
(tuple-set->ordinal-partial-sum k A)))
This andothersimilar theoremgequireresultsaboutordinal arithmeticincluding the
following: (1) < ) + < + ,(©2 ) + + , ()
n ) ot t+.,(4) < ) < ,and(d) )

Initially, Sustikuseda preliminaryversionof our library, andhe needed26 addi-
tional theoremsaboutordinal arithmeticfor his proof. After streamliningour library,
no additionalordinalarithmeticlemmaswererequired.andtheresultsspeci ¢ to Dick-
son's Lemma,suchasthoseabore, weredischage twice asquickly. The overall result
wasa 70.5%speedugn the veri cation of the Dickson's Lemmalibrary. This is an
exampleof thekind of terminationproof thatwould be quitedif cult to fully automate.

7 Lessond.earned

Duringthis projectwe learnedsererallessonghatwe believe will beof bene tto users
working on large projectsin ACL2 andsimilar systemsTheseinclude lessonsabout
the featuresandshortcomingof ACL2, aswell aslessonsabouteffectively designing
andimplementindarge projectsin ACL2. Here,we sharesomeof theselessons.
Oneinvaluablefeatureof ACL2 is its regressiorsuite.Thislargecollectionof books
includesthe formalizationof mary mathematicatheoriesandindustrial casestudies,



makingit a valuabletestbedfor new features Runningthe regressionsuite on our al-
teredversionof ACL2 stressedur library andhelpedus maximizeits ef ciency and
effectivenessAlong theway we learnedtwo valuablelessonsThe rst is thatit is im-
portantto have ageneralway of integratingresultsinto theregressiorsuite.In ourcase,
we usedthe ordinalisomorphisnresults,aswe illustratein Section6.1,to transferre-
sultsabouttheold ordinalsto thenew ordinals;this savedusfrom having to understand
the detailsof existing books.The secondessonwe learnedis thatthe regressionsuite
canreveal patternsn the useof ACL2 thatcaninspirenen improvementsFor exam-
ple, we did not originally plan on integratingour resultsaboutnatp andposp with
thearithmeticmodule However, whenworking with theregressiorsuite, we foundthat
mary librariescontainedunctionssimilarto natp andposp , andthis promptedusto
createa separatdookthatwe addedo the arithmeticmodule.

Another featureof ACL2 is its extensive documentatior[12]. It describeseach
ACL2 featureandfunctionin detail,andanimportantpartof integratingour work into
ACL2 was updatingthe documentationThis included describingour functions,but,
moreimportantly it requiredus to reasonat the meta-level, providing a hand-written
proof of the well-foundednes®f our ordinal notation(which doesnot appealto the
ordinals),in orderto demonstratéhe soundnessf our new additionsto ACL2. Thus,
updatingthedocumentatiotis importantbothfor keepingusersup-to-datewith thecur-
rentfeaturef ACL2 andfor amguingata meta-lerel aboutthe soundnessf the ACL2
logic.

As we mentionedearliet pro ling wasa crucial stepin makingour library more
efcient. Whatwe foundis thatthis is actuallyvery dif cult to doin ACL2. Thereis a
mechanisntalledaccumulated-persistance thatallows the userto gaugethe
performancef eachindividual rule. However, mary performancegroblemscomefrom
theinteractionamongtherules,not from eachrule's individual performanceWe think
that ACL2 userswould bene t from a mechanisnfor analyzingthis interaction.For
example,onecanimaginehaving a mechanisnfor reportingthe amountof time spent
onrulesof eachclass(e.g., forward chainingrulesversusrewrite rules).Sincerulesof
oneclassoftentriggerotherrulesof the sameclass this could prove to be useful.

Anothershortcomingof the ACL2 systemis the namingschemewhich it hasbor-
rowedfrom Lisp. Namespaceollisionscanbeavoidedin ACL2 by creatingnew pack-
ages.For example,we could have createda packagecalled ORD andde ned all our
functionsin thatpackagdge.g., ORD::0<). In fact,this would have beenusefulfor us,
sincewe found functionscalledop (the original nameof our predicatefunction) and
natp in several librariesin the regressionsuite. However, referringto one package
from anotherinvolveseitherpre xing symbolswith packagenamesor importingsym-
bols into the currentpackage(thus causingnamespacéssuesagain). It usuallytakes
severaliterationsto determinewhich symbolsa packageshouldimport, but the ACL2
implementatiorrequiresrestartingACL2 for every suchchangeln the end,we found
it easierto renameour predicatefunctionto o-p andto renameor deletethe natp
functionsfoundin otherbooks.ACL2 userswvould bene t from abettermechanisnior
dealingwith namespacissues.

Our use of algebraicspeci cationsto deal with make-ord , o-first-expt ,
o-first-coeff , ando-rst  spedup our books,but it took several iterationsto



discorer whereabstractiorshouldbe used.We found that algebraicspeci cationsare
often moretroublethanthey areworth. Whenin doubt,we recommendstartingwith
little or noabstractionandaddingmorebasednhow functionsarebeingusedin proof
attemptslf thetheoremprover seemso be strugglingwith the underlyingrepresenta-
tion, thenperhapsabstractiorcanhelp.

Finally, we learnedthe value of recordinglessondearnedwhile working on a big
projectin ACL2. We have noticedthroughpastexperiencethatusergincludingus) of-
tenmake the samemistalesrepeatedlyThey have to rediscawer waysto improve their
librariesor avoid pitfalls. Having a recordof thesetips, tricks, andlessonsanpoten-
tially be a valuabletime-saer whenworking on new projects.They arealsovaluable
for nding dif culties with ACL2 suchasthe oneswe presentedere,which canbe
usedto improve the theorem-preing systemand may provide insight that will help
developersof othertheoremproving systemsaswell.

8 RelatedWork

Therehasbeena signi cant amountof work dealingwith the problemof termination
in recentyears.Much of it hasfocusedon the terminationof term rewriting systems
(TRSs).Currenttechniquedor proving the terminationof TRSscanbe foundin [2].
Onesuchmethodis the interpretation method which involves mappingtermsinto a
well-foundedsetand shaving that the left-hand-sideof rewrite rulesmapto a bigger
value than the correspondingight-hand-sidefor all rules. Another methodinvolves
simpli cation orders which are ordersover termssuchthat termsare always greater
thantheir subtermsThis ofteninvolves extendinga well-foundedorderon the signa-
ture of the TRS to apply to all terms.Popularsimpli cation ordersinclude the lexi-
cographic path orderingand Knuth-Bendixorderings One methodfor proving termi-
nation of TRSsusingsimpli cation ordersis calledthe dependencyair method[1].
Recentwork focusingon automatinghis methodhasmetwith somesucces$8]. These
methodswhile usefulin the contet of theorenmproving andoptimizationin compilers,
aredesignedor TRSsratherthanprogrammindanguagesisedn practice They there-
fore have notbeenshavn to scaleto thecompleities of actualprogrammindanguages.

Anotherapproacho terminationis the size-chang@rincipal [14]. This methodin-
volvesusingawell-orderon functionparametersanalyzingrecursve callsto labelary
clearlydecreasingparametersAll possiblen nite sequencesf functioncallsarethen
checledto be surethattherearein nite decreaseandonly nitely mary possiblein-
creasedn the valuesof argumentdo recursve function calls. This is similar but much
lesssophisticatedhanACL2's terminationreasoningFor example thereis no explicit
descriptionon how to determingf afunctionparameteftdecreases.The examplesare
basedon a simple toy language andthe analysisof argumentsof the form (f  x) ,
wheref is a userde ned function, is not consideredOnly primitive operationsare
dealtwith. The conditionsunderwhich recursve callsaremadearenot takeninto ac-
count,e.g., if arecursve call is madein theelsebranchof anif statementywe know that
thetestof theif statements falseatthatpoint. This informationis oftennecessaryor
establishingermination.



Therearemary othermethodghatcanpotentiallybe extendedo dealwith full pro-
gramminglanguagesPodelskiand Rybalchenk give a completemethodfor proving
terminationof non-nestedoopswith linear ranking functions[19]. Dams,Gerth,and
Grumbeg give a heuristicfor automaticallygeneratingranking functions[7]. Colén
and Sipmagive two algorithmsfor proving termination,onewhich synthesizedinear
rankingfunctions,but s limited to programswith few variablesandonewhichis more
heuristicin natureandcorvergesfasteron theinvariantsit candiscover [6, 5].

What is novel aboutour approachis that we focus on extendability and general-
ity. Theresultis a systeminto which new heuristicsandtechniquegsuchasthe ones
citedabove) canbeincorporatedn orderto improve automationHowever, whenthese
techniquedail (asthey eventuallymust,sinceterminationis undecidable)the usercan
interactwith thetheoremproverto nd aproof.

9 Conclusionsand Futur e Work

We have developeda generalframevork basedon the ordinalsfor proving program
termination which hasbeenincorporatednto ACL2 v2.8. Theresultingsystemallows
us to prove terminationin a generalcontet for arbitrary programsandin a highly
automatedashion,aswe demonstrateavith the casestudyof Dickson's Lemma.For
future work, we plan to add decisionproceduresand heuristicsto our framework to
furtherautomateACL2's ability to reasorabouttermination We alsoplanto useACL2

as a back-endreasoningengine,combinedwith a front-endsystemcontainingstatic
analysistechniquesn orderto reasonaboutthe terminationof programswritten in

imperatie languagesuchasC andJava.
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