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Abstract

This paper investigates the effectiveness of the Memoryless Sim-
plification approach described by Lindstrom and Turk [14]. Like
many polygon simplification methods, this approach reduces the
number of triangles in a model by performing a sequence of edge
collapses. It differs from most recent methods, however, in that
it does not retain a history of the geometry of the original model
during simplification. We present numerical comparisons showing
that the memoryless method results in smaller mean distance mea-
sures than many published techniques that retain geometric history.
We compare a number of different vertex placement schemes for
an edge collapse in order to identify the aspects of the Memory-
less Simplification that are responsible for its high level of fidelity.
We also evaluate simplification of models with boundaries, and we
show how the memoryless method may be tuned to trade between
manifold and boundary fidelity. We found that the memoryless ap-
proach yields consistently low mean errors when measured by the
Metro mesh comparison tool. In addition to using complex mod-
els for the evaluations, we also perform comparisons using a sphere
and portions of a sphere. These simple surfaces turn out to match
the simplification behaviors for the more complex models that we
used.

Keywords: Model Simplification, Surface Approximation, Level
of Detail, Geometric Error, Optimization

1 INTRODUCTION

Automatic simplification methods are an important technique for
accelerating the display of large models. Large polygon models
come from a number of sources including computer-aided design,
range scanners, terrain mapping and isosurface extraction from vol-
ume data. Model sizes continue to grow, thus finding better sim-
plification methods will remain an important problem in computer
graphics.

Most simplification methods repeatedly execute simple local
changes to geometry that are selected based on some measure of
geometric fidelity. Often these measures of fidelity are based on a
distance measure from the original geometric model. Usually some
form of geometric history is carried along with the partly simplified
model to help with distance calculations. In this paper, we evalu-
ate a particular simplification method that keeps no such geometric
history and yet that performs as well as many methods that use geo-
metric history [14]. Color Plates 2a through 2d demonstrate the re-
sults of using this Memoryless Simplification on a detailed buddha
model that is composed of more than one million triangles. There
are several reasons for exploring memoryless techniques. First, the
memory requirements for such an algorithm are smaller than those
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that require storing a geometric history. Second, memoryless al-
gorithms are typically faster than those that must query a geomet-
ric history in order to calculate a distance measure. Finally, what
we learn from the memoryless approach might be used to improve
some aspects of those algorithms that retain a geometric history.

As can be done with any other edge collapse approach to simpli-
fication, our memoryless technique stores a sequence of edge col-
lapses as a progressive mesh [13]. This means that models that have
been simplified using the memoryless approach can benefit from
all of the advantages that accrue from using a progressive mesh de-
scription, such as progressive transmission and fine-grain selection
of polygon count. Our use of the termmemorylessmeans that dur-
ing the off-line simplification process, no geometric comparisons
are made between the partly simplified model and the original. It
does not mean that the history of the edge collapse operations are
forgotten.

The remainder of this paper is organized as follows. In Section 2
we survey some of the simplification methods that have appeared in
the literature. Section 3 outlines our overall framework for perform-
ing simplification. Section 4 describes the treatment of manifold
edges by Memoryless Simplification and compares its results with
several other published algorithms. In Section 5 we evaluate sev-
eral memoryless methods for choosing a new vertex after an edge
collapse operation. Section 6 investigates the behavior of several
simplification methods on models that have a significant number of
boundary edges. We briefly examine the timing results of the var-
ious algorithms in Section 7. The final section discusses possible
directions for future research.

2 PREVIOUS WORK

In this section we review some of the published work in polygon
model simplification. Because the literature on this topic is exten-
sive, we center our attention on those methods that iteratively make
local changes to the geometry. Although issues of color and texture
are addressed in some of the work that we discuss, we focus our re-
view on geometric history and fidelity. Even with this focus it is not
possible to entirely cover this topic, so the reader should not con-
sider this review to be exhaustive. At the end of this section we also
describe a geometric measurement tool called Metro for evaluating
simplification techniques.

2.1 Simplification Methods

Several methods repeatedly perform vertex removal in order to sim-
plify a model. Such methods must create new polygons in order to
fill in the hole that is created by deleting a vertex from a model.
An early example of this approach is the work by Schroeder and
co-workers, in which they determine a plane that approximates the
region around the vertex to be removed and measures the distance
from the vertex to this plane [17]. This distance is then used to de-
cide the order in which vertices are removed. Renze and Oliver also
make use of the distance measure of [17] in their work, but concen-
trate their attention on more robust methods of triangulation [15].
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More recently, Schroeder has extended his approach in order
to perform simplifications that may modify the topology of the
model [18]. Topology modification allows greater freedom in sim-
plification, and can yield models with fewer triangles than methods
that preserve topology. In addition to allowing topology changes,
Schroeder’s new method maintains a scalar value at each vertex that
gives the maximum error up until that point in the neighborhood of
the vertex. This scalar error is an example of retaining some form
of geometric history. Another method that uses vertex removal is
the work of Hamann [11]. His approach is to estimate the curva-
ture of the surface and remove vertices in locally flat regions. No
geometric history is retained in this method.

Several of the more recent vertex removal techniques have made
use of geometric history to bound the simplification error. Bajaj
and Schikore maintain positive and negative error bounds during
repeated removal of vertices [1]. They project into a plane the tri-
angles surrounding the vertex to be removed, and examine intersec-
tions between the edges of the original and the proposed new trian-
gles to determine how much error would be incurred by removing
the vertex. This error measure is used to prioritize the vertex re-
movals. Ciampalini and co-workers also use vertex removal [2].
For geometric history, they store with each triangle a list of those
vertices that have already been removed and that fell within the
region now represented by the particular triangle. They use these
vertices to make error estimates for each triangle. Cohen et al. use
as history an inside and an outside “envelope” (approximations to
offset surfaces) in order to constrain the possible choices for vertex
removal [4]. In their method, vertices are tested for removal in ran-
dom order, but only those vertices that would create triangles within
the envelopes are actually removed.

A number of researchers use the edge collapse operation as the
basis of performing simplification. The edge collapse operator
merges two vertices of an edge into a single new vertex, thus remov-
ing two triangles from the model. Two decisions must be made: 1)
which edge to remove next, and 2) where to place the new vertex.
Hoppe uses the edge collapse operator to construct a progressive
mesh [13]. He uses a measure of distance from the proposed new
triangles to a set of sample points on the original mesh as a quality
measure for deciding which edge to collapse. These point samples
are a form of geometric history. The distance to the sample points
is also used to select a new vertex position that minimizes this mea-
sure. This approach is a refinement of earlier work by Hoppe and
co-workers in which edge swap and edge split operations are also
allowed in order to perform simplification [12].

Cohen and co-workers use edge collapse to help produce a map-
ping between the original mesh and the simplified model [5, 6].
They use an error box for each triangle to keep a history of the
greatest measured error between the meshes, and this error guides
the selection of edges to collapse. The new vertex is selected along
a line passing through the kernel of a planar projection of the poly-
gons surrounding the edge. The position along this line is chosen in
order to minimize the distance to the original mesh. Gu´eziec also
uses edge collapse for simplification, and associates a sphere with
each triangle of the mesh as a history of the distance to the orig-
inal model [10]. He selects edges based on shortest edge length,
and then chooses a new vertex position that maintains the enclosed
volume of the surface.

Ronfard and Rossignac also use edge collapse as the simplifica-
tion operator, and they associate a set of planes with each vertex
for geometric history [16]. Each plane contains a polygon from
the original mesh, and the new vertex from an edge collapse in-
herits the list of planes from both vertices of the edge. New ver-
tices are placed such that they are at a minimum distance from the
planes from both vertex lists. The distance between a proposed
new vertex and its list of planes is used to select the next edge to
collapse. Garland and Heckbert used this work as a starting point

for their own simplification approach [7]. Instead of retaining a list
of planes, they store a measure of the squared distance to a collec-
tion of planes. This measure is stored as a symmetric 4×4 matrix,
one matrix per vertex. This distance measure is used both to place
the new vertex and to order the list of edge collapses. More recently
they have generalized this method to accurately maintain color and
texture values [8].

It should be noted that different users of simplification have dif-
ferent goals in mind. Some applications may require a strict poly-
gon budget, but may not require an exact bound on error. In other
situations it may be vital to have an exact bound on the maximum
deviation from the original model. Most of the above methods place
a greater emphasis on one or the other of these goals (polygon bud-
get or global error).

2.2 Metro

To analyze the effectiveness of various simplification algorithms,
we use a program called Metro that compares the distance between
two models [3].1 The fundamental operation of Metro is to find the
closest position on the surface of one model to a given position on a
second model. This search is accelerated using uniform spatial sub-
division. The distance measure is calculated for a large number of
point samples on a model. These points may be placed on the sur-
face by scan conversion of the polygons (the method that we used)
or they may be distributed randomly. Metro returns both the mean
and maximum distances between the two models. Metro optionally
computes symmetric surface errors, i.e. by performing two scans,
switching the roles of the original and simplified surfaces as the
mesh to which the deviation is measured. We use such symmetric
errors in our evaluation.

There are several reasons why we chose to use Metro for our
numerical comparisons. First, we did not author this tool, and it
is our hope that this eliminates one potential source of bias on our
part. Second, it is publically available so that others may perform
evaluations that can be compared to those presented here. Finally,
we have some degree of confidence in Metro because the values
that it returns for various models are a good match to our own visual
impressions of the qualities of different models.

3 OVERVIEW OF ALGORITHM

3.1 Notation

Before describing our simplification method, we will briefly intro-
duce some terminology and notation. The topological entity called
a 0-simplex, or avertex, is denoted byv, with its geometric coun-
terpart written as the 3-vectorx. A non-oriented edge ¯e is a set
{ve

0,v
e
1}= {bec0,bec1}, wherebsc denotes then−1-facesof ann-

simplex s; in this case the vertices of the 1-simplexe. Oriented
edges are written as ordered pairs~e= (bec0,bec1). All higher or-
der simplices are assumed to be oriented unless otherwise speci-
fied, and we use the distinction ¯s and~s only to resolve ambigu-
ities. A triangle, or 2-simplex, is a set of oriented edges, e.g.
t = {~et

0,~e
t
1,~e

t
2}= {(vt

0,v
t
1),(vt

1,v
t
2),(vt

2,v
t
0)}. For convenience, we

sometimes writet = (vt
0,v

t
1,v

t
2) to mean{(vt

0,v
t
1),(vt

1,v
t
2),(vt

2,v
t
0)}.

The operatordse gives then+1-simplices of which ann-simplex
s is a subset of, e.g.dve denotes the edges that are incident upon
the vertexv. This notation trivially extends to sets, for example
bSc =

S
s∈Sbsc. Thus, the operatorbSc reduces the dimension ofS

by one, whiledSe adds a dimension. We write the boundary of a
setS as the set of oriented edges∂S= {~e∈ S : |dee| = 1}. Fig. 1
illustrates the simplex operators.

1We used Metro v2.5 with the options-s -t for symmetric errors and
textual output, respectively.
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Fig. 1: The simplex operatorsbsc anddse.

We useL, A, andV to denote length, area, and signed volume,
respectively. All vectors are assumed to be column vectors, and are
written as small, bold-face letters; matrices are written as capital
letters, e.g.I is the identity matrix. We make no distinction be-
tween points and vectors; we assume that the geometric description
of a vertex is a 3-vector relative to some fixed origin. Transposition
is used to denote row vectors, e.g.xT. We will make frequent use
of homogeneous coordinates; given a 3-vectorxT, x̄T =

(
xT 1

)
are its corresponding homogeneous coordinates. As is common
in computer graphics, we will use homogeneous coordinates as a
compact notation for writing affine transformations. In conjunction
with block matrix notation, we can express many vector operators,
such as addition, inner product, and cross product, in matrix form
in a unified manner. As an example,

(
A b

)
x̄ =

a11 a12 a13 b1
a21 a22 a23 b2
a31 a32 a33 b3


x1

x2
x3
1

= Ax +b

where we have used block matrix notation to construct a 3×4 ma-
trix by concatenating a 3× 3 matrix A with a 3-vectorb. When
applied to matrices, the bar notation is simply used to indicate that
the matrix has four columns, e.g.̄A =

(
A b

)
. The expression

a×b denotes the cross product of two 3-vectors. Since the cross
product is a linear operator, it can also be written in matrix form.
For a vectorx =

(
x1 x2 x3

)T, [x×] denotes the matrix 0 −x3 x2
x3 0 −x1
−x2 x1 0


and we havea×b = [a×]b. The scalar triple product is written as
[a,b,c] = det

(
a b c

)
.

3.2 Iterative Edge Collapse

Our simplification method consists of repeatedly selecting the edge
with a minimum cost, collapsing this edge, and then re-evaluating
the cost of edges affected by this edge collapse. Specifically, an
edge collapse operation takes an edgee= {v0,v1} and substitutes
its two vertices with a new vertexv. In this process, the trianglesdee
are collapsed to edges, and are discarded. The remaining edges and
triangles incident uponv0 andv1, i.e. dbece−{e} andddbecee−
dee, respectively, are modified such that all occurrences ofv0 andv1
are substituted withv. Fig. 2 illustrates the edge collapse operation.

The first step in the simplification process is to assign costs to all
edges in the mesh, which are maintained in a priority queue. For

e
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Fig. 2: The edge collapse operation. The manifold edgee is collapsed and replaced
with a vertexv. Trianglest7 andt8 are removed in the process. Example tetrahedral
volumes associated with trianglest0, t3, andt8 are shown.

each iteration, the edge with the lowest cost is selected and tested
for candidacy. Most edge collapse algorithms avoid collapses that
result in badly shaped meshes, such as degenerate or non-manifold
topology, or geometric artifacts such as folds in the mesh. We have
chosen to use the topological constraints described by Hoppe et
al. to preserve the genus and to avoid introducing non-manifold
simplices [12]. If the edge is not a valid candidate, it is removed
from the queue. Given a valid edge, the edge collapse is performed,
followed by a re-evaluation of edge costs for all nearby edges af-
fected by the collapse. If any of these edges were previously in-
valid candidates, they are re-inserted into the queue. As will be
described below, our edge cost depends on the trianglesddbecee
and their lower order simplices. Since all these triangles are poten-
tially modified in an edge collapse, all other edges{ej} for which
ddbejcee∩ddbecee 6=?must be updated, i.e.{ej}= dbdvece, with
|{ej}| = 38 assuming an average vertex valence of 6. Once the
costs for{ej} have been updated, the next iteration begins, and the
process is repeated until a desired number of simplices remain.

The general edge collapse method involves two major steps:
choosing a measure that specifies the cost of collapsing an edge
e, and choosing the positionx of the vertexv that replaces the edge.
Many approaches to vertex placement have been proposed, such as
picking one of the vertices ofe, using the midpoint ofe, or choos-
ing a position that minimizes the distance between the mesh before
and after the edge collapse. This problem can be viewed as an op-
timization problem, that is, given an objective functionfC(x) that
specifies the cost of replacinge with v, x is chosen such thatfC
is minimized. We have chosen a cost functionfC that encapsulates
volume and area information about a model. The following sections
describe these geometric issues in greater detail.

3.3 Merging Constraints for Vertex Placement

In choosing the vertex positionx from an edge collapse, we at-
tempt to minimize the change of several geometric properties such
as volume and area. In [14], we derived the equations that mathe-
matically describe these properties and provided arguments for why
they may be useful in surface simplification. In this paper, we will
not provide such an in-depth discussion. Rather, we present only
the mathematics required to implement the algorithm.

Our basic approach to findingx is to combine three linear equal-
ity constraintsâT

i x = b̂i for i = 1,2,3, i.e. x is the intersection of
three non-parallel planes inR3. We have decided to incorporate
more than three such constraints in the event that two or more of
them are linearly dependent, and we compute and add these to the
list of constraints in a pre-determined order of importance. When
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three independent constraints(
â1 â2 â3

)Tx = Âx = b̂ =
(
b̂1 b̂2 b̂3

)T
(1)

have been found, the new vertex positionx is computed as

x = Â−1b̂ (2)

To avoid the case wherêA is singular or otherwise ill-conditioned,
we impose certain rules for adding a new constraint that ensures
thatÂ is sufficiently well-conditioned. Givenn previous constraints
(n< 3), we accept(ân+1, b̂n+1) according to the following rules:

n = 0 : â1 6= 0

n = 1 : (âT
1 â2)2 < âT

1 â1âT
2 â2 cos2(α)

n = 2 : [â1, â2, â3]2 > (â1× â2)T(â1× â2)âT
3 â3 sin2(α)

whereα is the minimum permissible angle between the constraint
planes. If(ân+1, b̂n+1) meets these conditions, we say that it isα-
compatible with the list of prior constraints. We have found that the
choice ofα does not greatly influence the model quality, and that
any reasonably small positive value can be used. For all results pre-
sented in this paper,α has been set to 1◦. We further improve the
numerical accuracy by using double precision arithmetic through-
out our calculations and employ standard numerical techniques for
matrix computations to eliminate large errors.

3.4 Quadratic Optimization

Several of the vertex placement constraints that we use are obtained
by minimizing some quadratic objective function subject to a set of
linear constraints. In fact, we can cast all subproblems related to
choosing the new vertex as quadratic optimization problems, and
we have chosen to do so to make our presentation more concise.
The quadratic objective functions can be written in the following
form:

f (x) =
1
2

xTAx−bTx+
1
2

c

=
1
2

(
xT 1

)( A −b
−bT c

)(
x
1

)
=

1
2

x̄TĀx̄ (3)

with A being the symmetric positive definite Hessian off , andĀ a
symmetric positive semidefinite 4×4 matrix. We seek to minimize
f subject to the set of prior linear constraintsÂx = b̂. This is a
linear problem that can be solved analytically. Givenn constraints
(âi , b̂i), let Q be a 3−n by 3 matrix with rows orthogonal to each
other and to the vectorŝai . Then the additional 3−n constraints are

Q(Ax−b) = 0 (4)

whereAx− b = ∇f is the gradient off . That is, the constrained
minimum of f is found where the projection of its gradient onto
the space of free search directions spanned byQ vanishes. The
additional 3− n linear constraints given by Equation 4 are added
provided they satisfy the compatibility rules.

Throughout the remainder of this paper, we will assume thate is
the edge to be collapsed, andv is the replacement vertex, positioned
at x. {ti} = ddbecee are the triangles surrounding an edge,{~ei} =
∂dbece are the boundary edges of the changing region, and{vi}=
bdvec−{v} are the vertices adjacent tov.

4 SIMPLIFICATION OF CLOSED
SURFACES

The edges of a polygon model may be classified asboundary, man-
ifold, andnon-manifold. A boundary edge has exactly one incident
triangle, a manifold edge has two, while non-manifold edges have
three or more incident triangles. As is true of many simplification
techniques, our Memoryless Simplification algorithm treats mani-
fold and boundary edges differently. In this section we begin by
describing the memoryless treatment of manifold edges. We will
then use two entirely manifold models, one complex and one quite
simple, to compare the memoryless method to a number of other
published simplification techniques.

4.1 Vertex Placement

The following subsections describe how to compute the positionx
of the new vertexv after a manifold edgee is collapsed. In our
discussion below, we will need to compute the signed volumeV
of a tetrahedron formed by the vertexx and the three vertices of a
triangleti . We here derive a simple matrix form for this quantity:

V(x,xti
0,x

ti
1,x

ti
2) =

=
1
6

det
(
x̄ x̄ti

0 x̄ti
1 x̄ti

2

)
=

1
6

((xti
0×xti

1 +xti
1×xti

2 +xti
2×xti

0)T
x− [xti

0,x
ti
1,x

ti
2])

=
1
6

(
(xti

0×xti
1 +xti

1×xti
2 +xti

2×xti
0)T −[xti

0,x
ti
1,x

ti
2]
)

x̄

=
1
6

ḠVi x̄ (5)

where we have used block matrix notation to define the 1 by 4 ma-
trix ḠVi associated with the triangleti .

4.1.1 Volume Preservation

As demonstrated in [14] and in sections below, the shape of a
model can be better retained if the edge collapse scheme is volume-
preserving. In non-planar regions of the surface, tetrahedral vol-
umes are swept out by the triangles involved in an edge collapse
(Fig. 2). We associate a sign with each volume according to whether
the tetrahedron yields an increase or a decrease in volume. Thus,
to preserve the volume enclosed by the surface, we choosex such
that the sum of the signed tetrahedral volumes equals zero, which
implies

1
6 ∑

i
ḠVi x̄ = 0 (6)

where the sum is over the triangles{ti} = ddbecee. Clearly, this
equation constrains the solutionx to a plane, and we could proceed
by adding this as the first linear constraint onx, provided it is non-
degenerate (see Section 3.3), and then use additional criteria to fully
specifyx. We can equivalently write this as an underdetermined
quadratic optimization problem, and let the objective functionfVp

be the squared distance ofx to the volume-preserving plane, noting
that fVp(x) = 0 is a guaranteed minimum:

fVp(x) =
1
2

x̄TĀVp x̄ =
1
2

x̄T

(
1
18∑

i
ḠT

Vi ∑
i

ḠVi

)
x̄ (7)

The quadratic minimization procedure described in Section 3.4 is
then used to recover the single linear constraint described by Equa-
tion 6. This may seem like a great deal of unnecessary extra work,
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but it lets us use a single procedure for producing linear constraints
and allows us to express the vertex placement in terms of a series
of quadratic minimizations. It also allows extensions to our algo-
rithm where, instead of minimizing several objective functions in
a pre-determined order, one may decide to combine a number of
them and minimize their weighted sum, which would effectively
de-emphasize the importance of exact volume preservation. This
is quite common, for example, in least-squares minimization prob-
lems for which the system is generally overdetermined, i.e. no sin-
gle solution exists that minimizes all objective functions. We will
see later how such weighting of objective functions is used to ex-
press the edge costfC.

4.1.2 Volume Optimization

In addition to setting the sum ofsignedtetrahedral volumes associ-
ated with an edge collapse to zero, we would like to choosex such
that the sum ofunsignedtetrahedral volumes is minimized. Col-
lectively, these unsigned volumes measure the deviation between
the surface before and after an edge collapse, integrated over the
affected region. As is commonly done, we use squared quantities
in place of their absolute values, and minimize the sum of squared
volumes swept out:

fVo(x) =
1
2

x̄TĀVo x̄ =
1
2

x̄T

(
1
18∑

i
ḠT

Vi
ḠVi

)
x̄ (8)

As described in the previous section, the linear constraints induced
by minimization of the quadratic formfVo are found by applying
Equation 4.

We make an interesting observation that the objective function
fVo bears a great deal of similarity to the quadratic form described
by Garland and Heckbert [7]. Each of our volume squared terms
can be decomposed into the squared distance betweenx and the
plane of the triangle, weighted by thesquareof the triangle area.
In [7], triangles are weighted equally or, in an extension of their
algorithm, by theabsolute valueof the triangle area. The two
quadratic forms additionally differ in that Garland and Heckbert
explicitly store the quadratic form at the vertices during simplifica-
tion, whereas Memoryless Simplification calculates the quadratic
form on-the-fly.

4.1.3 Triangle Shape Optimization

Where the surface is locally planar, the objective functionfVo is
zero whereverfVp = 0, andx can be chosen freely in the volume-
preserving plane without introducing any geometric error. How-
ever, certain choices ofx may be preferred over others. In such
planar regions, we have decided to choosex such that the resulting
triangulation is as uniform as possible to prevent triangles that are
long and skinny. By minimizing the sum of squared lengths of the
edgesdve, we maximize the area to perimeter ratio of the resulting
trianglesddvee. Again, we will make use of an auxiliary matrix:

x−xi =
(
I −xi

)
x̄ = ḠSi x̄ (9)

whereḠSi is associated with the edge formed byv and one of its
adjacent verticesbdvec− {v} = {vi}. The objective function for
shape optimization is then

fS(x) =
1
2

x̄TĀSx̄ =
1
2

x̄T

(
2∑

i
ḠT

Si
ḠSi

)
x̄ (10)

This results in additional constraints that yield a unique solution for
x.

4.2 Edge Priorities

Many of the edge collapse methods discussed in Section 2 order
the edge collapses to minimize the deviation between the simpli-
fied model and theoriginal surface. In our memoryless algorithm,
no such distance measure is available. Rather, we attempt to min-
imize the deviation of the surfaces between twosuccessiveedge
collapse iterations, and always collapse the edge that yields the
smallest amount of change. As mentioned previously, the objec-
tive function fVo associated with volume optimization is a measure
of the integrated distance between successive meshes, and we use
that as our edge cost for closed surfaces. Formally, we write the
edge cost functionfC as

fC(x) = λ fVo(x)+(1−λ)L(e)2 fBo(x)

=
1
2

x̄T
(

λĀVo +(1−λ)L(e)2ĀBo

)
x̄ (11)

The objective functionfBo is used to measure changes to the bound-
aries of a surface. We will describefBo and the user selectable pa-
rameterλ below. For closed surfaces,fBo is zero, and the edge cost
reduces tofC(x) = fVo(x).

With the edge cost and vertex placement methods of Memoryless
Simplification in hand, we now turn to an evaluation of the method.

4.3 Comparison with Other Methods

We compared the results of six published simplification methods
using the Metro tool. Only one of the six methods uses no form of
geometric history, namely the Memoryless Simplification method.
The complete list of methods is:

1. Mesh Optimization [12].
2. Progressive Meshes [13].
3. Simplification Envelopes v1.1 [4].
4. JADE v2.1 [2].
5. QSlim v2.0β [7].
6. Memoryless Simplification [14].

We chose to use public-domain implementations of each algorithm
rather than trying to re-implement each method ourselves. We be-
lieve that the public-domain code is probably better tuned than if
we had attempted to write the code ourselves. Unfortunately there
is still a bias in using only public-domain code because there may
be excellent methods that are proprietary. It would be impossible to
compare all published methods, but we nevertheless feel that some
attempt should be made to perform such comparisons.

The numerical comparisons were performed using two different
models, one simple and one complex. The simple model is that
of a sphere. This model was created starting from an icosahedron
and repeatedly subdividing each triangle into four smaller triangles
and projecting the new vertices onto the surface of the unit sphere.
This “simple” sphere model is composed of 20,480 triangles, shown
in Color Plate 3a. The complex model is that of a horse that was
created by merging a number of laser range scans. The horse model
contains 96,966 triangles (Plate 1a).

Each simplification method was used to produce eight distinct
levels-of-detail for the horse model. The measure of model com-
plexity that we use is the number of edges. For models with few
holes, the edge count is nearly the same as the sum of the vertices
and faces. Plates 1b through 1g show the results for each simpli-
fication method for one level-of-detail. Fig. 3 and 5 graph the nu-
merical comparisons between methods. The horizontal axis is the
number of edges of the model, with the more drastically simplified
versions appearing towards the left. The vertical axes give the mean
and maximum errors in Fig. 3 and 5, respectively. Fig. 3 shows very
regular behavior for each of the methods with respect to the mean
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Fig. 3: Mean geometric error for the horse model measured as the percentage of the
bounding box diagonal.
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Fig. 4: Normalized mean geometric error for the horse model. The errors have been
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Fig. 5: Maximum geometric error for the horse model.

error. A less cluttered version of this figure can be seen in Fig. 4,
in which the data from Fig. 3 has been normalized according to a
curve that nearly matches the data. The best mean error is given by
Mesh Optimization, followed by Memoryless Simplification.

The maximum errors (Fig. 5) show quite a different assessment
of the methods. JADE and Simplification Envelopes out-perform
the other methods in terms of maximum error. Note that in [14]
the maximum errors seemed to follow no regular pattern. We have
used a more recent version of the Metro tool in order to measure
mean and maximum error, and we believe that this newer program
is more faithful at computing maximum errors.

Unlike complex models such as the horse, we actually know the
“best” simplified model of a sphere for certain numbers of faces. In
particular, with a budget of 20 faces, the best possible simplifica-
tion of a sphere is a regular icosahedron. We use this fact to evaluate
each of the six simplification methods. Starting with the 20,480 tri-
angle sphere model, we produced just one simplified model from
each of the simplification methods, and we forced each method to
produce a model with exactly 20 triangles. Fig. 6 contains the nu-
merical analysis of these results, and Plates 3b through 3g show the
models graphically. The original sphere is shown transparently in
each of these figures, and each model’s faces are also translucent
so that the back edges can be seen. The “ideal” result, an icosahe-
dron, is shown in Plate 3h. The radius of this regular polyhedron
was chosen empirically to be the value for which Metro reported a
minimum mean error.
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Fig. 6: Mean and maximum geometric errors for the sphere model.

For this sphere model, once again Mesh Optimization outper-
formed all other methods, followed by Memoryless Simplification.2

In fact, the relative order of the different methods according to mean
error follows exactly the performances for the more complex horse
model (Fig. 3) and the Stanford Bunny (numerical results in [14]).
This result is tantalizing. Could it be that there are a handful of
simple models that are predictors of how a simplification method
behaves over a wide class of models? If so, then one might perform
initial evaluations of a new simplification algorithm by first testing
its performance on a small set of predictor objects. We do not sug-
gest that a sphere alone could serve as such a predictor since we
have only compared the rankings it yields to just two models, the
horse and the bunny.

Notice that the two vertex removal methods (Simplification En-
velopes and JADE) produce simplified spheres that are interior to

2Indeed, as evidenced by Fig. 6, Mesh Optimization nearly matched the
optimal icosahedron. For such simple models as the sphere, this simplifica-
tion method is likely to converge to the global optimum.
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the original model. This will be the case for any algorithm that is
based on vertex removal.

5 VERTEX PLACEMENT

Given the high quality of the results from Memoryless Simplifica-
tion, it is natural to ask why the method is so effective. Is it the
volume preservation, the volume optimization, or the combination
of the two? In this section we examine eight different vertex place-
ment schemes in order to better understand the success of Memory-
less Simplification. None of these methods rely on any kind of geo-
metric history, but instead they all rely solely on the local geometry
of the partially simplified mesh. As noted above, vertex placement
is only half of an edge collapse algorithm—we also need an eval-
uation of the cost of a potential edge collapse in order to prioritize
the list of edges. To simplify matters, we have chosen to use the
same edge cost with each of the eight vertex placement methods.
In particular we use the volume optimization costfC, described in
Section 4, as the edge cost for all of the methods.

5.1 Various Placement Methods

A number of vertex placement algorithms have been proposed in
the simplification literature. Our eight methods attempt to cover a
range of possible history-free vertex placement approaches. Select-
ing one of the original vertices of an edge is one possibility. Which
vertex should be selected? We evaluate two possibilities: 1) ran-
domly select one of the vertices, and 2) select the vertex that mini-
mizes the volume optimization edge cost (the “best” vertex). Note
that using an original edge vertex forces an edge collapse operation
to be a special kind of vertex removal operation.

Another logical position for a new vertex is the midpoint of the
edge to be collapsed. This is the third vertex placement method that
we examine. For the fourth vertex placement method, we note that
the volume optimization criteria for a particular edge actually has
a single location that minimizes this cost, and we use this vertex
position in the fourth method.

As we described in Section 4, the Memoryless Simplification
method uses not just volume optimization, but also exactly pre-
serves the volume of the model. Volume preservation may be used
as an additional constraint for any of the four vertex placement
methods that are described above. Volume preservation constrains
the vertex to lie on a particular plane. We can modify any one
of the four methods to select the position on that constraint plane
that is closest to the location given by the particular method. This
yields four new placement strategies, one of which is the combi-
nation of volume optimization and volume preservation that is de-
scribed in Section 4.1 and that was published in [14]. Note that the
two schemes that use volume optimization additionally use trian-
gle shape optimization on occasion to compute the vertex position.
However, this optimization is rarely invoked on the models used in
this paper. Neither does it have an effect on the geometric error.
Here is the complete list of vertex placement methods:

1. Random vertex.
2. Best vertex.
3. Edge midpoint.
4. Volume optimization.
5. Volume preservation, random vertex.
6. Volume preservation, best vertex.
7. Volume preservation, edge midpoint.
8. Volume preservation, volume optimization.
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Fig. 7: Mean geometric error for the horse model.

1.00

1.50

2.00

2.50

3.00

3.50

4.00

4.50

5.00

100 1,000 10,000 100,000

model size (edges)

re
la

ti
ve

 m
ea

n
 g

eo
m

et
ri

c 
er

ro
r

Random Vertex

Best Vertex

Edge Midpoint

Volume Optimization

VP/Random Vertex

VP/Best Vertex

VP/Edge Midpoint

VP/Volume Optimization

Fig. 8: Normalized mean geometric error for the horse model. See Fig. 4 for details.
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Fig. 9: Maximum geometric error for the horse model.
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5.2 Comparison

Fig. 7 and 8 show the mean geometric error of each of these vertex
placement methods for the horse model. As before, the horse model
has been simplified over a range of levels-of-detail. Several results
are worth noting. First, the two edge midpoint selection methods (3
and 7) are out-performed by the methods that use one of the orig-
inal vertices of the edge. Implementors of simplification methods
should not be taken in by the elegant symmetry of using edge mid-
points. Second, the best vertex methods (2 and 6) do slightly bet-
ter than their respective random vertex methods (1 and 5). Third,
volume optimization performs better than either using an original
vertex or the midpoint. Finally, adding the constraint for volume
preservation (5, 6, 7, 8) improves all of the methods (1, 2, 3, 4).
Method 8, the vertex placement method described in Section 4.1,
yields the smallest mean error over all of the different levels-of-
detail. Notice that for the horse model, the mean errors for these last
four methods are as low or even lower than the ones produced by
most of the simplification methods discussed in Section 4.3, which
suggests that volume preservation alone is an important and useful
property for model simplification.

Fig. 9 shows the corresponding maximum errors for the same
model and set of vertex placement methods. These graphs exhibit
less consistency, and we draw no conclusions from the maximum
error results other than to point out that the methods that use volume
preservation generally produce smaller maximum errors than the
ones that don’t.

6 BOUNDARY SIMPLIFICATION

It is often desirable to preserve the shape of boundary loops in
surfaces that are not closed. In Section 4.1.1, we described a
method for preserving the volume bounded by a surface inR

3. This
method can easily be reformulated to solve the two-dimensional
case; preservation of the area bounded by a curve inR

2. Boundary
curves inR3 are generally not planar, however. In [14], we pre-
sented a generalization of the otherwise analogous notion of signed
changes in area to non-planar boundaries. This generalization han-
dles the special case of planar boundaries correctly. We here briefly
review how to preserve the shape of boundary curves.

6.1 Vertex Placement

When a boundary edge is moved as a result of an edge collapse, it
sweeps out a triangular region (Fig. 10). Rather than using a binary
sign to encode the change in area enclosed by the boundary, we use
the vectorn to signify the change. The direction ofn is perpen-
dicular to the swept out areaA and depends on the direction of the
boundary edge; the magnitude ofn is equal toA. In Section 4.1,
we introduced a convenient matrix notation for computing signed
volumes. When dealing with boundary edges, we will use a similar
notation for computing the area vectors associated with these edges.
We define a 3×4 matrix ḠBi used in computing the area vectorn
of the triangle given by the vertexx and a directed boundary edge
ei :

n(x,xei
0 ,x

ei
1 ) =

1
2

(x×xei
0 +xei

0 ×xei
1 +xei

1 ×x)

=
1
2

((xei
1 −xei

0 )×x−xei
1 ×xei

0 )

=
1
2

(
[(xei

1 −xei
0 )×] −xei

1 ×xei
0

)
x̄

=
1
2

ḠBi x̄ (12)

6.1.1 Boundary Preservation

When boundary changes take place in a single plane, only two op-
posite directions are possible for the area normals, which can then
be arbitrarily associated with “positive” and “negative” changes in
area. The residual of the sum of these area vectors measures the
cumulative change in area due to the edge collapse. In the planar
case, we could simply set this residual to zero and solve forx, and
the boundary area would be exactly preserved. In the non-planar
case, there is generally nox for which the residual vanishes, so the
best we can do is to minimize its magnitude. Again, we can for-
mulate this as a quadratic optimization problem, with the squared
magnitude of the residual as the objective function:

fBp(x) =
1
2

x̄TĀBp x̄ =
1
2

x̄T

(
1
2 ∑

i
ḠT

Bi ∑
i

ḠBi

)
x̄ (13)

with ḠBi defined in Equation 12. Note that the left submatrix
∑i [(x

ei
1 −xei

0 )×] of ∑i ḠBi is a skew symmetric rank 2 matrix. Con-
sequently, this optimization problem is underdetermined and yields
at most two linear constraints. Rather than finding those constraints
explicitly, we rely on theα-compatibility tests (Section 3.3) to sort
out which constraints are linearly independent.
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Fig. 10: Collapsing a boundary edgee. The sum of signed areas of the hatched triangles
is zero. The circular arc indicates the orientation of the boundary edges{~ei}.

6.1.2 Boundary Optimization

To further improve the shape of simplified boundaries, we minimize
the sum of squared changes in area. Here we are only concerned
with the magnitude of each change in area (and not its orientation),
making this minimization a 2D analogy to the 3D volume optimiza-
tion. The associated objective function can be written as

fBo(x) =
1
2

x̄TĀBox̄ =
1
2

x̄T

(
1
2 ∑

i
ḠT

Bi
ḠBi

)
x̄ (14)

As before, Equation 4 is used to further constrainx.

6.2 Edge Priorities

In order to account for boundary changes in the simplification
and to penalize edge collapses that significantly alter the bound-
ary shape, we include the boundary optimization term as part of the
edge cost for open surfaces. We have decided to weight the bound-
ary term by the square of the length of the edgee to ensure scale
invariance. The resulting edge cost is a convex combination of the
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volume and boundary terms, given by Equation 11 in Section 4.2.
We will later see how the the parameterλ can be varied to trade off
the quality between the interior of the surface and its boundaries. In
general, a setting ofλ = 1

2 tends to yield good results.
Rather than computing constraints for the volume and bound-

ary optimization independently, we usefC as the objective function
to be minimized. To summarize the vertex placement scheme, we
add constraints in the following order: 1) volume and boundary
preservation, 2) edge cost minimization, and 3) triangle shape opti-
mization. Since volume and boundary preservation together yield at
most three constraints, the order in which they are performed does
not matter.

6.3 Comparison with Other Methods

Using the same array of published simplification methods as de-
scribed in Section 4.3, we simplified two models that contain
boundary edges. One of these objects is the Stanford Bunny, which
has several holes in the base of the model, and is composed of
69,451 triangles (Color Plate 4a). The other model is a spherical
segment that is tessellated with 16,384 triangles (Plate 5a). The
captions in the color plates for this section include edge counts for
the boundaries of the models,E∂.

There was considerable variability between algorithms in the
qualitative results of simplifying the Stanford Bunny’s boundaries.
Two of the methods, JADE and QSlim, devoted a large number of
polygons towards preserving the boundaries (Plates 4e and 4f). Pro-
gressive Meshes and Simplification Envelopes used considerably
fewer polygons around the boundaries (Plates 4c and 4d). Mesh
Optimization produced the poorest visual results (Plate 4b), but
there are a number of parameters in this algorithm and it is likely
that its results could be improved with some adjustments to these
values.

We believe that different applications require different amounts
of fidelity for boundaries, thus it is useful to have explicit control
over the boundary detail. Theλ value of the Memoryless Simplifi-
cation edge cost (Equation 11) provides such control. For Plates 4g,
4h and 4i, theλ value for Memoryless Simplification was varied to
produce three different models to show this control over boundary
fidelity. Whenλ = 1

32, many polygons are devoted to preserving the
boundary (Plate 4g). At the other extreme in Plate 4i, whenλ = 31

32,
the boundary is formed by many fewer polygons. The model of
Plate 4h shows the middle ground between the two extremes, using
λ = 1

2.
As with the sphere model used in Section 4.3, we created a geo-

metrically simple model to further exercise simplification of bound-
aries. This model is a portion of a sphere with two boundaries, as
shown in Plate 5a. This 16,384 triangle model was created by con-
necting vertices that are at 33 latitude and 256 longitude positions.
The range of latitudes is from 30 to 60 degrees. For each algorithm,
we created a simplified model with 87 or 88 edges. The results
shown in Plates 5b through 5i emphasize that boundary preservation
is a tug-of-war between the number vertices on the boundary of a
model and the number of vertices that are entirely surrounded by tri-
angles (the manifold vertices). There was considerable variation in
the number of vertices that each method placed on the boundaries.
Mesh Optimization used the fewest boundary vertices, whereas QS-
lim chose the opposite extreme and placed the most vertices on the
boundary. Changing the parameterλ of Memoryless Simplifica-
tion spans this variation. Plate 5g shows thatλ = 1

32 produces a
model much like that of QSlim, with few vertices that are not on
the boundary. Plate 5i shows thatλ = 31

32 results in a model that is
much like that of Mesh Optimization, with relatively fewer vertices
on the boundary. Usingλ = 1

2 produces a model that is between
these two extremes (Plate 5h).

Fig. 11 is a numerical comparison of the different simplifica-
tion methods for the spherical segment. It should be noted that
Metro does not give a separate error measure for boundaries, so
these results reflect the geometric fidelity across the entire model.
Fig. 11 graphs the mean and maximum error for a range ofλ val-
ues for Memoryless Simplification in order to highlight the tradeoff
between manifold and boundary fidelity. The figure shows that Pro-
gressive Meshes and Mesh Optimization give the least mean geo-
metric error, and that for large values ofλ these results are also
matched by Memoryless Simplification. There is a clear relation-
ship between high values ofλ (greater emphasis on volume opti-
mization) and smaller mean geometric error. With lowerλ values,
the edge cost emphasizes the boundary costfBo more heavily, re-
sulting in better boundary detail but more error over the surface of
the model.
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Fig. 11: Mean and maximum geometric errors for the spherical segment model.

7 COMPUTE TIMES

We collected timing statistics for all six algorithms in the process
of creating the simplified versions of the horse model. All mod-
els were simplified on a four-processor, 195 MHz R10000 Silicon
Graphics Onyx2 machine with 1 GB of main memory. These times
are shown in Fig. 12. As can be seen in this figure, QSlim was the
fastest of the algorithms that we tried, followed in order by Mem-
oryless Simplification, JADE, Simplification Envelopes and Mesh
Optimization. We only have one data point for Progressive Meshes,
and this indicates that the speed of Progressive Meshes is close to
that of Simplification Envelopes.

One striking feature of Fig. 12 is that Simplification Envelopes
and Mesh Optimization have nearly constant running times regard-
less of the degree of simplification. This suggests that initialization
costs dominate the running times for these algorithms. QSlim ac-
tually appears to run faster when producing more coarse models.
We believe that QSlim is so fast that it becomes I/O bound when
writing out the files for the higher levels-of-detail.

We recognize that our comparison of the running times of differ-
ent methods is highly dependent on the particularimplementations
of these algorithms. It is entirely possible that each of these meth-
ods may have faster and more efficient implementations. However,
we believe that the results presented in this section will provide
both a reasonable estimate of how the algorithms compare amongst
each other, as well as what their individual characteristic running
times are with respect to model size. Memory usage is another in-
teresting and important aspect of algorithmic efficiency, and is also
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Fig. 12: Simplification time for the horse model.

one of the strengths of our simplification algorithm. We decided
against comparing memory efficiency since such results tend to be
even more implementation dependent. Many of the public-domain
codes support features that are not necessary for such an evaluation,
e.g. progressive storage, algorithms for preservation and storage
of other surface attributes such as colors and texture coordinates,
etc., which may unfairly skew their memory usage. However, based
both on the nature of our algorithm and empirical data, we conclude
that implementations of our algorithm have the potential to be more
memory efficient than previous edge collapse methods.

8 CONCLUSION AND FUTURE WORK

This paper presents an evaluation of the Memoryless Simplifica-
tion method that was introduced in [14]. Such an analysis is im-
portant because it is counter-intuitive that a method that retains no
geometric history can be an effective simplification method. New
contributions of this paper include:

• Evaluation of eight different vertex placement schemes to bet-
ter understand what aspects of vertex placement are impor-
tant.

• Demonstration of the tradeoff between preservation of the
boundary and the manifold geometry of a model.

• Finding that simplification times for some methods are largely
independent of the final level-of-detail to be created.

• Introduction of two “simple” models that can be used to help
evaluate surface and boundary simplification.

There are several potential avenues for future research. One pos-
sibility is to use the memoryless edge collapse approach to improve
the quality of other simplification methods. For instance, a hybrid
of Simplification Envelopes and the memoryless edge collapse may
yield an algorithm with a global bound on error that also has better
mean distance behavior. Another future direction is to see if indeed
there are simple models that can act as reliable predictors of com-
plex models. We might look for objects that can act as predictors for
models with sharp corners or negative curvature. Another potential
direction is to create tools that can numerically evaluate the sim-
plification fidelity near the boundaries of a model. The edge cost
and vertex placement methods used by Memoryless Simplification
work well in many cases, but there might be still better placement
methods that do not require geometric history. Finally, are there

memoryless simplification methods that are effective at preserving
surface attributes such as color and texture?
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1a.
Original model

T = 96,966

1b.
Mesh Optimization

T = 598
time = 1:07:27

1c.
Progressive Meshes

T = 596
time = 19:41

1d.
Simplification Envelopes

T = 810
time = 13:28

1e.
JADE

T = 592
time = 08:04

1f.
QSlim
T = 596

time = 00:11

1g.
Memoryless Simplification

T = 596
time = 01:36

2a.
Original model
T = 1,087,716

2b.
Memoryless

Simplification
T = 19,999

time = 19:32

2c.
Memoryless

Simplification
T = 4,999

time = 19:33

2d.
Memoryless

Simplification
T = 1,000

time = 19:09
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3a.
Original model

T = 20,480

3b.
Mesh Optimization

T = 20
time = 13:43

3c.
Progressive Meshes

T = 20
time = 02:50

3d.
Simplification Envelopes

T = 20
time = 15:22

3e.
JADE
T = 20

time = 02:06

3f.
QSlim
T = 20

time = 00:03

3g.
Memoryless Simplification

T = 20
time = 00:18

3h.
Optimal Icosahedron

T = 20
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4a.
Original model

V = 34,834; T = 69,451; E = 104,288
E∂ = 223

4b.
Mesh Optimization

V = 701; T = 1,342; E = 2,046
E∂ = 66

time = 42:04

4c.
Progressive Meshes

V = 686; T = 1,338; E = 2,027
E∂ = 40

time = 08:20

4d.
Simplification Envelopes

V = 686; T = 1,314; E = 2,003
E∂ = 64

time = 09:33

4e.
JADE

V = 691; T = 1,289; E = 1,983
E∂ = 99

time = 05:25

4f.
QSlim

V = 711; T = 1,313; E = 2,027
E∂ = 123

time = 00:03

4g.
Memoryless Simplification (λ = 1/32)

V = 698; T = 1,326; E = 2,027
E∂ = 76

time = 01:34

4h.
Memoryless Simplification (λ = 1/2)

V = 686; T = 1,336; E = 2,025
E∂ = 42

time = 01:20

4i.
Memoryless Simplification (λ = 31/32)

V = 682; T = 1,342; E = 2,027
E∂ = 28

time = 01:21
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5a.
Original model

V = 8,448; T = 16,384; E = 24,832
E∂ = 256 + 256 = 512

5b.
Mesh Optimization

V = 37; T = 51; E = 88
E∂ = 15 + 8 = 23

time = 08:47

5c.
Progressive Meshes

V = 38; T = 50; E = 88
E∂ = 14 + 12 = 26

time = 02:39

5d.
Simplification Envelopes

V = 37; T = 50; E = 87
E∂ = 12 + 12 = 24

time = 02:58

5e.
JADE

V = 38; T = 49; E = 87
E∂ = 15 + 12 = 27

time = 01:23

5f.
QSlim

V = 41; T = 47; E = 88
E∂ = 18 + 17 = 35

time = 00:02

5g.
Memoryless Simplification (λ = 1/32)

V = 40; T = 47; E = 87
E∂ = 20 + 13 = 33

time = 00:19

5h.
Memoryless Simplification (λ = 1/2)

V = 38; T = 49; E = 87
E∂ = 16 + 11 = 27

time = 00:17

5i.
Memoryless Simplification (λ = 31/32)

V = 37; T = 49; E = 86
E∂ = 15 + 10 = 25

time = 00:16
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