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Abstract—Information-feedback control schemes (more
specifically, sensor-based control schemes) select an action
at each stage based on the sensory data provided at that
stage. Since it is impossible to know future sensor readings
in advance, predicting the future behavior of a system becomes
difficult. Hyper-particle filtering is a sequential computational
scheme that enables probabilistic evaluation of future system
performance in the face of this uncertainty. Rather than
evaluating individual sample paths or relying on point estimates
of state, hyper-particle filtering maintains at each stage an
approximation of the full probability density function over the
belief space (i.e., the space of possible posterior densities for
the state estimate).
By applying hyper-particle filtering, control policies can be

more more accurately assessed and can be evaluated from one
stage to the next. These aspects of hyper-particle filtering may
prove to be useful when determining policies, not just when
evaluating them.

I. INTRODUCTION

Whether predicting the effect of noise on the behavior

of a robot or determining the effectiveness of a particular

information-feedback control policy, a method is needed to

predict the future behavior of partially observed stochastic

systems. Most current methods either perform sample path

simulation (as used in [1]–[8]), whereby a series of sample

paths are generated and the ensemble average is taken to

estimate the behavior, or the observation process is discarded

entirely as in [9]–[11]. In such approaches, the behavior

of the system is predicted without taking the effect of

observations into consideration. Alternatively, the behavior

is just predicted one stage into the future using forward

projection techniques (refer to [12]). These techniques have

various shortcomings when attempting to fully evaluate,

more than one stage into the future, how the robot behaves

from one future stage to the next. In such situations the

observations can have a dramatic impact on the evolution

on a robotic system. When considering information-feedback

policies observations play a direct role in determining ap-

plied actions. Moreover, the observation itself molds the

probability function over the state space. It is therefore

critical that the full effect of the future observations be

considered. Hyper-particle filtering has been developed to

not only predict the behavior of a system but also to be used

in the planning process.

Hyper-particle filtering is an approximation of the exact

technique, which will be referred to as hyperfiltering. Hy-

perfiltering is a technique melding the concept of forward

projection with the concept of filtering. Filtering propagates

the behavior of the system and its uncertainty to the current

stage for some known observations. Forward projection, on

the other hand, propagates the predicted behavior of a system

and its uncertainty forward from the current stage to the next

future stage. Unfortunately, forward projection for partially

observed stochastic systems for more than the next stage has

received relatively little attention. This limitation is overcome

by the formulation of the hyperfilter and the hyper-particle

filter approximation method.

In this paper, insights from filtering are used to derive the

concept of hyper-particle filtering. While filtering requires

the retention of the conditional probability function at each

stage, also known as the belief, hyperfiltering requires a

construct capable of representing the additional level of

uncertainty introduced when considering future unknown

observations. The space of probability functions defined over

the space of beliefs, henceforth the hyperbelief, is the precise

construct needed: the hyperbelief can be propagated from one

future stage to the next in a forward sequential manner.

While filtering is a difficult problem, the issues with

hyperfiltering grow exponentially (quite literally in the case

of discrete systems); the number of possible beliefs can grow

exponentially with the time horizon. Another issue is the

high nonlinearity of the belief transition probability. The

hyper-particle filtering approximation method is introduced

to mitigate these issues. Hyper-particle filtering retains a set

of belief samples as well as a probability weight for each

sample from one stage to the next. While hyper-particle

filtering is based on particle filtering, hyper-particle filtering

approximates the probability function over the belief space,

whereas particle filtering approximates the evolution of a

probability function over the state space.

Recently, researchers have sampled the belief space to

obtain feasible/reachable beliefs to reduce the computational

burden of finding nearly optimal policies (e.g., [2]–[5], [13]).

These approaches sample a feasible set of the belief space by

generating a random set of belief samples in the belief space.

However, these methods do not retain probabilities associated

with each sample and instead are are used to discretize the

belief space into a meaningful finite set. They also fail to

address the fundamental sequential nature that arises when a

probability over the belief is evaluated forward over multiple

stages. Like these methods, hyperfiltering focuses on on

the possible beliefs as represented by the hyperbelief at

each iteration. This is an important point and is one of the

motivations for this research.

2008 IEEE International Conference on
Robotics and Automation
Pasadena, CA, USA, May 19-23, 2008

978-1-4244-1647-9/08/$25.00 ©2008 IEEE. 2770



The hyper-particle filtering method will be introduced in

Section IV. However, first background concepts are intro-

duced in Section II followed by the formulation of hyperfil-

tering and an outline of potential applications in Section III.

An illustrative example will be demonstrated in Section V.

The document will then conclude with a comparison to other

methods (in Section VI) and some final remarks (in Section

VII).

II. BACKGROUND: MODEL AND NOTATION

Hyper-particle filtering performs sequential forward pro-

jection for partially observable Markov decision processes

(POMDPs). POMDPs include at least the following compo-

nents:

• The state space: X .
• The finite set of control actions: U .
• The transition probability function: pxk+1|xk,uk

.

• The set of all possible observations: Y .
• The observation probability function: pyk|xk

at each stage k. In addition, a POMDP may be specified

with a reward function r(·), which defines the objective to
be optimized.

Ultimately, the goal of much of robotics research is to

engineer autonomous or nearly autonomous systems. Within

the context robotics, control theory, and AI this concept of

autonomy comes to fruition via the motion strategy or control

policy π(·). Hyper-particle filtering is developed to evaluate
the effect of a policy on the performance of a system.

Algorithms for finding the exact optimal control policy for

POMDPs have a best known computational time complexity

that is exponential in the time horizon and the number of

states [14]. Approximation techniques focus on reducing

the computational complexity relating to one or both of

the dimension of the belief space or the number of planes

representing the value function (e.g., [1]–[8], [13], [15]–

[21]).

These approximation techniques have at least one thing in

common: the set possibilities that are evaluated is a subset

of the complete set of possibilities that must be analyzed

to find an exact solution. This is the case whether the set

of possibilities evaluated is limited set of points in belief

space to be considered or is a subset of the policies to

be searched. In such situations, hyperfiltering may offer a

tangible benefit in predicting the evolution of the system for

approaches where local policies are used to plan between the

set of possibilities.

III. HYPERFILTERING

Hyperfiltering is a method, for systems modeled by

POMDPs, to propagate the estimate of the belief and its

uncertainty forward into future stages for unseen obser-

vations and unactualized control inputs. By choosing the

probability function over the beliefs, hyperfiltering is able

to sequentially evaluate the estimate of the system and its

uncertainty forward from one stage to the next. Moreover,

by adopting the complete representation of the uncertainty,

instead of just some statistics of the belief, a more accurate

representation of the evolution of the system is obtained.

The evolution of the probability function p(xk|Ik) at stage
k, also known as the belief bk (where bk , pxk|Ik

(·, Ik)) can
be determined given the previous belief bk−1 and an applied

control action uk ∈ U via the belief transition function:

bk = B(bk−1, uk−1, yk),

where the belief transition function describes the Bayesian

filtering over all states x ∈ X , or

B(bk, uk, yk+1)(xk+1)

=

p(yk+1|xk+1)
∑

xk∈X

p(xk+1|xk, uk)bk(xk)

∑

xk+1∈X

p(yk+1|xk+1)
∑

xk∈X

p(xk+1|xk, uk)bk(xk)
.
(1)

The notation B(·)(xk+1) is adopted to represent the resulting
function evaluated at a specific state xk+1. The belief at

each stage k resides in the belief space Pb, which is the

space of all possible beliefs. For discrete state POMDPs, the

belief space is represented as an |X |−1 dimensional simplex
∆|X |−1, where |X | is the number of states in the state space.
When predicting future behavior, the observations are

unknown and stochastic in nature. The future belief therefore

becomes a random variable (refer to Def. III.1 below) defined

by the stochastic process

bk+1 = B(bk, uk,yk+1, ). (2)

The evolution from one stage to the next via the stochastic

process (2) generates a random variable and, thus, a repre-

sentation of the probability function over the belief is needed

to proceed.

Definition III.1. For a POMDP with a discrete state

space and applied control policy π, the hyperbelief βk at

stage k is a functional, such that βk : Pb → R
+ and

∫

bk∈Pb
βk(bk)dbk = 1. The hyperbelief is a probability

function over the belief space at each stage. The initial

hyperbelief β1 at stage k = 1 is given; for k > 1, the
hyperbelief is defined as

βk , pbk|β1,π.

Each βk is contained in the hyperbelief space Pβ . The

hyperbelief space Pβ is defined as the set of all probability

measures over or B(Pb), the Borel σ-algebra defined over

the belief space Pb.

For discrete state space POMDP systems, the state space,

belief space, and hyperbelief space are all well defined. The

belief space is represented as ∆|X |−1. The Borel σ-algebra

B(∆n−1) exists and, thus, the hyperbelief space is well
defined.

The probabilistic outcome of the belief transition function,

when predicting the behavior for future stages, is given by

the belief transition probability function.

Definition III.2. The belief transition probability function

p(bk+1|bk, uk), represents the probability of the outcome
bk+1 of the stochastic process B(bk, uk,yk+1) given bk and
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the applied control input uk, where yk + 1 is a random
observation, which acts like a disturbance to the system.

Since both π and bk are known, the probability func-

tion over the observations can be inferred. This induces a

probability function on the set of actions, which is used

to determine the probability of bk+1 occurring. Many of

the approaches in the POMDP optimization literature either

explicitly or implicitly use the belief transition probability

equation (refer to [12]).

The hyperbelief βk+1 can be marginalized on the previous

hyperbelief βk to represent βk+1 as the integral of the belief

transition probability function and the previous hyperbelief

βk at stage k. In turn, βk can be represented as the integral

of the belief transition probability function and the previous

hyperbelief βk−1 at stage k − 1. Thus, a sequential formu-
lation of the hyperbelief can be obtained.

Defining Π to be the set of all information-feedback

policies that depend on the state and M(Pb) as the set of
all bounded B(Pb)-measurable functions defined over Pb,

it is possible to establish a sequential formulation of the

hyperbelief.

Theorem III.3. For a system modeled as a POMDP with a

discrete state space with a given control policy π ∈ Π, the
hyperbelief βk ∈ Pβ at stage k given the initial hyperbelief

β1 ∈ Pβ can be evaluated via the recursive application of

the belief transition probability function from stage k to the

initial stage. This holds if the belief transition function is

defined such that pbk+1|bk,uk
(·|bk, uk) ∈ Pβ for all bk ∈ Pb,

uk ∈ U and p(bk+1|·, uk) ∈ M(Pb) for all bk+1 ∈ B(Pb),
uk ∈ U .

The proof, omitted for brevity, follows by induction on

the application of the belief transition function. Also, by

elementary properties of integrable functions, the hyperbelief

can be evaluated and is a probability function defined over

the belief space.

Definition III.4. The function that transfers a hyperbelief

βk ∈ Pβ into the hyperbelief βk+1 ∈ Pβ given a policy

π ∈ Π is denoted as the hyperbelief transition function
Υ, such that Υ : Pβ × Π → Pβ , where Π is the set of
all information feedback policies. The hyperbelief transition

function is represented as

βk+1 = Υ(βk, π),

where, for each bk+1 ∈ Pb,

Υ(βk, π)(bk+1) ,

∫

bk∈Pb

p (bk+1|bk, π (bk))βk(bk)dbk.

Because the output of the hyperbelief transition function

is defined over the belief space Pb, the notation Υ(·)(bk+1)
is adopted to represent the resulting function evaluated at a

specific belief bk+1 ∈ Pb.

The hyperbelief transition function can be nested as a set

of compositions up to any given stage. In this way, it is

possible to preserve the result of one stage as the input for

the next stage. Hence, the hyperbelief encapsulates all the

information needed to predict the evolution of a partially

observed system to future stages.

A. Generating the belief transition probability function

The belief transition function is a composition of two

steps: the prediction step and the update step, both of

which are deterministic processes that transition a belief into

another belief in the belief space. The prediction step updates

the probability function based on an applied control action.

The update step, on the other hand, reweights the probability

function based on the observation.

The prediction step, represented by b̂k+1 = B̂(bk, uk),
transitions a belief bk at stage k to a belief b̂k+1 at stage

k + 1 for some control action uk. The prediction step, forall

x̂k+1 in X , is given as

B̂(bk, uk)(x̂k+1) =
∑

xk∈X

p(x̂k+1|xk, uk)bk(xk) (3)

and, thus, b̂k+1 = pxk+1|Ik,uk
.

By substituting b̂k+1 into (1), the update step can be

formulated. At stage k +1, the update step B̄ transitions the

belief b̂k+1 to belief bk+1 at stage k + 1 for an observation
yk+1. The update step is given as

B̄(b̂k+1, yk+1)(xk+1) =
p(yk+1|xk+1)b̂k+1(xk+1)

∑

xk+1∈X

p(yk+1|xk+1)b̂k+1(xk+1)
,

(4)

for all xk+1 in X .

The composition of both (3) and (4) becomes the belief

transition function:

B(bk, uk, yk+1) = B̄(B̂(bk, uk), yk+1).

In this way, the belief transition function can be split into

two steps.

When the belief of the previous stage is random and the

observation is random, the evolution of the system from one

stage to the next still proceeds in two steps. The first step

is the predicted transition of a random belief under a given

policy. This is related to the prediction stage of traditional

filtering methods. When conditioned on a specific belief,

B̂ condenses to a single point indicating the single, unique

outcome. The probability of b̂k+1, therefore, is given as

p(b̂k+1|bk, uk) = δ(b̂k+1 − B̂(bk, uk)). (5)

Like the prediction step B̂, when the update B̄ is condi-

tioned on a specific observation the probability function over

the belief space condenses to a single point in the belief space

indicating the single, unique outcome:

p(bk+1|b̂k+1, yk+1) = δ(bk+1 − B̄(b̂k+1, yk+1)).

However, the observation is unknown when predicting the

future, so the observation yk+1 acts like a noise term in the

update B̄(b̂k+1,yk+1). When taking the random observation
into account, the resulting probability for some belief bk+1
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given some predicted belief b̂k+1 is given as

p(bk+1|b̂k+1) =
∑

yk+1∈Y

p(bk+1|b̂k+1, yk+1)p(yk+1|b̂k+1)

(6)

where yk+1 is introduced as a marginalizing term. The prob-

ability function p(yk+1|b̂k+1) represents the posterior over
the observation given the probability function b̂k+1 defined

over the state space, which is evaluated as p(yk+1|b̂k+1) =
∑

xk+1∈X p(yk+1|xk+1)b̂(xk+1).
If the composition of both (5) and (6) is taken, it is possible

to represent the belief transition probability function as

p(bk+1|bk, uk) (7)

=

∫

b̂k+1∈Pb

p(bk+1|b̂k+1, uk)p(b̂k+1|bk, uk)db̂k+1 (8)

=

∫

b̂k+1∈Pb

p(bk+1|b̂k+1)δ(b̂k+1 − B̂(bk, uk))db̂k+1 (9)

= p(bk+1|B̂(bk, uk)). (10)

By marginalizing the belief transition probability function on

b̂k+1, (8) is obtained. The fact that the probability of bk+1

is conditionally independent of uk given b̂k+1 is applied to

derive (9) from (8). Next, (5) is substituted into the equation

and, finally, the equation reduces to (10) because b̂k+1 is

unique with probability one when conditioned on bk. The

integration reduces to the single point b̂k+1 ∈ Pb, which is

obtained via B̂(bk, uk).

IV. HYPER-PARTICLE FILTERING

A. Hyper-particle filter formulation

Adapted from the concept of particle filtering (e.g., [22]–

[33]), hyper-particle filtering approximates the hyperfiltering

method. Hyper-particle filtering takes as input a set of hyper-

particles (which approximate the hyperbelief) and a control

policy and outputs a new set of hyper-particles via the

hyperbelief transition probability function (as defined at Def.

III.4).

The hyper-particle filter is a two tier approach. At the

lower level, a traditional particle filter is used to approximate

one possible belief over the state by a set of particles,

generated using particle filtering. At the upper level, the

hyperbelief is approximated by a set of hyper-particles.

Each hyper-particle has both a sample and a weight as-

sociated to it. The sample is just an approximated belief

represented by a particle set. The weight summed over the

samples approximates probability of each sample. Besides

being a two tier approach, the hyperfilter proceeds in two

steps because sampling from belief transition probability

function, p(bk+1| bk, uk), directly may not be practical or
feasible. However, as shown in (10), p(bk+1 | bk, uk) =
p(bk+1| B̂(bk, uk)), which can be used to generate samples
in two steps: the prediction step and the update step.

At the upper level, the hyper-particle filter at stage k

consists of a set of R hyper-particles. These hyper-particles

are denoted as Zk =
{

zi
k

}R

i=1
. Each zi

k is a pair where zi
k =

(αi
k, bi

k), with αi
k a nonnegative scalar weight and bi

k ∈ Pb.

Each bi
k represents a point in belief space, and αi

k represents

a probability mass for that point. The set Zk approximates

the hyperbelief: βk(bk) ≈ p(bk|Zk) =
∑R

i=1 αi
kδ(bk − bi

k).

At the lower level, the belief point bi
k is associated with

a traditional particle set, where each bi
k comprises a set of

pairs of scalar weights w
q
k and samples x

q
k in the state space

X , giving: bi
k = {wq

k, x
q
k}

Q
q=1, where Q is the number of

particle samples. Thus, each bi
k approximates the belief at

stage k as bk(xk) ≈
∑Q

q=1 w
q
kδ(xk − x

q
k).

The evolution of the hyper-particle filtering proceeds as

follows. At stage k, Zk is an approximation of the hy-

perbelief βk. The predicted next stage hyperbelief under

the control policy π is approximated by using traditional

particle filtering to approximate the predicted hyperbelief by

sampling a set of hyper-particles from B̂ for each hyper-

particle in Zk.

The outcome is a new hyper-particle ẑ
j
k+1 generated for

each zi
k ∈ Zk, labeled ẑ

j
k+1 = {α̂j

k+1, b̂
j
k+1}. Each b̂

j
k+1

approximates the deterministic outcome of the prediction

step b̂
j
k+1 ≈ B̂(bi

k, uk). Each new hyper-particle is assigned

a weight α̂
j
k+1 = αi

k, where bi
k is the belief that generated

b̂
j
k+1.

Once the predicted set of hyper-particles is generated, a

set of at most T beliefs for each belief in Ẑk+1 are randomly

sampled to create a new set of hyper-particle samples:

Zk+1 = {αl
k+1,b

l
k+1}

RT
l=1 at stage k + 1. These beliefs

are sampled according to an importance sampling function

q
bk+1|b̂k+1

(·|b̂j
k+1), for each j. The importance sampling

function q
bk+1|b̂k+1

is a random, or quasi-random, function

that generates a sample in the belief space given b̂k+1.

The importance sampling function can be biased based on

a variety of desired attributes from emphasizing sampling

of certain regions to forcing quasi-uniform sampling. For

example, p
bk+1|b̂k+1

can be used in the cases where it is

possible to sample this probability function directly.

For each bl
k+1, a new updated weight must be calculated,

where the new weight is based on the previous weight and

the probability of the new belief. For hyper-particle zl
k+1 the

probability is is approximated by the weight αl
k+1, which is

found by

p(bl
k+1|βk, π) =

∫

bk∈Pb

p(bl
k+1|bk, π(bk))p(bk|βk, π)dbk

(11)

=

∫

bk∈Pb

p(bl
k+1|B̂(bk, π(bk)))βk(bk)dbk

(12)

≈

R
∑

i=1

p(bl
k+1|B̂(bk, π(bi

k)))αi
k (13)

≈

R
∑

j=1

p(bl
k+1|b̂k+1)α̂

j
k+1 (14)

≈ ηk+1

p(bl
k+1|b̂

j
k+1)

q(bl
k+1|b̂

j
k+1)

α̂
j
k+1 = αl

k+1. (15)
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The first equation, (11), follows from marginalizing

p(bl
k+1|βk, π) on bk, which reduces to p(bl

k+1|bk, π). The

fact that p(bk+1|bk, uk) = p(bk+1|B̂(bk, uk)), as was shown
in (10), was used to obtain (12). At each stage, the hyper-

particle set Zk is an approximation of the hyperbelief βk.

Thus, (12) can be approximated as the summation over all

the belief samples in Zk in (13). The set Ẑk+1 was generated

to approximate the output of B̂ for each sample in Zk and,

thus, (14) is obtained by substituting Ẑk+1 into (13), where

αi
k = α̂

j
k+1. The normalizing constant ηk+1 is given by

1
ηk+1

=
∑RT

l=1 αl
k+1.

Because each sample bl
k+1 was generated randomly, ad-

verse effects are introduced by sampling from an importance

sampling function instead of the transition and observation

probability functions. The adverse effects result from a

bias in the set of samples generated. Without taking into

account the bias, the result can quickly become erroneous.

By dividing p
bk+1|b̂k

by q
bk+1|b̂k−1

, the bias is attenuated.

As observed when performing Monte Carlo integration, for

some function c(·),

E[c(b)] =
∑

b∈Pb

c(b)p(b) =
∑

b∈Pb

c(b)
p(b)

q(b)
q(b).

The expectation of a r.v. with a probability function p(b)
can be represented as the expectation of another r.v. with the

probability function q(b) by weighting c(b) by the ratio of
p(b) and q(b). This reduces or eliminates the the bias of the
importance sampling on the expected value.

Additionally, (15) follows from the assumption that each

particle bl
k+1 has zero probability of occurring from any

belief sample other than the belief sample b̂
j
k+1 that gen-

erated it, so the summation reduces to the evaluation over a

single belief. This stage is analogous to the prediction stage

performed by the particle filter.

The algorithm describing computation of one entire stage

is described in Algorithm 1, where the algorithm for

HPF sample is given in Algorithm 2.

At this point, all that remains is to sample from the

posterior probability over the belief space approximated by

the hyper-particle set. This endows hyper-particle filtering

with the ability to sample based on the likelihood of the

outcome over the entire approximated hyperbelief, not just

the prior probability over the belief space of a single sample

(as is done in sample path simulation). Sampling from

the approximated posterior performs two other functions:

it reduces the hyper-particle degeneracy (refer to [30]) and

limits the growth of the number of hyper-particles.

Sampling from the approximated posterior is a procedure

wherein a new set of samples is generated from the current

set of samples and is performed by generating the cumulative

distribution function (cdf) over the hyper-particle set that is

represented by Zk+1 at stage k + 1. A starting point in the
cdf is randomly generated in the range s = 1

n
, where n is

the number of hyper-particles desired. Then for n samples,

starting from s and adding 1
n
for each sample, the belief

with the probability nearest the probability of the sample

Algorithm 1 Hyper-particle filter

1: Z̄ = HPF(Z ,n, T ,π), where Z = {αi, bi}
R

i=1

2: l← 1
3: for j = 1, · · · , R do

4: predict b̂j using the particle filtering prediction

5: α̂j ← αj

6: for t = 1, · · · , T do

7: sample b̄l from q(·| b̂j)
8: l← l + 1
9: end for

10: end for

11: for l = 1, . . . , RT do

12: ᾱl ← p(b̄l | b̂j)

q(b̄l | b̂j)
α̂j

13: end for

14: αtot←
∑RT

l−1 ᾱl

15: normalize each ᾱl by αtot

16: Z̄ ← {ᾱl, bl}
RT

l=1

17: Z̄ ←HPF sample(Z̄,n)

18: return Z̄

Algorithm 2 Hyper-particle filter sample from posterior

1: Z=HPF sample(Z̄ ,n ), where Z̄ = {ᾱi, b̄i}
v

i=1

2: Initialize cdf c to zero

3: for j = 1, · · · , v do
4: cj+1 ← cj + ᾱj

5: end for

6: draw sample u1 from uniform density over [0,
1
v
]

7: i← 2
8: for j = 1, · · · , n do
9: uj ← uj + j−1

n

10: while uj > ci do

11: i← i + 1
12: end while

13: aj ← 1
n

14: bj ← b̄i−1

15: end for

16: Z ← {αj , bj}
n

j=1

17: return Z

is chosen. Finally a weight of 1
n
is assigned to each new

hyper-particle. This procedure is outlined in Algorithm 2.

B. Hyperfiltering algorithmic complexity

The computational complexity of the method varies, de-

pending on the choice of performance parameters, from

O(KR(QL+M)) to O(RK), where K is the time horizon,

R is the number of hyper-particles, Q is the number of parti-

cles approximating the belief (via particle filtering), O(L) is
the computational time complexity of the particle filtering

sampling, and O(M) is the computational complexity of
performing the hyper-particle sampling. In Algorithm 1, T

is the number of intermediate observation samples. If n

remains constant, then the number of hyperparticles is fixed

and each stage has O(R(QL + M)) complexity. However,
if n = RT at each stage, then there is in the worst case an
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exponential increase in the number of particles. If pxk+1|xk,uk

is chosen as the particle filtering importance sampling func-

tion and p
bk+1|b̂k+1

is chosen as the hyper-particle filtering

importance sampling function, the entire process then has

a O(K|X |RQ|Y|) computational complexity, as generating
p

bk+1|b̂k+1
takes O(|X |Q|Y |) time. In this case, it is better

generate a belief sample for each yk+1 ∈ Y as it has the
same complexity but represents the exact transition.

V. RESULTS

Hyper-particle filtering is first performed to benchmark the

performance of hyper-particle filtering on a set of problems

that are prevalent in the POMDP literature in Section V-

A. As a future avenue of this research is to use hyper-

particle filtering to aid in finding nearly optimal event-driven

policies, the performance of the hyper-particle filter for a

system subject to a sensor-based event-driven control policy

is explored in Section V-B.

A. Evaluation for various typical POMDP problems

An exhaustive evaluation of the performance of the hyper-

particle filtering method was performed for three represen-

tative problems. The problems vary in size:

• 4× 4 grid: comprising 16 states, 2 observations, and 4
actions

• Hallway2: comprising 92 states, 17 observations, and 5

actions

• Tag: comprising 870 states, 30 observations, and 5

actions

These problems were chosen to demonstrate how the hyper-

particle filtering method performs as the number of states

and observations vary.

To obtain a meaningful analysis of the quality of the hyper-

particle filtering technique, the performance of each example

was evaluated relative to the optimal or nearly-optimal policy

for the objective function associated with each problem. For

the 4x4 example, the optimal solution was found using the
Incremental Pruning method described in [34] using pomdp-

solve [35]. Unfortunately, the other examples (i.e., Hallway2

and Tag) are too large to find exact solutions, so approximate

solutions were found using zmdp [36], which implements the

HSVI algorithm of [4].

The performance is evaluated by finding the statistical

average of the expected total reward and standard deviation

of the expected total reward taken over series of simulations

(30 iterations for 4 × 4 and Hallway2 and 10 iterations for
Tag). For the hyper-particle filtering method, the expected

total reward is obtained by evaluating the stochastic expected

value of the reward over the hyperbelief at each stage.

For each of the examples, a particle filtering approximation

of the belief is employed and simulations are performed to

compare the effect of particle filtering on the precision of

result. This allows not only the effect of just the variation in

the number of hyper-particles to be fully evaluated but also

the effect of the variation in the number of particles. As can

be seen in Figure 1, the reward and variance quickly converge

as the number of hyper-particles increase. The effect of the

number of particles seems to be influential as well, but to

a lesser degree. It is also interesting to note that the quality

of the approximation stabilizes for just a few particles and

hyper-particles. This may imply that only a small number of

particles and hyper-particles are needed to obtain reasonable

results for problems with relatively few observations and

states.

B. Evaluation for an exemplar event-driven example

To evaluate the hyper-particle for a more realistic prob-

lem,a representative, complex system is analyzed using

the hyper-particle filter technique. This example comprises

10,000 states, eight actions, and 328,420 observations. A

substantial amount of uncertainty exists in both the transi-

tion probability function and in the observation probability

function. Such a problem is immense by the standards of the

problems in the literature (e.g., [1]–[6], [13], [15]–[20]).

In this example, the continuous state space (a subset of

R
2) is approximated by a discrete 100×100 grid. The policy
employed for this simple example comprises an event-based

controller, where the events are based in the observation

space.

To understand to what extent the accuracy of the predicted

performance is affected, an examination of this example

was performed in order to determine the effect on the

performance as the number of particles and hyper-particles

samples vary. The convex sum of the entropy (as described

in [37]) and squared L2-norm from expected position to

the goal was chosen as the objective function because it

incorporates both a measure of the uncertainty and a measure

of the distance between the robot and the goal state. The

results illustrated in Figure 2(a) depict the average reward

over the set of iterations as well as the standard deviation

in the reward for a varying number of hyper-particles, with

each hyper-particle represented by a particle set with 100

particles. In Figure 2(b), the performance is evaluated for a

fixed number of 50 hyper-particles and a variable number of

particles representing each hyper-particle.

Interestingly, the cost, as can be seen in Figure 2(b),

increases as the number of particles increases. This result is

logical considering the representation. When there are fewer

particles, the probability function is represented by a small

set of points, artificially making the probability function

appear more condensed and, hence, more certain. However,

as the number of samples increases, the representation of

the probability function becomes more accurate and the

uncertainty present in the system becomes better represented,

which is reflected in the expected reward.

Because a significant amount of variation exists in the

problem, as illustrated at Figure 2(a), the standard deviation

is rather large and only appears to converge for more than

60 hyper-particles. However, as demonstrated above for the

earlier examples in Section sec:comparison-examples, the

hyper-particle filtering approach converges quickly as the

number of hyper-particles increases.

This event-driven example was chosen not only to demon-

strate the effectiveness of the hyper-particle filtering method
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Fig. 2. Results for a varying number of hyper-particles

but to assess its applicability in evaluating event-driven

policies. While in this example the policy is given, future

research will use hyperfiltering to aid in automatically deter-

mining nearly optimal policies using event-driven policies,

like the one used in this example.

VI. DISCUSSION

Hyper-particle filtering is more than just a sequential

implementation of sample path simulation. Hyper-particle

filtering samples from the posterior over the beliefs generated

from the approximated hyperbelief. Sample path simulation,

on the other hand, sample a single observation from each

prior belief. By sampling from the posterior over the belief,

a more accurate representation of the next stages hyperbelief

can be obtained. While in some respects, sample path sim-

ulation and hyper-particle filtering appear similar, they are

fundamentally different approaches. Hyper-particle filtering

is an approach to approximating the probability function over

the belief at each stage, whereas sample path simulation

generates a series of sample paths to a given stage. Still,

there are some algorithmic similarities: both generate random

samples and both are forward-based methods. By treating the

sample set as an approximation over the belief space at the

current stage, the resampling algorithm of the hyper-particle

filter reduces degeneracy and focuses the sampled set on

the more likely future beliefs. Sample path methods lack

this feature entirely and any unlikely sample paths are never

eliminated. Moreover, when analyzing the performance for

a given objective function, the reward at each stage is taken

as the expectation over the hyper-particle set, unlike sample
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path methods, where the reward for each simulation is the

reward of the path.

VII. CONCLUSIONS

A method for approximating the hyperfiltering algorithm

was presented. Hyper-particle filtering is a method for

predicting the evolution of a stochastic partially observed

Markov decision processes forward into future stages. This

is achieved via a sequential method, whereby probability

function over the belief is propagated forward one future

stage to the next for a given policy.

By representing the probability function over the beliefs

at each stage, hyperfiltering can be employed to analyze the

effect that observations have on the evolution of a system

in addition to answering queries regarding how sensing

capabilities affect the evolution or discerning which sensing

configurations are sufficient to obtain a desired objective.

Besides the potential application of determining the utility

of information, the hyperfiltering technique may be useful

in finding nearly optimal solutions for POMDP systems.

There are various methods to approximate POMDPs to find

nearly optimal solutions by reducing the set of possibilities

explored including: considering only a subset of the points

in belief or information space that need to be searched and

by considering only a subset of the possible policies. Hyper-

particle filtering may be used in in these scenarios as a tool

to propagate the uncertainty from one future stage to the

next. Thus, hyper-particle filtering can be used to evaluate

the connectivity from one belief point to the next and it can

be used to evaluate a finite set of possible policies.
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