
 

Primal Dual algorithm

ego Formulate
the problem as an integer program Relax

it to get linear program cP and its dual DLP

Stell Start with an infeasible solution
Ho to LP and a

feasible solution
go to D L P

Step while Ri is not feasible is tight
g

update gist atleast one more
dual constraint

set corresponding primal
variable to be1

Steps Prove bound on cost of Rend

Remark Primal dual algorithm
does not

involve solving

primal or
the dual linear programs

Irondale 2 I approximation for
Steiner tree

problem

i Given an undirected graph
G V E

dtmacostfunction won the edges
w E Q and aset

of terminals
T E V goal is to find

a subgraph

H La En
connectingthe

terminals of

minimum
lost efenwe

Theorem There exists
a primal

dual algorithmfor

Steiner tree problem
with affronination

ratio 2C

Rematch There exist an algorithm with improved approuin
ratio for Steiner tree However it is not discussed here
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CE 4

is the tree
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Steiner forest

initialed.GG

a forest on vertex set
7 and

noaedgffeifthhetenmd
F will be

Xc CEEYY is FI'S During
the algorithm we would

grow
components byadding edges

and

vertices However not
all the edges

added to conf ere 1 all of



added to these components are part of
the Steiner tree F we return at theend

we only add edges
to F when two component

merge

Yg O f se v S separates T
Initial dual feasible

sol

Time t o

Masters tic FontainismaeetstemEITEEIst.IE

while f 1417 l
For all C

E 4 increase ya
at the same rate

as t till E y se Ce is tight
forsome E

S SseparatesT

e c Scs

If u E Ci v C Cj forsome
Ci Cj E 4

AddCi UCj
to 4 anddelete Cj Cjfrom

4

Xc u g Xa V Xg
t e

Let p be
apath

connecting
FA Ci

andFAS ing

F F U p
add edges

and vertices
ofp to f

Mei us
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for y



If u E Ci for some Ci Et V ElCj forany Cj E 4
add Ci t v to 4 delete ci from Y

Xg u Xc t e add vertex v andedge e
toCi

Mei tu Me U Ci t v 3

Return F
i

Lemmai At any
time t for any C C 4 Xc is

a tree

Lemmazy At the endofalgorithm
F is a Steiner tree

Lemmay
At any

time t lys s separates
t is a feasible

dual solution

All these lemmas
can be easily proved by

induct

Lemme4 At time t s o for C
C Y at ti ne t

let Fc be
the edges of

EIF at time t
with bothend

point
in C

Z K seen Y s
lost ee

we

Then cost c E 2 z c t



Proof At time t o F CT 01,4 143 sett

Ys o F s Sseparates 1

Hence Cost c Io 261 0 F C E Y

Cost c E z CZ Cc t att o

For ease of exposition
we dividethe events

into

three cases
t increases by Dt

and no change in
the setofcomposure

A vertex is added to some
component Ci et

time t

Two components
Ci Cj merge

at time t

Casey Set of components
4 does not

change

By induction
CostCc E 2 z c t et time t

Ye increases by
Dt for each

CEY

2C4j mcYs
increases by Dt

since CE Me

F does not change
Hence Cost

c does notchange

Hence Cost c s 2 za t at time t tat

Casey A vertex
is added to

C i Ltdoesnot change

Citv is added to 4
and Ci is deleted

By induction
lost Ci E 262Cci

t

I added



Cost Citv Cost f Ci since no edges are added

to F and Fei Fci

2 Citv s.fm s sEeuc s Ycitv

when V is added
to Ci yo f

O three

Z Citv Zci lost Citv
Cost Cci

lost Citv E 2 2 Citv t

Case Two components
G EY nffHdognotchange

CiUCj is
added to 4 Ci Cj are deleted from

4

By induction
Costold Ci E 2 zai t ffyo

rd

old
cost Cj E 212cg

t

new
costcciucit eefi.ie e eErea eEereea eErie

claim EeeEe E
It

oed old
net

Hence CostCciucj E
costCcitt Costeg t z t

E 2 Uci 12cg t
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Since CiUCj isjust
added to Mcivej Lciug.IO

Herne

Zcivg
I 2 Ci t 2cg

costal Ciuc E 2 Lucius t

end of proof of
Lemma 4

theorem ee

wee E 2 l OPT Steinerwe

Prooff At
the end of

the algorithm
E tend

let the
component in 4 be c4

Then
at ti tend

Costco eEz.we eef.ee
Wwe

244 squids s
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Hence by lemma 4

we E 2G g es
tend

CEE F

At any
time t ofcomponents

in X

is at most
LTI Hence when

t increases

by Dt E Ys
increases by atmost

ITI Dt

S Sseparates7

E Ys E ITI tend

S Sseparates
T
or

tend 3 s
E Y s
S separates 1

Substituting in

E we E 2C ssEaf
eCECF

Since yes s
separates 13 is

a feasible dual

solution E Ys s optimal
dual value

S Sseparates 1

value
By strong duality

Optimal dual
value Optimal primal

of



since primal is a relaxation of the steiner
tree problem
optimal primal

value Optimal Steiner
tree case

combining all four
inequalities we get

efecrywe
E 2ft optimal Steiner

tree cost

Heney we get
a 2 c

alpproximationalgorita

for Steiner
tree problem


