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Various M best algorithms

• Iterative approach

• Lawler 1972 / Nilsson 1998

• Yanover & Weiss 2004

• Dynamic programming / variable elimination

• Seroussi and Golmard 1994

• Elliott 2007 / Flerova, Dechter, and Rollon 2011

• Finding k shortest paths

• Aljazzar and Leue 2011



Problem setting

• Graphical model :  

• Goal : find the top M configurations;

 

y = {y1, y2, . . . , yk}
G = (V, E), |V| = k

y(1),y(2),y(3), . . . ,y(M)

y(L) = argmax
y∈Y

S(y) s.t.

∆(y,y(l)) ≥ kl, ∀l ∈ {1, 2, . . . , L− 1}

dissimilarity 
measure

S(y) =
�

u∈V
θu(yu) +

�

(u,v)∈E

θuv(yu, yv)
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Problems in vision often require 
exploring combinatorial space of 

configurations.

b1

a1
a2

b2

Figure 2. A single max-marginal table does not suffice for N-best

decoding. From left to right, we show top three poses which differ

by either the knee location (a1, a2) or foot location (b1, b2). Let’s

say the second pose was found by backtracking from the foot max-

marginal at location b2. The third pose will never be found by

backtracking from any entry of the original max-marginal table.

This necessitates the need for constructing constrained partitions

of the configuration space.

can construct the associated configuration Best
∗(Z) =

argmaxz∈Z S(z).
We define a marginal score of part i at location zi = j to

be the best scoring configuration given that part i lies at j:

mZ(i, j) = max
z∈Z:zi=j

S(z) (2)

Standard one-pass DP already computes marginal scores for

the root; these are scores which are thresholded (and possi-

bly non-maximum suppressed) to compute a sparse set of

detections in [7, 8]. To generate marginal scores for all

parts, one could repeat this procedure K times, letting each

part take its turn as the root. It turns out that many of the

messages across these K instances are identical, and they

can be implemented in an effcient two-pass DP algorithm

(e.g., max-marginal inference on trees).

[22] makes the observation that the highest-entry in

the max-marginal table mZ corresponds to Best(Z), while

the second-highest entry must correspond to the next-best

configuration in Z. We similarly write NextBest(Z) and

NextBest
∗(Z) for score and configuration variables of the

next-best configuration. One might think that the third-best

pose can be found by the third-highest entry in the table, but

this is not true - see Fig.2. This observation is the founda-

tion behind the iterative N-best algorithm presented in the

next section.

3. N-best decoding
We now describe the N-best algorithm of [22] which iter-

atively returns configurations ordered by score. For conve-

nience, we refer to configurations as poses. One can use this

algorithm to perform N-best maximal decoding by repeat-

edly generating poses until N non-overlapping ones are re-

turned (for any definition of overlap). As we show in Sec.6,

this “brute-force” approach is slow because most returned

poses will be overlapping. We describe an extension in the

next section which is orders of magnitude faster for decom-

posable notions of overlap.

The algorithm works by iteratively partitioning Z into

N sets, such that the best pose for each set is one of the N -

cn’
ct Zt

original Z n’ n’modified Z

Next Best
Best

Figure 3. We visualize the iterative N-best decoder of [22], de-

scribed in Sec.3. Assume we are at the begining of iteration t = 4.

We have already partitioned Z into 3 sets such that the Best pose

in each make up the best 3 poses (left). The 4th-best pose must

lie in some set Zn� (because the partitioning covers Z) and must

be equal to NextBest(Zn�) (by the definition of NextBest). Lines

1 and 2 of the algorithm find this next best pose where we write

(i�, j�, n�) for the index of the max-marginal table entry and parti-

tion index where it was found. Lines 3-5 further paritions Zn� in

two (middle) such that we now have a 4-set partitioning such that

the Best of each make up the top 4 poses (right).

best. Initialize the first set to be the entire set of configura-

tions Z1 = Z, and compute the best pose c1 = Best∗(Z1).
Iterate the following for t = 2 : N :

(i�, j�, n�) = argmaxi,j,n<t NextBest(Zn)1

ct = NextBest
∗(Zn�)2

Z � = {z : zi� = j�}3

Zt = Zn� ∩ Z �4

Zn� = Zn� \ Z �5

The final set of N-best poses is {c1, . . . , cN}. We refer the

reader to [22] for a detailed proof, but provide a visualiza-

tion and description of the algorithm in Fig.3.

4. N-best maximal decoding
We now show how one can modify the presented algo-

rithm to directly return poses that are diverse by exploit-

ing decomposable notions of overlap. We define two poses

z1, z2 ∈ Z as overlapping if each part overlaps:

ov(z1, z2) =
�

i

ovi(z
1
i , z

2
i ) (3)

where ovi is a symmetric predicate for defining overlap of

individual parts. One may define two parts as overlapping if

the area of their intersection exceeds 50% of the area of their

union - this is benchmark criteria used in PASCAL [6]. Al-

ternatively, for articulated parts, one may use the endpoint-

error criteria common in pose estimation benchmarks [9].

In pose-based action recognition, it may be important to rea-

son about poses with different end effector locations (e.g.,

hands and feet). We can do this with a part-specific overlap

relation ovi.

The following lemma states that one can find the next-

best non-overlapping pose by examining the max-marginal

table:

Lemma 4.1 Given a set of poses Z and their associated
max-marginals mZ(i, j), the score of the next-best pose that

1st pose 2nd pose 3rd pose
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A PROCEDURE FOR COMPUTING THE K BEST SOLUTIONS 
TO DISCRETE OPTIMIZATION PROBLEMS AND ITS 

APPLICATION TO THE SHORTEST PATH 
PROBLEM* 

EUGENE L. LAWLER 

University of California, Berkeley 

A general procedure is presented for computing the best, 2nd best, *--, Kth best 
solutions to a given discrete optimization problem. If the number of computational 
steps required to find an optimal solution to a problem with n(O, 1) variables is c(n), 
then the amount of computation required to obtain the K best solutions is 0 (Knc (n)). 

The procedure specializes to published procedures of Murty and of Yen for the 
assignment problem and the shortest path problem, respectively. A method is pre- 
sented for reducing the required amount of storage by a factor of n, compared with 
the algorithms of Murty and of Yen. It is shown how the K shortest (loopless) paths 
in an n-node network with positive and negative arcs can be computed with an 
amount of computation which is 0 (Kn3). This represents an improvement by a 
factor of n, compared with Yen's algorithm. 

1. Ranking of Solutions 

We seek to compute the best, second best, * * *, Kth best solutions to a given discrete 
optimization problem. This may be desired, for example, because there are some 
particularly complex or subtle sets of conditions which are too difficult to incorporate 
directly into the constraints of the problem. By putting these conditions aside, we 
may be able to compute successively less desirable solutions until the best solution 
which does satisfy the conditions is found. 

Assume, for convenience, that solutions to the optimization problem are expressed 
in terms of several (0, 1) variables, and that there exists an efficient computational 
procedure for determining optimal solutions, subject to the condition that certain of 
these variables are assigned fixed values, e.g., x1 = 0, X3 = 1. 

One type of problem which meets these requirements is the assignment problem, 
where the (0, 1) variables are of the form xij, where i, j = 1, 2, * * . , n. Mlurty [3] has 
described a procedure for computing the best, second best, * . , Kth best solutions to 
the assignment problem, which he refers to as "ranking" the solutions-a term we 
shall adopt. The basic computational procedure described here specializes to Murty's 
method. 

Another problem which satisfies the necessary requirements is that of ranking 
"loopless" paths between two designated nodes of a network (i.e., paths with no 
repeated nodes). A procedure for this problem has been proposed by Yen [5], and the 
basic computational procedure described here also specializes to Yen's method. 

2. Basic Computational Procedure 

Assume that the optimization problem is one of minimization, and that the vari- 
ables of the problem are xi , * , x, . If a feasible solution does not exist for certain 
fixed values of the variables, the value of an optimal solution is taken to be + oo. 

The following simple procedure ranks solutions from the first to the Kth, for pre- 
determined K. 

* Received November 1970; revised February 1971. 
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Idea
• Assume we are given functions,

• Split the search space in such a way that the 
next entry of M-best list is derived from 
multiple              s.Best∗(·)

Best∗(Z) : the highest-scoring config. in Z

Best(Z) = S(Best∗(Z))
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Implementing Best() function :
Max-marginal

N-best maximal decoders for part models

Dennis Park Deva Ramanan
UC Irvine

{iypark,dramanan}@ics.uci.edu

Abstract

We describe a method for generating N-best configura-

tions from part-based models, ensuring that they do not

overlap according to some user-provided definition of over-

lap. We extend previous N-best algorithms from the speech

community to incorporate non-maximal suppression cues,

such that pixel-shifted copies of a single configuration are

not returned. We use approximate algorithms that per-

form nearly identical to their exact counterparts, but are

orders of magnitude faster. Our approach outperforms

standard methods for generating multiple object configura-

tions in an image. We use our method to generate multiple

pose hypotheses for the problem of human pose estimation

from video sequences. We present quantitative results that

demonstrate that our framework significantly improves the

accuracy of a state-of-the-art pose estimation algorithm.

We address the task of generating multiple candidate ob-
ject configurations in an image or video, within the frame-
work of part-based models. Such a task is relevant if mul-
tiple instances of an object are present, or if one wishes to
resolve ambiguous candidate configurations using higher-
level knowledge (e.g., temporal context from neighboring
frames). We take inspiration from the speech community
and advocate the use of N-best algorithms for generating a
set of N high-scoring candidates.

Though N-best algorithms are popular in speech, they
have not been widely used in vision due to the fact
that second-best configurations will typically be one-pixel
shifted versions of the best. Crucially, one needs to enforce
some form of non-maximum suppression (NMS) during the
decoding process to ensure that near-identical configura-
tions will not be returned. We describe novel and efficient
appproximate N-best algorithms that return a set of putative
configurations that are

1. high-scoring, in that they score above some user-
defined threshold

2. diverse, in the sense that they do not overlap according
to a user-defined criteria.

Figure 1. In order to localize articulated objects in cluttered scenes,
one will need to reason about multiple pose hypotheses. In the
above image in the top left, we show a true pose in the top mid-
dle. We show other hypotheses that may also score highly given a
reasonable object model. We argue that the correct pose should be
extracted from higher level contextual reasoning involving nearby
objects, occlusion reasoning, etc. We describe novel dynamic pro-
gramming algorithms for part-based models that can return such
diverse, but high-scoring pose hypotheses from an image.

We demonstrate these algorithms for the problem of
tracking people in video sequences. We use a recent state-
of-the-art part model [21] to generate multiple pose hy-
potheses for each frame, and compare our approach to a
variety of baselines including standard NMS and sampling
algorithms. We then stitch candidates together to yield a fi-
nal track, demonstrating that our pose hypotheses produce
significantly more accurate tracks.

Formulation: Let us write z for a configuration of part
locations, and S(z) for its associated score. As in past
work [5, 2], we use a simple greedy algorithm for instantiat-
ing multiple configurations: Search over the exponentially-
large space of configurations z for the maximally scor-
ing configuration, instantiate it, remove all configurations
which overlap, and repeat. The process is repeated until the
score for the next-best configuration is below a threshold or

1
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We demonstrate these algorithms for the problem of
tracking people in video sequences. We use a recent state-
of-the-art part model [21] to generate multiple pose hy-
potheses for each frame, and compare our approach to a
variety of baselines including standard NMS and sampling
algorithms. We then stitch candidates together to yield a fi-
nal track, demonstrating that our pose hypotheses produce
significantly more accurate tracks.

Formulation: Let us write z for a configuration of part
locations, and S(z) for its associated score. As in past
work [5, 2], we use a simple greedy algorithm for instantiat-
ing multiple configurations: Search over the exponentially-
large space of configurations z for the maximally scor-
ing configuration, instantiate it, remove all configurations
which overlap, and repeat. The process is repeated until the
score for the next-best configuration is below a threshold or

1

MM(i, j) = max
yi=j

S(y)
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gramming algorithms for part-based models that can return such
diverse, but high-scoring pose hypotheses from an image.

We demonstrate these algorithms for the problem of
tracking people in video sequences. We use a recent state-
of-the-art part model [21] to generate multiple pose hy-
potheses for each frame, and compare our approach to a
variety of baselines including standard NMS and sampling
algorithms. We then stitch candidates together to yield a fi-
nal track, demonstrating that our pose hypotheses produce
significantly more accurate tracks.

Formulation: Let us write z for a configuration of part
locations, and S(z) for its associated score. As in past
work [5, 2], we use a simple greedy algorithm for instantiat-
ing multiple configurations: Search over the exponentially-
large space of configurations z for the maximally scor-
ing configuration, instantiate it, remove all configurations
which overlap, and repeat. The process is repeated until the
score for the next-best configuration is below a threshold or

1

MM(i, j) = max
yi=j

S(y)

• Tree : exact 
solution using 
BP with max-
product.

• Loopy graph :  
Loopy BP with 
max-product



Different perspectives

• Iteratively Generating subproblems

• Graph search problem

• Extending A* search to M-best algorithm
[Dechter et. al. 2012]



Graph Search problem
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Finding the (single) least-cost path from start to goal.



M-best 
as Graph Search problem

a4 b4 c4

a1

a2

a3

b1

b2

b3

c1

c2

c3

d1
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d3

d4

start node
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Finding the M least-cost paths from start to goal.



Extending A* search : m-A*

a4 b4 c4

a1

a2

a3

b1

b2

b3

c1

c2

c3

d1

d2

d3

d4

• Idea : Perform A* search, but do not stop after 
finding the single best.

path cost

[Dechter et. al. 2012]

heuristic



Question?
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Abstract

Loopy belief propagation (BP) has been successfully used in a num-
ber of di!cult graphical models to find the most probable configu-
ration of the hidden variables. In applications ranging from protein
folding to image analysis one would like to find not just the best
configuration but rather the top M . While this problem has been
solved using the junction tree formalism, in many real world prob-
lems the clique size in the junction tree is prohibitively large. In
this work we address the problem of finding the M best configura-
tions when exact inference is impossible.
We start by developing a new exact inference algorithm for calculat-
ing the best configurations that uses only max-marginals. For ap-
proximate inference, we replace the max-marginals with the beliefs
calculated using max-product BP and generalized BP. We show em-
pirically that the algorithm can accurately and rapidly approximate
the M best configurations in graphs with hundreds of variables.

1 Introduction

Considerable progress has been made in the field of approximate inference using
techniques such as variational methods [7], Monte-Carlo methods [5], mini-bucket
elimination [4] and belief propagation (BP) [6]. These techniques allow approximate
solutions to various inference tasks in graphical models where building a junction
tree is infeasible due to the exponentially large clique size. The inference tasks that
have been considered include calculating marginal probabilities, finding the most
likely configuration, and evaluating or bounding the log likelihood.

In this paper we consider an inference task that has not been tackled with the same
tools of approximate inference: calculating the M most probable configurations
(MPCs). This is a natural task in many applications. As a motivating example,
consider the protein folding task known as the side-chain prediction problem. In
our previous work [17], we showed how to find the minimal-energy side-chain con-
figuration using approximate inference in a graphical model. The graph has 300



Observation on MM tables

• By reading values in max-marginal table, we 
can tell the best scoring configuration, given 
constraints on variables.

• Can’t we find the next-best configuration  
without recomputing MMs?

Best(·)

“                 ”NextBest(·)



Finding 2nd best using MMs.
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•                     must be different from            
on at least one node.

• Simply ignores nodes on             , and find 
the maximum entry over all MMs.
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Finding 2nd best using MMs.

•                     must be different from            
on at least one node.

• Simply ignore nodes on             , and find 
the maximum entry over all MMs.
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Can’t we find 3rd best this way?
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Can’t we find 3rd best this way?
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Lesson on MMs

• Given a partition     , we can compute
and                     using MM table of all 
nodes. 

• But not the 3rd-best.

• This suggests another type of partitioning.

• Yanover & Weiss’s algorithm

Best(P )P

NextBest(P )



y(1) = Best(U)

y(2) = NextBest(U)
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Key observation

• At any stage, the           s of all partitions 
are already entries in our M-best list.

• Therefore, the next entry is the highest 
scoring one among                  s.

Best(·)

NextBest(·)



Question?



Applications of M-best 
in vision



M-best in vision

2 Diverse M-Best Solutions in Markov Random Fields

input MAP mode input MAP mode

Fig. 1: Examples of category-level segmentation results on test images from VOC 2010.

For each image, “mode” above is the best of 10 solutions obtained with DivMBest.

Input MAP 2
nd

MAP 2
nd

Mode Input MAP Mode

Fig. 2: (Left) Interactive segmentation setup; (Right) Pose tracking. “Mode” above

refers to the solution obtained with DivMBest.

for a diverse set of highly probable solutions instead from our existing models.

Even if the MAP solution alone is of poor quality, a diverse set of highly probably

hypotheses might still enable accurate predictions. Note that in contrast to the

M-Best MAP problem [9, 22, 38] that involves finding the top M most probable

solutions under a probabilistic model, our approach emphasizes diversity. We

seek to produce highly probable solutions that are qualitatively different from

the MAP and from each other. This is an important distinction because the

literal definition of M-best MAP is not expected to work well in practice. In a

large state-space problem (e.g . 22,000,000) any reasonable setting of M (10− 50)

would return solutions nearly identical to the MAP. Ideally, we would like to

find the modes of the distribution learnt by our probabilistic model. Figs. 1, 2

show examples of these diverse solutions extracted for different tasks.

Overview. In this paper, we introduce the Diverse M-Best problem, which

involves finding a diverse set of highly probable solutions under a discrete prob-

abilistic model. Our formulation assumes access to a dissimilarity function ∆(·, ·)
measuring the difference between two solutions. We present an integer program-

ming formulation for the Diverse M-Best problem, study its Lagrangian relax-

ation. We show that this relaxation has an interesting interpretation as the ∆-

augmented energy minimization problem, which minimizes a linear combination

of the energy and similarity to previous solutions, thereby producing solutions

with low energy and high diversity. For simplicity we sometimes will refer to

these solutions as modes, although they are not guaranteed to be actual modes

of the Gibbs distribution.

2nd best is only one-pixel different from the best

Why can’t we directly apply M-best algorithm?



M-best in vision

2nd best is only one-pixel different from the best

1st naive M-best

Why can’t we directly apply M-best algorithm?



M-best in vision

In most vision problems, NMS cues 
should be incorporated to guarantee 

diversity of the M-best list.



Naive (but extremely slow) solution :
Brute-force + verification

• Run any iterative M-best algorithm.

• After each iteration, check if the new 
configuration satisfies NMS constraints 
w.r.t. previously found configurations.

• May take thousands of iterations until 
discovering new configurations.

• Works for arbitrary difference measure.
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N-best maximal decoders for part models
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Abstract

We describe a method for generating N-best configura-

tions from part-based models, ensuring that they do not

overlap according to some user-provided definition of over-

lap. We extend previous N-best algorithms from the speech

community to incorporate non-maximal suppression cues,

such that pixel-shifted copies of a single configuration are

not returned. We use approximate algorithms that per-

form nearly identical to their exact counterparts, but are

orders of magnitude faster. Our approach outperforms

standard methods for generating multiple object configura-

tions in an image. We use our method to generate multiple

pose hypotheses for the problem of human pose estimation

from video sequences. We present quantitative results that

demonstrate that our framework significantly improves the

accuracy of a state-of-the-art pose estimation algorithm.

We address the task of generating multiple candidate ob-
ject configurations in an image or video, within the frame-
work of part-based models. Such a task is relevant if mul-
tiple instances of an object are present, or if one wishes to
resolve ambiguous candidate configurations using higher-
level knowledge (e.g., temporal context from neighboring
frames). We take inspiration from the speech community
and advocate the use of N-best algorithms for generating a
set of N high-scoring candidates.

Though N-best algorithms are popular in speech, they
have not been widely used in vision due to the fact
that second-best configurations will typically be one-pixel
shifted versions of the best. Crucially, one needs to enforce
some form of non-maximum suppression (NMS) during the
decoding process to ensure that near-identical configura-
tions will not be returned. We describe novel and efficient
appproximate N-best algorithms that return a set of putative
configurations that are

1. high-scoring, in that they score above some user-
defined threshold

2. diverse, in the sense that they do not overlap according
to a user-defined criteria.

Figure 1. In order to localize articulated objects in cluttered scenes,
one will need to reason about multiple pose hypotheses. In the
above image in the top left, we show a true pose in the top mid-
dle. We show other hypotheses that may also score highly given a
reasonable object model. We argue that the correct pose should be
extracted from higher level contextual reasoning involving nearby
objects, occlusion reasoning, etc. We describe novel dynamic pro-
gramming algorithms for part-based models that can return such
diverse, but high-scoring pose hypotheses from an image.

We demonstrate these algorithms for the problem of
tracking people in video sequences. We use a recent state-
of-the-art part model [21] to generate multiple pose hy-
potheses for each frame, and compare our approach to a
variety of baselines including standard NMS and sampling
algorithms. We then stitch candidates together to yield a fi-
nal track, demonstrating that our pose hypotheses produce
significantly more accurate tracks.

Formulation: Let us write z for a configuration of part
locations, and S(z) for its associated score. As in past
work [5, 2], we use a simple greedy algorithm for instantiat-
ing multiple configurations: Search over the exponentially-
large space of configurations z for the maximally scor-
ing configuration, instantiate it, remove all configurations
which overlap, and repeat. The process is repeated until the
score for the next-best configuration is below a threshold or

1



NMS-based dissimilarity function

∆(y,y�) =

�
0, ov(y,y�)

∞, ¬ov(y,y�)

configuration  space U

y(2)

y(1)



Decomposable overlap function

∆(y,y�) =

�
0, ov(y,y�)

∞, ¬ov(y,y�)

ov(y,y�) =
�

i

ovi(yi, y
�
i)

Two configurations are considered overlapping
 iff they are overlapping in all nodes.

non-overlapping node

This enables a search in a combinatorial space.



Yanover & Weiss + NMS

• Re-define                    to  

•                         must not overlap with          
           on at least one node.

NextBest(·)

Best(·)
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Sufficient condition for 
optimal partitioning

¬ov(NextOvBest(Pn), Best(Pm)) ∀n,m

: Best

: NextOvBest



Approximate partitioning
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Hybrid approach

• Although not frequently, the algorithm returns a pose 
overlapping with previous poses.

• Overlap function is not transitive.

• Hybrid approach :
For optimal results, one can switch to brute-force + 
verification mode, when in this occasions.

ov(y,y1), ov(y,y2) �=⇒ ov(y1,y2)



Speed of approximation

• # of iterations to find N 
non-overlapping poses.

• For N=68,

• Brute force : ~50k

• Hybrid        : ~14k

• Approx.       :   870 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

recall

p
re

ci
si

o
n

0 10 20 30 40 50 60 70
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

N

#
 it

e
ra

tio
n
(x

1
0

4
)

 

 

brute force
hybrid
approx.

Figure 5. Quality and speed of approximation. The curve on left
shows the accuracy of the our algorithm. We use top 90 non-

overlapping poses of a reference image for evaluation. We achieve

high accuracy over the entire range of recall rate (AP = 85.4%).

On right, we show the number of iterations of each algorithm re-

quired to find N non-overlapping poses. Our algorithm takes 87

iterations to generate 68 poses, while brute force and hybrid ap-

proaches take about 50k and 15k iterations.

a new partition (in Step 4 and 5), we compute the best and

next-best configurations for each. We can then safely ignore

its max-marginal table. This means each iteration of the al-

gorithm requires 2 max-marginal computations, making our

overall N-best algorithm linear in N (as in [22]).

Caching: We compute local part scores φ(zi) from (1)

once, and reuse them to compute max-marginals for any

given partition. This can be done by temporarily invalidat-

ing part scores for locations outside a partition, and run-

ning the two-pass max-marginal algorithm from Section 2.

If we assume the deformation model ψ(zi, zj) from (1) is

bounded, one can limit the amount of max-marginal com-

putations that must be updated at each iteration. Say, for

example, that the head and leg part can be at most δ pixels

apart. This means that, if we add the constraint that heads

must (not) overlap a particular location, we need recom-

pute max-marginals only for parts that lie within δ pixels of

the head location. This can be efficiently implemented by

computing a distance transform over a small δ-radius sub-

window in an image, rather than the entire image.

6. Analysis of approximation

We compare the accuracy and speed of the brute-force

N-best maximal algorithm (Sec.3), as well as our approx-

imate and hybrid algorithm (Sec.4) on a random reference

image. As we run our iterative algorithm for t = 1 . . . N ,

we count the fraction of poses which are present in the top

t optimal results, scoring both the precision (the fraction of

poses we return that are optimal) and recall (the fraction of

the optimal poses we return). We also compare the speed

of each algorithm by counting the iterations needed to ob-

tain t non-overlapping poses. Our approximate algorithm is

faster than brute force and hybrid approaches by three or-

ders of magnitude, while generating almost the same result.

7. Results
We demonstrate our algorithms by applying them to the

problem of tracking people in video sequences. We gener-

ate candidates from each frame of a video, and stitch them

together with dynamic programming. We use the recent

articulated part-based model of [21], which appears to be

the current state-of-the-art system as evidenced by various

pose-estimation benchmarks. We demonstrate that, even

given this high-accuracy detector, locally ambiguous hy-

potheses can be refined by exploiting temporal context from

neighboring frames.

Temporal context: Assume for frame t in a video, we

generate N candidate poses. Let kt ∈ {1, . . . N} be a

pointer to a particular pose. We wish to maximize the score:

Score(k) =
�

t

Local(kt) + αPairwise(kt, kt−1) (7)

where Local(kt) is the score of candidate pose kt computed

by (1). We write Pairwise(kt, kt−1) for an arbitrary pair-

wise term penalizing the difference of two configurations.

In practice, we simply use the (negative of the) total squared

pixel difference between each joint in pose kt−1 and pose

kt. We also experimented by penalizing the change in ap-

pearance of parts, and saw a minimal improvement in ac-

curacy. The parameter α controls the trade-off between the

two terms, and was tuned manually. The above score can

be optimized by standard dynamic programming on a trellis

graph.

Algorithms: We compare our approach of generating

N -best candidates with several baseline algorithms for gen-

erating N candidates. The simplest is noNMS, which per-

form standard 1-pass dynamic programming, but then back-

tracks from the N top-scoring root marginals to generate N
candidates. As one might suspect, the N candidates tend

to be pixel-shifted versions of each other. We also con-

sider rootNMS, which performs NMS on the root scores

to avoid returning pixel-shifted root locations. We applied

noNMS to find a very large set of candidates, and then post-

processed them to find the best N configurations that do

not overlap according to definition (3); we denote this base-

line as partNMS. Finally, we also compare to the sampling

baseline advocated in [7, 3]. In particular, we use the max-

marginal sampling algorithm MMsampling of [3], which

seems to be the current state-of-the-art approach for gen-

erating multiple samples from a part model. The sampler

requires a temperature parameter that loosely controls the

amount of diversity; we found results were sensitive to this

parameter and put forth considerable effort to tune it.

To illustrate the ability of our approach to handle user-

defined overlap functions (3), we compare two versions of

our algorithm. We write Nbest(all) to denote an overlap

function which treats all parts equally, where two parts are

defined as overlapping if their bounding boxes intersect at
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Figure 5. Quality and speed of approximation. The curve on left
shows the accuracy of the our algorithm. We use top 90 non-

overlapping poses of a reference image for evaluation. We achieve

high accuracy over the entire range of recall rate (AP = 85.4%).

On right, we show the number of iterations of each algorithm re-

quired to find N non-overlapping poses. Our algorithm takes 87

iterations to generate 68 poses, while brute force and hybrid ap-

proaches take about 50k and 15k iterations.

a new partition (in Step 4 and 5), we compute the best and

next-best configurations for each. We can then safely ignore

its max-marginal table. This means each iteration of the al-

gorithm requires 2 max-marginal computations, making our

overall N-best algorithm linear in N (as in [22]).

Caching: We compute local part scores φ(zi) from (1)

once, and reuse them to compute max-marginals for any

given partition. This can be done by temporarily invalidat-

ing part scores for locations outside a partition, and run-

ning the two-pass max-marginal algorithm from Section 2.

If we assume the deformation model ψ(zi, zj) from (1) is

bounded, one can limit the amount of max-marginal com-

putations that must be updated at each iteration. Say, for

example, that the head and leg part can be at most δ pixels

apart. This means that, if we add the constraint that heads

must (not) overlap a particular location, we need recom-

pute max-marginals only for parts that lie within δ pixels of

the head location. This can be efficiently implemented by

computing a distance transform over a small δ-radius sub-

window in an image, rather than the entire image.

6. Analysis of approximation

We compare the accuracy and speed of the brute-force

N-best maximal algorithm (Sec.3), as well as our approx-

imate and hybrid algorithm (Sec.4) on a random reference

image. As we run our iterative algorithm for t = 1 . . . N ,

we count the fraction of poses which are present in the top

t optimal results, scoring both the precision (the fraction of

poses we return that are optimal) and recall (the fraction of

the optimal poses we return). We also compare the speed

of each algorithm by counting the iterations needed to ob-

tain t non-overlapping poses. Our approximate algorithm is

faster than brute force and hybrid approaches by three or-

ders of magnitude, while generating almost the same result.

7. Results
We demonstrate our algorithms by applying them to the

problem of tracking people in video sequences. We gener-

ate candidates from each frame of a video, and stitch them

together with dynamic programming. We use the recent

articulated part-based model of [21], which appears to be

the current state-of-the-art system as evidenced by various

pose-estimation benchmarks. We demonstrate that, even

given this high-accuracy detector, locally ambiguous hy-

potheses can be refined by exploiting temporal context from

neighboring frames.

Temporal context: Assume for frame t in a video, we

generate N candidate poses. Let kt ∈ {1, . . . N} be a

pointer to a particular pose. We wish to maximize the score:

Score(k) =
�

t

Local(kt) + αPairwise(kt, kt−1) (7)

where Local(kt) is the score of candidate pose kt computed

by (1). We write Pairwise(kt, kt−1) for an arbitrary pair-

wise term penalizing the difference of two configurations.

In practice, we simply use the (negative of the) total squared

pixel difference between each joint in pose kt−1 and pose

kt. We also experimented by penalizing the change in ap-

pearance of parts, and saw a minimal improvement in ac-

curacy. The parameter α controls the trade-off between the

two terms, and was tuned manually. The above score can

be optimized by standard dynamic programming on a trellis

graph.

Algorithms: We compare our approach of generating

N -best candidates with several baseline algorithms for gen-

erating N candidates. The simplest is noNMS, which per-

form standard 1-pass dynamic programming, but then back-

tracks from the N top-scoring root marginals to generate N
candidates. As one might suspect, the N candidates tend

to be pixel-shifted versions of each other. We also con-

sider rootNMS, which performs NMS on the root scores

to avoid returning pixel-shifted root locations. We applied

noNMS to find a very large set of candidates, and then post-

processed them to find the best N configurations that do

not overlap according to definition (3); we denote this base-

line as partNMS. Finally, we also compare to the sampling

baseline advocated in [7, 3]. In particular, we use the max-

marginal sampling algorithm MMsampling of [3], which

seems to be the current state-of-the-art approach for gen-

erating multiple samples from a part model. The sampler

requires a temperature parameter that loosely controls the

amount of diversity; we found results were sensitive to this

parameter and put forth considerable effort to tune it.

To illustrate the ability of our approach to handle user-

defined overlap functions (3), we compare two versions of

our algorithm. We write Nbest(all) to denote an overlap

function which treats all parts equally, where two parts are

defined as overlapping if their bounding boxes intersect at

• Top 90 non-overlapping 
poses as ground truth

• Found by brute-force 
+ verification.

• Run approximate 
algorithms with >100 
iterations, and evaluate 
accuracy.

• Generally high precision 
for all levels of recall. 

• 85.4% AP



Application : 
tracking human poses

• Each frame in a video proposes M 
candidates for the correct pose.

• Stitch poses from each frame together with 
dynamic programming.



root-box NMS part-wise NMS

MM sampling approximate M-best



Part detection accuracy
Figure 8. Tracking result for the Walking sequence. partNMS tends to estimate wrong head(first and third) frame, because it can only
report a single configuration for the best root part. MM sampling tends to report noisy samples with varying degrees of quality due to
its stochastic nature. Due to the looseness of the PCP scoring criteria, we found that many of these configurations were scored as correct,
though qualitatively they appeared to be noisy. Nbest tends to generate reasonable looking results.

Algorithms walking pitching lola1 lola2
noNMS 0.825 0.762 0.505 0.445

rootNMS 0.815 0.741 0.455 0.390
partNMS 0.825 0.762 0.515 0.420
MMsmpl 0.930 0.800 0.645 0.440
Nbest(all) 0.940 0.800 0.635 0.495

Nbest(limb) 0.950 0.797 0.670 0.500
Figure 9. We compare average PCP of tracks derived from N=300
candidates for baselines and our algorithm. Our approaches domi-
nate all baselines, including the state-of-the-art method of [3]. We
further analyze the behaviour of all algorithms in Fig.10
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all. We write Nbest(limb) to denote an overlap function

that only requires leaf parts (hands, heads, and feat) to be

non-overlapping. This can be implemented by defining ovi
to be 1 for all non-leaf parts, regardless of their position zi.

Evaluation: We assembled a set of video sequences

with varying degrees of clutter (Fig.6) [15, 16]. We quanti-

tatively evaluate our algorithms in two ways; we look at the

overall track score from (7), and we evaluate tracking ac-

curacy using the now-standard Percentage of Correct Parts
(PCP) criteria introduced in [9]. To perform the latter, we

manually annotated ground-truth limb locations in these se-

quences. We will make these annotations publicly available

to spur further quantitative evaluation.

Analysis: We show qualitative results for various algo-

rithms in Fig.7. We refer the reader to the caption for de-

tailed analysis, but note that our algorithm consistently pro-

duces more diverse and higher quality hypothesis than stan-

dard approaches. We present PCP results in Fig.9. We refer

the reader to the caption for a detailed analysis, but our N-

best algorithm consistently outperforms all baseslines. In

general, both our approach and sampling do much better

than the baseline NMS algorithms. We further analyze this

behaviour in Fig.10, and show that for small N , our ap-

proach clearly outperforms sampling because we are guar-

anteed to report high-scoring configurations while a sam-

pler is not.

Computation: We have implemented our algorithm

with a subset of caching speedups proposed in Sec.5. For

small N < 10, our algorithm is similar in speed to the base-

lines above. For large N , our linear dependance on N domi-

nates the effect of our caching, making our approach slower

than the baselines. We are exploring alternate approxi-

mate algorithms that further sacrifice some performance for

speed.

Conclusion: We have described a general method for re-

turning back N configurations from a part model that do not

overlap, according to some user-defined notion of overlap.

We show that our algorithm produces, both qualitatively and

quantitatively, a strong set of hypotheses that can be used

for subsequent refinement using more complex, intractable

objective functions. We believe our N-best formalism pro-

vides a practical and general approach for minimizing such

complex functions, similar to such inference strategies from

the speech recognition community. As suggested in Fig.10,

there still remains a disconnect between objective functions

currently in use and overall accuracy, and so we are cur-

rently pursing approaches for learning meaningful objective

functions from data using N-best decoders.
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Figure 6. We use four video sequences for evaluation, used in pre-

vious work [15, 16]. From left to right, we name them as Walk-
ing, Pitching, Lola1, and Lola2. They exhibit varying degrees of

clutter (including multiple people), camera movement, and body

poses.

Figure 7. We show the 20-best configurations returned by our N-

best algorithm for a frame in the Lola video. Note that each con-

figuration contains at least one part that does not overlap any other

configuration. Since there exists arm-like clutter at the top of the

image, many of the top-scoring hypotheses consider various arm

positions. Note that many of these configurations share the same

root; hence they would not returned from typical NMS-based al-

gorithms for generating multiple detections in an image. We show

final configuration selected by the DP tracker in red, which was

the 19-th returned pose.
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Practical proxy for 
approximate M-best algorithm

• Compute MM tables of all variables.

• Using MM of each variable, backtrack 
configurations while applying NMS on the fly.

• Produce very similar results of “approximate 
M-best”.

• As fast as “root NMS”

• Code released.



A look back

• Tutorial on iterative M-best algorithms

• Lawler ’72 / Nilsson ’98

• Yanover & Weiss ’03

• Application in vision

• Park & Ramanan ’11 
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